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Sub-Poissonian laser emission from a single-electron permanently interacting with a
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Quiet (or sub-Poissonian) oscillators generate a number of dissipation events whose variance is
less than the mean. It was shown in 1984 by Golubev and Sokolov that lasers driven by regular
pumps are quiet in that sense. The purpose of this paper is to show that, as long as the laser-
detector system is strictly stationary, quantization of the optical field is not required to explain such
phenomena. The theory presented here is semi-classical, yet exact. Previous theories considering
excited-state atoms regularly-injected in resonators, on the other hand, do require in principle light
quantization. Specifically, we consider a laser involving a single electron permanently interacting
with the field and driven by a constant-potential battery, and point out a similarity with reflex
klystrons. The detected noise is found to be only 7/8 of the shot-noise level. It is therefore sub-

Poissonian.
physical interpretations.

PACS numbers: 42.55.Ah, 42.50.Ar, 42.55.Px, 42.50.Lc

I. INTRODUCTION

In many experiments, we only need to know time-
averaged photo-currents. This information suffices for
example to verify that light passing through an opaque
plate pierced with two holes exhibits interference pat-
terns. The experiment is performed by measuring the
time-averaged photo-currents issued from an array of de-
tectors located behind the plate. On the other hand,
experiments involving the transmission of information
through an optical fiber require that the fluctuations of
the photo-current about its mean be known ] The
information to be transmitted is corrupted by natural
fluctuations (sometimes referred to as ” quantum noise” ).
Laser noise impairs the operation of optical communi-
cation systems and the measurement of small displace-
ments or small rotation rates with the help of optical
interferometry. Even though laser light is far superior to
thermal light, minute fluctuations restrict the ultimate
performances. Signal-to-noise ratios, displacement sensi-
tivities, and so on, depend mainly of the spectral densi-
ties, or correlations, of the photo-electron events. It is
therefore important to have at our disposal formulas en-
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Our calculations are related to resonance-fluorescence treatments but with different

abling us to evaluate these quantities for configurations
of practical interest, in a form as simple as possible. We
are mostly concerned with basic concepts leaving out de-
tailed practical calculations. Real lasers involve many
secondary effects that are neglected here for the sake of
clarity.

A quiet oscillator generates a number of dissipation
events whose variance is less than the mean. Equiva-
lently, when the photo-current j(¢) is analyzed in the
Fourier domain, the (double-sided) spectral density of
the photo-current is smaller than the product of electron
charge e and average current (j) as the angular frequency
) — 0 (sub-Poissonian light). It was shown in 1984 by
Golubev and Sokolov [E} that lasers driven by regulated
pumps are quiet in that sense.

We consider in the present paper a battery-driven laser
involving a single electron permanently interacting with
the field, and point out a similarity with reflex klystrons.
The theory presented does not require field quantization
and is therefore ”semi-classical”, yet exact except for the
approximation made in every above-threshold laser the-
ory that the fluctuations considered are small and slow
and the power transferred from the static source to the
optical load is small. We find that for a one-electron
laser driven by a constant-potential battery the detected
noise is 7/8 of the shot-noise level and is therefore sub-
Poissonian. Our calculations are related to resonance-
fluorescence treatments but they have a different physi-
cal interpretation. In contradistinction, previous theories
considering instead excited-state atoms regularly injected
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in resonators do require in principle light quantization.
For a review of important theoretical and experimental
papers on that subject see the collection in [E]

The present semi-classical theory [E] is accurate and
easy to apply. Once the necessary assumptions have been
agreed upon, laser noise formulas for various configura-
tions follow from elementary mathematics. In particular,
operator algebra is not needed. For simple laser models,
e.g. incoherently-pumped 4-level lasers [[], there is exact
agreement between our results and those derived from
quantum optics for any parameter values. Quantization
of the field is clearly required when an atom in the up-
per state is injected into an empty resonator. Provided
that the atom transit time has some well-defined value,
the exiting atom is with certainty in the lower state, a
conclusion that, to our knowledge, cannot be explained
without quantizing light. Theories considering excited-
state atoms regularly-injected in low-loss resonators re-
quire in principle light quantization, although some ap-
proximation may reduce them to simpler rate equations
in the high-field limit. In the present configuration the
electron interacts permanently with the field in a strictly
stationary manner thus allowing the field quantization to
be ruled out.

