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�l7[=IH>PRX F 4��M5g=?LZøOX?784BA8; F T � " � J>7e>=Ie®5*7¢ø?46^?5wTÓ=?H 5
�E= F eEL65�X?b<=Ôe>79XO@ELZ5 F bcX?7¢ü�;E46U[;ÚA9;E4ØT  � PELZ5 F =?HE4Ø=IH "�=Ie>eE79X�=?U[;`A8XPR5*7[=IH>PEX F 4��w=_A84ZXOHÂ46Tz=?U�A9J>=?LZL ] bc5M=?T946@ELZ5 � ��HQPR5*5wP C X?JE7<e>=I7[=IL6LZ5ML®=?LZøOX?784BA8; F U�X?HQT�A879J>U�A8T<=
eQXOL ] HEX F 4Ø=IL ��Th41�*5ÜL646ThAÓX?b  9U*=?H>PR4ØPE=_A85�^?5MU�A9XO78T#"¢ü�;E4ØU[;`bcX?7Ó=IH ] T95�A�X?b N

4ZHEe>JRAÓ^O5MU%A8X?7[T
46T<ø?J>=?78=?H�A95*5wPrA9XrU�X?H�A[=I46HÔ=�^?5wU%A8X?7�XO7hA8;EX?øOX?H>=?LRA9Xá79XOJEø?;>L ] N/2

46HEeEJRAg^?5wU%A9XO78T � fg;>46TLZ4ØT�A14ØT F =?PR5gJEeGX?b©=?LZLR^O5MU%A8X?7[T 4ZHÂ=¢eQXOL ] HEX F 46=?L ��Th41�*5<b�= F 46L ] XIb  hUM=IH>PR4ØPE=IA95�ThJ>@>TheQ=?U�5wT "
XIbzT F =IL6L $ L6X?ø�=I784BA8; F 46U (ÓPE4 F 5*HQTh46X?H � � HQU�5rA9;E5ÂL64ØT�A�4ØT�U�X?HQT�A879J>U�A95wPÚüz5GX?HEL ] ;>=�^O5�A8XThXOLZ^O5g=?HG5
�R;>=IJQT�A84Z^O5gT95M=?78U[;reE78X?@EL65 F`C =?H>PáA9;E4ØT1UM=IHG@Q5ÓPRX?HE5 ��JE4ZA95�5w=?T94ZL ] 46HGe>=I7[=IL6L65*L �
� �������	�Wï ï
����ñ1ð
�WïEõhô���ñ�õhî<ï ñ�
���õ����
��H A9;E4ØTGTh5wU%A84ZXOH ü<5�T�A8J>P ] A9;E5`T95�A�A8;E5*XO795*A94ØUÂbcXO7 F JEL6=IA946X?H X?b�X?JE7áeE79XO@EL65 F 8

X
4ØTr=

�>HE4ZA95�T95�AÓ=?H>P F =ÂT95�AÓXIb
N

HEX?H>5 F eRA ] PE46ThA946H>U%AÜThJ>@>Th5*A8T�X?b X � fg;E5�ø?XO=?LW46T�A9X��QH>P=�T9JE@>T95�A
F
XIb

X
ThJQU[;þA8;>=_AGA9;>5ÿH�J F @®5*7GXIb¢5*L65 F 5*H�A8TGX?b F ü�;E4ØU[;/;Q=�^?5`=IH�XKP>P

4ZH�A95M78T95MU�A946X?H�ü�4BA8;
F
4ØT�=?T�U*LZX�Th5Ü=?Tge®XOT8Th46@EL65ÜA9X |F|

2
�

����� ������� �"!
�"#�$%#%&('(#�)��"���*�,+
fg;E51�>7[T�A�H>=IA9JE7[=ILW4ØPR5M=ábcXO7gA9;E4ØT�eE78X?@EL65 F 46TzA8XGA8=
�O5¢bcX?7

F
=r7[=IH>PEX F T9JE@>T95�A�XIb

X �
-/.�0 � � 0	1 � �/2 "�� X � "&�43 � ��� "65�"�� ���87 F � "&�95�"
� ��� N ������";: $�� �95=< �=5�"��%5 � � X '>  #"
	&" �?5 �@5A< �B5�"
� F ⊆ X 5=<DC& ��  �
�

−
√

N

2
≤ |{Fi ∈ F : |F ∩ Fi| "BE�"�� }| − N

2
≤

√
N

2
. $ � (

F 	 �	� ��' :z=IL6L F1, . . . , FN
A9;E5r5*L65 F 5*H�A[TYX?b F ��2 5GU[;EXKXOT95�=Ö78=?H>PRX F T9JE@>T95�A

F
X?b

XX?@RA[=I46HE5MP�@ ] T95*L65MU%A84ZH>ørXO7gHEXIA�5M^?5*7 ] 5*L65 F 5MHOA�X?b X
ü�4BA8;`eE79XO@>=I@>4ZL64BA ] 1/2 �� 5�A Yi

@®5ÜA9;E5�7[=IH>PEX F ^_=I7846=?@EL65ÜPE5
�>HE5wP�@ ] 8
Yi = 1

4Zb |F ∩ Fi|
4ØTg5*^?5MH C =IHQP Yi = −1

X?A9;E5M79ü�4ØTh5 �
fg;E5*785�bcXO795¢ü<5�=?795¢46HOA85*785MThA95wPÖ46H�A9;E5�7[=IH>PEX F ^_=I784Ø=I@EL65

Y =

N
∑

i=1

Yi = |{i : |F∩Fi|
5M^?5MH }|−|{i : |F∩Fi|

XRPEP }| = 2|{i : |F∩Fi|
5*^O5*H }|−N.

2 5�üg=IH�AgA9XÂT9;EX_ü A8;>=_A�A8;E5*785Ü5
�R46ThA8T�=?H
F
bcX?7�ü�;>46U[; |Y | ≤

√
N C 4 � 5 � Y 2 ≤ N �

� 467[T�A C LZ5*A�J>T�e>79X_^O5YA8;>=_A P (Yi = 1) = 1/2 � fg;E46T�bcX?L6LZX_ü�Tg4 FGF 5wPR4Ø=_A95ML ] bc78X F A8;E5
b�=?U%A[T�A8;>=_Ar5*^O5*7 ] T9JE@>T95�A F

XRUMU�JE7[T�ü�4ZA9;þT8= F 5�eE79XO@>=I@>4ZL64BA ] =IH>P A9;>=IA�A9;>5*785�=I785Ö=OT
F =?H ] XRPEP`=?Tg5*^O5*H`ThJ>@>Th5*A8Tg46H`5M=?U[; Fi � fg;KJ>T E(Yi) = 0 �fg;E5*H`üz5�eE79X_^O5YA8;>=_A�A8;E5�5M^?5*H�A[T {Yi = 1} =I785 $ �,��	=G �?5�"IH 46H>PR5MeQ5MH>PR5MHOA � � X?7�A8;E46TLZ5*A�J>T�U�XOH>Th4ØPR5M7gA�ü<XG5*L65 F 5MHOA[T F1

=?H>P
F2

X?b F �(2 5�;>=�^?5¢A9XGeE78X_^?5ÓA9;Q=_A
P (Y1 = 1 ∩ Y2 = 1) = P (Y1 = 1)P (Y2 = 1) = 1/4. $ )%(

fg;E5*785�=I785ÓA8;E785*5�U*=OTh5wT�8
J jÁ�1¦%�*}GÛR����Ð�¥%Ñ1}���ÐK�*�1��ÐO�[���g�[���8}I���1������}�¥M���*¤�ÑS�[³?�LK�|�Ñ1~�����~�}K£?�[²R�[}K£?�[}_�%¸
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� F1
=IH>P

F2
=I7851PR46T���X?46H�A � ��H�A9;E4ØT U*=?T95 C 4BA 46T�U�L65M=I7�A9;>=IA«A9;>5�5*^O5*H�A8T�=I785S4ZHQPR5*e®5*H>PE5*H�A �

� F1 ⊆ F2 � fg;E46TÜUM=?T95áU*=?HÚ@®5G795wPRJ>U�5wPÿA8XÖA8;E5GeE795M^K4ZXOJ>TYXOHE5ábcX?7 F1
=IHQP

F2 \ F1=IH>P�üz5�T�A84ZL6L«;>=�^O5 $ )%( �
� fg;E5�A8;E785*5ÓT95�A[T

A = F1 \F2
C B = F1 ∩F2

5*A
C = F2 \F1

=I785�HEXOHE5 F eRA ] � fg;E5MH
Y1 = 1

=IH>P
Y2 = 1

4ØT�5���JE46^_=IL65*H�AgA9X |A ∩ F | ≡ |B ∩ F | ≡ |C ∩ F | F XRP ) ��� JRATh46H>U*5gA9;E5wTh5gA8;E795M5�Th5*A8TS=?795�PR4ØT���XO4ZH�A C üz5z;Q=�^?5�=ÜeE78X?@>=?@E4ZL64ZA ] 1/8
A9X�@®5�46HGA9;E5�UM=?T95

5*^O5*H��l5*^O5*H��l5*^O5*H`=IH>P
1/8

A9X�@Q5á4ZH A9;E5rU*=?T95�XRPEP �lXRPEP �lXKP>P � D ^?5*H�A8J>=IL6L ]OC üz5�=ILØT9X;>=�^?5 $ )%( �
\ 4ZHQU�5aA9;>515*^O5*H�A8T«=?795ae>=?4Z78ü�4ØTh5a46H>PR5*e®5*HQPR5*H�A�üz5S;>=�^O5 E(YiYj) = E(Yi)E(Yj) = 04Bb

i 6= j � � JE79A9;E5M7 F X?785 C E(Y 2
i ) = 1

T9XG@ ] LZ46HE5M=?794ZA ] X?b�A9;>5�5
�ReQ5wU%A[=_A946X?H`üz5Ü;>=�^?5

E(Y 2) = E(

N
∑

i=1

Y 2
i +

∑

i6=j

YiYj) = N.

+ 5*HQU�5ÜA9;>5*785¢5��R46ThA8T F
bcX?7�ü�;E4ØU[;

Y 2 ≤ N
8KA9;E4ØT�4ØTgA9;>5�PR5MT94Z785MP�T95�A � ut

� ";: �
	��
	 ' ��H�A9;E5Ô=?@QX_^O5áe>79XKXIb C A[=
�K46HEø`4ZH�A9Xÿ=OU*U�XOJEH�AÜA9;E5rb�=?U�A�A9;>=IA Y 2 = N2 bcXO7
F = ∅ C ü<5GXO@RA8=?4ZH E(Y 2|F 6= ∅) < N � fg;KJ>T¢A9;E5M795G5��K4ØThA8TÜ=`Th5*A F

bcX?7�ü�;E4ØU[; A9;E5
4ZHE5	��J>=IL64BA ] 4ØTÓThA9784ØU%A C 4 � 5 � Y 2 < N � ��H XIA8;E5*7¢ü<XO78P>T C A8;E5*785�5��R46ThA8T¢=ÖT95�A F

T8=_A846Thb ] 4ZH>ø
A9;E5�ThA978X?HEøO5*7g46HE5���J>=?LZ4ZA ] 8

−
√

N

2
< |{Fi ∈ F : |F ∩ Fi|

5*^?5MH }| − N

2
<

√
N

2
.

� ";: �
	���� ' fg;E5¢e>=I4678ü�46T95Y46H>PR5MeQ5MH>PR5*HQU�5ÜXIb«A8;E5 Yi
5MH>=I@EL65MTzJ>T<A8Xá5M^�=?LZJQ=_A95YA9;E5Ü^_=I784 �

=IH>U*5ÓX?b
Y
8
V ar(Y ) =

∑N
i=1 V ar(Yi) = N ��� ] f U[;E5M@ ] U[;E5�
 * Tg46HE5���J>=?LZ4ZA ]?C üz5Ó;Q=�^?5 8

P (|Y − E(Y )| > 2
√

N) = P (|Y | > 2
√

N) < V ar(Y )/(2
√

N)2 = 1/4.

fg;E46Tr5MH>ThJ>795wT�A8;>=_AÔ=IArL65M=OT�A
3/4

XIb�A8;E5ÿThJ>@>Th5*A8T
F
b�=?LZLgü�4ZA9;E46HþA8;E5`78=?HEø?5

[N/2 −√
N, N/2 +

√
N ] C =IH>P ] 465*LØPET�=�A9784Z^K4Ø=ILS7[=IH>PEX F 4��M5MP =IL6ø?X?784ZA9; F bcXO71�>H>PR46HEø T9J>U[; =

Th5*A � fg;E5`PR5�A85*7 F 4ZHE4ØThA94ØU�=?LZøOX?784BA8; F T�X?bY3178X?e®XOT94BA84ZXOH � CS\ 5MU%A84ZXOH ) � ,�=IH>P \ 5MU�A946X?H ,
=?U[;E465*^O5�;EX_üz5*^?5M7�A8;E5á@®5�A9A95M7¢7[=IH>ø?5

[N/2 −
√

N/2, N/2 +
√

N/2]
X?@RA[=I46HE5MPÚ4ZHÚA9;E5

A9;E5MX?785 F �
2 5�HEX_ü�Th;EX_ü ;EX_ü A8X PR5M78=?H>PRX F 41�*5GA8;E5ÖeE78XKXIb�XIbYfg;>5*X?785 F �Ô@ ] A9;E5 F 5�A9;>XKP XIb
U�X?HQPR4BA84ZXOH>=ILR5��ReQ5wU%A8=IA946X?H>T C 46HGX?7[PR5*7aA8X�X?@RA[=I46Hr=�PR5*A95M7 F 46HE46ThA94ØU�=IL6ø?XO794ZA9; F ��� XIA85gA9;>=IA=rT94 F e>LZ5M7�PR5�A85*7 F 46HE4ØT�A846U�=?LZøOX?784BA8; F ü�46LZL«@®5�eE785MT95*H�A95wPÖ46H \ 5MU�A946X?H ) � , �
� � � � �,&(#%'(#���� � � >  �" $�	 �	� � � � >  #"&�
	 ";:�	 C)��� �&" 7 "
	)���,7 ��: ���	" 7@< 5 �!� �/�! #" : "��! #�(7
� � C ���,7,������������� "�� $#"AC
� �,�������D5�' >  �?5 �,��"�� 7�5 � $���� ����� :/� ����� ��� : " 7 "�� "�	=:/�!� �?5�� �%C ��� � ���
	����! : ���,	63 �,7
�!�/� � 5�"�� � ��";E�"�� �!� � "�	A5�"AC�� ����� G ���  �,����" � 5�� N/2 −

√
N/2 ���,7 �,�

: ��5 � N/2 +
√

N/2 � �1�  �" Fi � 5�'
F 	 �	� ��' � X?L6L6X_ü�4ZHEø`A8;E5Öe>79XKXIbgXIbYfg;>5*X?785 F � C A9;E4ØT�= F XOJEH�A8T�A9X �>HQPR4ZH>øÚ= T95�A

F
bcXO7

ü�;E46U[;
Y 2 ≤ N � 2 5`@EJE46LØP�T9J>U[;�=�T95�AÂ@ ] 5MH�J F 5M78=IA946HEø A9;E5ÿ5MLZ5 F 5MH�A8TGXIb X

=IHQP
PR5MU*46PR46HEø`46HÚA8JE79H bcX?7�5w=?U[;

x ∈ X
ü�;E5�A8;E5*7Ü4ZA F J>ThA�@Q5MLZXOHEø�A9X F ��� L6X?HEø�A9;>5rüg= ]?C
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ü<5 �O5*5*e
E(Y 2)

