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 Abstract – This paper introduces a four-degree-of-freedom 
parallel manipulator producing Schonflies motions (three 
translations and one rotation). It has been developed with the 
goal of reaching very high speed. This paper shows that its 
architecture is particularly well adapted to high dynamics. 
Indeed, it is an evolution of Delta, H4 and I4 robots 
architectures: it keeps the advantages of these existing robots, 
while overcoming their drawbacks. In addition, this paper shows 
the dynamic modelling of the architecture that will be useful for 
a future dynamic control. Finally, experimental results are 
shown, and prove that the robot is able to reach high 
accelerations (13 G) and obtain a cycle time of 0.28 s. 
 
 Index Terms – Schoenflies Motion, PKM, pick-and-place, 
Articulated traveling plate 

I.  INTRODUCTION 

The first parallel mechanism is attributed to Gough with 
its well-known platform [1] and Stewart [2] created the 
famous flight simulator few years later. Thanks to actuators 
located close to the frame, the dynamics of these mechanisms 
is high compared to serial robots. These machines have six 
degrees of freedom (dof) and the range of their angular motion 
is limited. 

However, all robotized tasks do not need six dof. 
Brogardh proposed a classification [3] giving the necessary 
number of dof for different industrial tasks. Generally, pick-
and-place needs four dof: three translations and one rotation 
around a vertical axis. These motions are named Schoenflies 
motions [4] or SCARA motions. The main industrial 
applications for these mechanisms are packaging, including 
picking, packing and palletizing tasks.  

Delta robot [5], developed by Clavel at EPFL at the end 
of 80s, generates Schonflies motion and is well adapted to 
pick-and-place tasks because of its high dynamics. Indeed, 
actuators of this robot are fixed on the frame which minimizes 
moving parts masses. However, the rotational motion of this 
robot is obtained using a central RUPUR chain (R: Revolute, 
U: Universal, P: Prismatic, bold representing the actuated 
joint) which could suffer from a lack of stiffness at workspace 
extremities. In addition, this telescopic arm has a short service 
life. 

Other lower mobility parallel mechanisms able to realize 
SCARA motions have been developed. For example, Angeles 
[6] proposed a four-dof parallel mechanism. In addition, EPFL 
developed Kanuk and Manta robots [7], and the machine tool 

HITA STT which has been derived to pick-and place 
manipulator [8]. At last, authors proposed H4 [9], I4L [10] 
and I4R [11] introducing the articulated traveling plate 
concept (see Fig. 1). 

This paper presents a new parallel manipulator based on 
H4 and I4 architectures: Par4. This mechanism has been 
developed with the aim of reaching very high speed and 
acceleration. Indeed, the second part of the paper presents the 
improvements of Par4 compared to I4 and H4. The third part 
exposes the dynamic moddling of this new architecture. The 
last part presents experimental results showing that the 
prototype is able to reach accelerations up to 13 G. 

II. DESCRIPTION OF PAR4 

The particularity of Par4 compared to H4 and I4 is its 
articulated traveling plate. It is composed of four parts: two 
main parts (1,2) linked by two rods (3,4) thanks to revolute 
joints (see Fig. 2). The shape of this assembly is a planar 
parallelogram and the internal mobility of the traveling plate is 
a PI joint [12] (circular translation) which produces the 
rotational motion about the vertical axis of the global robot. 
The range of this rotation is 4π± . That’s why, an 
amplification system has to be added in order to obtain a 
complete turn: π± .  The amplification system can be made of 
gears or belt/pulleys. The chosen mechanism for the prototype 
is belt/pulleys with an amplification ratio 4ρ = (see Fig. 2b).   

The overall architecture is similar to H4 or I4R as 
described in [9] and [11]. Arms and forearms, made of carbon 
fiber, are taken from ABB Flexpicker robot. Par4 is a Delta-
like mechanism. The key difference with the Delta robot is the 
use of four kinematic chains instead of three. In addition, it 
uses the concept of articulated traveling plate in order to avoid 
the central telescopic leg. The key difference with H4 and I4 
robots will be explained in the following. 

