lirmm-00324070, version 1 - 23 Sep 2008

Author manuscript, published in "Algorithmica 50, 3 (2008) 369-385"

From Constrained to Unconstrained Maximum

Agreement Subtree in Linear Time*

V. BERRY' 7.S. PENGH H.F. TinG!

Abstract

We propose and study the Maximum Constrained Agreement Sub-
tree (MCAST) problem, which is a variant of the classical Maximum
Agreement Subtree (MAST) problem. Our problem allows users to ap-
ply their domain knowledge to control the construction of the agreement
subtrees in order to get better results. We show that the MCAST prob-
lem can be reduced to the MAST problem in linear time and thus we
have algorithms for MCAST with running times matching the fastest
known algorithms for MAST.
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1 Introduction

Evolutionary trees, which are rooted trees with their leaves labeled by some
unique species, are commonly used to capture the evolutionary relationship
of the species in nature. Different biological theories capture different kinds
of evolutionary relationships and induce different evolutionary trees. To find
out how much these theories have in common, we compare the corresponding

evolutionary trees and find some consensus of these trees.
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Figure 1: Maximum agreement and maximum constrained agreement subtrees

One successful approach for finding a consensus of different evolutionary
trees is to construct their mazimum agreement subtree (MAST), which is the
largest evolutionary tree that is a topological subtree of all the given trees.
There are many algorithms proposed for constructing MAST; for example,
[5,6,9,10,12,13,17], or more recently, [1,2,4,14].

A problem of these algorithms is that they do not allow users to apply
their biological knowledge to control the construction of the consensus. For
example, the evolutionary relationships of many species are well understood.
Any evolutionary tree including these species should be consistent with these
commonly accepted relationships. With this additional constraint, MAST is
not a good measure for comparing evolutionary trees. Let us consider the trees
S and T in Figure 1. Note that the maximum agreement subtree of S and T
is large, and one would consider that the two trees are similar. However, the
two trees agree on almost nothing if we insist that the agreement subtree must
be consistent with the evolutionary relationships of e, f, h, which are given by
the tree P. In fact, if P is a correct relationship, then S and T infer different
evolutionary relationships for many other species. For example, for the species
a, S suggests that the least common ancestor of a and e is different from the
least common ancestor of a and f, while T" suggests they are the same.

To allow users to enforce such predefined relationship in the agreement

subtree, we propose and study the mazimum constrained agreement subtree
(MCAST) problem, which is defined as follows:

Let S and T be two evolutionary trees, and P be an agreement
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subtree of S and T'. Find a largest agreement subtree of S and T'
that contains P as a subtree. We say that this agreement subtree is

a maximum constrained agreement subtree of S and T with respect
to P.

In [15], we gave an O(n log n) time recursive algorithm for this problem when
the input trees are binary. However, it is difficult to generalize the algorithm
for general trees. In this paper, we give a deeper analysis of the structure of
the constrained agreement subtrees and show that the MCAST problem can be
reduced to the Maximum Agreement Subtree (MAST) problem in linear time.
Note that this reduction is not surprising when P is empty or has only one leaf.
If P is the empty tree, our MCAST problem is just the MAST problem. If P
has only one leaf k, the problem is equivalent to finding a largest agreement
subtree A of S and T that contains x. By a simple trick, we can reduce the
problem to the MAST problem as follows. Let |S| and |7'| be the number of
leaves in S and T, respectively. To find A, we simply replace the leaf x in S
and T by some large tree X of size at least |S| + |T'|. Then, any maximum
agreement subtree A’ of the enlarged trees must contain X. In other words,
the role of X is the same as the role of x in S and T'. By replacing X in A" by
K, we get A.

The major contribution of this paper is to show that we have this reduction
even for general P. We prove in Theorem 11 that given S, T" and P, we can find
in linear time (i.e., O(|S|+|T'|) time) subtrees S, Sa, ..., Sy of S, 11, 1o, ..., T),
of T, and Py, ..., P, of P such that

1. to find a maximum constrained agreement subtree of S and T" with respect
to P, it suffices to find a maximum constrained agreement subtrees of S;
and T; with respect to P; for 1 <i < m,

2. Z1§z‘§m(‘5i| + |Ti]) < 2(]S|+ |T']) and

3. each P; has only one leaf.

As mentioned above, finding a MCAST of S; and T; with respect to the
single leaf tree P; can be reduced to finding a MAST of two trees with size
doubled. Therefore, if ¢(n) is the worst case running time of an algorithm for
finding a maximum agreement subtree of two trees with totally n leaves, then

7(S,T, P), the time complexity of finding a maximum constrained agreement
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MAST MCAST

Binary trees O(nlogn) [3] O(nlogn)

Trees with constant degree d | O(v/dnlogn) [16] | O(v/dnlogn)

General trees O(n'9) [11] O(n'?)