@®X?J>H>PR5MPÿ=?@QX_^O5Ó@ ] N C A9;KJ>TgøO4Z^K46HEøÂ=Gø?J>=?78=?H�A95*5ÓA9;Q=_A�A9;>51�>H>=IL�Th5*A
F
ü�46LZLW;Q=�^?5¢A9;E5�5��ReQ5wU%A95wP�eE79XOeQ5M7hA ] �
� ASA9;E5�@®5*øO4ZHEH>4ZHEø C üz5 �KHEX_üþbc79X F A9;>5�eE78X�X?bQX?b®fg;E5MX?785 F �gA8;>=_A

E(Y 2) ≤ N � � A5M=?U[; T9JE@>T95���JE5MHOArT�A85*e C ü<5Ô;Q=�^?5Ô=IL6785M=?P ] PR5*A95*7 F 4ZH>5MP�bcX?7rThX F 5Â5*L65 F 5*H�A8T�ü�;E5�A8;E5*7
A9;E5 ] @®5*L6X?H>ø A9X F

8�L65�AGJ>TrU*=IL6L
C
A8;E46TGU*X?H>PR4ZA946X?H $ bcX?7r5
�E= F eEL65 C C ≡ (x1 ∈ F ) ∧

(x2 6∈ F )
( ��� ] 4ZHQPRJ>U%A84ZXOHÿ; ] e®XIA8;E5MT94ØTgü<5�;>=�^O5 E(Y 2|C) ≤ N � fg;E5�H>5
�KAÓThA95*e`4ØTgA9XPR5�A85*7 F 46HE5�ü�;E5*A9;E5M7�=IH�5*L65 F 5*H�A x ∈ X

46Tg46H
F �#2 5�;>=�^O5 8

E(Y 2|C) = 1/2(E(Y 2|C ∧ (x ∈ F )) + E(Y 2|C ∧ (x 6∈ F ))).

fg;E5*785�bcXO795ÜA8;E5*785�5
�R4ØT�A[TY=ÔU[;>X?4ØU�5
c $ 5M4BA8;E5*7 c ≡ (x ∈ F )

X?7
c ≡ (x 6∈ F )

(zbcXO7Yü�;E4ØU[;
E(Y 2|C ∧ c) ≤ E(Y 2|C) ≤ N � 2 5ÖA8;E5*H F X_^?5�X?H A8XÚA8;E5�HE5
�KAÔT�A85*e�=?U*U*X?7[PR46HEø
A9X�A9;E4ØT�U[;EX?4ØU�5 8®A9;E4ØTÜü�4ZL6La5*H>T9JE785�A8;>=_AÜA8;E5G4ZH>PEJ>U%A84ZXOH ; ] eQX?A9;E5wTh4ØT¢46TÜT8=_A846T'�>5MP =_AÜA9;>5
HE5
�KA�T�A85*e � � A<A8;E5¢5*H>PÖXIbWA9;>5¢=?LZøOX?784BA8; F`C 4 � 5 � C ü�;E5MHÔ5*^O5*7 ] 5MLZ5 F 5MH�A x ∈ X

;>=OT�@®5*5MH
U�X?HQTh4ØPR5*785MP C A8;E5�Th5*A F

X?@RA[=I46HE5MP�T9=IA94ØT#�>5wT
E(Y 2|F ) ≤ N C =IHQPÔ;E5MH>U�5ÓA9;E5�ThA8=IA95 F 5MHOA

XIbSfg;E5*XO795 F � �fg;E5ÂX?HEL ] 785 F =?4ZHE46HEøÿe®X?46H�A�A9X T95�A9A9L65Ô46T�;EX_ü A9X U�X F eEJRA95 E(Y 2|C ∧ (x ∈ F ))=IH>P
E(Y 2|C ∧ (x 6∈ F ))

8Kü<5ÓHE5*5wPÂA9;>5MT95Y^_=IL6JE5MT<46HÔX?7[PR5*7�A9X F =%�?5ÓX?JE7zU[;EX?4ØU�5 �/+ XO795ø?5*H>5*7[=IL6L ]OC ü<5Yüz=?HOA�A9X�@®5Ó=?@EL65�A9X�U*X F eEJRA85 E(Y 2|C)
bcX?7<=?HÔ=I78@E4ZA97[=I7 ] U�XOH>PR4ZA946X?H C

8

C ≡
∧

x∈A

(x ∈ F ) ∧
∧

x∈B

(x 6∈ F ).

� 5�A Ti
@®5ÜA9;E5Ü7[=IH>PEX F ^_=I784Ø=I@EL65�PR5
�>H>5MP�@ ]

Ti = 1
4Zb |(Fi \ (A ∪ B)) ∩ F | 4ØT�5*^O5*H C =?H>P Ti = −1

X?A9;E5M79ü�4ØTh5 �
2 5�;>=�^O5 E(Yi|C) = (−1)|Fi∩A|E(Ti).

� XIA85GA9;>=IA�ThX F 5ÔTh5*A8T Fi \ (A ∪ B)
U*=IH�@®5Ô5���J>=?L $ 5M^?5*H�4Zbg@ ] =?T8ThJ F eRA84ZXOH�A9;E5

Fi
* Tz=I785YPR4 
©5*785*H�A ( C =?H>PÂU*=?HÔ5*^O5*HÔ@®5Y5 F eRA ]?C A9;KJ>T<5*^_=IL6J>=IA946HEø E(Y 2|C)

= F X?JEH�A[TSA9X
U�X F eEJEA946HEø�A9;E5G5
�Re®5MU�A8=_A84ZXOHÚX?b Z2 ü�;>5*785 Z =

∑

i αiYi
bcXO7Ü=�T95�A {F1, . . . , Fk}

XIb
$ e®XOT8Th46@EL ] 5 F eRA ] (�T9JE@>T95�A8TÓXIb X

A9X?øO5�A8;E5*7Óü�4BA8;Úüz5*46ø?;�A8T
α1, . . . , αk ∈ Z � � TÓ46H A9;>5eE79XKX?b®X?bWfg;>5*X?785 F � C A8;E5�5M^?5*H�A[T {Yi = 1} =I785�e>=I4679ü�4ØT95�4ZH>PE5*e®5*H>PR5MH�A � � JE79A9;E5M7 F X?785 C4Bb

Fi = ∅ A9;>5*HÿXIbSU�XOJE7[Th5 E(Yi) = 1 C XIA8;E5*78ü�4ØTh5 E(Yi) = 0 � � 4ZHQ=IL6L ]OC E(Y 2
i ) = 1

bcX?7
=IH ] i � fg;KJ>T�U�X F e>JRA946HEø E(Z2)

46Tg5w=?T ]?C @®5MU*=?J>T95

E(Z2) = E(
∑

i

α2
i Y

2
i +

∑

i6=j

αiαjYiYj) =
∑

i

α2
i E(Y 2

i ) +
∑

i6=j

αiαjE(Yi)E(Yj).

fg;E46T¢4 F eELZ465MT¢A8;>=_A�46H e®X?L ] HEX F 4Ø=IL A94 F 5GX?HE5ÂU*=?H U*X F eEJRA85 E(Y 2|C ∧ (x ∈ F ))=IH>P
E(Y 2|C ∧ (x 6∈ F )) C =IH>P/PR5MU*46PE5Öü�;E5*A9;E5M7

x
Th;>X?JELØP @®5ÔA[=
�?5MH 46H

F
X?7rHEX?A �fg;E5rU*X?H>ThA978J>U�A946X?HÚX?b

F
A8;�JQTÜ795	�OJ>4Z785MT |X | ThA95Me>T C 5w=?U[;ÚU*X F eEJRA[=I@EL65r4ZH�eQXOL ] HEX F 46=?LA94 F 5 8RA9;>5�X_^?5*7[=IL6L©PR5�A85*7 F 46HE4ØT�A846UÜ=?LZøOX?784BA8; F �>H>PETY=rT95�A�ü�4ZA9;�A9;>5�5
�ReQ5wU%A85MP�eE79XOeQ5M7hA ]

4ZH`e®X?L ] H>X F 46=?L©A94 F 5 � ut
� T�5
�ReELØ=I46HE5MP 4ZH A9;E5 46HOA879XRPRJQU%A946X?H C A8;E5 F =?4ZHÞø?XO=?LÓX?b \ 5MU�A946X?H ,þ4ØTÔA8X/XO@RA8=?4ZHÞ=
PR5�A85*7 F 46HE4ØT�A846U1e>=I7[=IL6LZ5MLI=IL6ø?XO794ZA9; F bcX?7«XOJE7«eE78X?@>LZ5 F � �lA�ü<XOJELØPÜ@Q5146H�A95M795wT�A84ZHEøgA8X�X?@RA[=I46HThJ>U[;/=IH/=?LZøOX?784BA8; F bc79X F = PR4 
®5M795MHOAÂPR5M78=?H>PRX F 41�M=IA946X?H XIb¢fg;E5*XO795 F � � fg;E5 F =I46H
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PR5*7[=IH>PEX F 4��w=_A84ZXOH F 5*A9;EXRPÿA8;>=_A ] 4Z5ML6PETY5��ÔU�465*H�A¢e>=I7[=IL6LZ5ML�=?LZøOX?784BA8; F T�4ØT�A9;>5 F 5�A8;EXRP
XIbQ@®X?J>H>PR5MPr46H>PR5MeQ5MH>PR5*HQU�5 C =?TSPR5wT9U*7946@Q5wP�bcXO7S4ZHQT�A[=IH>U*5z46H \ 5MU�A946X?H�� 
 � )YXIb ù �*û � � A �>7[ThATh46ø?;�A<4ZA�LZXKX �KT<L64 �O5�A9;>46T F 5�A8;EXRP F 46ø?;�Az@®5Ü=IeEeEL64ØU*=I@>LZ5¢Th46H>U�5ÓA9;>5ÓeE78XKXIb�X?b�fg;E5*XO795 F �
46T @>=OTh5wP�X?H�A9;E5ge>=?4Z78ü�4ØTh5z4ZHQPR5*e®5*H>PE5*H>U*5zX?bEA9;>5z7[=IHQPRX F ^_=I7846=?@EL65MT

Yi � ��HRbcXO7hA8JEH>=IA95*L ]?CA9;E5 F 5*A9;EXRPÜ4ØTWHEXIA =IeEeEL64ØU*=I@>LZ51PR46785MU%A8L ] @Q5wU*=?J>Th5 Yi
4ØT«PR5��>HE5wPÜX?HEL ] 46H>PR46795wU%A8L ] A9;E78X?J>ø?;

A9;E5ÜbcXO7 F JEL6=

Yi = 1
4Zb |F ∩ Fi|

4ØTg5*^?5MH C =IHQP Yi = −1
X?A9;E5M79ü�4ØTh5 �

� HE5 F J>ThA�A8;E5*785�bcXO795ÔU*X?H>ThA978J>U%A�=ÚT F =IL6L�T8= F eEL65ÔTheQ=?U�5ÂH>XIA�bcXO7�A9;E5 Yi
@EJRA�bcXO7�A9;>5

78=?H>PRX F Th5*A
F � fg;E46Tg4ØT�=OU[;E4Z5M^?5wPÔ46H \ 5MU%A84ZXOH ,rA8;E78X?JEøO;�=IHÿ=OP ��;>XKU F 5�A8;EXRP �

��� � ���D��! � .�� ' ."0 �D� 0 '(#�) �����*�,+

+ 5*785`ü<5 F XRPR5*LgA8;E5`eE79XO@EL65 F =?TÂ=�U�JEAGe>79XO@ELZ5 F 46H�= @E46e>=I79A94ZA95`ø?7[=Ie>; ��2 5ÿüg=IH�AA9X��>H>P�=�T9JE@>T95�A
F
A9;>=IA F 46HE4 F 41�*5wT¢A9;E5G7[=IHEøO5�@®5�A�üz5*5MH |{i : |F ∩ Fi|

5*^?5MH }| =?H>P
|{i : |F ∩Fi|

XRPEP }| ��� JRA�A8;E4ØT F 5w=IH>T�5
�E=?U�A9L ] �>H>PR46HEø F
A9;>=IA F =,�R4 F 4��M5MT�A9;E5zHKJ F @®5*7

XIbSe>=I467[T {Fi, Fj}
ü�4ZA9; |F ∩ Fi| 6≡ |F ∩ Fj | F

XRP
2 � ��HQPR5*5wP C 4Zb t

PR5MHEXIA85MT |{i : |F ∩
Fi|

XRPEP }|−N
2
C A9;>5�HKJ F @®5*7 XIb®ThJ>U[;�eQ=I4678T�46T�5
�E=OU%A9L ] (N/2−t)(N/2+t) = N2/4−t2 �fg;E5�U�78J>U�4Ø=IL®b�=OU%A�4ØTzA9;>=IA�4Bb

F ⊆ X
=?H>P

Fi
C Fj

=?795¢A�üzXG5*L65 F 5*H�A8TgX?b F 8

|F ∩ Fi| 6≡ |F ∩ Fj | F
XRP

2 ⇐⇒ |F ∩ (Fi 4 Fj)| ≡ 1 F XRP 2.

fg;�JQT C �>H>PR46HEø F
A9;Q=_A F 46HE4 F 41�*5wT�A8;E5�7[=IHEøO5�@Q5*A�ü<5M5*H |{i : |F ∩ Fi|

5M^?5*H }| =?H>P
|{i : |F ∩ Fi|

XRPEP }| C 4ØT�5��E=?U%A8L ] �>H>PE4ZHEø
F
A8;>=_A F =,�R4 F 41�*5wT |{(i, j) : |F ∩ (Fi 4

Fj)|
XRPEP }| �
2 5�U*X?H>T946PE5*7zA9;E5ÜbcXOLZL6X_ü�46HEøá@>4Ze>=?7hA84BA85�ø?7[=IeE; (V, E)

8

� V = V1 ∪ V2
ü�;E5M795

V1 = {(i, j) : 1 ≤ i < j ≤ N} C =IHQP V2 = P(X) �
� ((i, j), F ) ∈ E

4 
 |F ∩ (Fi 4 Fj)|
XKP>P �

2 ;>=_AÂüz5`=?795�L6X�X �K4ZHEø bcX?7Â4ØTÂ=�^?5M7hA85
� XIb
V2

X?b F =,�R4 F J F PR5*øO795M5 � � 5*A N(x)PR5*HEX?A95<A9;E5gT95�A�X?b>HE5M4ZøO;�@®X?J>78T�XIb
x �	2 5zü�4ZL6LKX?HEL ] HE5*5wP�A9X¢=IeEe>L ] A8;E5�bcXOLZL6X_ü�46HEø�L65 FGF =bcX?7

A = V2
C =?TÜ46H � 5 FGF = ) � + X_ü<5M^?5M7¢4ZA�A9J>79H>T�X?JRA�A8;>=_A�üz5ÔU*=?H�U[;>=?78=OU%A85*784��M5á46H

� 5 FGF =&�z=IL6L�A9;E5zThJE@QTh5*A8T A ⊆ V2
bcX?7 ü�;E46U[;�A9;E5zeE78X�X?b>T�A84ZL6LK;EX?LØPET $ T95*5z=ILØThX���5 F =I7)� ,4ZH \ 5wU%A946X?H , ( �

� 0 1 1 ! �,� 2 "�� A ⊆ V2
�&" 5A<DC  �! �,� ∅ ∈ A ���,7 ∀F, F ′ ∈ A, (F 4 F ′) ∈ A '

	 5A5=< : "/: �
	 " ��E�"
	 �  �
� ∀x ∈ V1 
 N(x) ∩ A 6= ∅ ' >  �"��

∀x ∈ V1, |N(x) ∩ A| =
|A|
2

.

