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Bidimensional Sturmian Sequences
and Substitutions

Thomas Fernique

LIRMM, 161 rue Ada 34392 Montpellier Cedex 5 - France,
Poncelet Lab., Bol’'shoj Vlas’evskij Pereulok 11. 119002 Moscow - Russia,
thomas.fernique@ens-lyon.org

Abstract. Substitutions are powerful tools to study combinatorial prop-
erties of sequences. There exist strong characterizations through sub-
stitutions of the Sturmian sequences that are S-adic, substitutive or a
fixed-point of a substitution. In this paper, we define a bidimensional
version of Sturmian sequences and look for analogous characterizations.
We prove in particular that a bidimensional Sturmian sequence is always
S-adic and give sufficient conditions under whose it is either substitutive
or a fixed-point of a substitution.

Introduction

Substitutions generate infinite sequences by iteration, replacing a letter by a
word. One of the most interesting property of sequences obtained in this way
is that they are algorithmically easily generated and have a structure strongly
ordered, though not restricted to the single periodic case.

The connection between substitutions and Sturmian sequences has been
widely studied. Roughly speaking, a Sturmian sequence S,,, over the alpha-
bet {1,2} encodes the way the line y = ax + p, a being irrational, crosses the
unit squares of the lattice Z? (see Fig. 1 and for more details [9, 11]).

Fig. 1. The Sturmian sequence ---112111211211 - - -

A sequence is S-adic (see [13]) if it can be written as an infinite composition of
a finite number of substitutions. So are Sturmian sequences, and more precisely:

Sa,p — 7.611761 o ‘781 ° 7.{12762 o Ufz ° 7.613763 ° 083 o 7{14764 ° 054 0.



where (a;) is the continued fraction expansion of a and (¢;) is the Ostrowski
expansion of p (see [4]). However, not only Sturmian sequences are S-adic (see
e.g. [8] for more details). Being more restrictive, one can consider the set of the
substitutives sequences, introduced in [7], that are the sequences image under a
morphism of a fixed-point of a (nontrivial) substitution:

Sap=7(8") and S =o(S").

It is proved that such sequences are exactly the Sturmian sequences S,,, with
a quadratic irrational slope a and an intercept p € Q(«) (see [4]). If we fur-
thermore require that S,,, itself is a fixed-point of a substitution, the previous
characterization becomes that « is a reduced quadratic irrational, with some
additional conditions on p (see e.g. [6,14]). Let us recall (theorems of Lagrange
and Galois) that an irrational number is quadratic (resp. reduced quadratic) iff
its continued fraction expansion is eventually periodic (resp. purely periodic).

In this paper, we would like to proceed by analogy in the bidimensional case
in order to obtain similar results. The first difficulty arises from the analogy
itself, which is not so obvious and with whom we deal in the first three sections.
Section 1 defines bidimensional Sturmian sequences, our analogue of Sturmian
sequences. Sections 2 and 3 give the definition of, respectively, the bidimen-
sional substitutions and the bidimensional continued fraction expansion we have
chosen, namely the generalized substitutions introduced in [3] and the Brun’s
algorithm (see [5]). It is indeed a choice since there is no canonical multidimen-
sional definition of a substitution or of a continued fraction expansion.

Our main results are given in Section 4. We here restricted ourselves to the
case of homogenous bidimensional Sturmian sequences, which correspond to the
Sturmian sequences Sy, for which p = 0. Theorem 3 proves that such bidimen-
sional sequences are S-adic, while Theorem 4 gives a partial characterization
very similar to the unidimensional case: a bidimensional Sturmian sequence is
proved to be substitutive (resp. fized-point of a substitution) if its parameters -
the equivalent of the slope a of a Sturmian sequence - have an eventually periodic
(resp. a purely periodic) bidimensional continued fraction expansion.

In Section 5, we examine the result of Section 4 from a more practical point of
view: can we use the substitutions to effectively generate bidimensional Sturmian
sequences? Though it does not completly solve the problem, Theorem 5 give a
non trivial result in the substitutive case. We end the paper giving in Section 6
future extensions of the work presented here.

1 Stepped planes and bidimensional sequences

We here show how to associate to a plane a bidimensional sequence, by analogy
to the one-dimensional case. This analogy also leads to define Sturmian bidi-
mensional sequences. One denotes (ey, ez, e3) the canonical basis of R?.