Table 1: Time complexity of MAST and MCAST

subtree of S and T with respect to P, can be bounded as follows:

7(S,T,P)= Y  7(S.T,P)+O(S|+ |T|)

1<i<m
< Y oIS +1T) + O(|S| + [T)). (1)

1<i<m
We note that for all existing algorithms for MAST, their running times are
upper bounded by some convex functions ¢(n), and by Jensen’s inequality [8],

we have

> oSl +1TD) <o D US|+ 7)) < eS|+ 7). (2)

1<i<m 1<i<m

From (1) and (2), we conclude that the time complexity of solving an instance
of MCAST is no more than that of solving an instance of MAST with input
size four times of the original one. For a summary, Table 1 lists the running
time of the MCAST problem by our reduction using the fastest known MAST
algorithms for different kinds of trees. Note that our method can indeed handle
the more general case where the constraint is a forest instead of a tree; we will
give the details in the last section.

Our paper is organized as follows. In Section 2, we give the necessary
definitions and notations for our discussion. We also prove some properties on
agreement subtrees that help simplify our analysis. In Sections 3 and 4, we
analyze the structure of the agreement subtrees, and in Section 5, we detail

our reduction. We handle the case with forest constraints in Section 6.

2 Preliminaries

A labeled tree S is a rooted tree with every leaf being labeled with a unique

species. In this paper, we use the label of the leaf as its name. Let L£(S5)

4
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denote the set of leaves of S. For any two leaves a, b, let 1cag(a,b) denote the
least common ancestor of a,b in S. Given any subset H C L£(S) of leaves, the
restricted subtree of S on H, denoted as S|y, is the subtree of S whose nodes
include the set of leaves in H as well as the least common ancestors of any two
leaves in H, and whose edges preserve the ancestor-descendant relationship of
S. Intuitively, S||z can be constructed as follows: Discard those leaves of S
not in H, as well as those internal nodes whose degrees eventually become one;
then contract every path whose intermediate nodes are each of degree two into

an edge. The following fact comes directly from the definition.

Fact 1. Suppose that H C L C L(S). Then, we have (i) for any two leaves
a,be H, lcag), (a,b) = Llcagy, (a,b), and (i) (S||)||z = S|a-

Let T be another labeled tree. We say that S and T are leaf-label preserving
isomorphic if (i) they have the same set of leaves (i.e., £(S) = L£(T)) and (ii)
there exists a bijection f from the nodes of S to the nodes of T" such that for
any pair of leaves a,b of S, f(1lcas(a,b)) = lcar(a,b). Note that for any leaf a,
f(a) = f(lcag(a,a)) = lcar(a,a) = a; f maps every leaf in S to the leaf in T’
with the same label. We write S = T’ if the two trees are leaf-label preserving
isomorphic.

Observe that given any two trees S and T" with the same set of leaves, we can
always define a mapping f such that for any pair of leaves a, b, f(1lcas(a,b)) =
lcar(a,b). However, the necessary and sufficient condition for f being bijective,
and hence S = T, is that for any two pairs of leaves a, b and ¢, d (not necessarily

distinct), we have
lcag(a,b) = lcag(c, d) if and only if 1car(a,b) = lcar(c,d). (3)

The following lemma gives a somewhat simpler condition; it helps to simplify

our analysis given in the rest of the paper.

Lemma 1. Following is a necessary and sufficient condition for S =T: for

any three leaves a, b, c, we have
lcag(a,b) = lcag(a,c) <= lcar(a,b) = lcar(a,c). (4)

Proof. It suffices to prove that (3) is equivalent to (4). Obviously, (3) implies
(4). To prove the other direction, suppose that (3) does not hold. In other

words, there are four leaves a,b,c,d such that in one tree, say S, we have
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lcag(a,b) = lcag(c,d), but lcar(a,b) # lcar(e,d). Below, we identify three
leaves from a, b, ¢, d that violate (4).

In T, since 1car(a,b) # lcar(c,d), they cannot be descendant of each other
at the same time. Thus, one of them, say lcar(a,b), is not a descendant of
lcar(c,d), and this further implies either a or b, say a, is not a descendant of
lcar(c,d). In other words, all of the ancestors of a are not lcar(c, d), and it
follows that

lcar(a, c) # lcap(c,d) and 1lcar(a,d) # lcar(c, d). (5)

In S, since 1cag(a,b) = lcag(c,d), a is a descendant of lcag(c,d). Let w
be the least common ancestor of lcag(a,c) and lcag(a,d). Since lcag(a,c)
and lcag(a,d) are on the same path from a to the root, their least common
ancestor w must be equal to one of these two nodes, i.e., w = lcag(a,c) or

w = lcag(a,d). We observe that w = lcag(c, d) because

e lcag(e,d) is an ancestor of a,c,d in S and hence it is an ancestor of w,

and
e w is an ancestor of ¢ and d in S, and hence is an ancestor of lcag(c, d).

Therefore
lcag(a,c) = lcag(c,d) or lcag(a,d) = lcag(c, d). (6)

Taking (5) and(6) together, we conclude that (4) does not hold; the lemma
follows. O

We say that a subset K C L(S)NL(T) of leaves is an agreement leaf subset
of S and T if S|k = T||k; the two restricted subtrees are called agreement
subtrees of S and T'. Suppose that K is an agreement leaf subset of S and T
A leaf subset L C L(S) N L(T) is called a constrained agreement leaf subset of
S and T with respect to K if

(i) K C L and
(ii) L is an agreement leaf subset of S and 7.