F 	 �	� ��' � 5�A x ∈ V1 � � ] ; ] e®XIA9;>5MT946T C A8;E5*785�5
�R4ØT�A[T F ∈ A
T9J>U[;GA8;>=_A

(x, F )
4ØT�=IHÂ5wPRø?5

XIb A9;E5�øO78=?eE; �(� H>P�@ ] A8;E5�XIA8;E5*7�; ] eQX?A9;E5wTh4ØTzA9;>5ÜbcX?L6LZX_ü�46HEø F =Ie�46T�üz5*L6L �lPR5��>HE5wP C
φ : A −→ A

F ′ 7−→ (F 4 F ′)

=IH>P�46TY=á@>4 ��5wU%A946X?H`X?b
N(x) ∩ A

X?H�A9X
A \ N(x)
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� 0 1 1 ! �*� >  #"
	 " "��%�?5���5 �@5=< �=5�"�� A ⊆ V2
5��
� �?5 � �,�!�/� �  �"  �&$#�,�  �"B5 �?57��� 2 ";: : � 	 '

F 	 �	� ��' �lAYThJ(�ÔU*5MTzA9XGA[=
�O5 A = V2 � ut
� � ��� $�$%! ��� � � >  #"
	&" "�� �?5��%5 F ∈ V2

5=<DC  �  �,� |N(F )| ≥ |V1|
2

F 	 �	� ��' � ] � 5 FGF =?T �G=IHQP ) C 5*^?5M7 ] x ∈ V1
;>=OT |N(x)| = |V2|/2

HE5*46ø?;K@®X?JE7[T � � ]PRX?JE@>LZ5gU�XOJEH�A946HEø C A9;E5M795<5
�R4ØT�A[T�=?H F ∈ V2
T9=IA94ØT�b ] 46HEø�A8;E5<; ] e®XIA9;>5MT946T�XIbRA8;E5zU*X?78X?L6L6=?7 ] �

ut
� � ��� $�$%! ��� ��� >  #"
	&" "�� �?5��%5 F ⊂ X 5=<DC& �! �,� ||{i : |F ∩ Fi| ";E�"�� }| − N

2 | ≤
√

N
2

F 	 �	� ��' � 5�A F
@®5ÓøO4Z^O5*HÔ@ ] :<X?78X?L6LØ=I7 ] � � öÓ5
�>H>5 t = |{i : |F ∩Fi|

XKP>P }| − N
2
� fg;E5MH

|N(F )| = (N
2 + t)(N

2 − t) = N2

4 − t2
=IH>P�@ ] ; ] eQX?A9;E5wTh4ØTgX?H F

8

N2

4
− t2 ≥ |V1|

2
=

N(N − 1)

4
=

N2 − N

4

ü�;E46U[;`4 F eELZ465MT |t| ≤
√

N
2
� ut

����� � &(# 1 � $ 0���0 ' 0 � 1 # ��#�&;' #%)@� �,$�� �"� 1 #%!
$�'(# 1 0 !D$ �,�D��# ' .�1

2 5 H>X_ü"eE785MT95*H�A�= ^O5*7 ] T94 F eEL65ÿe®X?L ] H>X F 46=?LÓ=?LZøOX?784BA8; F ü�;E4ØU[; �>H>PET�= ThJ>@>Th5*A
F=?U[;E465*^K46HEø�46HE5	�OJQ=IL64BA ] $ � (Ybc78X F fg;E5MX?785 F � � 2 5ÂüzX?7)�`bc79X F A9;>5ÂeQXO4ZH�A�XIbz^�465*ü PR5
�

T9U*7946@Q5wPÔ46H \ 5wU%A84ZXOH ) � )(8�ø?46^?5MHÂA9;>5ÜT9JE@>T95�A[T Fi
C ü<5ÓHE5*5wPÂA9X/�>H>P�=�T9JE@>T95�A F

A8;>=_A�;>=OT
=IHGXRPEPG4ZH�A85*7[Th5wU%A946X?Hrü�4ZA9; F X?785zA9;>=?HÂ;>=ILZb®X?b©A9;E5 Fi4Fj $ A8=%�K4ZHEø F JELZA946eELZ4ØU�4ZA9465MT�4ZH�A8X=?U*U*X?JEH�A�( ��� X?A95rA9;Q=_AÜA9;E5wTh5ÂT ]KFrF 5*A97846UGPR4 
®5M795MH>U�5wT�=I785r=?LZLSH>X?HE5 F eEA ] Th46H>U�5rA8;E5 Fi=I785ÜPE46ThA946H>U%A � fg;E5�=IL6ø?XO794ZA9; F ø?XK5MT<A8;E46T�üz= ] �
� � 2 5�U*X?H>ThA978J>U�A�=?LZL©A8;E5�T95�A8T Fi 4 Fj

=IHQP�PE5*HEX?A95Ü@ ] G A8;E5 F JELZA94ØT95�A�X?@EA8=I46HE5wP �) � � 5*A x ∈ X � � 5�A G′ @®5ÜA9;>5 F JELZA94ØTh5*A�XIba=IL6LW5*L65 F 5*H�A8T�XIb G HEXIAYU*X?H�A8=?4ZH>4ZHEø
x �

� eEe>L ] 785MU*JE78T946^?5*L ] A9;E5�=IL6ø?XO794ZA9; F A8X
X \ {x} =IH>P G′ � fg;KJ>T<ü<5¢ø?5*Az=rThJ>@>Th5*A F ′

XIb
X \ {x} A8;>=_A�;>=OT<=?HÖXRPEP�4ZH�A85*7[Th5wU%A946X?HÖü�4BA8; F X?785�A8;>=IH�;>=?LBb�X?b�A8;E5Ó5MLZ5 F 5*H�A8TXIb G′ �#� X_ü A8;E5*785�=I785ÓA�üzXÂU*=OTh5wT�8
� F ′ ;>=?Tz=IHÂXRPEPÂ46H�A95M78T95MU�A946X?HÂü�4ZA9; F X?785�A8;>=IHÔ;Q=ILZb«XIb©A9;E5¢5*L65 F 5MHOA[T1X?b G \G′ ���H�A9;E4ØT�UM=?T95

F = F ′ 46T�=GT9X?L6JRA946X?H�A9XGXOJE7�eE78X?@EL65 F �
� � A9;>5*78ü�46T95 C Th46H>U�5 x

@®5*L6X?H>øOTSA8Xá=?LZL®5*L65 F 5*H�A[T1XIb G \G′ C A8=%�K4ZHEø F = F ′ ∪{x}ø?46^?5wT�=GThXOLZJRA84ZXOH �
���	� 
 #%& )��"&(& #%� � � +4' .�0 � �
� � � &

2 4BA8;ÿA9;E5á;E5*L6e X?bSfg;>5*X?785 F � C ü<5 ��H>X_üÞA8;>=_AÓ4BA¢46TYeQX�T9T94Z@>LZ5�A8XÖ785M=OU[;�A8;E5�5��ReQ5wU%A95wP
^�=?LZJ>5�ü�4ZA9;E46Hµ=Ú7[=IHEøO5ÔXIbÓX?7[PR5*7 √

N � � HE5�UM=IH/ü<XOH>PR5*7rü�;E5*A9;E5M7r4ZAG46Tre®XOT8Th46@EL65ÖA8X
5*H>T9JE785Ü=GU*X?H>ThA8=?HOA�7[=IHEøO5 � fg;E5ÜbcXOLZL6X_ü�4ZH>øá5��R= F eELZ5wTgeE78X_^?5ÓA9;>=IA�A9;E4ØT�4ØTg4 F e®XOT8Th46@EL65 �

� 5�AÜJ>TÜU�XOH>T946PR5M7¢=�Th5*A X
ü�4BA8;

n = 4k2 + 1
5MLZ5 F 5MH�A8TÜ=IH>P F @®5rA9;E5GT95�AÜXIb<=?LZL

ThJE@QTh5*A8T�X?b
X
X?b1Th41�*5

2 � � 5*A N = |F| = n(n − 1)/2 � ��H`A9;E4ØTYU*X?H�A95���A C A8;E5�eE78X?@>LZ5 F46TrA8X e>=?7hA84BA84ZXOH
X

4ZH�A8X A�üzX�e>=I79A8TG=IHQPþU�XOJEH�AGA9;E5`HKJ F @®5*7ÂX?bÓ5wPRø?5wT�A8;E78X?JEøO; A9;>5
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U�JRA C ü�;E4ØU[; =I785ÔeE785MU*46T95*L ] A9;E5�Th5*A8T�X?b F ü�4ZA9; XRPEP 4ZH�A95M78T95MU�A946X?H � 2 5�üz=?HOA�A9X �QH>P
0 ≤ a ≤ n/2

ThJQU[;áA8;>=_A
a(n−a)

46T<=?T1U*LZX�Th5�=OTSeQX�T9T946@ELZ5�A9X
N/2 = k2(4k2 +1) � � JRA�8

(2k2 − k)(2k2 + k + 1) = 4k4 + k2 − k

=IH>P
(2k2 − k + 1)(2k2 + k) = 4k4 + k2 + k.

fg;E5SbcJEH>U�A946X?H
a 7−→ a(n−a)

@®5*46HEø�46H>U*795w=?T94ZHEø�XOH
[0, n/2] C A8;E4ØT«eE78X_^?5wT®A9;>=IA�A9;>5MT95�=I785A9;E5�A�üzXÜ@Q5wT�A1^_=?LZJE5wT1=IHQP�A8;>=_A�A9;E5�5M7978X?7a4ØT1=_A1L65M=OT�A
k C ü�;E46U[;G4ØTSXIb®A9;E5YX?7[PR5*7SX?b N1/4 ��lAÓ4ØT�e®XOT8Th46@EL65�A9XÔ785
�QHE5�A9;>46TÓ=I78ø?J F 5*H�A�bcJE79A9;>5*7 � � XO7Y46H>ThA8=IHQU�5 C A9;E5áU�X?HQTh4ØPR5*7[=_A84ZXOH`XIbThJE@QTh5*A8Tgü�4ZA9; ,G5*L65 F 5*H�A[Tg4ZH>ThA95w=?P�XIb ) ] 465*LØPETzA8;E5ÜbcX?L6LZX_ü�46HEøG785MT9JELBA �

� � � � �,&(#%'(#���� ���/2 "
� Fn
� "1�! #" �
��: � � � � �65=< �B5�"���5 � �!�  	 " " "���"B:0"�� ��5 � � {1, . . . , n} '>  #"
	&"0"�� �?5��%5 � C ���D5 � ��� � c > 0 5=<DC& �! �,� ���,	/�!�(3 � ��� "�� ��: ��� � n 
 ���
	 ��� �@5=< �B5�"�� G

� � {1, . . . , n} 

∣

∣

∣

∣

|{F ∈ Fn : |F ∩ G| ";E "�� }| − |Fn|
2

∣

∣

∣

∣

≥ c|Fn|1/3.

F 	 �	� ��' � 5�A F ⊆ {1, . . . , n} @®5Ü=GT9JE@>T95�AgXIbaU*=I7[PR46H>=IL64ZA ] a � fg;E5ÜHKJ F @®5*7�X?b�5*L65 F 5MHOA[T
XIb Fn

ü�;EXOT95�4ZH�A85*7[Th5wU%A946X?HGü�4ZA9;
F
4ØT1XIbWXRPEPÂUM=I7[PR4ZHQ=IL64BA ] 4ØTSA8;E5*H a

(

n − a
2

)

+

(

a
3

)

�
fg;E5*785�bcXO795 C L65�A

f(a) =
a(n − a)(n − a − 1)

2
+

a(a − 1)(a − 2)

6
− n(n − 1)(n − 2)

12
@Q5�A9;>5`PE4 
©5*785*H>U*5�ü�4ZA9; |Fn|/2 ��2 5ÿ=I4 F =_AÂTh;>X_ü�4ZHEøÚA9;>=IA

f
46Táb�=?7ábc78X F �M5*78XÚXOH

4ZH�A95Mø?5M7�^�=?LZJ>5MT C ü�;E5*H n
4ØT�üz5*L6L«U[;EXOT95*H �fg;E5 �*5*78XOT X?b

f
=I785

n/2
=?H>P

n/2±
√

3n− 2/2 �
� 78X F A8;E5g^�=?794Ø=_A84ZXOH>TaXIb
f C ü<5�T95*5A9;>=IA¢A8;E5r4ZH�A95Mø?5M78T

i
T9XÔA9;Q=_A |f(i)| 46T F 46HE4 F =?La=?795G= F XOHEøÔA8;E5ÂTh4 � 4ZH�A85*ø?5M78T¢=I78X?J>H>PA9;E5 �*5M79X�T � ��HOA8JE4ZA946^?5*L ]?C A8;E5MT95Y^_=IL6JE5wT<T9;EX?J>L6PÖ@Q5 F =,�R4 F 41�*5wPÂ4Bb�A9;E5 �*5M79X�T�=I785�b�=?7�bc78X F4ZH�A95Mø?5M78T $ A8;>=_A�4ØT C 4Zb�A9;>5 ] =?795áHE5M=?7Ó;>=?LBb��l46HOA85*øO5*7[T)( � fg;E4ØTÜ785���JE46795wT n

A8X�@®5GXRPEPÚ=?H>P
√

3n − 2/2
A9XÂ@®5�HE5w=I7�=IH`46HOA85*øO5*7 $ 4 � 5 � 3n − 2 ' 4k2 bcX?7YT9X F 5 k

( �fg;E5MT95áU*X?H>T946PE5*7[=_A946X?HQT�L65M=?PÿA9XÔA8;E5GU[;EX?4ØU�5
n = 4k2/3 + 1

ü�;>5*785
k ≡ 0 F XRP6, �fg;E5�4ZH�A85*ø?5M7

n
4ØTzA9;E5MH`XKP>P C T9X

f(bn/2c) = f(n/2 − 1/2) = n/4− 1/4

f(dn/2e) = f(n/2 + 1/2) = −n/4 + 1/4

� JE79A9;E5M7 F XO795 C 4Zb k ≥ 2
A8;E5*H √

3n− 2 =
√

4k2 + 1
4ØTÜ=_A F X�T�A 1/8

=�üz= ] bc79X F 2k CThXrA9;Q=_A

f(bn/2 +
√

3n − 2/2c) = f(n/2 − 1/2 + k)
= f(n/2 − 1/2 +

√
3n − 3/2) = −n/2 + O(

√
n).

