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][ #&!V%!" $
� ��\ �f�f��) [�$ �� #"^�U$

IECF = (G, capa, S, T, dem, k)
]$ 	(e U!"" $

#[�" h �$ (&^#�$
G = (V, E)

$#" ]g��� #^& %$# $� #$"V%$# h
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n1

[��"g#k � $" �

NB

#��!�  �^ &gU�#&!�[$ $#" �"" g]�^"$  �$ # !��"
2

]$ %^ #&!# !#�" �!� ' $#" �"" g]�^"  *!�" [�$ �� #"^�U$
I

]$ �(�	(e  * ��% � �) ^ �[ �[�$ #![&U$
s

� � ��"# !&"$ �[$% ^&V&$ U![�&^�" %$ (&^#�$ $� $�"&g$]gU&�" [�$ #!%["�!� # ![&
I

 * ��% ) ^ #%[ #�$[&# #![&U$# � �![ # %$# �[ #�!��!� # #^&$�%%$_
" $�" � %^ #&$[�$ ][ # !��"

1
]$ %^ #&!# !#�"�!� Y ) ![ # !V"$�!� # [�$ �� #"^�U$

I ′]!�" %^ &g#!%["�!� $� "$" # # # !%)�!" �^% ]!��$ [�$ #!%["�!� ]$ " �" $ U!	" # ![&
I

 
Ya



�

� /� � 1<�43�	 1�=
; 	�1: �; �1� 6 <�2 1 91 :4;<3	 =;<1�
)![ # g"[]�!� # %^ U!" #%$c �"g ]$ " ��_)$"%!&&' $#�(� %!&#�[$ #$[ %$" $�" [�")#$ ]$ U!�"&^��"$# $#" $���#^(g  ) ![ # ]g"$&" ��!� # %!&#�[ �$%%$ $c �#"$ %^ %�" �"$$�"&$ %^ # !%)�!" �^%�"g $" %^ )�_U!"#%g"[]$ ][ #&!V%!" $ $� �!�U"�!� ]$ %^ �^%$[&][ #^&^"!"&$ &g( �##^�" %^ U!�"&^��"$  

� �� �
 �K� � �K �K�R� KTO �MRL�
�$ #&!V%!" $ �

deg
�
∞

�W �_" ��_)$"%!&&' $#�(� $#" )�_]�
 U�%$ $� (g�g&^% � #[�#_
�[ ��% U!� #"�"[$ [�$ (g�g&^%�#^"�!� ][ #&!V%!" $ �	(e #&g#$�"g #&gUg]$"" $�"  �^ #&$" �!&$ &$" ^&�[$ g�!�U$ �[$%�[$# &g#[%"^"# #![& ]$# �� #"^�U$# #^&"�_U[ %�!&$#  �^ #$U!�]$ &$" ^&�[$ U!�U%[" #[& %^ %�" �"$ $�"&$ %^ # !%)�!" �^%�"g $" %^)�_U!" #%g"[]$ ]$ �

deg
�
∞

�W �_)$"%!&&' $#�(� $� �!�U"�!� ]$ %^ �^%$[& ]$
deg

 
� ��� ������� � 
����������� !� � ��"! � � �deg %∞%�� $� ��$* ��� ���
 ����� ������ ��' ��������� ��!�� ������ ���� �� ��� ������ ��� ����% �� !� ��� "�� �� ������� �� 1 ) � !��� 


� ) �� � ��"! � � ��� *� $��� ��!�%
� ) �! ����� *� $��� ��!� � ��� �� ���� ����� ,�� ���� !�� ����� ���� ��� �!�����%
� ) �! ��� � �!+��� ��! � #�! � #+ � ,� #�� �!����)
� ) !�� ����� � ��� ���� � ����� (���� �' ���� !���,�� ! #�������� � ��� �� � !�������������� )