Note that given a constrained agreement leaf subset, we can find the corre-
sponding agreement subtree in linear time, and vice versa. The classical mazi-
mum agreement subtree problem asks to find the largest agreement leaf subset
of S and T'. In this paper, we study the mazimum constrained agreement sub-

tree, which asks for finding the maximum constrained agreement leaf subset

6
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of S and T with respect to K. As shown in Figure 1, the output of the two
problems can be very different.

In the rest of the paper, we assume that K # 0 and S| g = T||x. We
define CasT(S,T, K) to be the set of all constrained agreement leaf subsets of
S and T with respect to K, and define McasT(S,T, K) C CasT(S,T, K) to be
the subset of those with maximum size. In the next two sections, we describe
some structural properties on S, T" and K, which help us to design efficient
algorithms for solving the maximum constrained agreement subtree problem,
or equivalently, finding an element in McasT(S, T, K'). Our analysis depends on
an arbitrary, but fixed leaf x in K. We consider two cases. In the following
section, we focus on the case when « is a child of the root of both S and T
we call such leaf a shallow leaf. The existence of a shallow leaf in K greatly
simplifies our analysis. We handle the other case, that is when & is not a

shallow leaf, in Section 4.

3 The case when « is a shallow leaf

In this section, we show that the existence of a shallow leaf imposes some re-
strictions on the structure of a constrained agreement leaf subset. The following
lemma describes one such restriction. Recall that a rooted subtree of some tree

X is the whole subtree rooted at some child of X’s root.

Lemma 2. Suppose that L € CasT(S,T, K) and k is a shallow leaf in K. For
any rooted subtrees S” of S and T of T, if S" and T" have a common leaf in L
(ie., LONL(S)NL(T) # D) then LN L(S") = LN L(T).

Proof. 1t suffices to prove that for any leaves a,b € L, a,b are in different
rooted subtrees of S if and only if a, b are in different rooted subtrees of T', or
equivalently, 1cag(a,b) is the root of S if and only if 1car(a,b) is the root of
T.

From Fact 1, lcag(a,b) = lcag),q (a,b) = lcag),(a,b), and lcar(a,b) =
lcar| . (a,b) = lcary, (a,b). Since k € K C L, a,b € L, and S| = T|[z, by
Lemma 1, 1cag, (a,b) = lcag, (a,x) <= lcap|,(a,b) = lcap|,(a, k). The
lemma follows immediately because x is a shallow leaf, and 1lcagy, (a, ) and

lcapy, (a, x) are the root of S and T', respectively. O

Note that K € Cast(S,T, K) and we can apply Lemma 2 to conclude that

for any rooted subtree S’ of S, if S’ has a leaf in K, then there is a rooted
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subtree T" of T such that K N L£(S") = K N L(T'). Let S1,5,...,5, be
all the rooted subtrees of S that contain some leaf in K, and T1,T5,...,T,,
be the rooted subtrees of T" where K N L(S;) = K N L(T;). Suppose that
S, and T, are the subtrees composed of the single shallow leaf x. Define
Sp to be the tree obtained by removing Si,55,...,5,,_1 from S. Note that
only S, remains in Sy and thus Sy has a single leaf in K, namely x. The
other rooted subtrees of Sy are those of S which do not contain any leaf of K.
Define Ty similarly. It should be clear that K N L£(Sy) = K N L(Ty) = {k}.
We call ((So, S1, .., Sm-1), (To, T4, ..., Tm—1)) the k-decomposition of S and T
with respect to K. The following lemma shows that xk-decomposition imposes

another restriction on the structure on any constrained agreement leaf subset.

Lemma 3. Suppose that L € Cast(S,T,K). Then, for0 <i<m —1,
L; = LN L(S;) € CasT(S;, T;, KN L(S;))

Proof. Since for each 1 < i < m —1, KN L(S;) = KN L(T;) # 0 and
K C L, S; and T; have a common leaf in L. By Lemma 2, we conclude
LN L(S;) = LNL(T;). It follows that the remaining leaves of L in S and
T are the same; in other words, L N L(Sy) = L N L(Ty). Therefore, for each
0<i<m-—1,L, =LnNL(S;) =LNL(T;). We use this fact to prove that
Sill, = Ti||1,, and hence L; = L N L(S;) € CasT(S;, T;, K N L(S;)) as follows:

Consider any leaves a, b, c € L;. We have

lecag,, (a,b) = lcag,, (a,c) <= lcagy, (a,b) = lcag, (a,c)
(as L; € L(S)))
<= lcag|,(a,b) = lcag|,(a,c) (as L; C L)
<= lcap|,(a,b) = lcayy, (a,c)
(as S|l =TL)
< lcar|, (a,b) = lcar|, (a,c)

< lcag,, (a,b) = lcagy, (a,c).

By Lemma 1, we conclude that S;||., = T}z, O

The following theorem shows that based on the k-decomposition, we can

solve the MCAST problem by solving some smaller subproblems.