\ 4 F 46L6=?79L ]?C A8;E5GXIA9;>5*7ÓA9;E785*5r4ZH�A85*ø?5M78T¢=I78X?J>H>PÿA8;E57�M5*78XOTÓ;>=�^?5 Ω(n)
=?TÓ4 F =IøO5 � \ 46H>U�5A9;E5�A8XIA[=ILWHKJ F @®5*7 N

X?baT9JE@>T95�A[T�XIb A9;>795M5�5*L65 F 5*H�A8TY= F X?HEø n
46T

O(n3) C A8;E5�5*7878X?7g46T=_A�LZ5w=?ThA
Ω(N1/3) � ut
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fg;E5 T9= F 5 �K46H>P X?b UM=ILØU�JELØ=_A84ZXOH>T"bcX?7 T9JE@>T95�A[T ü�4BA8; 
 5*L65 F 5MHOA[T ] 4Z5ML6PET =?H
Ω(|Fn|2/5)

L6X_üz5*7�@QXOJEH>P � fg;E5�@Q5wT�A L6X_ü<5M7þ@®X?JEHQP A8;>=_Aµü<5�;>=�^O5 X?@RA[=I46HE5MP 46T
Ω(

√

|Fn|/(log |Fn|)1/4) � � TÂT9;EX_ü�Hþ@®5*L6X_ü C A9;E4ØTÔ=?L F XOThAGX?eRA84 F =IL�L6X_üz5*7G@QXOJEH>P/46T
=?U[;E465*^O5MPÔ@ ] A8=
�K46HEørbcX?7 Fn

A9;E5�T95�A�X?b =IL6L«T9JE@>T95�A8T�XIb T941�*5
(n − 1)/2 �

-/.�0 � � 0	1 ���/2 "�� Fn
� " �! #"��
� :/� � � � �L5=< �B5�"���5 ��� (n−1)/2 "���"B:0"�� ��5 ��� {1, . . . , n} 
G� �"�	 " n �?5/��� � 7 73�!� � " �/"
	�' >  #"
	 " "�� �?5 ��5 ��C ���D5�� ��� � c > 0 5A<DC  �  �
� ���,	&�!� 3 � ��� "�� �

: ��� � n 
 ���,	 ��� � 5=< �B5�"
� G ��� {1, . . . , n} 

∣

∣

∣

∣

|{F ∈ Fn : |F ∩ G| "BE�"�� }| − |Fn|
2

∣

∣

∣

∣

≥ c
√

|Fn|/(log |Fn|)1/4.

F 	 �	� ��' ��5MUM=IL6L©A9;E5�PR5��>HE4ZA946X?H`XIb A9;>5�@E4ZH>X F 46=?L«U�XK5��ÔU*4Z5MHOA	8KbcX?7 x ∈ R
=?H>P

k ∈ N
C

(

x

k

)

=

∏k−1
i=0 (x − i)

k!
.

fg;E5zT9e®5MU�4Ø=ILRUM=?T95�ü�;E5MH
x
46T ;>=?LBb®=IH�46H�A95Mø?5*7 ü�46LZLR@®5<JQTh5*bcJEL ��� = F 5*L ]?C bcXO7 n < k−1ü<5Ü;>=�^O5

(

n + 1/2

k

)

=

∏k−1
i=0 (n + 1/2− i)

k!
=

(−1)k−n+1(2n + 1)!(2k − 2n − 3)!

22k−2n!(k − n − 2)!k!
. $ , (

� X_ü C L65�A1J>T<U�XOH>Th4ØPR5M71=�Th5*A X
ü�4ZA9;

n = 4k+1
5*L65 F 5*H�A8T�=IH>PGL65�A F @®5�A8;E5YT95�A1XIb

=IL6L�ThJ>@>Th5*A8T�X?b
X
X?bST941�*5

2k � fg;E5�HKJ F @®5*7�X?b1Th5*A8T�46H F A9;Q=_AY=ÂT95�A
Y
X?baUM=I7[PR4ZHQ=IL64BA ]

j
46HOA85*7[Th5wU%A[Tz=?H`5*^?5MH�HKJ F @Q5M7�XIb A94 F 5MTg4ØT�8

f(j) =
∑

p even

(

j

p

)(

n − j

2k − p

)

.

fg;E5ÜA9X?A8=ILWHKJ F @Q5M7�XIbSTh5*A8Tg4ØT

|F| =

(

n

2k

)

=
∑

p

(

j

p

)(

n − j

2k − p

)

,

ThXrA9;Q=_A�üz5Ü=?795Ü46H�A95*785MThA95wPÖ46H�A9;E5 ��J>=?HOA84BA ]

g(j) = f(j) − |F|
2

=
1

2

∑

p

(−1)p

(

j

p

)(

n − j

2k − p

)

.

� JE7g4 FGF 5MPR4Ø=_A85�ø?X�=IL©46T�A9XGeE78X_^?5ÓA9;>=IA

g(j) = −42k

((

(j − 1)/2

2k + 1

)

−
(

j/2

2k + 1

))

. $ � (

2 5�ThA8=?7hAgbc78X F A8;E5ÜbcX?L6LZX_ü�46HEøG4ØPR5*H�A94ZA ] $ ù � 
 û C 46PR5MH�A94ZA ] , � �/)�X?7�ù���,_û�(�8
∑

p

(−1)p

(

j

p

)(

2m − j

m − p

)

= (−4)m

(

(j − 1)/2

m

)

.
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�lAg4ØT�HEX?AYPR4��ÂU*JELZA�A9XÂU[;E5MU �ÔA9;>=IA
(

j

p

)(

4k + 1 − j

2k − p

)

−
(

j

p − 1

)(

4k + 1 − j

2k − (p − 1)

)

=

(

j

p

)(

4k + 2 − j

2k + 1 − p

)

−
(

j + 1

p

)(

4k + 2 − (j + 1)

2k + 1 − p

)

.

� T�=GU�XOH>T95���JE5*HQU�5 C

2
∑

p(−1)p
(

j
p

)(

4k+1−j
2k−p

)

=
∑

p(−1)p
[

(

j
p

)(

4k+1−j
2k−p

)

−
(

j
p−1

)(

4k+1−j
2k−(p−1)

)

]

=
∑

p(−1)p
[

(

j
p

)(

4k+2−j
2k+1−p

)

−
(

j+1
p

)(

4k+2−(j+1)
2k+1−p

)

]

= (−4)2k+1
(

(

(j−1)/2
2k+1

)

−
(

j/2
2k+1

)

)

,

ü�;E46U[;`eE78X_^?5wT $ � ( ��2 ;E5*H
j
46Tg5M^?5*H C g(j)

785MPRJQU�5MTzA8X

g(j) = −(−4)2k

(

(j − 1)/2

2k + 1

)

.

fg;E46T<4ØT<=�eE79XRPRJQU%AgXIb«;>=?LBb�46H�A95Mø?5*7[T � fg;E4ØTzeE79XRPRJQU%A<4ØT�A9;E5M795*bcX?785 F 4ZH>4 F =IL©46HÖ=I@QThX%�LZJRA85á^_=?LZJE5áü�;E5*H 4BA¢46TÜU*5*H�A95M795wPÿ=I78X?JEH>P
0 C A9;>=IAÓ4ØTÓü�;>5*H j = 2k

XO7
j = 2k + 2 � ��H@QX?A9;ÿU*=OTh5wT C üz5�;>=�^?5

|g(j)| = 42k

∣

∣

∣

∣

(

k − 1/2

2k + 1

)∣

∣

∣

∣

.

2 ;E5*H
j
4ØTgXRPEP C |g(j)| 785MPRJQU�5MTzA8X

|g(j)| = 42k

(

j/2

2k + 1

)

ü�;E46U[;ÿ4ØT F 46HE4 F =?L�ü�;E5MH j = 2k − 1
XO7

j = 2k + 1 � fg;>5 F 4ZHE4 F J F 4ØT�A8;E5�T8= F 5�=OT
4ZH�A9;>5�5*^?5MH�UM=?T95 ��� ] $ , ( C A9;E5 F 46HE4 F =?L«=I@>T9X?L6JRA95Ü^_=IL6JE5ÜA8;>=_A g

A[=
�?5wTz46TgA8;E5*785�bcXO795

µ = 42k

∣

∣

∣

∣

(

k − 1/2

2k + 1

)∣

∣

∣

∣

=

(

2k − 1

k

)

∼ 22k−1

√
πk

ü�;E5*785M=OT

|F| =

(

4k + 1

2k

)

∼ 24k+1

√
2πk

.

+ 5*HQU�5 µ = Ω(
√

|F|/ 4

√

log |F|).
ut

� �������hõ9î����að���������	Óð
�Sõhô���ñ<õhî<ï ñ�
 ��õ����

��HGA9;E4ØT�T95MU�A946X?HGü<5Ó=I785�U�X?HQU�5*78HE5wPáü�4ZA9;Ô=ÜeQ=I7[=IL6LZ5ML>=IL6ø?XO794ZA9; F bcX?7�XOJE71eE78X?@>LZ5 F � + X?785eE795wU�4ØTh5ML ]OC ü<5ÜTh;Q=IL6LW@EJE46L6P�= �1� � 5�$ � C&"�� <(� � ���
	=: b�= F 4ZL ] XIb U�4678U*JE4BA[TgXIb eQXOL ] L6X?øO=?794ZA9; F 4ØU
PR5*eRA8;�bcX?7�X?JE7�eE79XO@EL65 F � ��H�A8;E5 F 5M=?HOA84 F 51üz5�=?795SL65MP¢A8X�5
�R;E46@E4ZA =IH>XIA9;>5*7«e®X?L ] HEX F 4Ø=IL �A94 F 5�T95���JE5MH�A94Ø=IL«=IL6ø?XO794ZA9; F�C ü�;E4ØU[;`46T�=/�>7[ThAYT�A85*e�A9X_üg=I7[PET<A9;E5�e>=?78=?LZL65*L©XOHE5 �

2 5zJ>T95�;E5M795<A95wU[;EHE4 �OJ>5MT�XIb>L64ZH>5M=I7a=IL6ø?5M@E7[= C PE5M=IL646HEøYHEX_ü ü�4ZA9; �,� ��^O5MU%A8X?7[T«46H>ThA95M=OP
XIbSTh5*A8T � � 5�A�JQT �>78ThAgbcX?7 F JELØ=_A85�fg;E5*XO795 F �Ü4ZH�A9;>5MT95ÓA85*7 F T �
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� � ��� $�$%! ��� �*� 2 "�� u1, . . . , uN ∈ E = (F2)
d �&" 7
�?5�� �!�8C
� � ��� �	"�	 � E "AC�� �
	A5�' >  �"�	 "

"�� �?5��%5&�@E�"AC
� �,	 v ∈ E 5=<DC  �  �
�

−
√

N

2
≤ |{1 ≤ i ≤ N : ui.v = 0}| − N

2
≤

√
N

2
.

��H ü�;>=IA�bcXOLZL6X_ü�T C =/^?5wU%A9XO7
v ∈ E

=?T�4ZHÞA9;>5 U*X?78X?L6L6=?7 ] 46TÿUM=IL6LZ5wP  hø?XKXRP " bcX?7
u1, . . . , uN �#2 5�HEX_üÞA9JE78H`A9XÂA�üzXÔ=IL6ø?XO794ZA9; F T�bcX?7 �>HQPR4ZH>øÖ=Gø?XKXRP`^?5wU%A9XO7 ��� T�46HEeEJRAü<5�;>=�^O5

N
PR46ThA946H>U�AYHEX?H#�*5*78XG^?5wU%A9XO78T

u1, . . . , uN
XIb

E C ø?46^?5*H`@ ] A8;E5*467ÓU*XKX?7[PR4ZHQ=_A95wT
$ ;E5MH>U�5�A8;E5YT94��M5�XIb®A9;E5Y4ZHEe>JRA�4ØTSXIbWX?7[PR5M7 Nd

( � fg;E5�XOJRA9eEJEA�ü�4ZL6L>@®5Y=ÜøOX�XRPá^?5wU%A9XO7SbcX?7
u1, . . . , uN � fg;E5ÂeE784ZH>U*4Ze>LZ5GXIbzA9;>5Ô=IL6ø?X?784ZA9; F T¢46T¢A8X`795wT�A8794ØU%AÜA9;>5ÔTh5w=I7[U[; A9Xÿ=`T F =?LZLTh5*A

V
ü�;E5M795�=ÖThJE4ZA8=?@EL65�^?5wU%A9XO7

v
46T�øOJ>=I7[=IH�A85*5MP�A8XÔ5
�R4ØT�A � �lbSA9;>46T  hT8= F eEL65�T9e>=?U*5�"�46TT F =IL6LW5*H>X?JEøO; C ü<5Üü�46LZL«A9;E5MH�@®5�=I@>LZ5¢A9X �QH>P�A9;E5�^O5MU%A8X?7g@ ] 5
�R;>=?J>ThA946^?5�Th5w=I7[U[; �

�*��� ���*#%&(' 0 ��) 0 �,+ !�& 1 !
$�$�& ! 1 � $ 0 &;� !
) 0
� 0 1 1 ! � � 2 "�� V � " � 5=< �B5 $ � C " G� ��%C& �?5 �
	��! #� �/��������� � ������" ���!�! #" ui − uj

� ��'!"	'
���,	6��� � 1 ≤ i < j ≤ N 
 �  �"�	 " �?5 v ∈ V 5�� �  �,� v.(ui − uj) = 1 � ���,7 � � ������" ���
�! #" ui

' >  �"�� �! #"
	 "7"�� �?5���5&�7� �	� 7@E�" C�� �,	 v ∈ V ���
	 u1, . . . , uN
'

F 	 �	� ��' � 5�A v1, . . . , vk
@®5�=¢@>=?T946T X?b

V � fg;E5�U�X?HQPR4BA84ZXOH�A8;>=_A V
4ØTaX?79A9;EXOø?X?HQ=ILOA9XÜHEX?H>5

XIb�A9;>5
ui − uj

4 F e>LZ465MTáA9;Q=_A�A8;E5�HE5*ü�^O5MU%A8X?7[T
u′

i

PR5��>HE5wP @ ] u′
i =

∑k
l=1(ui.vl)vl=I785 e>=I4678ü�46T95 PR4ØThA946H>U%A � fg;>46T�46T�@®5MUM=IJ>T95 bcXO7�=?LZL i 6= j C A8;E5*785�5
�R46ThA8T l
T9J>U[; A8;>=_A

ui.vl 6= uj .vl �%+ X?785*X_^O5*7 C A9;E5�U�XOH>PR4ZA946X?H A9;Q=_A V
46T�X?79A9;EXOø?X?HQ=ILaA9X HEX?H>5ÔXIbgA9;>5

ui4 F eEL64Z5wTÂA8;>=_A�HEX?HE5ÚXIbÜA9;E5 u′
i

46TÖ5���J>=ILYA9X �M5*78X � ��H ø?5*X F 5�A9784ØU�A95*7 F T C u′
i
F = ] @®5

A9;EXOJEø?;�A�XIbS=?TzA8;E5�eE78X���5MU�A946X?H�X?H�A9X
V �

2 5`HEX_ü PR5
�>H>5�XOH
V
=�HE5Mü eE78XRPRJ>U%A � : V × V → F2 $ =?T8ThXRU*46=IA95MP A9X�A9;>5

@>=?T946T
(v1, . . . , vk)

(z@ ] A8;E5ÜbcX?7 F J>L6= (
∑

l λlvl)� (
∑

l µlvl) =
∑

l λlµl � � X?7zA8;E46TgH>5*üeE79XRPRJQU%A $ ü�;E4ØU[;ÞU*X F 5MT ��J>ThA�bc78X F =/U[;>=IHEøO5ÚX?b�@>=?T946T�U�X F e>=I785MPµA8X A8;E5 X?784ZøO4ZH>=?L
4ZHEH>5*7���eE78XRPRJ>U�A ( C :<XO79XOLZLØ=I7 ] ,�=OT9T95*79A8TáA8;E5`5
�R46ThA95MH>U�5`X?b

w =
∑

l λlvl
ü�;E46U[;�4ØT � �X?79A9;EXOø?X?HQ=ILWA8X�=IAÓL65M=?ThA

N/2 −
√

N/2
^O5MU�A9X?7[T

u′
i

=IH>PÚ=_A F X�T�A N/2 +
√

N/2 � � JRA
w � u′

i =
∑

l λlvl � u′
i =

∑

l λl(ui.vl) = w.ui
C =IHQP�A9;KJ>T w

46T¢=ILØT9XÔThJE4ZA8=?@EL65�bcX?7
E=?T�=rü�;EX?L65 $ ü�4ZA9;`A8;E5�J>T9J>=ILWeE78XRPRJ>U�AgXOH E

( � ut
� ";: �
	����/' fg;E5Ö=?@QX_^O5GLZ5 FrF =ÿUM=IH =ILØThXÿ@®5ÖPR5M7946^?5wP bc78X F A9;E5�Th5*A�A9;E5MX?785�A846UGe®X?46H�A
XIba^�465*ü =OT�=ÂU�X?HQTh5	�OJ>5*H>U*5�XIb � 5 FGF = � � � XIA85�46H�eQ=I79A94ØU�JELØ=I7gA8;>=_AY46H � 5 FGF = � C A9;>5
; ] e®XIA8;E5MT946T<X?H A