� ����� �

Y �$ #&!V%!" $ $#" $c^U"$" $�" %$ #&!V %!" $ '	
�		 _(�) *f � \�)	' � �_) �� � � *f	 �)	� f �		 j'(� *"f k ��� bd � �^[bZ� � �[� U!� #�#"$ � "&![_�$& [� ^&V&$ ]$ *"$��$& ^�$U [� �!"V&$ " �� �"[" ] �^&�"$# $" ]!�" %$ ]$(&g]$# �	[]# $#" V!&�g  ($ #&!V%!" $ $#" U!��[ # ![& �"&$ )�_]�
 U�%$  '  �!&#�[$ "![ # %$# �	[] # #!�" ]$# U%�$�"# � % �!V � $U"�� U!� #�#"$ � "&![�$& [�^&V&$ U![�&^�" ]$ ]$(&g V!&�g #^&
deg

 ' g"$&" ��$& % �$c �#"$�U$ ] �[� "$%^&V&$ U!&&$## !�] ^[ #&!V%!" $ '	
�		 _(�) *f � \�)	' *�\ ) )�)
f �		 j'(*#f k �

Xb� � U!��[ #![& �"&$ )�_U!" #%$" # ![& "!["
deg ≥ 2j�!�& #&$[�$ ]$ %^ #&!# !#�"�!� ak  `  �!&#�[ ��% � �) ^ �[ �[� #$[% U%�$�" � �% #[
 " ]$ &$U�$&U�$& [� #%[ # U![&" U�$" ��]$ %^ #![&U$ �$&# %$ U%�$�"  a  * ��% ) ^ #%[ #�$[&# #![&U$# ]^� # [�$ �� #"^�U$

I
� �![ # %$# �[ #�!��!� # #^_&$�%%$" $�" � %^ #&$[�$ ][ # !��"

1
]$ %^ #&!# !#�" �!� Y ) ![ # !V"$�!� # [�$�� #"^�U$

I ′
U!� #"&[�"$ $� "$"# # # !%)�!" �^% ]!�" %^ &g#!%["�!� ]!��$ [�$

#!%["�!� ]$ " �" $ U!	" #[&
I
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-� � ��"! � � �� �������� �deg %∞%�� $* ��� ���
 ����� ��� 

� � �!+��� ��! !���,�� deg = 1%
� *� $���� !�� � ��� ���� hop ≥ 2 )

� ����� �*!�"
I = (G, capa, S, T, dem, k)

[�$ �� #"^�U$ ]$ �
deg

�
∞

�W�_) $"%!&&'$#�(�  �!&#�[$
deg = 1

� %$ #&!V %!" $ U!� #�#"$ � "&![�$& #![& U�^�[$ U%�$�"
ci

[�$
#![&U$ ]g]�g$

sj

]^� # #!� �!�#��^($ � "$%%$ �[$ %^ U^#^U�"g ]$ % �^&�"$
{ci, sj}

#!�"
#[#g&�$[&$ � %^ ]$" ^�]$

dem(ci)
 *^ &g#!%["�!� U!� #�#"$ � "&![�$& [� U![#%^($

#^"[&^�"
T

]^� # %$ (&^#�$ V�#^&"�
H = (S, T, {x, y}|x ∈ S, y ∈ T, {x, y} ∈

E(G), capa({x, y}) ≥ dem(y))
 (!"" $ ^��!�Ug ]^� # %^ #&$[�$ ]$ %^ #&!# !#�" �!� ` $" ]^� # %$# �� #"^�U$# ^�$U[�$ #$[ %$ #![&U$ � !� "![ # %$# �	[]# #!�" ]$# U%�$�"# $" %$# ^&�"$# #!�" ]$ U^#^U�"g�����$ � %$ #&!V%!" $ $#" $c^U"$" $�" U$%[� ][ '(*#f  	� �^�" %!&#�[$

deg = 2
� �%

# �^( �" ][ #&!V %!" $ �\ � ��f�) �\ ) �\f� j��k  
�% $c�#"$ g(^%$" $�" [�$ &g][U"�!� �$&# #&!V%!" $ �� �[� #&![�$ %^ )�_U!" #%g"[]$ #![& "!["$ �^%$[&

deg ≥ 2
h '$#[�#

G
[�$ �� #"^�U$ ]$ �� ��U!� #"&[�" [�$ �� #"^�U$

(H, capa, S, T, dem, k)
]$ �

deg
�
∞

�W�_) $"%!&&' $#�(� "$%%$
�[$ h

� V (H) = V (G)∪
{

(x, i)
}

x∈V (G),i∈[1,deg−2]