Theorem 4. For 0 < i < m — 1, let H; € McasT(S;,T;, K N L(S;)). Then,
H =Uycicpn_1 Hi is in McasT(S, T, K).
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Proof. Note that K = Uy, (K N L(Si)) € Up<icpn_1 Hi = H. Below, we
prove that S|z = T'||g and hence H € CasT(S,T, K). By Lemma 1, it suffices

to prove that for any three leaves a,b,c € H, we have
lcag), (a,b) = lcag),(a,¢) <= lcap),(a,b) = Llcar,(a,c). (7)

Note that if a, b, ¢ are all in the same leaf set H;, then

lcag),(a,b) = lcag,(a,c) <= lcag)y, (a,b) = lcagyy, (a,c)
< lcar), (a,b) = lcar), (a,¢) <= lcap),(a,b) = lcar,(a,c),

and we have (7). Suppose that a, b, ¢ are not in the same leaf set. Either a,b
or a,c are in different sets. Assume that a and c are in different sets H; and
Hj. Then, lcag,(a,c) and lcary, (a,c) are the root of S and T', respectively.
Therefore, to prove (7), it suffices to prove that

lcag, (a,b) is the root of S <= 1lcapy,(a,b) is the root of T. (8)

Note that if a, b are in different leaf sets, 1cagy, (a,b) and lcagy, (a,b) are the
roots of S and T, respectively. If a,b are in the same set H; where i £ 0, a,b
are within the rooted subtrees S; in S and subtree T; in T’; hence, lcag, (a,b)
and lcapy, (a,b) are not the root of S and 7. For the case when a,b € H,
recall that k € K N L(Sy) € Hy and Syl g, = Tol|m,- Thus, for the three leaves
a,b,x € Hy, we have

Leag,||y, (a,b) = Leas,||y, (a,k) <= Leagy|y, (a,b) = leagy|y, (a,k). (9)

Note that (9) is equivalent to (8) because (i) lcas,,, (a,b)=1cag|, (a,b)=
lcag), (a,b), leay,,, (a,b)=1cary, (a,b)=lcar),(a,b), and (i) lcas,|,, (a, k)
and lecagy|,, (a,k) are the root of S and T, respectively. Hence, in all pos-
sible cases, we have (8), and hence (7). Therefore S|y = T||g and H €
CasT(S, T, K).

To see that H € McasT(S, T, K), i.e., H is alargest element in CasT(S, T, K),
let us consider any L € CasT(S, T, K). Lemma 3 asserts that for 0 < < m—1,
L;=LnNL(S;) € Cast(S;, T;, K N L(S;)). Since H; € McasT(S;, T;, K N L(S;),
we have |L| < [H;|. Then, |L] = 3 oc;cp1 [Lil < Xocicm Hil = [H]. O

4 The case when k is not a shallow leaf

In this section, we analyze the structure of the maximum agreement leaf subsets
of S and T with respect to K under the assumption that x is not a shallow

leaf.
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Consider the unique path from the root of S to k. We call the nodes on
this path k-nodes of S. Given any two different xk-nodes u,u’, we say that u
is higher than u', denoted as u = u’, if u is nearer the root. We say u = u’ if
either u = v’ or u > u/. Note that x itself is the lowest x-node in S. For any
leaf a of S, define the k-parent of a, denoted as kg(a), to be the least ancestor
of a that is k-node. For any x-node u, let L,(u) = {a | ks(a) = u} be the
set of leaves whose k-parents are u. Note that £,.(k) = {k}, and for any other
k-node u, L, (u) includes all the leaves descendant of u except those that are
in the subtree rooted at the unique x-node child of u. For any set I of xk-nodes,
define L,.(1) = U, e; £(u). We say that a x-node u is precious if L, (u) has at
least one leaf in K, i.e., K N L,(u) # (. We have similar definitions for 7.

Lemma 5. Suppose that L € Cast(S,T,K). For any two leaves a,b € L, we
have (i) ks(a) = ks(b) <= kr(a) = kr(b), and (ii) ks(a) # kg(b) <=

kr(a) # k(D).

Proof. To prove (i), suppose that kg(a) > rg(b). Since k € L and S||, =T||L,
the three leaves in L are related as follows:

lcag), (a,b) = lcag), (a, k) <= lcap|,(a,b) = lcar|, (a,k).  (10)

Note that among the ancestors of b that are on the path from b to kg(a), there
is only one node, namely xg(a) that is an ancestor of a; hence lcag, (a,b) =
rs(a) = lcag, (a, k) (because k is the lowest x-node and all k-nodes are its
ancestors). Together with (10), lcary, (a,b) = lcap),(a, k) = kr(a), or equiv-
alently, we have kr(a) > kr(b). The other direction of (i) can be proved
symmetrically.

Note that (ii) follows from (i) directly. O

Let uq > ug > - -+ > u,, be the sequence of precious xk-nodes in .S. We define
the k-decomposition of S to be the sequence of sets (11, Is, . .., Is,) where

e [ is a singleton containing the (th precious x-node wuy,
e [, contains all the k-nodes higher than u;, and
e for 2 < /¢ <m, Iy_; contains those k-nodes between wu,_; and wu,.

See Figure 2 for an example. Note that I5, = {k} and the r-decomposition
covers all the k-nodes. We define the k-decomposition (Ji, Jo, ..., Jo,) for T

similarly.