The face (x,i*), for x € Z* and i € {1,2,3} is defined by (see Fig. 2):

(z,i") ={z+rej+te | 0<r,t<landi#j+#k}

A L

Fig. 2. From left to right: the faces (0,7"), 4 =1,2,3 and (z,1") =z + (0,1").

These faces generate the Z-module of the formal sums of weighted faces
= {>my i(z,i*) | my; € Z}, on which the lattice Z3 acts by translation:
Y+ mz,i(xy Z*) = mz,z(y +z, Z*)

One then uses faces to approximate planes of R*:
Definition 1. Let P, s be the homogenous plane of R® defined by:
Pops={z e R | (z,'(1,a,8)) = 0}.
The stepped plane S, g associated to Py g is defined by:
Sa,8 = {(w,z*) | (z,'(1,a,B)) > 0 and (x —e;,' (1,a,8)) < 0},
and a patch of S, g is a finite subset of the faces of Sq 3.

Notice that a patch of S, g belongs to the Z-module G, but is geometric, that
is, without multiple faces. According to the terminology introduced by Reveillés
in [12], the stepped plane corresponds to the notion of standard arithmetic plane
in discrete geometry.

We now recall from [1] (see also [2]) the way one can bijectively encode a
stepped plane by a bidimensional sequence over three letters. We first define a
one-to-one map from the faces of a stepped plane to its set of vertices:

Proposition 1 ([1]). Let v be the map from the faces of R® to the vertices of
73 defined by (see Fig. 3, left):

(z,17) =
v (z,2%) —>m+el
(2,3*) >z + e + ea.

Then v maps different faces of a same stepped plane to different vertices.

We then define a bijective map from the vertices of a stepped plane to Z>2:



Proposition 2 ([1]). Let Su 5 be a stepped plane. The orthogonal projection m
on the plane x+y+z = 0 is a bijection from Sy p to the lattice Zm(e1) +Zm(e2).
Thus the map 7 defined by 7(x) = (m,n) iff n(z) = mn(er) + nw(e2) is a
bijection from Sa 5 to Z*. Moreover, one has the explicit formulas:

:(p_raq_r)a

m m + an 1
i m,n)=|n | + (1— {7w> 1
0 1+a+p 1

And finally we give the encoding U, s of a stepped plane S, g (where U, g(m,n)
is the letter at position (m,n) in the bidimensional sequence U, g):

B
SR

Proposition 3 ([1]). Let ¢ be the map which maps a stepped plane S, 5 to the
bidimensional sequence Uy g over the alphabet {1,2,3} defined by:

(,i*) € Sap &  Uap(Tov(z,i®)) =1,
or equivalently:
Ups(m,m) =i & (v (m,n),i*),i*) € Sup

Then ¢ is one-to-one from the set {Sq 5 | 0 < o, B < 1} to the set of the bidimen-
sional sequences over {1,2,3} (see Fig. 3). Notice that not all the bidimensional
sequences over {1,2,3} correspond to a stepped plane.

One then defines Sturmian stepped planes and bidimensional Sturmian se-
quences by analogy with the unidimensional case:

Definition 2. A stepped plane S, s is a Sturmian stepped plane if 1, o and
B are linearly independent over Q. A bidimensional Sturmian sequence is the
image under ¢ of a Sturmian stepped plane.

Thus, ¢ is a bijection between the Sturmian stepped planes and the bidimen-
sional Sturmian sequences, for which we furthermore have explicit formulas.

2 Generalized substitutions

We here define substitutions that act on stepped planes (or, equivalently, on the
bidimensional sequences corresponding to stepped planes). These substitutions
are the generalized substitutions, introduced in [3] (see also [11], Chap. 8).

Let us recall that the incidence matriz M, of a (classic) substitution o gives
at position (i,j) the number of occurences of the letter 7 in the word o(j).
Moreover, o is said unimodular if detM, = +1. We are now in a position to
define the generalized substitutions:
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Fig. 3. From left to right: to each face corresponds a proper vertex (at its blacked
corner); type 1,2 or 3 of a vertex depends on the type of its corresponding face; the
projection 7 on the plane z 4+ y + z = 0 maps the vertices to a 2-dimensional lattice;
we thus obtain a bidimensional sequence over {1, 2, 3}.