     
 (a) H4 robot (b) I4R robot 

Fig. 1 Existing 4-dof prototypes 
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(b) Articulated traveling plate 
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(a) Overview of Par4 prototype 

 
Fig. 2  Par4 prototype 

Remark about models for kinematics solutions: 

 As mentioned previously, the articulated traveling plate of 
Par4 produces a rotational translation. From a modeling point 
of view, it can be assimilated to H4. Thus, models for 
kinematics solutions (position and velocity) can be found in 
[9] and will not be presented here. 

III. WHY PAR4 INSTEAD OF H4 AND I4 

 This new prototype has been developed in order to reach 
very high speed and acceleration, and to obtain a 
homogeneous behavior and a good stiffness in the whole 
workspace and for every direction. All these constraints can 
not be respected at the same time neither by H4 nor I4 for 
different reasons that are now explained. 

A. From I4 to Par4 

 An advantage of this architecture is the good arrangement 
of actuators unlike H4 (see § III.B). In addition, models for 
kinematics solution of this mechanism are simple. However, 
the main weak point of I4 [10][11] is the use of prismatic 
joints in the articulated traveling plate. Indeed, used at high 
speed, commercial prismatic joints have a short service life, 
due to high acceleration and pressure exerted on balls. Thus, 
I4 is well suited for high force/ moderate acceleration 
application (machining for example).  
 For high speed robots, the use of revolute joints in the 
articulated traveling plate seems to be more adapted. That’s 
why, Par4 has been developed with the constraint of using 
only revolute joints on its articulated traveling plate.  
 

B. From H4 to Par4 

 H4 uses revolute joints, but a weak point of this robot is 
the arrangement of its actuators. This particularity is due to 
singularity configurations. 

 Singularities occur for particular poses of the mechanism 
and lead to a bad behavior of the end-effector. In [13], a 
classification of singularities is proposed. They can be parted 
into three categories: under-mobilities [14], over-mobilities 
[14], and internal singularities [15].  These notions can be 
partly explained using linear kinematic equation [16]: 

 =x qJ x J q  (1) 
where x is the vector of operational velocities and q is the 
vector of actuated joints velocities. 
 In order to explain these categories of singularities, a 
simple two-dof parallel mechanism is proposed: 
 - On one hand, under-mobilities occur when Jq  is 
singular. In that case, a velocity q  can be applied without 
producing any motion on the traveling plate (Fig. 3a), 
 - On the other hand, over-mobilities occur when Jx is 
singular. In that case, it is possible to have ≠x 0  without 
moving the actuators (Fig. 3b). 
 

=x 0

1 0q ≠2 0q =

≠x 0

1 0q =

2 0q =

  
 (a) Under-mobility configuration (b) Over-mobility configuration 

 
Fig. 3 Presentation of singularities 

 
  At last, “internal” singularities can occur for some 
mechanisms. They cannot be enlightened thanks to Jx or Jq, 
and a more complete study has to be done. On Fig. 4, an 
internal singularity occurs when the parallelogram becomes 
flat. In that case, orientation of traveling plate cannot be 
guaranteed (this orientation does not belong to operaltional 
velocities). 

≠x 0

1 0q =2 0q =

 
Fig. 4 Presentation of internal singularities 

 
Placing actuators of H4 with a homogeneous repartition, 

i.e. placed at 90° one relatively to each other, leads to internal 
singularities. Thus, a particular arrangement has to be 
adopted. This particularity involves a non-homogeneous 
behavior of H4 in the workspace and a bad stiffness, as 
demonstrated in [17].  

As said before, the study of classical matrices Jx and Jq 
presented in equation (1) is not enough to enlighten internal 
singularities. 