10
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Figure 2: The s-decomposition of S

Recall that we assume S||x = T'||x and hence Cast(S, T, K) is not empty.
In the rest of the section, we study the structure of any L € Cast(S,T, K)
according the r-decompositions (11, Is, . .., lop) and (Ji, Jo, ..., Jo,) of S and
T, respectively. The following lemma shows that the two lists have the same
length, i.e., m = n, and there is a one-one correspondence between the sets in
the lists.

Lemma 6. Given any L € CasT(S,T,K), LNL.(I;) = LNL(Jp) for1 <<

2m. Furthermore, m = n.

Proof. We claim that for every 1 < ¢ < min{m,n}, aleaf a € L is in £,,(I,) if
and only if @ is in L£.(J;). This implies LN L (ly) = L N L(Jp) for 1 < ¢ <
min{m, n}. Together with the fact that L.(ls,,) = L.(J2n) = {k}, we conclude
that m = n and the lemma follows.

We prove our claim by induction. Note that by symmetry, we only need to
prove that if a leaf a € L is in L.(,), then a is in £,(Jy). For the base case,
suppose to the contrary that L has a leaf a in £,(/;) but not in £,(J;). Recall
that J, has only one element, which is a precious k-node v. It follows that
L, (J2) hasaleaf b € K C L, and k7 (b) = v = kr(a) (because a & L,(J1)). On
the other hand, by definition, £(I;) contains no leaf in K and thus b & £, (I;)
and kg(a) = kg(b). Note that the r-parent of the two leaves a,b € L have
different relationships in S and 7. By Lemma 5, S||; # T'||z, a contradiction.
Thus, the claim is true for ¢ = 1.

Suppose that the claim is true for 1,2,...,¢—1 and we consider . Assume
that L has a leaf a in £,(I,) but not in L£.(J;). Note that if ¢ is odd, the
assumption will lead us to the contradictory conclusion that S|/, # T'||. as in
the base case £ = 1. Suppose that ¢ is even. Then, J, has a single precious
rk-node v, and there is a leaf b € K C L that is in £,(Jy). Together with

11
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Figure 3: Relative positions of a and b.

induction hypothesis that L N L. (I) = LN L (Jp) for 1 < h < -1, we
conclude that (i) a € L(;) and a € L,(J,) for some p > ¢, and (ii) b € L,.(J,)
and b € L,,(I,) for some ¢ > {. (See Figure 3.) Therefore, rg(a) = rg(b) and
kr(b) = kr(a), and by Lemma 5, S|\ # T||, a contradiction. Thus the claim
is also true for £. O

Corollary 7. Suppose that L € Cast(S,T, K). For any two leaves a,b € L, if
a€ L,(I,) and b € L,(1,) where p < q then

(i) ks(a) = Kks(b) and 1lcag(a,b) = kg(a), and
(ii) kr(a) = kr(b) and lcar(a,b) = kr(a).

Proof. (i) follows directly from definition. From Lemma 6, we have LNL,(I,) =
LNL(Jp) and LNL(I,) = LN L(J,). Hence, a € L,(J,) and b € L,(J,)
and we have (ii). O

Below, we prove some properties that are similar to those given in Lemma 3
and Theorem 4. First, we need to extend the leaf sets of the k-decomposition as
follows: for 1 < ¢ < 2m, let L.(I;) = L.(I;) U{x} and L.(J) = L.(Js) U {r}.
Note that K € Cast(S,T,K) and by Lemma 6, we have K N L, (I;) = K N
L.(Jp), and hence K N L.(I;) = K N L.(J;) for 1<€< 2m. Tt follows that
CAST(S || z.1)» Tl 2,0y K N L1c(Lg)) is not empty.

Lemma 8. Suppose that L € CasT(S,T,K). For 1 < { < 2m, the set L, =
LN L.(I) is in CAST(S 2, (10> Tll 2 K N Lio(12)).

Proof. Obviously K N L,.(I;) € L. Below, we show that (S| z.,)lz, =
(Tl z,. (7)), and the lemma follows.

By Lemma 6, we have L N L,.(I;) = L N L.(J,) and hence L N L, (I;) =
LNL.(Jy). Therefore, Ly = LN L. (I;) = LN L.(J;), and Slzea)lze = SllL,

12
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and (T|z,.s))ll, = T'l|L,. As in the proof of Lemma 3, we have, for any three

leaves a,b,c € Ly,

Leas| g, )iz, (@ 0) = 1ea(s|, o, iz, (05 ¢) <= lcagy,,(a,b) = lcag),, (a,c)
<= lcag),(a,b) = lcag),(a,c) <= lcayy,(a,b) = lcay|, (a,c) <=

lcaT”LZ (CL, b) = 1caT||L,_, (CL, C) < 1ca(T”En(Jg))”Lz (a, b) = 1ca(T”En(Jz)”Le (a, C),
and by Lemma 1, (S||z,i)llr, = (Tl z,. )l 2. u

The next theorem is similar to Theorem 4; it suggests a divide-and-conquer

approach to find a maximum constrained agreement leaf subset.

Theorem 9. For 1 < ( < 2m, let Hy € McasT(S| z.,) Tll 2.5, K N Li(Ly)).
Then, H = J,<4<on, He is in Mcast(S, T, K).