XIb T�A[=I@E46LZ4ZA ] JEH>PR5M7zT ]KFGF 5*A97846UÓPR4 
®5M795MH>U�5wT<T94 F eEL ]GF 5M=IHQT1bc78X F A9;>5
LZ46HE5M=?7�=IL6ø?5M@E78=á^K4Z5Mü�eQXO4ZH�AgA9;Q=_A

A
4ØT�=áL646HE5M=?7�ThJE@QThe>=OU�5 �

2 5<HEX_ü Th;>X_ü A9;>=IA�A8;E5<T9JE@>T9e>=?U*5�X?b � 5 FGF = ,YU*=?H�;>=�^O5�T F =?LZLKPR4 F 5MH>T94ZXOH � ��5MU*=?LZLA9;>=IA
E
4ØT�=r^?5wU%A9XO7�The>=OU�5ÜX_^?5M7

F2
XIbaPR4 F 5MH>Th46X?H d �

� 0 1 1 ! ��� 2 "�� U � " � 5=< �B5�"
��� � E ���
� C&��� � �,�!� �!�/��� ' >  �"��6�  �"�	 " "��%�?5���5 �65=< �B5 $ � C "
W � � E 
 � �97,� :0"��D5 ����� ≥ d − log(|U | + 1) 
 G� ��%C& 7 �	"B5 ���,� �!� � "
	A5�"AC�� U '
F 	 �	� ��' � ] 4ZH>PEJ>U%A84ZXOH�XOHÔA8;E5�PR4 F 5MH>T94ZXOH d

X?b
E � � X?7 d = 0 C |U | = 0

=IHQPÔA8;E5Ü795wThJELZA
A9784Z^K4Ø=IL6L ] bcXOLZL6X_ü�T �
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� T8ThJ F 5 d > 0 � �lb |U | = 2d − 1 C 4 � 5 � U = E \ {0} C ü<5GU*=?H�U[;EXKX�Th5 W = {0} �+ 5*HQU�5�üz5áT9;>=?LZL =?T8ThJ F 5�A8;>=_A¢A9;>5*785�5
�R4ØT�A[TÓ=ÖHEX?H��M5*78XÂ^?5wU%A9XO7 w0
46H

E \ U � � 5�A W0@Q5rA9;>5GT9JE@>T9e>=OU�5 $ ü�4ZA9; A�ü<X�5*L65 F 5*H�A[T)(Yø?5MHE5*7[=_A85MP @ ] w0 � �lb |U | ≥ 2d−1 − 1 C A9;E5MH
W0

ThJE4ZA8TYX?JE7YHE5*5wPET � � A9;E5M79ü�4ØT95 C E/W0
46TÓ=Â^?5wU%A8X?7�T9e>=?U*5�XIb1PR4 F 5*H>T94ZXOH d − 1

=IHQP
ü<5ÔUM=IH =IeEe>L ] A9;E5Ô46H>PRJQU%A946X?H ; ] e®XIA9;>5MT946TÜA8XÿA9;>5ÔTh5*A Ū

XIbgA9;E5�U�LØ=?T8Th5wTÜXIbg5*L65 F 5*H�A8T
XIb

U C ü�;E46U[; =?795á=IL6L�PR4 
®5M795MH�AYbc78X F �*5*78X � fg;E46T¢T95�AÓT8=_A846T'�>5MT |Ū | ≤ |U | C ;>5*H>U*5�A9;E5M7955
�R46ThA8TY=ÂThJE@QThe>=OU�5
W̄1

XIb
E/W0

X?bSPE4 F 5*HQTh46X?H ≥ d − 1 − log(|U | + 1) C ü�;>46U[;ÿPRXK5MTHEXIA�46H�A95*7[T95MU%A
Ū �:z=IL6L

W1
A9;E5�T9JE@>T9e>=OU�5SXIb

E
XIbEPR4 F 5*H>T946X?H 1+dim(W̄1)

C U*X?H>T94ØT�A84ZHEøgX?bR=?LZL?5*L65 F 5*H�A8T
XIb�=IL6LaU�LØ=?T8Th5wT�XIb

W̄1 � � ] PR5
�>H>4BA84ZXOH XIb E/W0
C W1

PRXK5MT�H>XIAÓ46H�A95M78T95MU�A
U C =IH>Pÿ4ØTÓXIbPR4 F 5MH>Th46X?H ≥ d − log(|U | + 1) � ut

2 5zHEX_ü =Ie>eEL ] � 5 FGF = �YA9X U = {ui−uj : 1 ≤ i < j ≤ N}∪{ui : 1 ≤ i ≤ N} 8ü<5¢;>=�^?5 |U | = N(N + 1)/2. + 5*H>U*5YA8;E5*785Ü5
�R4ØT�A[Tz=rT9JE@>T9e>=?U*5 W
X?b

E
XIb�PR4 F 5*H>T946X?H

=_AgLZ5w=?ThA
d− 2 logN

A8;>=_A�PRXK5MTzHEX?AgU*X?H�A8=?4ZH�=IH ] XIb«A8;E5 ui − uj
=IHQPÖX?b«A9;E5

ui � � fg;>5X?79A9;EXOø?X?HQ=ILSTheQ=?U�5
V
XIb

W
46TÜA8;E5*H X?bgPR4 F 5*H>T946X?H ≤ 2 log N

=IH>P�4ØT�X?79A9;EXOø?XOH>=IL�A9X
HEX?HE5ÓXIb©A9;>5

ui −uj
=IH>PGA8X�HEXOHE5YX?b®A8;E5

ui $ @®5MU*=?J>T95 V ⊥ = W⊥⊥ = W C =?T14ØT<5M=?T946L ]
^?5*784 �>5MP ( ��� X?A95ÜA9;Q=_A V

U�XOHOA[=I46H>T�=_A F XOThA N2 5*L65 F 5MHOA[T �fg;E46TÜøO4Z^O5MT¢=�eQXOL ] HEX F 4Ø=ILST95���JE5MHOA846=?LS=IL6ø?X?784ZA9; F bcXO71�>H>PR46HEøÿ=ÖøOXKXKPÚ^?5wU%A9XO7 $ üz5X?HEL ] T��?5�A[U[;Ö4ZA�Th46H>U�5Üüz5Ó;Q=�^?5Ü=IL6795w=?P ] PR5wT9U*7946@Q5wP�=rT94 F eEL65*7�T95���JE5MHOA846=?LW=IL6ø?X?784ZA9; F 46H
\ 5MU�A946X?H6) � , (�8
� � � 4ZH>P =�@>=OTh4ØT e1, . . . , eb

XIb�=ÿT9JE@>T9e>=?U*5
W

XIb�PR4 F 5MH>T94ZXOH ≥ d − 2 logN
ü�;>46U[;

PRXK5MT�H>XIAYU�XOH�A8=I46H`=IH ] XIb A9;>5 ui − uj
=?H>P�XIb A9;E5

ui $ bcXO7 1 ≤ i < j ≤ N
( � fg;E4ØT46TYPRX?HE5�@ ] 4ZH>PEJ>U%A84ZXOH C A[=
�K4ZH>øáA8;E5 ��JEX?A9465*H�AYTheQ=?U�5�=IA�5M=?U[;ÿThA95Me`=OT�46H�A8;E5�eE78XKXIb

XIb � 5 FrF = � �) � � 4ZH>PrA8;E5YXO7hA8;EX?øOX?H>=?LRThe>=OU�5 V
X?b

W � fg;E4ØT14ØT�PRXOHE5�@ ] T9X?L6^K4ZHEø¢A8;E5�L64ZHE5w=I7�T ] T�A85 F
(ei.x = 0)1≤i≤b �, � � 4ZH>P`=rø?XKXRP�^?5MU�A9XO7 v

4ZH
V � fg;E46Tg4ØT�PRXOHE5Ü@ ] 5
�R;>=IJQT�A84Z^O5ÜT95M=?78U[; �

�*� � ���"!
� !D$%$ 0 $4!
$ � � ��# ' ."1

� TS46HrA9;E5�T95���JE5MHOA846=?LE=IL6ø?XO794ZA9; F T��?5*A8U[;E5wPá=?@QX_^O5 C üz5geEL6=?HrA9XÜeQ5M7hbcXO7 F =IHr5
�R;>=?J>T�A84Z^O5
Th5w=I7[U[;Ö46H =rT F =IL6L�T8= F eEL65�The>=OU�5 � fg;E5�J>T95�XIb � 5 FGF = �GbcX?7 �QH>PR46HEøÔ=GT9= F e>LZ5�T9e>=?U*546TÜJEHEbcX?79A9JEH>=IA95ML ] 4ZH�A97846H>Th4ØU*=?LZL ] T95���JE5*H�A846=?L C T94ZHQU�5rA9;E5Âe>79XKXIbzü<XO7��RT¢46H>PRJ>U�A946^?5*L ] 46H =
�OJ>XIA9465*H�A�T9e>=?U*5 ���H b�=?U�A C A9;>5*785�4ØTrHEX 785M=OThXOH A9X�785MThA97846U�A�A9;>5`T95M=?78U[; A8X XOHEL ] X?HE5`ThJ>@>TheQ=?U�5 8 =?H
5
�R;>=IJQT�A84Z^O5ÚTh5w=I7[U[; U*=?H =ILØThXþ@Q5�eQ5M7hbcXO7 F 5wP 4ZHÞeQXOL ] HEX F 46=?LZL ]/F =?H ] T9JE@>T9e>=?U*5MTÖXIb
T F =IL6L�PR4 F 5*H>T946X?Hÿ46Hÿe>=I7[=IL6LZ5ML ��� Hÿ46PE5M=GA8XÂX_^?5*7[U�X F 5YA8;E5áPR4��ÔU�JELZA ] X?bSJ>Th46HEø � 5 FGF =�ÖA8;E5*H�U�X?HQTh4ØT�A[TY46H A8;E5ábcX?L6LZX_ü�46HEø � � AÜA9;E5r@®5*ø?46HEHE46HEø�XIbSA8;E5Â=IL6ø?X?784ZA9; F`C üz5r@EJE46L6P =b�= F 4ZL ] X?bzT9JE@>T9e>=?U*5MT¢XIbzL6=?79øO5áPR4 F 5*H>T94ZXOH W = {W1, . . . , Wk}

A8;>=_A�4ØT  �øO5*HE5M794ØU "�46H
A9;E5YT95*HQTh5gA8;>=_A1bcXO7<=?LZL>T9JE@>T95�A[T

U ⊆ E \{0} X?bWUM=I7[PR46H>=IL64BA ] N(N +1)/2 C A9;>5*785�5
�R46ThA8T
Wl ∈ W bcX?7�ü�;E4ØU[;

U ∩ Wl = ∅ �
� à Ð�~���ÒØ¥M¤B¤�¥%Ñ1�ÓÒZ��¥w° ��ÐO�¢~�}����_±��M¤�~���³ log(N(N + 1)/2 + 1) ≤ 2 log N nQÑ1ÐO~B¦hÐ�ÐO¥w¤B£O�g����±O�
ÒØ¥*� N ≥ 2 ¸ à Ð��8���Ó~B��}O¥á¤�¥M����¥MÒaÏM�[}��9�h�M¤�~���³Ô~�}��*����±�°�~�}�Ï���ÐK��� N ≥ 2 ��~�}O¦[���M}_³Â�w�[¦8��¥M�
v ∈ E Ñ1~�¤�¤®���*��~��lÒZ³Ôx ¥M��¥M¤�¤Z����³@KÓÒ6¥M� N = 1 ¸
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� X?7«A9;E5<e>=I79A94ØU�JELØ=I7�U[;EX?4ØU�5 U = {ui−uj : 1 ≤ i < j ≤ N}∪{ui : 1 ≤ i ≤ N} ü<5Th5M5�A9;>=IA<=_A<LZ5w=?ThA1X?HE5
Wl

U�XOH�A8=I46H>TSH>X?HE5�X?b®A8;E5
ui−uj

X?7�XIb©A9;E5
ui
C T9X�@ ] � 5 FGF = ,

W⊥
l
F J>ThAYU�XOHOA[=I46Hÿ=Gø?XKXRP�^O5MU�A9X?7 � �lbaA9;E5 Wl

* TY=?795ÜX?bST9J(�ÔU�465*H�A8L ] L6=?79øO5ÜPE4 F 5*HQTh46X?H C
W⊥

l

;Q=?TgX?H>L ] eQXOL ] HEX F 4Ø=IL6L ]ÔF =IH ] 5*L65 F 5MHOA[T�=IHQP�UM=IH�@Q5áTh5w=I7[U[;E5MPÖ5��ÔU�465*H�A9L ] � fg;E46T
] 465*LØPETzA8;E5ÜbcX?L6LZX_ü�46HEørA9;>5*X?785 F`C ü�;E4ØU[;�46T�e>79X_^O5MPÔ46H�A9;E5�T95���JE5ML �
-/.�0 � � 0	1 �*� >  �"�	 " �?5&� $ �,	���� ��"�� ��� �/�,	����  : G� �%C  
 �%� E "�� � G �-$���5���� � E�"&�!� � " �/"
	A5 N���,7 d G ���  N ≤ 2d 
 �B<�� � 7�5��!� ��� : " O(log N + log d log log(dN)) � �
� :/� � � F � �
d2N2(N + 1)2 "���";:0"�� �%5 � � (F2)

d �! �,��C ��� � �
�!�
5 
 ���,	/��� � 7
�?5�� �!�8C
� ����� �	"
	&� E�"AC
� �,	A5
u1, . . . , uN ∈ (F2)

d 
 � E "AC�� �
	 v 5=<DC  ��! �,�
N/2−

√
N/2 ≤ |{1 ≤ i ≤ N : ui.v = 0}| ≤ N/2 +

√
N/2.