That’s why, a complete kinematic analysis  has been done 
on Par4 in order to show that this architecture overcomes 
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drawbacks of H4 and I4 while keeping all the advantages for 
high speed. The method of the analysis has been introduced in 
[11] and [18] for I4 case. The analysis assumes that the 
mechanism is constituted of 2 sub-unit (actuators and 
traveling plate) linked by 8 rods having spherical joints. Each 
rod adds between those two sub-sets a pure geometrical length 
constraint.  

This complete study can be done writing equiprojectivity 
of speeds for the 8 rods joining the actuators to the traveling 
plate. It leads to the following equation: 

 =tp 1 actJ x J q  (2) 
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 Fig. 5 Par4 parameters for complete singularity analysis 

 
As shown in  Fig. 5, the following parameters are introduced: 
-  i: number of kinematic chain. i = 1,4 
-  j: number of rod in each kinematic chain. j = 1,2 
-  k: number of half traveling plate. k = 1,2 
-  Aij: center of spherical joints on actuated side of forearms 
-  Bij: center of spherical joints on traveling plate side of 
forearms 

-  Ai: geometrical point situated at the middle of Ai1 and Ai2 
-  Bi: geometrical point situated at the middle of Bi1 and Bi2 
-  Ci: center of revolute joints of traveling plate 
-  D: controlled point (located on one of the parts of traveling 
plate) 

-   li: vector between Bi and Ai 
-   fi: vector between Bi1 and Bi2  
-  vki: unitary vector of collinear revolute joint axis ki 
-  di: vector linking Ci and Bi 
-  ck: vector linking Ci and D 
-  ei = ck + di 
- kiε :velocity of part k respectively to parallelogram rod (in 
revolute joint # ki oriented by vki ) 

-  , ,x y zω ω ω : internal angular velocities  
- ( , , )x y ze e e : reference frame axes, with ze describing  the 

vertical axis 

 Assuming that the PI joint in the traveling plate induces a 
constant parallelism of rods, it produces a coupling. Thus, 
velocities of revolute joints of traveling plate are equal and the 
following simplifications can be made: 
 14 13ε ε ε= =  (3) 
 21 22ε ε ε= =  (4) 
 This coupling is the key difference with the complete 
kinematic modeling of H4. 

Additionally, the following assumptions are made: 
 = =14 13 zv v e  (5) 
 = =21 22 zv v e  (6) 
 Note that x presented in (1) is the vector composed of 
operational velocities whereas 1x in (2) is the vector composed 
of velocities of the complete articulated traveling plate, 
including internal velocities. Thus, 1x is the following vector:  

 
T

x y zx y z ω ω ω ε⎡ ⎤= ⎣ ⎦1x  (7) 

where , , , zx y z ω are operational velocities. 

 It is now possible to write the [ ]8 7× matrix Jtp as 
described in (8). 
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where × and ⋅ are respectively cross-product and dot-
product. 

Matrix Jtp expressed in (8) can be manipulated in order to 
enlighten blocks. It is then possible de rewrite expression (2). 
It leads to the following equation:  
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We recognize equation (1) with additional terms: 

 
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦⎣ ⎦

int
qx x

intint

x J qJ J
vJ 00

 (10) 

With this modeling, Jint has the following expression: 
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and, 
 ( ) T

x y zω ω ω ε⎡ ⎤= +⎣ ⎦intv  (12) 

We can notice that the [ ]4 3× matrix (11) shows that the 
mechanism is over-constrained (over-determined system). In 
addition, developing equation (10) leads to: 

 
⎧ + =⎪
⎨

=⎪⎩

int
x x int q

int int

J x J v J q
J v 0

 (13) 

 The second equation of system (13) shows that additional 
terms vint will be null if Jint is a full-rank matrix. It means that 
mechanism will not have “internal singularities”: 
 ( )rank 3=intJ  (14) 
 Additionally, the usual kinematic relation (1) will be 
derived.  