Proof. Note that K = U1S€§2mKﬂ£_R(Ig) C Ui<r<om He = H. Below, we show
that S||g = T||u, and hence H € CasT(S,T, K). By Lemma 1, it suffices to

prove that for any three leaves a,b,c € H, we have
lcag,(a,b) = lcag),(a,c) <= lcap|,(a,b) = lcayy,(a,c) (11)

Note that if a, b, ¢ are all in the same leaf set Hy, then,

leag),(a,b) = leag),(a,c) <= lcagy,,(a,b) = lcagy,, (a,c)

< lcar),,(a,b) = lcar,, (a,c) <= lcap),(a,b) = lcap),(a,c),

and we have (11). Suppose that a, b, ¢ are not in the same leaf set. Then, either
a,bor a,c, say a,b are in different leaf sets. Suppose a € H, and b € H,. Note
that & is in all the leaf sets because k € KHE_K(IE) C H,for 1 < /¢ < 2m; hence

a and b cannot be k. We consider two cases.

Case 1: p < q. Since a € H, C L,.(1,), b € H, C L,(I,) and a,b are not k,
we conclude that a € L£,(I,) and b € L,(I,). Together with p < ¢, we have
lcag),(a,b) = kg(a) and lcayy, (a,b) = xr(a) (Corollary 7). To prove (11), it
suffices to show that

lcag), (a,c) = kg(a) <= lcap|,(a,c) = kr(a). (12)

Suppose that a, c are in the same leaf set, i.e., a,c € H,. Since k € H, and

S|z, = T m,, the three leaves a, ¢, k are related by lcag,, (a,c)=1lcag), (a,r)

13
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(a) When g > p. (b) When p > g.

Figure 4: Relative positions of a and ¢

=rs(a) <= lcary, (a,c) =lcar, (a,x)=rr(a). Then, we have (12) because
lcag),(a,c) = Leag),, (a,c) and lcagy, (a,c) = lcaT”Hp(a, c).

Suppose that a,c are in different leaf sets and let ¢ € H, C L.(I,).
Again, ¢ cannot be x and thus ¢ € £,(/,). From Corollary 7, if g > p, then
lcag),(a,c) = kg(a) and lcap), (a,c) = kr(a) (see Figure 4(a)), and if g < p,
then lcag,(a,c) = ks(c) # ks(a) and lcagy, (a,c) = kr(c) # kr(a) (see Fig-
ure 4(b)). Therefore, regardless of where ¢ is, we have (12), and hence (11).

Case 2: p > q. Similar to Case 1, we have lcagy, (a,b)=kg(b) and 1lcayy, (a,b)
=rr(b). To prove (11), it suffices to prove that

lcag),(a,c) = kg(b) <= lcap|,(a,c) = rp(b). (13)

Suppose ¢ € H,. Then neither a nor ¢ are in £,(I,) and thus their least
common ancestor in S and 7" are not in I, and J,, respectively. Since b € L,.(1,),
rks(b) and kp(b) are in I, and J, respectively. Hence, lcagy, (a,c) # kg(b) and
lcap),(a,c) # kr(b) and we have (13).

Suppose ¢ € H,. Since b,c,x € Hy and S| g, = T||a,, the three leaves are
related by lcag, (¢, k) = lcag),(b,x) <= lcarp,(c, k) = lcap|,(b,K), or
equivalently,

ks(c) = ks(b) <= kr(c) = kr(b). (14)

Since p > ¢, we have lcag,(a,c) = kg(c) and lcag), (a,c) = rr(c). Together
with (14), we have (13) and hence (11).

In both cases, we have (11) and hence S||gp = T||g and H € CasT(5,T, K).
Together with Lemma 8, we can prove easily that H € McasT(S,T, K) as in
the proof of Theorem 4. O

5 The Reduction

In this section, we show that by applying the decomposition theorems stated in

the previous sections, we can reduce in O(|S|+ |T'|)-time the problem of finding

14
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a maximum constrained agreement subtree of S and T with respect to K to
some instances of the MAST problem. To make our reduction efficient, we need
to order the internal nodes according to some common measure. Without loss
of generality, we assume that the set of leaves are totally ordered. Furthermore,
we assume that every leaf in K is smaller than all the leaves not in K.

For every node u, define cl(u), the classifying leaf of u, to be the smallest
leaf in the subtree rooted at u. Observe that given cl(u), we can decide in
constant time whether the subtree rooted at u has some leaf in K, and if there
is any, what is the smallest one. For every internal node u, define I'(u) to be
the list ((¢1,¢1), (b2, ¢2), ..., (L, cx)) where (i) ¢1,co, ..., ¢k are the children of
u, (ii) ¢; is the classifying leaf of ¢; (1 < < k), and (iii) the list is in ascending
order of the classifying leaves, ie., {1 < lo < --- < ly. Let cl(I'(u)) be the
set of classifying leaves (1, (s, . . ., {; that appear in I'(u). The following lemma

shows how to construct these lists efficiently.

Lemma 10. We can compute I'(u) for every internal node u of S and T in
total O(|S| + |T']) time.