$"
E(H) = E(G)∪

{

{x, (x, i)}
}

x∈V (G),i∈[1,deg−2]

�
� S = {s}

� ![
s

$#" [� #!"" $" �[$%U!��[$ ]$
V (G)

� $"
T =

{

(x, i)
}

x∈V (G),i∈[1,deg−2]

�
� dem(t) = 1|t ∈ T, capa(e) = ∞|e ∈ E(H)

�
� k ≥ |V (H)|

 * ��% $c �#"$ [�$ #!%["�!� #[& % ��� #"^�U$
(H, S, T, dem, capa, k)

� ^%!&# % �$� #$"V%$]$# ^&�"$# ]$ %^ �!&" $ {

{x, (x, i)}|x ∈ V (G), i ∈ [1, deg − 2]
} ^##^&"�$�" � %^

#!%["�!�  �$ ]$(&g ]$# #!"" $"# ]$
H

�$ #$[" $cUg]$&
deg

]^� # %^ #!%["�!�  �$# #!"" $"# ]$
V (G)

#!�" ^%!&# U!��$U"g# $�"&$ $[c ]^� # %^ #!%["�!� #^& [�$� #$"V%$ ] �^&�"$# �!&" ^�" [� U�$" �� �^" �%"!� �$� #[&
G
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#^"�#�^�#^�" [� $� #$"V%$ ]$ ]$" ^�]$# � #![ # %^ U!�"&^��"$ �[$ %$ �!" g" �# ]$#[�#U�^�[$ #![&U$ � �$
$U"[$ #^# #%[ # ]$
hop

#^["# #![& ^""$��]&$ #^ ]$#"��^"�!�  � �!V � $U"�� &$#"$ %^ " �� �" �#^"�!� ][ �!"V&$ ] �^&�"$# " !V�%�#g$#  �$ "�g!&!" $ Y &$(&![#$ %$# #&��U�#^[c &g#[%"^"# ]$ U!" #%$c �"g ]$ U$ #&!_V%!" $ h
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-� � ��"! � � �∞%hop%0� $* ��� ���
 ����� ��� 

� ) � �!+��� ��! !���,�� hop = 1%
� ) *� $���� !�� � ��� ���� hop ≥ 2 )

� ����� �
�! #!� #

hop = 1
 *!�"

I = (G, capa, S, T, dem, k)
[�$ �� #"^�U$ ][ #&!V%!" $

�
∞

�
hop

�
0�_)$"%!&&' $#�(�  �!&#�[$ %$ �!"V&$ ]$ #^["# ^["!&�#g

hop
$#" ] �^[ #%[ #

1
� [�$ #!%["�!� !#"�_

" ^%$ $� �!"V&$ ] �^&�"$# #$ U^%U[%$ # !%)�!" �^%$" $�" U!"" $ #[�" h # ![& U�^�[$U%�$�"
t ∈ T

� �![ # #g%$U"�!��!� # [� $� #$"V%$
Et

] �^&�"$# ��U�]$�"$# �
t

$" � � ��" _# !&"$ �[$% #!"" $" #![&U$ ^##[&^�" �
t

%^ ]�#"&�V["�!� ][ �!"  � �$� #$"V%$
Et

]$U^&]��^%�"g " �� �" ^%$ #$ U^%U[%$ $� #g%$U"�!��^�" ] �^V !&] %$# ^&�"$#
{t, s}|s ∈ S]$ #%[ # (&^�]$ U^#^U�"g � $" $� %$# ^�!["^�" #[UU$##��$" $�" �

Et

"^�" �[$ %^
#!"" $ ]$# U^#^U�"g# ]$# ^&�"$# ]$

Et

&$#"$ �� �g&�$[&$ � %^ ]$" ^�]$ ]$
t
 �$#^&�"$# ][ (&^#�$ #!%["�!� #!�" ^%!&# % �[��!� ]$#

Et|t ∈ T
 �^ ]�#"&�V["�!� ][

�!" $#" g��]$�"$ h �% #[
 " ]$ �g&��$& �[$ %^ #!%["�!� # !##!]$ [� U!	" �� �g&�$[& ![g(^% �
k

 ($U� U!�U%[" %^ ]g" !� #"&^"�!� ][ #!��"
1

][ "�g!&!" $ Y�  �!&#�[$
hop ≥ 2

�![ # #&!# !#!� # [�$ &g][U"�!� ^[ #&!V%!" $ )�_U!" #%$"V�$� U!��[ *	f_(��	� j*(k h�$ #&!V %!" $ �
∞

�
hop

�
0�_) $"%!&&'$#�(� $#" ]^� # )� h #!�"

(G, capa, S, T, dem, k)[�$ �� #"^�U$ ]$ U$ #&!V %!" $  (!"#"$ "$�[ ] �[� $� #$"V%$ ]$ U�^��$#
C

]$ "^�%%$^[ # %[ #
hop

$" ] �[� �!" U�^��$#_U!�"&^��"
f : C → R+ � �% $#" # !##�V %$ ]$ �g_&��$& $� [� "$" # # # !%)�!" �^% �[$

(C, f)
$#" V �$� [�$ #!%["�!� #![& % ���"^�U$

(G, capa, S, T, dem, k)
 

*!�" [�$ �� #"^�U$
ISC = (X, T, k)

[�$ �� #"^�U$ ]� *( � !�
T

$#" [� $� #$"V%$]$
n

g%g" $�"#
T = {t1, t2, . . . , tn}

� $"
X = {X1, X2, . . . , Xm}

$#" U!" # !#g ]$
m#![ #_$� #$"V%$# ]$

T
 )![ # U!� #"&[�#!� # ]$#[�#

ISC

[�$ �� #"^�U$
I

]$ �
∞

�
hop

�
0�_)$"%!&&' $#�(� U!"" $ #[�" h)![ # ]g���##!� # %$ (&^#�$

G = (V, E)
"$% �[$ h

V =
{

Xi

}

0≤i≤m
∪

{

si

}

0≤i≤hop−2$"
E =

{

{Xi, tj}|tj ∈ Xi

}

0≤i≤m,0≤j≤n
∪

{

si, si+1

}

0≤i≤hop−3)![ # #! #!� #
S = {s0}

�
dem : T → R+ [�$ �!�U"�!� �[$%U!��[$ � $"

capa :
E → ∞

%^ �!�U"�!� �[� ^##! U�$ [�$ U^#^U�"g �����$ ^[c ^&�"$# ]$
G

 *!�"
I =

(G, capa, S, T, dem, k)
[�$ �� #"^�U$ ]$ �

∞
�
hop

�
0�_) $"%!&&' $#�(�  �^ U!� #"&[U_"�!� ]$

I
$#" U%^�&$" $�" #!%)�!" �^%$ $� �!�U"�!� ]$ %^ "^�%%$ ]$

ISC

 �^ �([&$'  YjV k #&g#$�"$ % ��� #"^�U$
I

U!� #"&[ �"$ � #^&"�& ]$ % ��� #"^�U$ ]$ *( ]$ %^ �([&$'  Yj^k � ^�$U
hop = 4
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X0