The semi-classical theories employed in optical engi-
neering, on the other hand, rest on the concept that the
classical oscillating field is supplemented by a random
field due to spontaneous emission. Such semi-classical
theories are unable, however, to describe sub-Poissonian
light, and are therefore to be distinguished from the
present theory. From our view-point, spontaneous emis-
sion is unessential, and is neglected for simplicity. The
first sections report well-known results, namely the Rabi-
oscillation theory, see e.g. [H] These sections should
enable the reader to follow the paper throughout start-
ing from elementary classical considerations. Results ob-
tained from the present theory for configurations of prac-
tical interest were listed in [ﬂir

II. CONFIGURATION

The laser that we consider is very similar to a battery-
driven reflex klystron, see e.g. [, except for the fact
that we suppose that a single electron interacts with the
resonator. The only difference existing between a mi-
crowave oscillator such as a reflex klystron and a laser
relates to the different electronic responses to alternat-
ing fields. In a microwave tube the electron natural mo-
tion is usually not harmonic and its coupling to single-
frequency electromagnetic fields may be understood ac-
curately only through numerical calculations. In con-
tradistinction, masers and lasers employ basically two-
level molecules or atoms, and this results in simplified
treatments. The phenomenon of stimulated emission is
essentially the same for every oscillator. Let us quote
the Nobel-prize winner W. E. Lamb, Jr. [E, p. 208]:
”Whether a charge ¢ moving with velocity dz/dt in an
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FIG. 1: The laser considered is analogous to the reflex
klystron represented in this figure, but involves a single elec-
tron. This electron moves essentially along the vertical z-axis,
being guided by an z-directed magnetic field (not shown).
When this electron has lost most of its energy it may be cap-
tured by the anode, being replaced by a high-energy electron.
The inner part of the resonator is modeled as a capacitance
C with grids spaced a distance d apart and the outer part
by an inductance L, with resonant angular frequency w. In
the laser version the electron may reside in only two states,
labeled 1 and 2, with energy separation equal to fiw. The sep-
arations between the upper grid and the reflector and between
the lower grid and the cathode are assumed to be negligibly
small, so that electrons are instantly reflected.

electrical field £ will gain or loose energy depends on the
algebraic sign of the product ¢€dz/dt. If the charge is
loosing energy, this is equivalent to stimulated emission”.

A reflex klystron is schematized in Fig. . Consider an
electron located between two parallel conducting plates
pierced with holes (or with grids) called ”anodes”, and
constrained to move essentially along the vertical xz-axis.
A static potential source U is applied to external plates
(cathode and reflector) to reflect the electron. There is
an alternating potential v(t) = v cos(wt) between the two
anodes (grids) when the klystron oscillates. Once an elec-
tron has lost most of its energy, it moves side-ways, gets
captured by anodes, and an electron is emitted back by
the cathode. The over-all effect of the electron motion is
therefore to transfer energy from the static potential U
to the alternating potential v(¢), an effect analogous to
stimulated emission. In the classical treatment, one first
evaluate 1) the electron motion under the static field,
2) the perturbation caused by alternating fields, called
”bunching”, and 3) the current induced in the alternat-
ing potential source. The same steps are taken in the
quantum treatment. Namely, we consider the stationary
states of an electron submitted to a static field, the per-
turbation of those states due to alternating fields, and
finally evaluate the current induced by the electron mo-
tion.

The static field between the anodes (—d/2 < x < d/2)
vanishes, but the electron is reflected by the cathode and
reflector. Because of the applied alternating potential
v(t) = v cos(wt), the electron is submitted to a potential
veos(wt)z/d when —d/2 < x < d/2. The classical equa-
tions of motion of an electron of charge —e, mass m are
best based on the Hamiltonian formulation in which the



particle energy E(t) is expressed as a function of position
x, momentum p, and time ¢, according to the relation

—ev cos(wt)g —E{t)=0, (1)

p2

where p?/(2m) represents the kinetic energy. The Hamil-
tonian equations read

de(t)  OH(xz,p,t)  p(t)

dt dp om .
dp(t)  OH(z,p,t) ev

i o == cos(wt). (3)

The first equation says that the particle momentum
p(t) = mdx(t)/dt, and the second equation may be writ-
ten, with the help of the first equation, in the usual New-
tonian form (force=mass x acceleration).