Definition 3. The generalized substitution associated to the unimodular sub-
stitution o is the endomorphism ©, of G defined by:

Vi € -A; @0'(0>i*) = 23:1 Zs:o’(j):p-i.s (M;l(f(s)),]*) )
Vr € 73, Vi € A, Oy (z,i*) = M7 'z + 0,(0,i%),

vzm(z,z)(mal*) € g: @0' (Zm(z,z)(mal*)) = Em(z,i)@a’(mai*)a

where f(w) = (|w|1, |w|s,|w|s) and |w|; is the number of occurences of the letter
tinw.

Ezample 1. Let us consider the Rauzy substitution o:

1 =12 111
o: 2213, M,=1100
3—=1 010

o is unimodular, and one easily computes (see Fig. 4):

(61, 1*) — (61, 1*) + (62,2*) + (63,3*),
90 : (62,2*) — (61 —es3, 1*),
(e3,3") = (e2 — e3,27).

We now define an especially interesting type of substitution:

Definition 4. A substitution o is of Pisot type if its incidence matriz M, has
eigenvalues p1, p and X satisfying 0 < |p1|, |u2| < 1 < X. The generalized
substitution O, is then also said of Pisot type.

If o is of Pisot type and if {(1,a, 3) is the left eigenvector of M, for the
dominant eigenvalue X (that is, ‘M,*(1,a,8) = A(1,a,8)), the plane P, 5 is
called the contracting invariant plane of o and verifies:
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Fig. 4. The endomorphism O, for the Rauzy substitution: action on (e;,").

Proposition 4. Ju, 0 < pu < 1, such that if x € Py, then Myx € Py g and
one has:
|Mpz|| < pll|l.

The action of @,, when of Pisot type, on the stepped plane S, g has some
nice properties proved in [3]. Indeed, ©, maps each patch of S, 3 to a patch
of S48, the unit cube U = {(e;,i*), ¢ = 1,2,3} is always a patch of Sy
and the sequence (O (U)) is strictly increasing for inclusion and thus generates
arbitrarily large patches of S, s (see Fig. 5).

NN

Fig. 5. O (U) (top) and (¢0O, 0¢~ )" (U) (bottom) for the Rauzy substitution (which
is of Pisot type), n =0, 1,2, 3,4. Notice that the action of @, is not so obvious.



3 Bidimensional continued fractions

Contrary to the unidimensional case with the Euclid’s algorithm, there is no
canonical continued fraction expansion in the bidimensional case. We thus fix
here the expansion we will use further, that is the one produced by the modified
Jacobi-Perron algorithm, which is a two-point extension of Brun’s algorithm. Let
us recall this algorithm (see e.g. [5] for more details):

Definition 5. Let be X =[0,1) x [0,1) and T the map defined on X\(0,0) by:
(g;é_téj) ZfaZB;

(5-15].5) ifa<s.
For n > 1 and if possible (that is, while a,_1 # 0), one denotes:
(an, Bn) = T" (e, B),
and defines:

Qanl,lJ :0) if an—1 > Bn-1,

({BLJ ,1) if n 1 < Bn1.

The sequence (an,en)n>1 is called the continued fraction expansion of (a,f3)
(notice that a,, € N* and e,, € {0,1}). This sequence is infinite iff 1, a and 8
are linearly independent over QQ

(an,en) =

Let us give a matricial point of view on this algorithm. For a € N*, one defines
the substitutions:

a times a times
—N— —N—
1 11---13 11112
T@0) = 94 RGO :
3—2 3—1

whose incident matrices are:

alO a0l
A(a,O) =1001], A(a,1) =100
100 010

So that, with (ag, 80) = («, 8) and 1 = max(ag—1,Bk—1), one has for n > 1:

1 1
nntA(an,sn) (77} = Qp—1
/Bn /anl

We can give an expanded formulation of the previous equality:



Proposition 5. Let 1, a and 8 be linearly independent over Q and let (ay,e,) be
the continued fraction expansion of (a, B). Then there exists a sequence (ap, By)
of couples in [0,1)? such that:

1 1
Vn € N: a = (771772 e nn)tA(al,el)tA(az,sz) e tA(an,en) Oy
g Ba

4 Substitutions and bidimensional Sturmian sequences

The previous sections have successively defined the bidimensional Sturmian se-
quences (or, equivalently, the Sturmian stepped planes), substitutions acting on
these sequences and a bidimensional continued fraction expansion. We thus are
now in a position to try to extend in the bidimensional case the results for (uni-
dimensional) Sturmian sequences given in the introduction. Our results are first
given in terms of stepped plane, and are them summed up in terms of bidimen-
sional Sturmian sequences at the end of the section.