X1

X2

X3

t0 t1 t2

t3 t4


��
relaisclientsource

X0 X1 X2 X3

s0

s1

s2

t0 t1 t2 t3 t4


� �

' () * '  Y � (!� #"&[U"�!� ] �[�$ �� #"^�U$ ]$ �
∞

�
hop

�
0�_) $"%!&&'$#�(� ]$#[�# [�$�� #"^�U$ ]$ *	f_(��	� $" [� $�"�$&

rob = 4

(!� #�]g&!� # [�$ #!%["�!�
(C, f)

]$ U!	"
a ≤ k

#[& % ��� #"^�U$
I

� !�
C

$#"% �$� #$"V%$ ]$# U�^��$#
c

&$%�^�"
s0

U%�$�"# ]$
T

� $" "$%%$# �[$
f(c) > 0

 �^U!� #"&[U"�!� #&!# !#g$ �" #%��[$ �[$ "!["$ U�^��$
c ∈ C

$#" ]$ "^�%%$
hop

 \#_# $%!� #
U

% �$� #$"V%$ ]$# ^&�"$# ["�%�#g$# #^& %$# U�^��$# ]$
C

 �^& ]g���"�!�
|U | = a

� �% ) ^ ^[ " !�� #
n

^&�"$# ��U�]$�"$# ^[c #!"" $"# ]$
T

� $" ^[ #%[ #
a− n^&�"$# &$%�$�"

s0
^[c g%g" $�"# ]$

X
 *!�"

W ⊆ U
% �$� #$"V%$ ]$# ^&�"$# ]$ %^

�!&" $
{shop−2, Xi}|Xi ∈ X

 \ %!&#
|W | ≤ a − n − (rob − 2)

 	� #g%$U"�!��^�"%$# g%g" $�"# ]$
X

��U�]$�"# � [�$ ^&�"$ ]$
W

� �![ # !V"$�!� # [�$ #!%["�!� �% ��� #"^�U$
ISC

]$ U!	" ^[ #%[ #
a − n − (rob − 2)

 �gU�#&!�[$" $�" � #�
Y ⊆ X

$#" [�$ #!%["�!� �
ISC

]$ U!	"
b

� ^%!&# !� # $["$� ]g][�&$ [�$ #!%["�!� ]$ U!	"
b+n+(hop−2)

�
I

h �![ # # !#!� #
U

% �$� #$"V%$]$# ^&�"$#
{s, Xi}|Xi ∈ Y

� $" # ![& U�^�[$ U%�$�"
ti

�![ # ^�!["!� # �
U

[�$ ^&�"$
{ti, Xj}|Xj ∈ Y

 �![& U�^�[$ U%�$�" � �% $c �#"$ ]!�U [�$ #$[%$ U�^��$ ]$ "^�%%$
hop

&$%�^�" "![" U%�$�" � ^ #![&U$ � $" �[$ �![ # #g%$U"�!��!� # ]^� # �!"&$ #!%["�!�  �$# U^#^U�"g# ]$# ^&�"$# #!�" �����$# � ^[ ##� [� #$[%$ U�^��$ #[
 " # ![& #^"�#�^�&$[�$ ]$" ^�]$  �$# ^&�"$# ]$ %^ �!&" $
{si, si+1}|0 ≤ i ≤ hop − 3

^##^&"�$��$�"�gU$##^�&$" $�" � %^ #!%["�!�  �^ U^&]��^%�"g ]$
U

$#" U%^�&$" $�" ]$
b+n+(hop−

2)
 � ^##$%!� # $��� �[$ *( $#" )�_U!" #%$" $� (g�g&^% � U$ �[� U!�U%[" %^ ]g_

" !� #"&^"�!� ][ # !��"
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-� � ��"! � � �∞%hop%0� $* ��� ���
 ����� ����� *� $���� !�� � ��� ���� hop ≥ 3 %� �� � !���,�� ! #������ �� �� � ��� �� ,� #��� ������ �� ��� ����������� )
� ����� �)![ # &$#&$�!� # % ��� #"^�U$

I
U!� #"&[�"$ ]^� # %^ ]g" !� #"&^"�!� ][ # !��"