Proof. We consider this computation in the tree S; the case of T is done sim-
ilarly. Note that by performing a depth first search on S, we can decide in
O(]S|) time the classifying leaf cl(u) of every node u. To compute the lists
I'(u), we initialize them as empty lists and then we fill up these lists correctly
and efficiently by picking the leaves ¢ € £(S) one by one, from the smallest to
the largest, every time appending ¢ and the corresponding child to the correct
I'(u)’s. Followings are the details.

Observe that a leaf ¢ can only appear in those lists I'(u) where u is along
the path from ¢ to the root, and for any node u along this path, ¢ € cl(I'(u))
if and only if ¢ is the classifying leaf of some child v of u. Hence, we “push” ¢
upward along this path as follows: Starting from the node v equal to the leaf
¢,

e if / = cl(v), then push ¢ to its parent u and append (¢,v) at the end of
I'(u).

e if ¢ = cl(v), then stop pushing ¢. (Note that in this case, ¢ ¢ cl(I'(u)) for
all the ancestor nodes u of v.)

Note that for every node w € S, I'(u) will eventually include (cl(c;),¢;) for

all the children ¢; of u, and they will be in order because a pair containing a
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smaller leaf will always be inserted before a pair containing a larger leaf. To
see that the whole process takes linear time, observe that for every edge (u,v)

of S where u is a parent of v, only the leaf c/(v) can be pushed along (u,v). O

We are now ready to explain how to use the lists I"(u) and apply the results
of the previous sections to find an MCAST of S and T" with respect to K.

Given any instance (S, T, K) of the MCAST problem, we say that (5,7, K)
is simple if | K| < 1. We say that a collection G = {(S1, 11, K1), ..., (Sms Tny Kin) }
of MCAST problem instances is a reduction for (S,T,K) if for any H; €
McasT(S1, 11, K1), Hy € McasT(Sy, 1o, K), ..., Hy € MCAST(Sim, T, Kin), we
have (J,<;<,, Hi € McasT(S,T,K). We say that G is a simple reduction for
(S, T, Kfifevery instance in G is simple. Define size(G) = 3 s, 1 xyeg(ISil +
|T;|). The following fact follows directly from definitions.

Fact 2. Let G = {(S1,T, K1), (S2, T2, K3), ..., (Sm, Tm, Kin)} be a reduction
for (S, T, K). Suppose that G; is a reduction for some instance (S;,T;, K;) € G.
Then, (G —{(S;,T;, K;)}) U G; is a reduction for (S, T, K).

Note that by using the trick described in Section 1, we can solve any simple
instance (5,7, K) of the MCAST problem by solving some instance of the
MAST problem. We can extend this trick to handle the case when (5,7, K)
is not simple by first finding a simple reduction for (S, 7T, K). The following

theorem shows how to find such a reduction efficiently.

Theorem 11. Given any instance (S, T, K) for the MCAST problem, we can
construct in O, | (W) + 2 ,cr [T (v)]) = O(|S| + |T|) time a reduction G
for (S,T,K) such that G is simple (i.e., |K;| < 1 for every (S;,T;, K;) € G)
and size(G) = > s, 1, xeg 1Sl + 1T < 2(1S|+ [T7).

Proof. We pick an arbitrary leaf k € K and consider the following two cases.
Case 1: « is a shallow leaf. Observe that by a simple left-right examination
of the lists I'(rg) and I'(rr) where rg and r¢ are the root of S and T respec-
tively, we find the r-decomposition ((So, S1,...,Sm-1), (To,T1, ..., Tm—1)) of
(S, T, K). Recall that the decomposition satisfies the following properties:

(i) KNL(Sy) =KnL(Ty) ={x},
(ii) KNL(S;) = KNL(T;) for 1 <i<m—1, and

(iii) Si,5%,...Sm_1 are disjoint rooted subtrees of S, and T3, T5,...T,,_ are

disjoint rooted subtrees of T'.
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By Theorem 4, the set {(So, To, {x}), (S1, 11, KN L(S1)), .., (Sm-1,Tm-1, KN
L(Sm-1))} is a reduction for (S, T, K). Note that the first instance (S, 7o, {x})
is simple. For each of the remaining instances (S;, 7;, K N L(S;)), we construct
recursively in O(> I(uw)|+ > I'(v)|) time a simple reduction G; for
(S, T;, KN L(S;)) where size(G;) < 2( i|). By Fact 2, we conclude that
G = {(S0, To, {x}) } U, <i<pm_1 Gi 1s a simple reduction for (S, T, K). The total
time taken is O (|I'(rg)| + [T (re)| + 2 i1 (20 I'(u)|+ > I'(v)))),
which is O(>_,cq |1 (w)] + >, [1'(v)|). Furthermore, note that

size(G) = (|So| + |To]) + size(Gy) + - - - + size(Gm-1)
< (ISo] + [To]) 4+ 2(1S1] + [Th]) + - + 2(1Sm—1 + Tona|) < 2(]S[+ |T)).