Let us first define a generalized substitution which plays a specific role:

Definition 6. The generalized substitution associated to the unimodular sub-
stitution of Pisot type o, ) introduced in Section 3 is denoted O(,.). Such a
generalized substitution is said of Brun type.

We then have the following fundamental theorem (proved in Appendix):
Theorem 1. O(,, .,) s a bijection from Sy, 5, onto Sa,_, 5, ,-

We shall stress that there is no contradiction between Theorem 1 and the
results recalled at the end of Section 2, which would yield here that @, .., is
a one-to-one map from the stepped plane associated to its contracting invariant
plane to itself. Indeed, neither P,, g, nor P,,_, 3._, are invariant planes of
O(a, n) (except if the expansion (a,,e,) is purely periodic of period 1, in which
case all these planes are identical).

As we did in Proposition 5, we can give an expanded formulation of Theorem 1:

Theorem 2. Let S, g be a Sturmian stepped plane and (an,€,) be the continued
fraction expansion of (a, ). Then there exists a sequence (S, 3,) of Sturmian
stepped planes such that:

Vn € N, Sa’g = 9(,“751) o 9(,12752) 0---0 @(amgn) (San,ﬁn) .

We thus obtain for S, 3 an equation - called ezpansion - which looks like the
classic S-adic expansion of a Sturmian sequence (see e.g. [13] for more details on
S-adicity), though the number of different substitutions of our expansion may
be unbounded. We will fix this last point thanks to the following proposition:



Proposition 6. Let us define the substitutions:

11 13 11 12
op 1 22 Yo @ 2—=1, oy 212 Mo 2—=3.
3—13 3—2 3—3 3—1

These substitutions are unimodular and verify:
Y(a,e) € N x {0,1}, O(ae) = o2 07..

An induction easily proves Proposition 6. Let X, and I. be the generalized
substitutions associated to o. and 7.. A computation yields O, 05 = Oy 0 O,
and Proposition 6 allows us to rewrite Theorem 2 in the following way:

Theorem 3. Let S, g be a Sturmian stepped plane and (ay,€,) be the continued
fraction expansion of (c, ). Then there exists a sequence (Sa,, 3,) of Sturmian
stepped planes such that:

VneN,  Sap=I;o0Xiiol, 0l o0l oXi"(Sa,z,),
where I'. and X are associated to the substitutions defined in Proposition 6.

We now consider the case of periodic expansions. Let us recall that a sequence
(uy) is eventually periodic with period p and preperiod dif n > d = Upyp = Up.
If moreover d = 0, the sequence is said purely periodic. In this case, one has:

Theorem 4. Let Sy g be a Sturmian stepped plane and (ay,,€y) be the continued
fraction expansion of («, 8). If this expansion is eventually periodic, then there
exist two generalized substitutions @4 and O, and a stepped plane S, such that:

Sap =04(Sp), with S, = Oy(S,).
And if the expansion is purely periodic, one has simply:
Sa,p = Op(Sa,s)-
Proof. Tt follows easily from Theorem 2 with:

Gd = 9(0,1,61) o @(GQ,SQ) 0---0 Q(ad,sd)v

@P = @(ad+175d+1) o @(ad+275d+2) 0--0 @(ad+p7€d+p)’

Sp = Say,Bas
where p is the period of the expansion of (a, 3) and d its preperiod. O

According to the terminology used in the introduction, Theorem 3 and 4
state that a bidimensional Sturmian sequence U, g has always a S-adic expan-
sion, and is substitutive (resp. a fixed-point of a substitution) if the expansion
of (a, B) is eventually periodic (resp. purely periodic). Notice that, contrary to
the unidimensional case, we do not yet obtain a complete characterization of
bidimensional Sturmian sequences that are substitutive or fixed-point of a sub-
stitution. We will discuss this more carefully in the last section.
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5 Effective generation of stepped planes

It is to notice that successive applications of generalized substitutions on a finite
initial patch do not necessarily cover, to infinity, the whole stepped plane but
only an infinite subset of it (think for example about a non simply-connected
subset or a cone ...). Such a problem, that we investigate in this section, can
however be of great practical interest, for example to effectively generate stan-
dard arithmetic plane in discrete geometry.