	 ��"��� ��< 5�� � E�"�5�" �
	IC& 6�!� �  �?5��
� :/� � � C ��� �  �"�	 " ���,	 "1� " $�"�	 ���,	=:0"A7 �!� O(log(dN))
$ �
	���� ��"�� ��� :0" 
 "�� �%��� �!� �@< 51� �43 �,76� �/�	�(7 E�"AC
� �,	 v ��� �!��$,<�� u1, . . . , uN

�!� $#��� ���1� � �
�,	����  : �%C $ �,	)��� ��"�� ��� :0" O(log N + log d log log(dN)) '

��H \ 5MU%A84ZXOH , � , C üz5�Th;EX_üÞA9;Q=_AY=Gø?5MHE5*784ØUYb�= F 4ZL ] W = {W1, . . . , Wk}
bcX?7�T95�A[T

UXIb�Th41�*5
N(N + 1)/2

46H>PR5M5MP 5
�R4ØT�A[T�=IHQP UM=IH @Q5Ö@EJE46LBA�5��ÂU*4Z5MH�A9L ] � � J>7Üb�= F 4ZL ] 4ØT�X?bU*=I7[PR46H>=IL64ZA ] k ≤ 2d|U | =IH>PÜ5w=?U[;ÜThJ>@>TheQ=?U�5 Wl
X?bEPR4 F 5MH>Th46X?H�=IA�LZ5w=?ThA d−1−log(d|U |) �fg;E5

Wl
* Tgü�4ZL6L©@Q5ÜøO4Z^O5*H�=OT�46H�A95M78T95MU�A946X?HÖX?b�; ] eQ5M79eELØ=IH>5MT C T9XáA9;>=IAg=rTheQ=IHEHE46HEøáb�= F 46L ]

XIb
W⊥

l

4ØTÜ4 FrF 5wPR46=IA95ML ] bcX?JEH>P � ��H \ 5MU�A946X?H , � , C U PR5*H>XIA95wT�=IH =I78@E4ZA97[=I7 ] ThJE@QTh5*A�XIb
E \ {0} � � TÜ5��Ke>L6=?4ZHE5wP =I@®X_^?5 C =ÖA ] eE4ØU*=ILSU[;EXO46U*5�bcXO7 U

ü�4ZL6La@Q5 {ui − uj : 1 ≤ i <
j ≤ N} ∪ {ui : 1 ≤ i ≤ N} �
�*��� ��� 0 � 0 � #�) + ! 1 #%$ � � +�& ���"&(�"!D) 0 &
f�XÂ=IL6L6X_ü F X?785Ó78XKX F`C ü<5!�>7[T�AgüzX?7)�Â4ZH`=/�>5*LØPÖ5��KA95*HQTh46X?H�XIb

F2 ��+ XO795¢eE785MU*46T95*L ]?C üz5� ��=?H 5���A85*H>T946X?H
K

X?bgPE5*ø?785*5
e > log((d − 1)|U |) C ThX�A8;>=_A�A8;E5*785Ô=I785 F XO795rA9;Q=IH

(d − 1)|U | 5*L65 F 5MHOA[T�46H K �#� XIA85�A9;>=IAYbcXO7 |U | = N(N + 1)/2 C =ÂT9JE4BA[=I@EL65�U[;EXO46U*5�46T
e = blog(dN(N + 1))c � fg;E4ØT�4ØTzA9;E5�U[;>X?4ØU�5Üü�;E4ØU[;�ü�46LZL�@Q5 F =?PE5¢46H \ 5MU�A946X?H , � � �

2 5�L6XKX%�Ö=IA K
=OT

F2[X ]/(P (X))
ü�;E5*785

P (X)
4ØT�=?H�4679785MPEJ>U�46@EL65¢e®X?L ] HEX F 4Ø=ILWX?b

F2[X ]
X?bEPR5*øO795M5

e � fg;KJ>TWA8;E5�5MLZ5 F 5MH�A8T«X?b K ü�4ZL6L?@®5�^K465*üz5MPÜ=?T�U�LØ=?T8Th5wTWXIbRe®X?L ] H>X F 46=?L6T
F XRPRJ>LZX P � � H>U*5�A8;E5ÿe®X?L ] H>X F 46=?L P

4ØTGbcX?JEHQP C 4BAÔ4ØTG5M=OT ] A8X U*=ILØU�J>L6=IA95`4ZH
K C @ ]

F =?HE46eEJELØ=_A946HEø`e®X?L ] H>X F 46=?L6TÜX?bgPE5*ø?785*5GL65MT8T¢A9;>=?H e
ü�4BA8; U�XK5��ÔU*4Z5MHOA[TÜ4ZH

F2 $ PR5�A[=I46L6Tü�4ZL6L«@®5�ø?46^?5*H�46H \ 5wU%A84ZXOH , � 
 ( ���H
Kd C üz5Â=I785r=?@ELZ5áA9X��>HQP |K| ; ] eQ5M79e>L6=?HE5MTÜT9XÖA8;>=_A�5M^?5*7 ] Th5*A�XIbzUM=I7[PR46H>=IL64BA ]

|U | ;Q=?T�=IH�5 F eRA ] 4ZH�A85*7[Th5wU%A946X?H ü�4BA8; =_A�LZ5w=?ThA�X?HE5GXIb<A9;E5 F � � XO7�5*^?5M7 ] θ ∈ K C L65�A
J>Tz4ZH>PE5*5MP�U�XOH>Th4ØPR5M7�A8;E5Ó; ] e®5*78eEL6=?HE5 Hθ

XIb
Kd PR5
�QHE5MPÖ@ ] A8;E5Ü5���J>=_A84ZXOH x1 + θx2 +

θ2x3 + · · · + θd−1xd = 0 � fg;E5*785Ô=I785 |K| > (d − 1)|U | PE4 
©5*785*H�A�; ] eQ5M79e>L6=?HE5MT�46HA9;E4ØTzb�= F 46L ] (Hθ)θ∈K
C =IH>P�=�e®X?46H�A a ∈ Kd \ {0} @Q5MLZXOHEøOT<A8Xr=IA F XOThA d− 1

PR4ØT�A84ZH>U�A
; ] e®5*78eELØ=IHE5wT�8OA9;E4ØT<46TgPRJE5ÓA9X�A9;E5Ób�=?U�A<A8;>=_AzA9;>5*785Ó=I785Ó=IA F XOThA d− 1

PR4ØT�A84ZHQU%A�79XKX?A8T1X?b
A9;E5Üe®X?L ] H>X F 46=?L P (θ) = a1 + a2θ + · · ·+ adθ

d−1 � fg;�JQTz= F X?HEøáA9;E5wTh5¢; ] eQ5M79eELØ=IH>5MT C=_A�LZ5w=?ThA�X?HE5�PRXK5wTgHEXIA�46H�A95*7[T95MU%A
U �f�X�XO@RA8=?4ZHGX?J>7Sb�= F 46L ] X_^?5*7

F2 $ 46H>T�A85M=OPGXIb K
( C ü<5�H>X_ü�U*X?H>T946PE5*7aA9;>5�A97[=?U*5�XIb

HθX?H
F

d
2
�
� X?7 (x1, . . . , xd) ∈ F

d
2
C A9;E5�5	�OJQ=_A946X?HrXIbQA9;E5�; ] e®5*78eEL6=?HE5 Hθ

U*=IHr@®5z785*ü�784ZAhA95MH
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=?U*U*X?7[PR46HEø�A8XrA9;E5�e®X_ü<5M78TzX?b
X
8

x1 + θx2 + · · · + θd−1xd ≡
e−1
∑

i=0

µi(x1, . . . , xd)X
i $ F XRP�3 (

ü�;E5*785�A9;>5
µi

=?795
F2
�lLZ46HE5w=I7YU*X F @>4ZH>=IA946X?H>TYXIbaA9;>5 xj $ A9;>5áU�XK5��ÂU*4Z5MH�AYXIb xj

4ZH
µi

46T
5���J>=IL�A9XÿA8;E5

X i ��U�XKX?7[PR46H>=_A85ÂXIb θj−1 46H A9;E5
F2
�l@>=OTh4ØT

1, X, . . . , Xe−1 XIb
K
( � fg;>54ZH�A95M78T95MU�A946X?H

Wθ = Hθ ∩ F
d
2

46TzA8;E5*H`PR5��>HE5MP�@ ] A9;>5�T ] ThA95 F XIb�5	��J>=_A84ZXOH>T
µi(x) = 0ü�;E5*785

i
78=?HEø?5wT�X_^?5M7 {0, 1, . . . , e − 1} � �lA¢46T�A9;E5M795*bcX?785�=ÔT9JE@>T9e>=?U*5�XIb E = (F2)

d XIb
U�XRPR4 F 5MH>T94ZXOH�=IA F X�T�A e �fg;E46TáU�XOH>T�A879JQU%A946X?H ] 465*LØPET�=`b�= F 4ZL ] W = {W1, . . . , Wk}

X?b
k ≤ 2e ThJE@QThe>=OU�5wT

ü�4BA8;ÖA8;E5Ó5��ReQ5wU%A95wPÔøO5*HE5M794ØU�4ZA ] eE79XOeQ5M7hA ] 8ObcX?7g=IL6LWThJE@QTh5*A8T U ⊆ E \ {0} X?b�U*=?78PR46H>=?LZ4ZA ]
N(N + 1)/2 C A9;>5*785�5
�R4ØT�A[T Wl ∈ W bcX?7Óü�;E4ØU[;

U ∩ Wl = ∅ � \ 4ZHQU�5 e
UM=IHÿ@®5�A[=
�?5MH

≤ 1 + log(d|U |)) C ü<5`ø?5*AÔ=_A F XOThA 2d|U | ThJ>@>TheQ=?U�5wT C X?bÜPR4 F 5*H>T946X?Hµ=_AÂLZ5w=?ThA
d −

1 − log(d|U |) 5M=OU[; � � TáeE78X F 4ØTh5wP C A8;E5MT95ÖT9JE@>T9e>=?U*5MT�=?795ÂøO4Z^O5*H =OT�46HOA85*7[Th5wU%A84ZXOH>T�XIb
; ] e®5*78eELØ=IHE5wT �
�*�	� � # � . $ 0�� 0 $ ��0 & ) ��# �"'(#���� �,+ ' ."0 !
$ � � ��# ' .�1

� 5�AzJ>TgThJ F J>eÔA9;>5 F =I46H�ThA95Me>T�X?bWA9;E4ØT<e>=I7[=IL6LZ5MLQ=?LZøOX?784BA8; F � �lA[T�4 F eELZ5 F 5*H�A8=IA946X?HÖ=?H>P=IH>=?L ] T946T�=?795�PR4ØT9U*J>T8Th5wP�46H�A9;E5�HE5
�KAYT95MU%A84ZXOH � fg;E5�46HEeEJEAY46TY=ÂTh5*A {u1, . . . , uN} XIb NPR46ThA946H>U�AYHEX?H#�*5*78XG^?5wU%A9XO78TzX?b
E = (F2)

d C =IH>P�A9;>5�X?JRA8eEJRA�4ØTY=r^?5wU%A8X?7�X?79A9;>X?ø?XOH>=IL®A8X
=_A�LZ5w=?ThA

N/2−
√

N/2
=?H>P�=_A F XOThA N/2 +

√
N/2

X?b�A8;E5 F �
� � � 5*A e = blog(dN(N +1))c � � ] 5*HKJ F 5*7[=_A84ZHEø�46HÔe>=?78=?LZL65*LQ=IL6LEA9;>5Ye®X?L ] H>X F 46=?L6T1XIb

F2[X ]
X?b®PR5Mø?785*5

e C �QH>Pá=?Há4678795wPRJ>U�46@EL65geQXOL ] HEX F 4Ø=IL P �
� 5*A K = F2[X ]/(P (X)) �) � :<X?H>T94ØPR5*7YA9;E5�b�= F 4ZL ] F X?bS; ] e®5*78eELØ=IHE5wT�46H Kd U�XOH>Th4ØThA946HEøÔXIbSA8;E5 |K| = 2e ; ] �
eQ5M79e>L6=?HE5MT

(Hθ)θ∈K
PR5wT9U*7946@®5MP 46H \ 5MU�A946X?H*, � , � ��5Mü�794ZA95ÔA9;E5�5���J>=_A84ZXOH XIb�5w=?U[;; ] e®5*78eELØ=IHE5�X?b F =?T�=ÂT ] T�A85 F XIb

e
5	�OJQ=_A946X?HQTg4ZH

F2 � fg;>46T�4ØT�XOHEL ] =G785M=I787[=IHEøO5
�F 5*H�AzX?b«A95M7 F T � 2 5ÜX?@EA8=I46HÔXOHE5¢T9JE@>T9e>=OU�5 Wθ
XIb

(F2)
d XIb U�XRPR4 F 5MH>T94ZXOHÖ=_A F XOThA

e
bcX?7Ü5M=OU[; ; ] eQ5M79eELØ=IH>5 Hθ ��� TÜ=Öü�;EXOLZ5 C A9;E4ØT¢ø?5*H>5*7846U�b�= F 4ZL ] A8;�JQT¢U*X?H�A8=?4ZHQTÓ=IAF XOThA 2e T9JE@>T9e>=OU�5MTgX?b (F2)

d �, � \ 5M=?78U[;þ4ZH�e>=I7[=IL6L65*Lz4ZH
W⊥ C bcX?7Â=?LZL W

46HþA8;E5`ø?5MHE5*7846UÔb�= F 46L ] � � øOXKXKP ^?5MU�A9XO7
F J>ThA�5
�R4ØT�A�46H�=IAzL65M=OT�A�X?H>5ÓX?b�A9;>5 F $ HEXIA85ÓA8;>=_A�4ZA�46TgXOHEL ] A8;E4ØTzA9;E4678P�ThA95*e�ü�;E4ØU[;=?U�A9J>=?LZL ] PR5MeQ5MH>PET�XOHÖA8;E5�4ZH>eEJRA ( �
� TÔ5��ReEL6=?4ZH>5MPµ46H A9;E5 HE5
�KA`Th5wU%A946X?H C A9;>5Ú5
�R5wU�JRA84ZXOHµA94 F 5 XIbÜA9;>46T�=IL6ø?XO794ZA9; F 46T

eQXOL ] L6X?øO=?794ZA9; F 4ØUÓ4ZH�A9;>5�Th41�*5 dN
X?b�A8;E5�4ZH>eEJRA �

�*��� � 1 � $ 0 1 0 �8' ! '(#���� !�� � ! ��!
$ �*&(#�&

2 5GHE5M5MP HEX_ü 5
�ReELØ=I46HÚ;>X_ü A9X`e®5*79bcX?7 F A9;E4ØTÜeE78XKU*5MPRJ>795 ��JE46U �KL ] 4ZH�e>=?78=?LZL65*L � � 4678ThA C4ZH�X?7[PR5*7áA9X �>H>P�=IH/4Z78785MPRJ>U*4Z@>LZ5�eQXOL ] HEX F 46=?L P ∈ F2[X ]
XIbÓPR5Mø?785*5

e C üz5 F 5M795ML ]5*HKJ F 5*7[=_A85Ú46HÞe>=?78=?LZL65*LÜ=IL6LÜeQXOL ] HEX F 46=?L6T A ∈ F2[X ]
XIbáPE5*ø?785*5

e
=IH>P A95wT�A�A9;E5M4Z7

4Z78795wPRJ>U*4Z@E46L64BA ] � fg;E5M795Y=?795 2e ≤ dN(N +1)
T9J>U[;Âe®X?L ] HEX F 4Ø=ILØT � fg;>5Ye®X?L ] H>X F 46=?L A 4ØT

4Z78795wPRJ>U*4Z@EL65�4Zb�=IH>P`XOHEL ] 4Zba4ZAÓ4ØT�H>XIAÓPR46^K46T946@ELZ5�@ ] =IH>XIA9;>5*7�HEXOH���U�X?HQT�A[=IH�A�eQXOL ] HEX F 46=?L
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XIb¢PE5*ø?785*5 ≤ e/2 � fg;>46T ] 465*LØPETÂ= ThA97[=I46ø?;�A9bcX?78üz=?78P 4679785MPEJ>U�46@E46LZ4ZA ] A95wT�A	81U�X F eEJEA95`4ZHe>=I7[=IL6LZ5MLgA9;E5 PE4Z^K4ØTh46X?Hµü�4ZA9;µ795 F =I46H>PR5*7ÂX?b A
@ ] =IL6L�HEX?H �lU*X?H>ThA8=?HOAÂe®X?L ] HEX F 4Ø=ILØT BXIb�PR5Mø?785*5 ≤ e/2