Considering that the four pairs of rods have a symmetric 
contribution on the mechanism, (14) leads to calculate one 
determinant Dijk (among the four possible ones), and to verify 
that: 
 ( ) ( ) ( ) ( ) ( ){ }, , 1,2,3 , 1,2,4 , 1,3,4 , 2,3,4 , 0ijki j k D∃ ∈ ≠  (15) 

where, 
 ( ) ( )( ) ( )ijk i i j j k kD = × × × ⋅ ×f l f l f l  (16)  

This working condition remains always true while placing 
the motors at 90° one relatively to each other and scanning the 
whole workspace. This fact is a key issue for robot 
performance. 

To summarize, Par4 has been developed with the aim of 
reaching high speed and acceleration. Thus, the adopted 
configuration is a good compromise between H4 and I4 
robots: passive joints used in the articulated traveling plate are 
only revolute joints and motors are placed in homogenous 
arrangement.  

IV. DYNAMIC MODELING  

A. Parameters and simplifications 

 The following geometrical and dynamical parameters are 
introduced: 
 

Pi 

Ai 
ui 

li 

Li 

qi 

B0 B1 

B2 B3 
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C0 C1 

C2 

Y 

X 

θ

Side view of arms 
Top view of 

travelling plate 

θ  

(m2) 
(m4) 

D’ 

(2 x m5) 
(m1) 

(m3) 
(m3) 

 
Fig. 6 Parameters used in dynamic modeling 

- θ  is the controlled angle in absolute coordinates,  
- h is the length of the parallelogram of travelling-plate,  
- ui  is the unit vector collinear to actuator axis,  

- ia : inertia of arms,  ifa : inertia of forearms,  im : inertia of 
gears and actuator,  

- m1: masse of first half traveling plate (B2B3 side), m2: masse 
of second half traveling plate (B0B1 side), m3: masse of rods 
of planar parallelogram of traveling plate, m4: masse of arms, 
m5: masse of forearms (of each rod) 

- Iact: inertia matrix applied on actuators 
- M1: masse matrix of first half traveling plate (B0B1 side)  
- M2: masse matri x of second half traveling plate (B2B3 

side) 
- M4: masse matrix of arms 
- M5: masse matrix of forearms 

In order to compute the dynamic modeling, some 
simplifications have to be done. They are listed below: 

i) the weight of spherical parallelograms are represented as 
two ‘pinpoint’ masses at each extremities, 

ii) the inertia of rods of planar parallelogram of traveling plate 
is neglected, 

iii) the weight of these rods represented as two ‘pinpoint’ 
masses at each extremities, 

iv) the weight of these rods represented as two ‘pinpoint’ 
masses at each extremities 

B. Modeling 

 This modeling permits to calculate torques applied to 
each actuator due to several contributions 

1) Torque due to inertias 

The torque due to inertias of actuators, gears, arms and 
forearms is defined by: 
 =1 actτ I Q  (17) 

with ( )diagact a fa mI i i i⎡ ⎤= + +⎣ ⎦  and  2
5fai m L=  

2) Torque due to first half traveling plate 

The contribution due to efforts applied on this half 
traveling plate is calculated using the jacobian matrix. This 
jacobian matrix is calculated on point D, and is defined by the 
following expressions: 
 1

1 1 1.−= x qJ J J  (18) 
with  

 1 1 1 1 1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3
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. . . 0
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h h
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− −
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J (19) 

And ( )( )1 diag .= ×⎡ ⎤⎣ ⎦q i i i i iJ A B P A v  (20) 

 

The efforts applied to the half traveling plate are 
calculated using the following equation: 

 ( )= +1 1 1F M X g  (21) 
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 As the half traveling has only translational motions, the 
acceleration is calculated as follow: 

 =1 1X T X  (22) 
where X is operational accelerations, and 

 1

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
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T  (23) 

In addition,  
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Finally, torque applied to the actuators due to the first half 
traveling plate is defined by: 
 ( )T= +2 1 1 1τ J M X g  (25) 

3) Torque due to second half traveling plate 

²Efforts exhorted to the second half traveling plate will 
produce torques on actuators. Indeed, a new jacobian matrix 
(calculated in D’) has to be calculated. 