The following lemma, proved in Appendix, deals with the “almost” expansiv-
ity of a generalized substitution of Pisot type:

Lemma 1. Let o be a unimodular substitution o of Pisot type (all the notations
are those of Section 2). Then there exist k € [0,1) and C € RT such that:

(x,i*) € Sap
(y,7%) € O (z,i*) = ||| < Klyll-
llyll > C

It provides us a case in which one we can generate the whole stepped plane:

Theorem 5. Let S, 3 be a substitutive stepped plane, that is, a stepped plane
such that there exist two generalized substitutions O4 and O, verifying:

Sap = 04(Sy), with S, =0,(S,).

If ©, is of Pisot type and bijective on Sy, then there exists a finite patch P of
Sp such that:

Sus =64 (ngrfm 9;;(13)) .

Proof. Let C' and k be the constants of Lemma 1 for the substitution @, and
let P be the patch formed by the faces (z,i*) of S, such that ||z|| < C.

Let (y, j*) be aface of S,. Consider the sequence (ym, j;,)m>1 such that (y1,j7) =
(y,7*) and Op(Ym+1,J5ms1) = (Ym, Jn,)- This sequence is well defined since 6, is
bijective. While ||y|| > C, Lemma 1 yields ||ym+1]| < k|lym]||, with & < 1.
Hence for m large enough, one has ||lyn,|| < C, that is, (ym,j’,) € P and
O (Yo is) = (4.4°). 0

In particular, by Theorem 1 and 4, the previous theorem holds if («, ) has
an eventually periodic expansion of period p and preperiod d, under the hy-
pothesis that O, = O, ,.c011) © Oagsnicarz) ©  ©Olagyy cas,) 18 Of Pisot type
(what can be false since for example @1,1) 0 O o) is not of Pisot type). Propo-
sition 6 can be used in practice to iterate on P only four different generalized
substitutions, whatever &, may be.

Ezample 2. Let («, ) have the purely periodic expansion [(1,1),(1,0),(1,0)]*
(of period 3). One computes A 0yA1,0)A1,1) = M2, where o is the Rauzy
substitution introduced in Section 2. Thus 6, = ©(1,1)00 1 9) 2 O(1 ) is of Pisot
type and S, g, fixed-point of @), can be generated applying @, to a finite patch.
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Notice that it is easy to see in the previous example that @, and @, have the
same invariant plane, and thus both generate, starting from P, patches of the
same stepped plane. But we shall stress that Theorem 1 yields the bijectivity
of ©, as product of substitutions of Brun type (see Definition 6). The
Rauzy substitution - or any substitution with the same incidence matrix M, -
might do not be bijective (more precisely not onto) on S, 3. We can certainly
claim that such a substitution generates arbitrarily large patches of S, g, but not
necessarily the whole plane to infinity. In fact, explicit examples of substitutions
of Pisot type which do not cover the whole plane are known (though the Rauzy
substitution is not one of them).

6 Perspectives

This paper has defined the bidimensional Sturmian sequences (or, equivalently,
the Sturmian stepped planes), on which act the generalized substitutions in-
troduced in [3]. We have proved that every bidimensional Sturmian sequence is
S-adic (according to the terminology of [13]), what extends to the bidimensional
case the analogous result already known for unidimensional Sturmian sequences.

Similarly, the sufficient condition (on eventually or purely periodic continued
fraction expansions), for unidimensional Sturmian sequences to be substitutive
or fixed-point of a substitution, has been here extended to an analogous condi-
tion (on Brun’s expansions), for bidimensional Sturmian sequences. However, we
did not prove that our condition is also necessary, though it holds in the unidi-
mensional case. A way to fix that, could be to extend the notion of return word
- introduced in [7] and used to prove the unidimensional case - to some suitable
bidimensional analogous notion of “return pattern”. Such a bidimensional exten-
sion of return word have already been done in [10]. We hence have good hopes to
complete our characterization of substitutive bidimensional Sturmian sequences.

As noticed in the introduction, we focused on the homogenous case, that is
the analogous of the unidimensional Sturmian sequences with intercept equals
to zero (that is, Su,, with p = 0, according to the notation of the introduction).
Indeed, instead of the plane P, g of Definition 1, we should consider the general
case of a plane Py, = £(0,0,p) + Pa. In the unidimensional case, taking
into account an intercept p just leads to additional conditions that are, roughly
speaking, conditions on the Ostrowski expansion of p similarly to the conditions
on the continued fraction expansion of a (see [4]). It remains to give and prove
some similar conditions on the intercept in the bidimensional case.