=IH>P�A85MThA�ü�;E5*A9;E5M7�XOHE5ÚX?b�A9;E5 795 F =I46H>PR5*7[TÂ4ØT �M5*78X � � 46H>PR46HEø PA9;E5M795*bcX?785GA8=
�O5MTÜe>=?78=?LZL65*L1A94 F 5 O(e) + T (e) C ü�;E5*785 T (e)
4ØT�A9;>5ÖU�X�T�A�X?bg=ÿPR46^K46T946X?H

4ZH
F2[X ] ��+ 5MH>U�5�üz5ÜX?HEL ] HE5M5MPÖA9XGJ>T95Ü=GPR46^K46T946X?H`=IL6ø?X?784ZA9; F X?b e>=?78=?LZL65*LWU*X F eEL65
�R4BA ]

O(e) ��2 4ZA9;E46H�A9;>=IA�ø?5*H>5*78X?J>T<A94 F 5Ü@QXOJEH>P�ü<5 F = ] 5*^O5*H�A97 ] 4ZH�e>=?78=?LZL65*LW=IL6L©eQX�T9T946@ELZ5
�OJ>XIA9465*H�A[T

Q C =IH>P`U[;E5wU �Âü�;E5�A8;E5*7 A = BQ � \ X F 5�e>=I7[=IL6L65*LWPR46^�4ØT94ZXOH�=?LZøOX?784BA8; F Tz=?795XIbÓU*X?JE7[Th5 F J>U[; b�=OT�A85*7 $ @EJEAGX_^O5*7[U�X F e>LZ4ØU*=IA95MP bcXO7�A8;E5�e>79XO@ELZ5 F =_Aá;Q=IH>P ( C Th5M5ÖbcXO7
4ZH>ThA8=?H>U�5Gù ,_û �

2 5ÜHEX_üÞeE79XRU*5*5MPÔA9XrA9;>5�Th5wU�X?HQPÖThA95*e�XIb�A9;E5�=?LZøOX?784BA8; F`C ü�;E46U[;�üz5¢@®5*øO4ZH�ü�4ZA9;`=
eE795MLZ4 F 4ZHQ=I7 ] U*X F eEJRA[=_A946X?H � � 5�A P

@®5�A8;E5Y4678795wPRJ>U�46@EL65Ye®X?L ] HEX F 4Ø=ILEbcXOJEH>PÔ=IA�A8;E5 �>7[ThA
T�A85*e C =IH>PrL65�A K = F2[X ]/(P (X))

@®5�A9;E5 �>5*LØPGü�4BA8;
2e 5MLZ5 F 5MH�A8T � 2 5 �>7[T�A�U*X F eEJRA85

X i mod P
bcX?7�=IL6L

i ∈ [e, 2(e − 1)] � fg;E51�>7[T�A�5MLZ5 F 5MH�A�XIb A9;E4ØT�T95���JE5*HQU�5Ü46TgXO@RA8=?4ZH>5MP4 FGF 5MPR4Ø=_A85*L ] bc78X F P C =?H>P X i+1 mod P
U*=IHG@®5�X?@EA8=I46HE5wPá46HÔU�XOH>ThA8=IH�A1e>=?78=?LZL65*LEA94 F 5

bc79X F Xe mod P
=IH>P

X i mod P $ @>=?T946UM=IL6L ] @ ] =ÜTh;>4BbÕA�X?b©U*XK5��ÔU�465*H�A8TSbcX?L6LZX_üz5MPá@ ] =_AF X�T�A¢X?HE5á=?PEPR4ZA946X?HÚ4ZH
F2[X ]

( � fg;>5�ü�;EXOLZ5�T95���JE5MH>U�5rU*=?H`A9;E5M795*bcX?785�@Q5GU�XOH>ThA978J>U%A85MP4ZH�A94 F 5 O(e) �
� AaThA95Me ) C XOJE7 F =?4ZH�A8=?T���4ØT�A8X¢U*X F eEJRA85 θi bcXO7S=IL6L i = 0, . . . , d−1

=?H>P�=?LZL
θ ∈ K �

� ] b�=OT�A�5��Ke®X?H>5*H�A94Ø=_A84ZXOH θi U*=?HÖ@®5ÜX?@RA[=I46HE5MPÔbc79X F θ
@ ] O(log d) F JELZA946eEL646UM=_A946X?HQTg4ZH

K C 5w=?U[; X?b � �	����" ��� U*XOThA O(log e) � ��H>PR5M5MP C A9X eQ5M7hbcXO7 F ThJQU[; = F JELZA946eEL646UM=_A84ZXOH ü<5
F JELZA946eEL ] A�üzXre®X?L ] HEX F 4Ø=ILØTgXIbSPR5*øO795M5 ≤ e − 1

ü�4BA8; U�XK5��ÔU�465*H�A[Tg4ZH
F2

=IH>P�A8=%�?5¢A9;>5
795 F =?4ZHQPR5*7 F XKPEJELZX P (X) � fg;E5�U*XOThArX?b�A9;>5 F JELZA946eELZ4ØU*=IA946X?H/4ZH

F2[X ]
4ØT

O(log e) C=IH>P ] 465*LØPET¢=ÂeQXOL ] HEX F 46=?L�X?b�PR5*øO795M5�=_A F X�T�A 2(e − 1) ��� AÓA9;E5á@Q5Mø?46HEHE46HEøÖX?b�T�A85*e )
ü<5�;>=�^O5geE795wU�X F e>JRA95wPá=Ü785*eE785MT95*H�A[=_A946X?H F XKPEJELZX P (X)

XIbW=IL6LRA9;>5 F XOHEX F 4Ø=ILØTaü�;E4ØU[;
U*=IH/eQX�T9T946@EL ] XRUMU�JE7G46H A9;>46TGe®X?L ] HEX F 4Ø=IL � + 5*H>U*5�4ZAÔTh4 F eEL ] 795 F =?4ZHQT�A8X�=OPEP J>e�=IA
F X�T�A e

e®X?L ] H>X F 46=?L6TaX?b©PE5*ø?785*5 ≤ e−1 � fg;E4ØT�U*=?HG@Q5YPEX?HE5�46HÂe>=I7[=IL6L65*LKA94 F 5 O(log e) �fg;E5Ôe>=?78=?LZL65*L�U*XOThA�XIb�øO5*HE5M78=IA946HEø`X?JE7�øO5*HE5M794ØUrb�= F 46L ] X?b 2e ThJE@QThe>=OU�5wT�46T�A9;E5M795*bcX?785
O(log d log e) C ü�;E4ØU[;�4ØT O(log d log log dN)

fg;E5zX?79A9;EXOø?X?HQ=IL?T9e>=?U*5�X?bE5M=?U[;áThJE@QThe>=OU�5
Wθ

U�X?H�A[=I46H>T�=IA F XOThA 2e e®X?46H�A8T�T946H>U�5Ô4ZAá4ØT�X?b�PR4 F 5MH>Th46X?H =IA F XOThA e �%� LBA8X?øO5�A9;>5*7 Cü<5r;>=�^?5á=_A F X�T�A (2e)2
e®X?46HOA[T¢4ZHÚA9;E5rJEHE46X?H XIb<=?LZLaX?79A9;>X?ø?XOH>=IL�The>=OU�5wT � \ 46H>U�5 2e ≤

dN(N + 1) C A9;E4ØT ] 465*LØPET�A8;E5�@®X?JEHQP d2N2(N + 1)2
X?bSfg;>5*X?785 F , � fg;E5á=OPEPR4ZA946X?H>=?LU�XOThA�X?bWA9;E5¢5
�ReEL646U*4BAz5*HKJ F 5*7[=_A84ZXOHÂXIb�=?LZL>A9;EX�Th5ÓeQXO4ZH�A8T�46T O(log e)

Th46H>U�5Ó5M=OU[;ÂeQXO4ZH�A<4ØT
A9;E5�T9J F X?b =IA F X�T�A e

T9e>=?HEHE46HEøG^?5MU�A9XO78TzXIbST9X F 5ÜX?79A9;EXOø?X?HQ=IL©The>=OU�5 �
� 46H>=?LZL ]?C üz5ÔU*=?H �>HQP =�øOXKXKP ^?5wU%A8X?7�= F XOHEøÖA8;E5 d2N2(N + 1)2

U*=?H>PR4ØPE=_A85MTÜ46H
A94 F 5 O(log(dN))

@ ] 5
�R;>=?J>T�A84Z^O5rT95M=?78U[; � � 4Z7[ThA C üz5rU*X F eEJRA85á46HÚe>=?78=?LZL65*L A8;E5á46HEHE5M7eE79XRPRJQU%A8T
ui.v

bcXO7z=?LZL®4ZH>eEJRA8T
ui
=?H>PÔ=IL6L©U*=IHQPR46P>=_A95Y^?5MU�A9XO78T

v � fg;E4ØT�4ØT<PEX?HE5Ó4ZHÖPE5*eRA8;
O(log d) � fg;E5MHþbcXO7/� �K5wP

v C ü<5`;>=�^O5ÔA9X T9J F X_^?5M7r=?LZL
ui

A8X XO@RA8=?4ZHþA9;E5`HKJ F @®5*7
XIb

i
ThJQU[;þA8;>=_A

ui.v = 1 � �lAÔ4ØTGüz5*L6L ��H>X_ü�HþA8;>=_AÖT9J>U[;µ=IH�4BA85*7[=_A95wP/=OPEPR4ZA946X?HµU*=?H
@Q5Ge®5*79bcX?7 F 5wPÿ46H PR5MeRA9; O(log N) $ T95*5ábcX?7Ü46H>ThA8=IHQU�5Öù )�û C eE78X�X?b�XIbzfg;E5*XO795 F � � 
 � ) ( �f�XÿA8;>=_ArThJ F üz5ÖThJ>@>T�A878=OU%A

N/2
=?H>P�A8=%�?5GA8;E5Ö=I@QThXOLZJRA85Ô^_=IL6JE5 C ThX`A8;>=_AábcX?7�5M^?5M7 ]

U*=IHQPR46P>=_A95
v
üz5r;Q=�^?5áU*X F eEJRA85MP ||{1 ≤ i ≤ N : ui.v = 1}| − N/2| � 2 5GHEX_ü-;>=�^?5

A9X �>HQPGA9;E5 F 4ZHE4 F J F = F X?HEø�A8;E5 d2N2(N +1)2
^�=?LZJ>5MT � A9;>46TzU*=?HÂ@Q5¢PRX?HE5Ó4ZHÔPE5*eRA8;

O(log(d2N2(N + 1)2)) = O(log(dN))
T946H>U�5�U*X F eEJRA84ZHEøÔA9;E5 F 46HE4 F J F 4ØTY=IH

AC0
eE79XO@EL65 F $ T95*5<bcX?7a46H>T�A[=IH>U*5Yù )�û C 5
�E= F eEL65<ú � ) � ) ( � fg;�JQT�A8;E5z5
�R;>=IJQT�A84Z^O5<T95M=I7[U[;�785���JE46795wTe>=I7[=IL6LZ5ML®A94 F 5 O(log(dN))

=?T�U�LØ=I4 F 5MP�4ZHÿfg;E5MX?785 F , �
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fg;E5�X_^O5*7[=IL6L�e>=?78=?LZL65*L 5
�R5MU*JRA946X?H A94 F 5GX?b�X?JE7Ü=IL6ø?XO794ZA9; F 4ØTÓA9;E5M795*bcX?785
O(log N +

log d log log(dN)) C ü�;>46U[;`eE78X_^?5wT1A8;E5ÜA9;E5MX?785 F �
� ";: �
	�����' fg;E4ØT�e>=?78=?LZL65*L«=?LZøOX?784BA8; F UM=IHÿ@®5�4 F e>LZ5 F 5MH�A95MP`@ ] =rb�= F 46L ] XIbSL6X?øOT9e>=OU�5
JEHE4ZbcX?7 F @QXKX?L65M=?HáU*4Z7[U�JE4ZA8T�XIbQeQXOL ] HEX F 4Ø=ILRT94��M5z=?H>P�e®X?L ] LZXOøO=?794ZA9; F 4ØU1PR5MeRA9;GTh46H>U*5<5w=?U[;
XIbKA9;E5�A9;E785*5<T�A85*e>T�XIbKA9;E5z=IL6ø?XO794ZA9; F U*=?H $ HEXIA851A8;>=_A«A8;E5*78514ØT�T9X F 51785MPRJ>H>PE=IHQU ] 46H�A8;E46TT�A[=_A95 F 5*H�AÜT946H>U�5r=ÖL6X?ø�The>=OU�5�@®X?J>H>PR5MP f�J>7946HEø F =OU[;E4ZH>5áU*=?HÚXOHEL ] U*X?H>ThA978J>U%AÜU�4678U*JE4ZA
b�= F 4ZL6465MT�X?b�e®X?L ] H>X F 46=?L«Th41�*5 ( �
�*��� � � �,! ��# ' ."1 #�) &(�"!D) 0

��H A9;E4ØT�T95MU�A946X?H üz5Ô5
�ReELØ=I46H ü�; ] A8;E5Öe>79XO@ELZ5 F =IAá;>=?H>P 46Tá=ILØThXÿ46H A8;E5�U*X F eEL65
�R4BA ]
U�LØ=?T8T � XIb©eE79XO@EL65 F TSPR5MU*46PE5MPG@ ] =�f�JE7946HEø F =?U[;>4ZHE5gJ>T946HEø O(log n)

üzX?7)��T9e>=?U*5 � fg;E5A9;E785*5�ThA95Me>T«X?bKA9;E5z=IL6ø?X?784ZA9; F 4ZH \ 5MU%A84ZXOH , � ��U*=?H�4ZH>PE5*5MPÜ@®5�e®5*79bcX?7 F 5MPÜ46H�LZXOøO=?794ZA9; F 4ØUThe>=OU�5 8

� \ A95Me ���Q78ThA�U�X?HQTh4ØT�A[Tz4ZHÿ=IH�5*HKJ F 5*7[=_A84ZXOH�X?b�e®X?L ] HEX F 4Ø=ILØT<X?b�L6X?ø�=I784BA8; F 46U¢PR5*øO795M5
e
=IH>P ü�4BA8;ÞU�XK5��ÂU*4Z5MH�A�46H

F2 � fg;>46T�A8=%�?5wT O(e)
ü<XO7��µT9e>=?U*5 � fg;E5*H A9;E5M795 46T

=IHEX?A9;E5M7�5MH�J F 5M78=IA946X?H XIb�e®X?L ] HEX F 4Ø=ILØT�A9XOø?5*A9;E5M7�ü�4BA8;þ= PR46^K46T946@E4ZL64ZA ] A85MThA � fg;E46TT�A84ZL6L«785���JE46795wT
O(e)

ü<XO7��ÔT9e>=OU�5 �
� \ A95Me )�U*X?H>T94ØT�A[TÜ4ZH =I784ZA9; F 5�A846UrXOeQ5M78=IA946X?H>T¢46H K

46H X?7[PR5*7¢A9XÿU*X F eEJRA85 θi bcX?7 ibc79X F ��A8X
d � fg;E4ØTz= F X?JEH�A8T�A9X F J>LBA84ZeEL64ØU*=_A84ZXOH>TzXIb�e®X?L ] HEX F 4Ø=ILØT�X?b�PR5*øO795M5 e