To evaluate the induced current consider again two
conducting plates a distance d apart submitted to a po-
tential source v(t), and an electron of charge e in be-
tween. If i(¢) denotes the current delivered by the po-
tential source, the power v(t)i(t) delivered by the source
must be equal at any instant to the power received by
the electron, which is the product of velocity dx(t)/dt
and force ev(t)/d, that is, v(t)i(t) = e%dz—g). Since
v(t) drops out, the current induced by the electron mo-
tion is

e dx(t)
S ddt

i(t)

When the alternating potential v(¢) depends on the deliv-
ered current i(t) the full circuit equations must be solved.

(4)

III. THE SCHRODINGER EQUATION

The lasers considered oscillate in a single electromag-
netic mode in the steady state. Only the stationary
regime is treated, that is, the system elements do not de-
pend explicitly on time and fluctuation correlations are
independent of the initial time.

We consider the same configuration as in Fig. [l with
an electron constrained to move along the z-axis. Its
motion is described by a wave-function ¥ (x, t) satisfying
the Schrodinger equation

[H(z,p,t) — E](z,t) =0, (5)
where £ = ih9/0t, p = —ihd/0x and H(z,p,t) =
% —evcos(wt) as in the previous section, but p and E

are now operators of derivation. It is easily shown that,
provided v (z,t) decreases sufficiently fast as  — +oo,
the integral over all space of |1(z,t)|> does not depend
on time, and therefore remains equal to 1 if the initial
value is 1, a result consistent with the Born interpre-
tation of the wave function. Because of linearity the
sum of solutions of the Schrodinger equation is a solu-
tion of the Schrédinger equation (superposition state).

3

The cathodes in Fig. EI (electron-emitting cathode and
reflector) reflect quickly the electron back to the inter-
action region. This is expressed by specifying that the
wavefunction 1 (x,t) vanishes when |z| > d/2 .

The above Schrodinger equation enables us to evalu-
ate the motion of an electron submitted to a deterministic
potential v(¢t). The induced current is related to the elec-
tron velocity as in the classical case, see (E), except that
i and x are being replaced by their quantum-mechanical
expectation values

(i) = £ L)
/2 , (6)
(x(t)) /_d/2 de x |Y(x,t)|”.

The average power received by the deterministic alter-
nating potential v(t) reads (P(t)) = v(¢) (i(t)), and the
average energy received from time ¢ = 0 to 7 is the inte-
gral from 0 to 7 of v(t) (i(t)).

IV. STATIC POTENTIAL

When v(t) = 0 the Schrédinger equation (f) admits
solutions of the form v, (z,t) = ¥, () exp(—iw,t), where
n = 1,2. With the boundary conditions specified above,
namely ¢, (£d/2) = 0, the lowest-energy state n = 1
and the first excited state n = 2 are described by the
wave-functions

Y1 (2,t) = \/2/d cos(mx/d) exp(—iwst)
= Y1 (z) exp(—iwst)

Yo(z,t) = \/2/dsin(2mz/d) exp(—iwst)
= 1o(x) exp(—iwat),

that satisfy the usual orthonormality condition. Energy
eigenvalues are straightforwardly obtained by substitut-

ing () in @)

(7)

w2 h?
E, = hw, = WTR, with n=1,2. (8)
We will see later on that optical fields at frequency
3n2h
W =Wy — W1 = m (9)

may cause the system to evolve from state 1 to state
2 and back. For illustration, let us select a frequency
v = w/21=1.42 GHz (hydrogen hyperfine-transition fre-
quency). Then () gives d = 0.44 pm.

For later use let us evaluate

/2
Ti9 = / dx x P1(x)2(x) 16d (10)

o = o

The parameter x12 determines the strength of the atom-
field coupling through the Rabi frequency defined by

= —ev, (11)



where v/d denotes the peak applied field (see the next
section). Let the anodes represent a capacitance C' =
€0A/d (where €, denotes the free-space permittivity, d the
spacing, and V = Ad the capacitance volume) connected
to an inductance L such that LCOw? = 1, where the angu-
lar optical frequency w was defined in (E) The classical
expression of the average resonator energy is £ = Cv?/2.
From ([L]) and the above relations, the square of the Rabi
frequency may be written as

showing that Q% is proportional to the resonator energy.