It is defined by: 
 1

2 2 2.−= x qJ J J  (26) 
with, 
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and, ( )( )2 diag ' ' .= ×⎡ ⎤⎣ ⎦q i i i i iJ A B P A v  (28) 

 
In that case, the coordinates of vector AiBi’ and PiAi’ are 

calculated through absolute coordinates of D’ . 
The efforts applied on this second half traveling plate are 

defined by: 
 ( )2 2 2= +F M X g  (29) 
with, 
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 = +2 2 2X T X T X  (31) 
 
where, 

 2
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h
h

T
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 (32) 

Finally, the torque due the second half traveling is calculated 
using this relation:  
 ( )3 2 2 1

T= +τ J M X g  (33) 

4) Torque due to weights of arms and forearms 

This contribution is calculated using the following relation: 
 4 5sin sinGg L g Lτ = +4Q M Q M  (34) 
Where LG is the distance between P and the centre of mass of 
arms PiAi 

5) Total torque 

To conclude this dynamic modeling, the total torques applied 
to actuators is obtained by this relationship: 

 ( ) ( )2 2 2

5sin sinGg L g L

= + + + +

+ +

T T
act 1 1 lin lin

4

τ I Q J M X g J M X g

Q M Q M
 (35) 

C. Validation 

This modeling has been validated using Adams® 
software. The robot has been completely modeled, and a 
displacement has been controlled. The given torques has been 
compared to data given by the modeling described in this 
chapter.  

Fig. 7  represents, in blue, torques obtained with 
Adams®; and, in red, torques given by the modeling. 
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Fig. 7 Comparison of torques obtained by modelling and Adams® 

This comparison shows that the modelling is correct. In 
addition, it shows that simplifications done at § IV.A have 
very few consequences on final results. 

V. EXPERIMENTAL RESULTS 

 All tests have been performed using Adept Motion (a 
classical industrial pick-and-place motion) with a length of 
305 mm and an altitude of 25 mm. The control loop is P/PI 
applied on actuated variables.  
 The first experimentations have been done with the 
following characteristics: maximal velocity (v) = 2.5 m.s-1, 
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maximal acceleration (a) = 100 m.s-2. Obtained cycle time 
(round trip) is: 0.45 s. Records of this experimentation are 
presented at Fig. 8. 
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Fig. 8 Evolution of position along x  (v =2.5 m.s-1, a = 100 m.s-2) 

 
 The second experimentations have been made applying 
high speed and accelerations: v = 3.8 m.s-1, a = 130 m.s-2 .The 
obtained cycle time is: 0.28 s. (see Fig. 9). 
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Fig. 9 Evolution of position along x  (v =3.8 m.s-1, a = 130 m.s-2) 

 
These experimentations show that we are able to have 

very good performances and to complete short cycle time. 
However, an overshoot is obtained as shown on Fig. 9. This 
restriction is partially due to torque limitation of actuators 
used on prototype.  

VI. CONCLUSION 

 This paper introduces a new four-dof parallel manipulator 
dedicated to pick-and-place and developed to perform high 
speed and acceleration. It shows that this robot is an 
improvement of H4, I4 and Delta robots and its architecture 
has been developed to overcome drawbacks of these existing 
robots. The key point of this architecture is its symmetrical 
arrangement of actuators (involving homogenous behavior) 
and the use of articulated traveling plate made of revolute 
joints. This key point has been proved making a complete 
analysis of all singularities. In addition, the dynamic modeling 
of the robot has been computed. This study will be useful for 
the future dynamic control that will be implemented on future 
works. The tests show that the prototype is able to reach an 
acceleration of 13 G and a cycle time equal to 0.28s. 
  

 A demonstration video of Par4 prototype can be consulted 
at:                http://www.lirmm.fr/~nabat/par4.wmv 
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