=IHQP
795wPRJ>U�A946X?H>T F XRPRJEL6X P (X)

8>LZXOøO=I784ZA9; F 4ØUÓT9e>=?U*5Ü46T�=?øO=I46H�5*HEXOJEø?; �
� \ A95Me*, U*X F eEJRA85MT�A8;E5ÖXO7hA8;EX?øOX?H>=?L1TheQ=?U�5ÂX?b�=ÿ^?5wU%A9XO7�T9e>=?U*5 W

ø?46^?5*H @ ] 4BA[T e5���J>=IA946X?H>T
(wi.x = 0)i≤e � fg;E5ÿXO7hA8;EX?øOX?H>=?LgT9e>=OU�5 W⊥ 46T F 5*785*L ] A9;>5ÿ^?5MU�A9XO7

TheQ=?U�5áThe>=?HEHE5wP`@ ] A8;E5 wi
* T � D H�J F 5M78=IA946HEøÂA8;E5 e

U�XK5��ÂU*4Z5MH�A8T�bcXO7�A8;E5MT95�^O5MU%A8X?7[T
A9;E5M795*bcX?785�T9J(�ÔU�5MTYA9XÖ5*HKJ F 5*7[=_A85�=IL6L�A8;E5�^O5MU�A9X?7[T�X?b W⊥ � fg;>46TÓ46T¢PRXOHE5�46H ü<XO7��TheQ=?U�5

O(e) � � X_ü C U[;E5MU �K46HEøGü�;E5�A8;E5*7Ó=G^?5MU�A9XO7�46T�øOXKXKP�U*=?H`X?H>U*5�=IøO=?4ZH�@®5�eQ5M7'�bcX?7 F 5MP�4ZH`L6X?øO=?794ZA9; F 4ØUÜTheQ=?U�5 �
fg;E46T�eE79X_^O5MT�A9;E5ÜbcXOLZL6X_ü�46HEøG795wThJELZA �
-/.�0 � � 0	1 � � >  �"�	 " �?5 ��� ��� �/�,	����  : G �
	��,�!� � �!� 5�$ � C " O(log(dN)) G� �%C  
 G� �"���
� E�"�� �-�
� :/� � ��� � N E�"AC
� �,	A5 ��� (F2)

d 
 ��<	$8<��%5&� �/�	�(7�E "AC�� �
	 v ���
	 �! ��?5 �
��: � � � '
� ";: �
	���� ' ��5*A9JE78HE46HEørA9XÔU�467[U�JE4ZA�U�X F eEL65
�R4ZA ]?C üz5ÜeQXO4ZH�A�X?JRA�A8;>=_AgA8;E5�U�4678U*JE4ZA�PE5*eRA8;
X?@RA[=I46HE5MPÚ4ZH fg;E5*XO795 F ,Ö4ØTÜ@ ] HEX F 5w=IH>T¢X?eEA94 F =?L � 2 5G;>=�^?5á4ZH>PE5*5MP�U[;EX�Th5MHÿA9X`PR5
�T9U*7946@Q5<A9;>5gU*X?H>ThA978J>U�A946X?H�X?bEA9;E5gL646ThAaXIbQ=?LZL

d2N2(N +1)2
U*=?H>PR4ØPE=_A85<^O5MU�A9X?7[T�5
�ReEL646U*4BA8L ]

=?T1=Üe>=?7hA<XIb©X?JE71eQ=I7[=IL6LZ5ML>=IL6ø?XO794ZA9; F`C @EJEA<4Zb©üz5�üzX?7)��ü�4ZA9;ÂL6X?øOT9e>=OU�5gJEHE4ZbcX?7 F U*4Z7[U�JE4ZA8T
=IH ] eE785MU*X F eEJRA[=_A84ZXOH 785���JE467946HEø`X?H>L ] LZXOøO=I784ZA9; F 4ØUrT9e>=OU�5G46Tá=IL6LZX_üz5MP � 2 5Â;>=�^O5 ��J>T�ATh5M5*H�A9;>=IAgüz5�U*=?H�U�XOH>ThA978J>U%A�46H�L6X?ø�=I784BA8; F 46U¢TheQ=?U�5ÓA9;>5�ü�;EX?L65ÓL64ØT�A�XIbaU*=?H>PR4ØPE=_A85¢^O5MU
�
A9X?7[T ��� bÕA95*7¢A8;>=_AÜX?HE5rTh4 F eEL ] ;>=?TYA9X�eQ5M7hbcXO7 F =?H 5
�R;>=?J>T�A84Z^O5áT95M=?78U[; C ü�;E4ØU[;ÚU*=?HÚ@®5
795w=IL64��M5MPÂ46H�PR5MeRA9;

O(log dN)
=?Tz5
�ReELØ=I46HE5wPÔ=I@®X_^?5 � fg;E4ØTgTh;>X_ü�T1A8;>=_AgX?JE7geE78X?@>LZ5 F 4ØT

4ZHÔL6X?ø�TheQ=?U�5YJEHE4ZbcX?7 F NC1 $ 4BA�U*=?HÔ@Q5¢=I78ø?JE5wP C ;>X_ü<5M^?5*7 C A8;>=_AzLZXOøOT9e>=?U*5�JEHE4ZbcX?7 F 4ZA ] 46THEXIA�A8;E5�7946ø?;�AgJEHE4ZbcX?7 F 4BA ] U�X?HQPR4BA84ZXOHÖbcXO7 NC1 � Th5M5¢bcX?7�46H>T�A[=IH>U*5Âù ��
Mû C U[;>=IeEA95*7 � ( �

lir
m

m
-0

02
92

70
3,

 v
er

si
on

 1
 - 

2 
Ju

l 2
00

8



� � 
 ��ð
��îYô8���

¡w¸�yY¸Ek<¤�¥M}��*}K£��O¸Q{I²R�[}�¦[�9�%¸���� ã�� ç�æ
	��
	�
�� 
6é���
�����ã�� � æ%è��cé8ã���æ��KèÖã�è�
���
cæ���� ¸�Ù ~B¤��8³Gj�}_���8��|
��¦8~B�8}�¦[�Y{I�8��~��[�1~B} Í ~���¦8���8���YpG�*��ÐO�[°��*��~�¦[���*}K£��z²?��~�°�~Bë[�*��~�¥w}>¸WÙ ~�¤B�9³_n �*twtwtI¸

�I¸��©¸Rx ¤B¥*���Ü�*}K£Â¶S¸"!g�h�M}K��#I~B�[¸%$ æ%æ��Bã�����&(')� ����
Õæ���é*���Rè�+�æ�,.-/'0�1����
cæ��2��æ%è�ã�� é ¸ à �8×I����~�}
à ÐO�[¥M���9��~B¦[�M¤Wx ¥M°�²�±?���8�<{?¦[~��[}O¦[�43c�M}r¶�k à xS{G{I�8��~��[��59¸R{I²O��~�}�ÏM�8�%n6�Mtwt��I¸

K?¸gÙ�¸w¶«ÛR�8��¤�³_¸07��9��³�ÒÕ�M�l��²K���h�M¤�¤��[¤?²R¥w¤�³?}�¥w°�~B�*¤�����~���ÐO°��8��~�¦w¸"809;: �=<Iæ�'Iç��6���Kæ���+�æ�,>-6')��
��)? n
¡[u@3�´�5�A vw´w´CBIv�s* ?nW¡[vwuwvI¸4O¸EDY¸KmO¥w±O��}O~��8�<�M}K£r�W¸/!z¥M~��h�*}Q¸ k�����¤�¥%Ña�8�zÛR¥w±O}K£O�S�[�M��~��8�g¥����9����ÐO�g���%�M¤���F�jÁ} � ç�æG�IHKJ)L�� �
: +M� 8 ä�,>-?æMé�
�'),-æ�� ��� ã�æMç9äáæONP+�æ�,>-6')��
��)? nO²K�*Ïw�[�z´MtwsGBI´I¡=KInW¡%vMvwu?¸

´I¸EDY¸%m�¥M±O��}O~B�9�W�M}�£��W¸�!z¥M~��h�*}Q¸�iQ¥%Ña�8�©ÛR¥w±�}�£O�Q�*����}�¥*�©�%�*��~B�9�W¥����8�®��ÐO�W���%�M¤��CA*j�}O��~Z£?���QDY¸�j�}
� ç�æG�IHSR0TI� �U9 �/�Áã9ç�� ����
Õæ�� ���V+�æ�����æGW�')
�'), æ�� : ')��æ�,4���1��XSYM���Z?�'/�C?_ã9é[���Rè\� ç�æ�?MçO��,*,]
��)? n
�w¥w¤�±�°��z¡[u�´;Kg¥MÒ Y©ã;����'Iç�ã_^�æ��Áã9éV
���+�æ�,.-6')�Áã9ç 8 ��
cã�� �hã n�²��MÏw�8� u(K
�GB_u 4 K?¸�{?²?��~B}OÏw�8�%n
�MtMtwtI¸

 ?¸ Í ¸�Î<��~�Ïw¥*��~B�8�E¸ à ¥w²R¥M¤�¥wÏw~�¦%�*¤I¦[¥w°�²O¤B�9×O~��Á³z¥*Ò?��ÐO�W�h�M}�ÏM�����[�*��¦hÐ�~�}�Ï?¸ <Iæ�'Iç�� ���?æONV+�æ�,.-6�Bã;`�
��Õä n
¡[ 0A ´MtGB?´;K?n��MtMtwtI¸

sI¸��©¸�!z¥M~��h�*}Q¸Âx ~���¦8±�~����Ó�w�8����±��������[�[�Y~�}ÿ�M¤�ÏM�[ÛO�h�*~B¦�¦[¥M°�²�¤��8×?~���³_¸�j�} �açlæG�IH 8M�0: + 8 R0L
L
L n
�w¥w¤�±�°���¡�sMsMt¢¥*Ò Y©ã;����'Iç�ãE^�æ��Áã9é.
a�b+�æ�,.-6')�Áã9ç 8 ��
�ã�� �hã nO²K�*Ïw�[� K�´CB?´��I¸E{I²O��~�}�ÏM�8��|17��9��¤Z�*ÏOn
�*twtMt?¸

u?¸��©¸G!<¥w~��h�M}Ó�M}�£�{E¸*�©�8��~�Ò6�[¤Õ¸Z7g��{O�Ek�xa¶Â�M}�£Y�a���h�*}��lÒØ�9�©��Ð��[¥*���[°�¥����9�®��Ð��«���%�*¤B�[¸_k®�w�*~�¤Z�*Û�¤��
ÒZ��¥w° �I�w�MÃScOd
d%Ã?�w�?�w¼®���*¨��I­_�M¿I¼�¨��Á���)d�ÃI�I��ºw�_�©��eO¼I�*�_�*¨/d%Ã����O�I��º*�w�O�w¼�¨��Q���I��§K� ¸

v?¸Y{R¸Rpr�8~B���9�%¸1�©¥w~�}_��¤B¥_¦[�*��~�¥w}Ô~�}Â�*���h�*}�ÏM�[°��[}_���1¥MÒ«Ð_³?²R�8��²�¤B�M}O�[�[¸f9 �GN[æMç�,4����
cæ��2���Rè�+�æ�,Pg
-/'0�1����
cæ�� nQ¡%tM @31��5�A �*uw IB�Kwt(K?n«¡%vMv K?¸

¡[t?¸�m ¸Mpr�9³_�8�W�*±OÒ�£O�8�MDz�[~B£?�w¸Ikÿ²R¥w¤�³?}�¥M°�~Z�*¤�¤�~�}��%���«���%�*��¦hÐ¢�*¤�Ïw¥M��~���ÐO°/ÒØ¥*�W��Ð�� n |�£?~�°��[}���~�¥w}��M¤#I}��M²����*¦�#�²?��¥wÛ�¤��[°G¸ <Iæ�'Iç��6���©æONE� � ã : +M� n KI¡
3 K�5�A  M wuGBI �s* ?nW¡[vwu 4?¸
¡M¡w¸�m ¸�pr�9³_�8���*±OÒz£O�8�*Dz�[~B£O�M¸ÚmK�M�l���*¤�Ïw¥M��~���ÐO°��¢ÒØ¥*� n |Á£?~B°��8}���~�¥w}��M¤a���[�l����~�¦8��~�¥w}O��¥MÒ<ÐK���h£²?��¥wÛO¤B�8°��[¸ <Iæ�'Iç��6���WæON%� � ã : +M� n	K�´03 K�5�A s�4�tGB?s
4_sIn«¡[vwuwuI¸
¡G�I¸�q�¸Opr¥M�ÁÑS�*}�~Õn6�?¸Oyz�M¥*�%n��*}K£rp�¸Oyz�M¥*�%¸ à Ð��<²O��¥wÛ��MÛO~B¤�~��l��~�¦�°��8��Ð�¥I£Ü³?~��[¤B£O�1£?�8���8��°�~�}�~��l��~�¦

²��*�h�*¤B¤��[¤®�M¤�Ïw¥*��~���Ð�°��[¸ <Iæ�'Iç��6���©æhN4+�æ�,.-6')�Áã9ç]���Rè 8 ä*é��Áã�, 8 ��
�ã��6�9ã9é n�4wv0A 4_s*uIBI´I¡% InW¡%vMv 4O¸
¡AK?¸i�M¥wÐ�}áq<~�¥*�h£��M}>¸ +�æ�,4	�
��6����æMç�
j��� 9 è_ã��/��
a��
�ã9é ¸�Ù ~B¤��8³_nOyz�9Ñlk�¥M��#RnE¡%vwsMvI¸
¡)4O¸Y{R¸O{?°��*¤B�M¸K�z}���Ð��<��¥M²R¥w¤�¥wÏ*³�¥MÒW�*¤�Ïw¥M��~���ÐO°��[¸Ojh¸ <Iæ�'Iç�� ���®æON*+�æ�,>- �Bã;`�
��Õä n	K)A u?¡�B_uwvIn®¡%vMu�s_¸
¡%´I¸�q��[}Oë[¥g{I²O��±OÏw}�¥M¤�~c¸Ox ¥M°¢ÛO~B}��*��¥*��~Z�*¤Ijl£O�8}I��~���~��[�[¸ à �[¦9ÐO}�~�¦%�*¤I���8²R¥M���%n*oz}O~B�w�8����~���m<£?~Im©~����8}�ë[�wn

�*twt�4O¸
¡[ ?¸E7Y¸©k�¸M7��M����~�¤�~��[�R¸n�z}ÿ£?�[¦[~���~�¥w}`�����[�[��ÒØ¥*�¢¥*����ÐK�*}I���[¸�9 �GN[æ*ç�,P����
cæ���� ç�æG�hã9é�é�
��)?UY©ã����Áã9çhé n

 ��03�´�5�A �* �´CB0�M Mu?nW¡[vwv�s_¸
¡%sI¸EDY¸o7�¥w¤�¤�°��8�%¸p9 �/�Õçlæ%è�'@����
cæ��q��ær+s
Øç;��')
��P+�æ�,.- �Bã;`�
��Õä�êV�ut��@
 N[æMç�, : -�-Kç�æG�
� �_¸ à �8×I���Y~�}

à ÐO�[¥M���9��~B¦[�M¤Wx ¥M°�²�±?���8�<{?¦[~��[}O¦[�43c�M}r¶�k à xS{G{I�8��~��[��59¸R{I²O��~�}�ÏM�8�%n>¡%vwvMv?¸

lir
m

m
-0

02
92

70
3,

 v
er

si
on

 1
 - 

2 
Ju

l 2
00

8