Case 2: k is not a shallow leaf. By examining the list I'(u) for each node u on
the path og from the root of S to x, we find the k-decomposition (I3, I, . . ., Is,)
of S'in O(Y_,c,, [1'(w)]) time. Similarly, we can find (Ji, J, ..., Jay), the -
decomposition of T"in O(} .. [I'(v)]) time where o7 is the path from the root
of T to k. By Theorem 9, the set {(S1, T4, K1), (So, T2, K3), . .., (S2m; Tom, Kom)}
where S; = S||z.yues Ti = |lz.gougey and K; = KN (L, ( ) U{kK}) is a re-
duction for (5, T, K). Recall that when i is odd, £,(I;) does not contain any
leaf in K; hence, |K;| = |[K N (L4(L;) U{k})| = 1 and (S;,T;, K;) is simple.
When i is even, recall that I; = {u;} and J; = {v;} are singletons and w; and
v; are respectively the root of S; and T;. Furthermore, x is a shallow leaf of
S; and T;. Let A(u;) be the set of nodes in the subtrees rooted at some chil-
dren of u; that is not on og. Define A(v;) similarly. Below, we show that using
O (ua) [+ (v3) [+ 2 we ) W+ e A [ (w)]) time, we can find a sim-
ple reduction G; for (S;, T;, K;) with size(G;) < 2(|{us, vi}|+]A(u;)| +\A(vz)|})

Then, by Fact 2, we have a simple reduction G = |, ,44{(S:, T3, K;) YU,

where

size(G) = Y (IS +ITi) + Y 2(/{us, vi}| + [Alw)] + | A(w)])

i odd i even

< 2(S|+1T).

i even

Note that the total time taken is O(3_, o [1'(w)| 422, cven Xweawy 11 (w)]))+
O veor 0+ 225 cven 2oweaqy ' (W)]) = O es [1'(w)] +ZveT [I°(v)])-

The theorem follows.

Suppose that 7 is even. Let u; and v; be the root of S; and Tj;, respec-

tively. Since k is a shallow leaf of S; and T}, as in Case 1, we construct a re-
duction {(Si07 CriOa {"i})v (Sib 7—;;17 Kil)7 R (Slfa il ZZ)} for (527 7—‘7» K) in time
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O(|I"(ui) [+ (v;)]). Foreach 1 < j < ¢, we find recursively in O(}_,cq,. [I'(u)|+
> ver, |I'(w)]) time a simple reduction G;; for (S;, Tjj, Ki;) where size(Gj;) <
2(]Si;] + |T351). Hence, we construct a simple reduction G; = {(Si, L5, {r})} U
Ulgjge G;; for (S;,T;, K;) using total time

O, D Ir@l+ Y Y M) =00 Y IFw)]+ Y |I(w))

1<5<¢ UGSU 1<5<e ’UGTij weA(ui) ’LUGA(UZ')

total time. To estimate size(G;), let Uy and Vjy be the sets of nodes in Sy and
T, respectively. Observe that Ujg—{u;, k} C A(u;) and it does not contain any
node in S;1, Sia, - . ., Sig. Furthermore, |Uyy — {u;}| < 2|Ujo — {u;, k}|. We have
similar properties for V;o. Then, size(G;) = |Sio| +|Ti0| +2 Zlgjge(|5ij| +1T%5])
= [{ui, vit| + |Uio — {wit| + [Vio — {vi}| + 2321 .,<,(1Si] + [T35]), which is no
more than [{us, vi} +2(|Uio — {us, s} +[Vio — {vi, £}) + 232, ;15351 + | Ti51)
< Wui vit| + 2(JA(us)| + [A(vi)])-

U

6 The McasT problem with Forest Constraint

In this section, we explain how our method can be used to handle the MCAST

problem with forest constraint, which is defined formally as follows:

Given two evolutionary trees S and T, and a forest F of evolu-
tionary trees, find a largest agreement subtree M of S and T that

contains every tree in F.

We say that M is a maximum constrained agreement subtree of S and T with
respect to the forest F. Note that F may not be uniquely labeled; a same label
may appear in different trees in F. Furthermore, it is easy to verify that the

necessary conditions for the existence of M are
(1) for every tree P € F, P is a subtree of both S and 7', and
(2) S||lkr = T||k, where Kz is the set of leaf labels of the trees in F.

(We note that the case where these conditions are not met also gives rise
to several interesting optimization problems that deserve further study.) We
say that the forest F is consistent with S and T if the above two conditions
are satisfied. Note that by using some efficient tree isomorphism algorithms

(e.g., [7,18]), we can check the consistency of F in linear time. The following
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theorem suggests that our reduction method can be used to solve the MCAST
problem with forest constraints directly.

Theorem 12. Suppose that the forest F is consistent with the trees S and T .
Let Kx be the set of leaf labels of the trees in F, and L € McasT(S,T, Kz) be
a maximum constrained agreement leaf subset of S and T with respect to K r.
Then, M = S||p is a mazimum constrained agreement subtree of S and T with

respect to F.

Proof. By definition, M = S||; = T is a largest agreement subtree that
contains K. To show that it is a maximum constrained agreement subtree of
S and T with respect to F, it suffices to prove that for any tree P € F, P is a
subtree of M. Let Lp be the set of leaf labels in P. Since F is consistent with
S and T, P is a subtree of S and thus S||., = P. Together with Fact 1, we
conclude that M|z, = (5|)|lz, = S|z, = P, and hence P is a subtree of M.
The theorem follows. O
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