Last, we could carry out some improvements to the more practical results of
Section 5. Indeed, starting from a finite initial patch to iterate a substitution is
certainly more convenient than starting from the whole plane. But it is not so
easy to compute this finite patch. Could not the unit cube U, which is proved
to be a patch of any stepped plane, suffices to generate the whole plane, as it
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is the case for the Rauzy substitution? Some counter-examples prove that the
answer is in general negative, but it would be interesting to characterize the
“good” cases. Similarly, conditions to have the substitution @, of Theorem 5 of
Pisot type (and thus, suitable to generate the plane) would be interesting.

Acknowledgements. We would like to thank Valérie Berthé and Pierre Arnoux
for many suggestions and corrections.
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Appendix

Proof of Theorem 1 results of the three following lemmas:

Lemma 2. O, ..) maps a face of Sa, g, to faces of Sa,_y p,_:-

Proof. Let (z,i*) be a face of S,,, 3, . By definition:
(z,'(1,an,8,)) >0 and {(z —e;, " (1,0, B,)) <O.

A face (y,j*) of the image O(,, ., )(,i") can be written:

y= A(_almsn)(m + f(s)), with o, . () =pis.
It suffices to prove that (y, j*) belongs to Sa, . 3._,, that is:

(y;t(lyanflaﬂnfl» >0 and <y - ej;t(]-;anflaﬂnfl» S 0.

One has:

<y7t(17 an*l;ﬂnfl» A(jllmgn)(l’ + f(s))>t(]-7 an*l;ﬂnfl»
T+ f(s)’tA(—a1n76n)t(1’ an—laﬁn—l»
z+ f(S)aﬂnt(l,Oén,Bn»

=Tn <x7t(17 Qs Bn)) +n \(f(s),t(l, Qn, Bn))

=
=
=

~ v

~~

>0 >0 Since f(s),an,Bn >0
So {y,*(1,an_1,Bn_1)) > 0. Similarly:
(W= et (L1, 1) = (AL (0 + £) — €5, (L a1, B 1))
= (24 f(5) = Afancnei " Ag o (Lan—1, Ba1))
=z + f(8) — Apancnyejs (1, an, Bn))

But it holds, by definition of the incidence matrix and of f:

A(an,sn)ej = f(a(an,sn)(j)) = f(p) +e;+ f(s) > e+ f(s)v
from what follows (y — e;, (1, ap—1,Bn-1)) < 0. |
Lemma 3. O, .,.) is one-to-one from Sy, 5, t0 Sa,_, 5._;-

Proof. Let (z,i*) and (z',i"™) be two faces of S, s, and suppose that there is a
face (y,j*) both in O, . .y(x,i*) and O, .., ((z',i"). By Lemma 2, we already
know that (y,j*) lies in S,,,_, 5._,- One can write y in two ways:

y=Aq )@+ f6) =4, . @ +f()),
where o(,, -.)(j) =p-i-s=p'-i'-s". We thus have x + f(s) = 2" + f(s').
If z = ', since s and s’ are both suffixes of the word o, -,)(j), it yields s = s,
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then ¢ = 4" and hence (z,7*) = (a',i"™).

If # # 2', s and s’ are suffixes of different lengths of o(,, .,)(j). Suppose for
example that s’ is shorter: one can write s = v-i'-s": x + f(s) = =’ + f(s') yields
z+ f(v) + f(i") = ', that is, 2’ — ey > x since f(i') = ey and f(v) > 0. Then
(' — ey, (1, an, Bn)) > (z,'(1,an, Bn)) > 0, what contradicts that (z',i'*) is a
face of Sy, 3, So (x,i*) = (¢',i") and the proof is completed. a

Lemma 4. O, ., is onto from S, 5, on Sa, 1.5, ;-

Proof. Let (y, j*) be a face of S, _, 3, ,. We search for a face (z,i*) of S,,, 3,
such that (y,j*) € O, -, (x,7*), that is, we search for x and a word s such
that:

U(an,en)(j) =p i S,

y=A, _ (@+f(s)