2][ "�g!&!" $ #&gUg]$�"  ) ![ # ^�!["!� # [� #[#$& U%�$�" � #^& [�$ U!� #"&[U"�!�]g� � #&g#$�"g$ ]^� # %^ #&$[�$ ]$ %^ #&!#! #�"�!� Y )![ # !V"$�!� # [�$ �� #_"^�U$
I ′

� �^)^�" �[ �[�$ #![&U$
s0

$" [� U%�$�"
t
� $" ]^� # %^�[$%%$ %^ ]�#"^�U$$�"&$ U$# ]$[c �	[]# ^ g"g ^[(" $�"g$ ]$

1
 ) ![ # ^
 &" !� # �[$ &g#![]&$

�
∞

�
hop + 1

�
0�_) $"%!&&' $#�(� #[& % ��� #"^�U$

I ′
$#" ^[ ##� ]�
 U�%$ �[$ &g#![]&$

�
∞

�
hop

�
0�_)$"%!&&' $#�(� #[&

I
h # ��% $c �#"$ [�$ #!%["�!�

S′ � I ′
]$ U!	"

k
� ^%!&#$%%$ " !V�%�#$ U�^U[�$ ]$#

|T |
^&�"$# ^�!["g$# %!&# ]$ % �^�![" ][ #[# $& U%�$�" � $"U$ � #%$��$ U^#^U�"g  �� # $[" $� ]g][�&$ [�$ #!%["�!� �

I
]$ U!	"

k − |T |
$�

#g%$U"�!��^�" %$# ^&�"$# ]$
S′ �!� ��U�]$�"$# ^[ #[# $& U%�$�"  �^ &gU�#&!�[$ $#"�"" g]�^"$  �� $� U!�U%[" %^ )�_U!" #%g"[]$ ][ #&!V%!" $ %!&#�[$ %$ �!"V&$ ]$

#^["# " ^c �"[" $#"
3

� $" �[$ % ��� #"^�U$ �$ U!�"�$�" �[ �[� U%�$�"  �^ �([&$ '  '  ' #&g#$�"$ % �^�![" ] �[� #[# $& U%�$�"
t
� #^&"�& ]$ % ��� #"^�U$ ]$%^ �([&$ '  YjV k  �$# ^&�"$#

{c, ti}
#!�" ]$ U^#^U�"g g(^%$ � %^ ]$" ^�]$ ]$

ti
]^� #

I
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X0 X1 X2 X3
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t0 t1 t2 t3 t4

t

'() * '  ' � \�![" ] �[� #[#$& U%�$�"
t
� %^ U!� #"&[U"�!� ]$ %^ �([&$ '  YjV k

�

�^ #&$[�$ ][ ]$&��$& "�g!&!" $ ^��!�U$ �[$ %$ #&!V%!" $ $#" )�_U!" #%$"# ![&
hop ≥ 2

" �" $ %!&#�[$ % ��� #"^�U$ �$ U!" #!&"$ �[ �[�$ #![&U$  �$ U!&!%%^�&$]$ U$ "�g!&!" $ #&![�$ %^ )�_U!" #%g"[]$ #![&
hop ≥ 3

%!&#�[ ��% � �) ^ �[ �[�U%�$�"  �^ U!� #"&[U"�!� #&g#$�"g$ ]^� # %^ #&$[�$ ][ # !��"
1
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r = 0
� %$ #&!V%!" $ �

∞
�
∞

�
r�_" ��_)$"%!&&'$#�(� $#" )�_]�
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r + 1
U�^��$#

#!"" $"_]�#�!��"# �
r+1

#![&U$# ]�
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}

$"
EH =

{

{{x, y}, y}|x ∈ S, y ∈ T
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^##^&"�$��$�" � %^ #!%["�!�  �% $�&g#[%"$ �[$ %$# ^&�"$# ]$
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∪
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}

0≤j≤r,0≤i≤hop−3*!�$�"
S =
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∞
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∣
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