V. PERTURBED MOTION

We next suppose that a potential source v(t) =
vcos(wt) is applied between the two anodes in Fig. EI, a
distance d apart. The electron is submitted to a potential
—evcos(wt)z/d where w is the 1-2 transition frequency
defined in (ff). In that case () reads

2m

(ﬁ - S cos(wt) - E) Y(z,t)=0.  (13)

Supposing that, as a result of the resonance condition,
only states 1 and 2 are significant, the wave-function may
be written as

¥(x,t) = C1(t) exp(—iwit)y1 (z)
+ Cs(t) exp(—iwat)ho(x) (14)
with slowly time-varying coefficients Ci(t), Ca(t). If we

substitute this expression into the Schrodinger equation
(I3) and take ([f) into account we obtain

2
0= Z exp(—iwy,t)
n=1

. (ith;t(t) + % cos(wt) Cn(t)> Yn(x). (15)

Multiplying ([[f) throughout by ¢, (z), m = 1,2, inte-
grating with respect to x, and taking into account the
orthonormality of the 1, (z) functions, we obtain a pair
of differential equations for n =1, 2

dC, (t)
dt

evx12

0=ih

+ exp(—iwt) cos(wt) Cn(t). (16)

The rotating-wave approximation consists of keep-
ing only slowly-varying terms, that is, replacing

exp(—iwt) cos(wt) by 1/2. Thus, the complex coeflicients
C4(t), Ca(t) obey the differential equations

aci(t) .Q
dCy(t) Qg
o~y Gl

where g is the Rabi frequency defined earlier and the or-
thonormality reads C1(t)C5(t) + C2(t)C3(t) = 1. These
differential equations are easily solved. Assuming that
the electron is initially (¢ = 0) in the upper state, the
probability that the electron be found in the lower state
at time t reads Cy(t)CF(t) = sin?(Qgt/2). Initially,
the electron delivers energy to the alternating potential
(stimulated emission) but this energy is subsequently re-
covered by the electron, so that no laser action may be
achieved. This is the usual Rabi solution for two-level
atoms at resonance.

VI. ELECTRON JUMP THROUGH A BATTERY

We suppose that the laser has reached a steady-state
of oscillation so that the electron is submitted to an alter-
nating potential at frequency w as discussed above. The
electron, initially in the upper-energy state 2 slowly ac-
quires a non-zero probability of being in the lower-energy
state 1, thereby delivering energy to the alternating po-
tential. This is the phenomenon of stimulated emission
of radiation.

But we now postulate that this process may be inter-
rupted by the fact that an electron in the lower-energy
state 1 may jump instantly to state 2 through the bat-
tery, as shown in Fig. ﬂ, discharging it slightly, through
some kind of tunneling effect. This is how the electron
may recover the energy delivered to the alternating po-
tential, at least on the average. The probability density
of a jump from state 1 to state 2 through the battery
will be denoted 2v. The average time between succes-
sive jumps will be denoted by (7). This is a function of
~ and of the alternating potential strength (or Rabi fre-
quency) given later on in (RJ). Note that if the electron
is in state 2 at time ¢t = 0, as we later assume, this im-
plies that a jump from state 1 to state 2 just occurred.
If G(t)dt denotes the probability that another jump (not
necessarily the next one) occurs between t and ¢ + dt,
G(t) is the correlation between jumps separated in time
by ¢ (remembering that the jump process considered is
stationary). This correlation will be obtained by evalu-
ated first the probability density w(t) that the next jump
occurs at time ¢.

The equations in ([[7) generalize to




The equation obeyed by Ci(t) is obtained by deriving
the first equation with respect to time and employing
the second equation. We obtain

d 5;2(15) 7dcdlt(t) n <%> Gy =0, (19)

When the electron is initially in the upper-energy state
2, the initial condition is C2(0) = 1, C1(0) = 0, and we

find from ([L9)
7zt) — exp (_O‘Q_ 71&)) (20)
with a =

iQR o —
Ci(t) = 2% (exp ( B
V- Q%

The quantity C;(t)C}(t) represents the probability
that the electron resides in the lower state as long as no
Jump occurs. This quantity tends to decay in the course
of time according to the exp(—~t) factor, because, if no
jump has occurred up to time ¢, most likely the electron
does not reside in the lower state.