(mat(l)amﬂn» >0 and (z-— ei)t(laanwgn)) <0.
Let us write * = A, o)y — f(8) = Afan,en)¥ — (Aan,en)ei — f(p) —€i). A
computation similar to those effectued in the proof of Lemma 2 easily yields:

(z,' (1, on, Br)) = u + rp and  (z — ei, '(1,an, Bn)) = u + Ll

where:

u = i(y,t(l, an—176n71)>7

n

Tip| = (f(p) + ei)t(lyanvﬂn» - %(e]':t(]-aanflwgnfl»a

n
t\P\ =Tp| — <ei7t(1)an;/8n)>-

Hence it suffices to prove that one can choose the prefix p of o(,, c,)(j) such
that u +#,) <0 < u+rp, (that is, such that (z,i*) € Sa, 5, )-

Let us assume that ¢, = 0 (the case €, = 1 is similar). Then (y,;j*) €
San_1,8n_: implies 0 < u < ﬁ(ej,t(l,an_l,ﬁn_l», and by Definition 5:

1 ' 1 1
an:{ J, an:b, Brn = —{ J and Mp = Qp_1.

Qp—1 QAp—1 QAp—1 Qp—1

If j =2, 0(,0(2) =1forcesi = 1 and p = s = € (the empty word).

One then ComPUteS To = <617t(17an)6n)> - anl_l <e2)t(1)an71;6n71)> =0 and

to =10 — (61,t(1,an,ﬁn)> = —1. Since 0 < u S an1_1 <627t(17an—175n—1)> = 17

one has u +ty = 0 < u + ro and thus (y,2*) = O, o)(z,1%), with (z,1*) =
(A(an,O)ya 1*) € San,ﬁn-

The case j = 3 is similar. o(,, 0)(3) = 2 forces i = 2 and p = 5 = €. One
Brn—1

=
Q1 n»

then computes rg = ay,, — B"—’i =0and tg = —a,. Since 0 < u <

Qp—
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one has u +ty = 0 < u + ro and thus (y,3*) = O, 0)(z,2%), with (z,2*) =
(A(an,O)yaQ*) € San,ﬁn-

The case j = 1 is slightly more difficult since p can be choosen among the
a, + 1 words 1*, k = 0...a,, that are prefixes of O(a,,0)(1). One has to prove
that there exists k € 0,1,...,a, such that u +t; < 0 < uw + . One easily
computes:

re =ty +1 =tpyy, fork=0...a,—1,

1 1
re, =0 and t,, = { J - € (-1,0],

Op—1 Op—1
1

Anp—1

ty = —

Moreover, one has 0 < u < ﬁ Hence k = max{k < a, | u+tr <0} is well

defined (indeed k = L L uJ) and verifies u + r; > 0. Since |p| = k implies

Qn_1
s =1%"k3 that is, f(s) = (an — l})el + e3, one has (y,1%) = O(q, 0)(x,*), with
r= A, 0 — f(s) € Sa, s, and [ = 1if k < an, | = 3 otherwise. a

Proof of Lemma 1. One can write:
(y,5%) = (M, (z + f(s)),5*), with o(j) =p-i-s.

Roughly speaking, since (y,4*) is in S5, ¥ is not far from the contracting
invariant plane P, s of M,, and since z is almost equal to Myy, ||z|| result
mainly of the contraction of ||y|| by M,.

Let us write it neatly. Let u denote !(1,, ), the left eigenvector of M, for its
dominant eigenvalue, and let p < 1 be the constant of Proposition 4. One has:

T = Ma'y - f(S)
=M, ((y,wyu + (y — (y,u)u)) — f(s)
= (y, u)Mou + My (y — (y,uhu) — f(s).
We then use that y— (y, u)u belongs to Py 3, plane on which M, is y-contracting,

that 0 < |[(y,u)| < max(1l,a, ) since (y,i*) € Sqa,3, and that ||f(s)|| < fo =
1f(e(1)) + f(o(2)) + fle3)]]:

||£U|| S ||<y,’U,>MUU|| +u||y - <y,’U,>U|| + fa
< Ky, w) Moull + pllyll + pll(y, wyull + fo
< max(L, 0, 8) (| Ml + plJul) + £, +nllyll
B

Since B depends only on ¢, for any k such that 4 < k < 1 and for C = % € RT,
it holds: ||y[| > C = [|z]| < k|ly||. 0