We obtain directly from @) the waiting-time proba-
bility density

w(t) = 29C1(t)CY (eXp Yt)
+ exp(— ( )20l ). (21)

This expression (valid for any non-negative value of )
was obtained before in connection with resonance fluo-
rescence in [@] through a different method. The quan-
tity w(t)dt is the probability that, given that the electron
is in the upper state at t = 0, it performs a jump from
state 1 to state 2 for the first time between t and t + dt.
When such a jump occurs, the same process starts again.
Thus the jumps form an ordinary renewal process. The
average inter-event time

1 > 14+292/Q% 1
e L= [Carrw = LER R a5
R Jo v v
where a = 29%/Q% and R the average jump rate.
The Laplace transform w(p) of w(t) in (ﬁ) reads
- ~Q2
w(p) = i (23)

PP 43702 + (292 + Q%)p + Q%

It is straightforward to go from the waiting time proba-
bility density w(t) evaluated above to the event probabil-
ity density G(¢). The concept is that the probability den-
sity of an event occurring at t is the sum of the probabil-
ities that this occurs through 1 jump, 2 jumps,... It fol-
lows that G(¢) = w(t)+w(t)*w(t)+w(t)*w(t)*w(t)+. ..,
where the middle stars denote convolution products.
Thus the Laplace transform G(p) of G(t) is the sum of an
infinite geometric series, which may be written in terms
of the Laplace transform 1@ (p) of w(t) as [[LI]

Gp) = 20 (24)

The jump rate may be written in general as R(t) =
R + r(t) where r(t) represents a small fluctuation. The
quantity we are interested in is the (double-sided) spec-
tral density g (€2) of the jumps at Fourier (angular)
frequency . According to the Wiener-Khintchine theo-
rem, the spectral density is the Fourier transform of the
event correlation, see for example [ﬂ, §3.13]. It may thus
be obtained directly from G(p) after some rearranging as

Zro(®) _ = hm (1 +Gle +iQ) + G(e — ]Q))
=27 RO(0) + @ (25)
: () _
with = 1
J— 3a .
(1+a)? +a((5a/4) = 1) (/7)" + (a2/4) (2/7)"

The term 27 R4 (§2) simply expresses that the average rate
equals R. The subsequent terms may be obtained by sub-
tracting R/p from G(p), setting p = jQ, and rearranging.
We consider particularly the Q — 0 limit of .7.(Q2)

yr(())_l 3a
R (1+a)?

(26)

In the large-y limit the shot-noise level .#.(0) = R is
recovered.

In the case of stimulated absorption, the role of the up-
per and lower states should be interchanged. Stimulated
absorption occurs in optical detectors. Then the jumps
previously considered correspond to photo-electron emis-
sion events. Unless the optical power is very large, de-
tectors are linear. This weak-field condition corresponds
in previous expressions to the case where Qr < . The
fluctuations are then seen to be at the shot-noise level.
Alternatively, one may employ in that limiting situation
Nyquist-like noise sources [@]

VII. STEADY-STATE

Going back to the configuration represented in Fig. EI,
note that the battery represented on the left delivers a
measurable average electron rate J that may be increased
by increasing the battery potential U slightly above fiw/e
[g The rate R generated by the electron is given in
(R9). Finally, radiation escaping from the hole shown on
the right of the resonator is eventually absorbed by an
ideal detector at a rate D = u/7,, where the lifetime
Tp depends on the hole size. Evaluating 7, is a classical
electromagnetic problem that we assume solved. Thus,
the steady state condition J = R = D reads explicitly

gl _ M

-7 27
1+292/Q0% 7, (27)



Accordingly, given the average electron-injection rate J
and the resonator lifetime 7,, we may evaluate the re-
duced resonator energy u = E/hw = J7,. Next, given
the capacitance volume V), we may evaluate Q% from ),
and the decay constant 2y from (E) This value of v cor-
responds to some value of the static potential U, slightly
above hw/e.

VIII. LASER NOISE

What we call ”laser noise” refers to photo-current fluc-
tuations. The result given in (24) provides the rate-
fluctuation spectral density for an electron submitted
to an alternating potential independent of the electron
motion. But in lasers the reduced resonator energy
w(t) = p+ Ap(t) fluctuates. Because this fluctuation is
small in above-threshold lasers the fluctuation r(t) pre-
viously evaluated is supposed to be unaffected. The rate
equation is

du(t) _
= R(t) — D(t), (28)
with
R(t) =R+ %Au(t) +7r(t),D(t) = @ +d(t),

and where du(t)/dt represents the rate of increase of the
reduced resonator energy. This is the difference between
the in-going rate R(t) and the out-going (or detected)
rate D(t). Note that the in-going rate involves a term
expressing the fact that R, as given in (@), depends on p
and that p is now allowed to fluctuate. The outgoing rate
is fully absorbed by an ideal cold detector at an average
rate D, supplemented by a fluctuating rate d(t), whose
spectral density is equal to the average rate D = R = J.
Because the noise sources d(t) and r(¢) have different
origins they are independent.

Considering only fluctuating terms at zero Fourier fre-
quency (d/dt — 0), we obtain AR(t) = AD(t), that is,
explicitly

dR Ap(t)

w0+ = =

+d(t). (29)

Solving this equation first for Ap(t), with 7, = p1/R, and
substituting the result in the expression for AD(t), we
obtain

AD(t) = A’; ® L gy = w (30)
with
_RkdR _ a
SRdy 1ta (1)

according to (B9) and (1J). Because r(t) and d(t) are
independent, the spectral density of the photo-detection
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rate is, with .%,/D = 1 — 3a/(1 + a)? from (B]) and
yd/D = 1)

S+ A2,
S T

The smallest detector noise, obtained when a = 1/4, is
7/8 of the shot-noise level. Therefore, a sub-Poissonian
laser may be realized with a single-electron interacting
with constant static potential sources. To our knowledge
this is a new result. As an example, suppose that pu =
1 (that is B = hw) we find using ([d) and (R7) that
the maser capacitance volume should be V = 24475 if
minimum noise is to be achieved. With 7, = 1 us and
d = 0.44 pm as in §@, the capacitance size VA =23
mim.

=(2a* —a+1)D. (32)

IX. CONCLUSION

A quiet (or sub-Poissonian) oscillator generates a num-
ber of dissipation events whose variance is less than the
mean. We considered in the present paper oscillators
that should exhibit that property, in particular a battery-
driven laser involving a single electron permanently in-
teracting with the field. In that case it is unnecessary
to quantize the optical field, that is, the theory is semi-
classical, yet exact, aside from the approximation made
in every above-threshold laser theory that the fluctua-
tions considered are small and slow and the power is
small.

We found that if a single-electron laser is driven by
a constant-potential battery the detected noise is 7/8 of
the shot-noise level, and is therefore sub-Poissonian, for
appropriate values of the parameters. This is apparently
a new result. Our calculations are related to resonance-
fluorescence treatments but with a different physical in-
terpretation. The theory was presented for a single elec-
tron. Generalization to many electrons is straightforward
if the electrons are not coupled directly to one another
through the Coulomb interaction or the Pauli exclusion
principle. As is the case for resonance fluorescence with
many atoms, anti-bunching (sub-Poissonian radiation)
tends to be suppressed. Since sizable amounts of power
require a large number of electrons, the battery-driven
one-electron laser described above is not a practical way
of generating quiet radiation. The latter, at significant
power levels, requires non-fluctuating pumps. The case
of a non-fluctuating pump (J=constant but U or v fluc-
tuating), may be treated by the method explained in this
paper.

Lasers involving complicated circuits may also be
treated in that manner, distinguishing conservative (loss-
less, gain-less) components, treated by the methods of
classical electromagnetism, and elements with gain or
loss, that should be treated as was done here for a single
electron. The latter involve noise sources. These noise
sources are at the shot-noise level if the element is lin-
ear and the electrons reside most of the time either in the



lower state (loss) or in the upper state (gain). But depar-
tures from the shot-noise level occur when the element

response is non-linear.
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