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�£>:2<1±GZ> K�472CB ³ 47> 4��Å>:Q3INP]�3ST> ² Ps� ² 2<132 ² 2C�Â2<1LB�4��3> ²´³s� >ÂKNQ ³ 1�Ë�I7>ÂKNQ�¶
4��3>�KN» ² PE��4m�3>:ÆÃP ² Q3ST>Ã472<PH1�472 ² >�Ì���PZIÍ4��Å>
² »ÅS5472<Q3I7P©ÆÃ> KNKNPZI�KNÆ��Å>Â½©»3ST2T1>B!QÅINP]�3S<> ² ¶-� >´K��3P$��4�� ³ 4�4��3>ÂIN>�2 K�13P3�3PZQR>@PE�[�Å1Á½©2<1LB ³ ρ

D ³ Q3Q3I7P�;±2 ²´³ 472<PH1���254m� ρ <

1 +
1

c + 4

ËÐIN> KMQ+¶
1 +

1

2c + 5

Ì�Ë�»313ST>ÂK7K
P = NP

Ì*��PZI'4��Å>9Æ ³ KN>����3>JI7> ³ S<S 4m�3>�4 ³ K � K'Ps�/4��3>�Q3I7>ÂÆJ>Â½©>Â1ÅÆÃ>�BZI ³ QL��� ³ GH>
»3132<4´>Ã;©>ÂÆJ»©4N2TPZ1�4N2 ² >ÂK º ���3>JI7>E4m�3> ² »3S<4N2TQ3I7P±ÆJ>ÂK7KMPHI@2 KÍÆÃP ² QRPHKN>Â½�Ps� ³ 1�»31ÅIN> K�47IN2 Æ 47>Â½ 1±» ² �Á>ÂIÍPs� ²´³ Æ��32<1Å>ÂK º ³ 1Å½
���3>ÂIN>

c
½©>J1ÅPX4N> K�4m�3>�ÆJP ²Í² »Å132TÆ ³ 472<PH1�½©>JS ³IH �R>Ã4U�'>J>Â1:4U�'P´4 ³ K � K i ³ 1Å½ j

KM»>� ² 2<4M47>Â½�4NP ³ Q3I7>ÂÆÃ> ½©>J1ÁÆÃ>uÆJPZ1ÅKM4NI ³ 2T1=4
³ 1Á½´4NP��Á>�Q3I7P©ÆÃ>ÂK7KN>Â½:� H 4U��P�½©2C�R>ÂIN>Â1H4 ²´³ Æ��32T13> KJ¶±ÇY�3>�Q3INP]�3ST> ² �Á> ÆÃP ² > KFQRPZS H 13P ² 2 ³ S����3>J1Å>JGZ>ÂIF4m�3> ²Í³E� > KMQ ³ 1´2TK
³ 4,4m�3> ² PHKM4 (c + 1)

¶ÅÇY�3>9Æ ³ KN>A���3>ÂIN>�2<4�2TK (c + 2)
2TK�KM4N2TS<S+Q ³ IN4N2 ³ STS H PZQR>J13> ½n¶

��+°±��ª"
A�PH»ÅK�6Ã47»Å½©2TPZ1ÅK�ST>ÍQ3I7PE�3S�� ² >r�H»Å2*ÆÃPZ1ÁKM2 K�47>e� ² 2T132 ² 2 KM>ÂIOS ³ ½©»3I76J>�47PX4 ³ S<>Í½-� »31�PZIL½©PZ1Å1 ³ 1ÅÆJ> ² >J1=4ÍË�I7>ÂKNQ�¶nS ³ KNP ²Í² >½©> K�½ ³ 4N> K�½©>6�Å1 ½-� >Ã;©6ÂÆJ»©4N2TPZ1RÌ ¶<� ³ 1ÁK�ST>@Æ ³ K�P]�:S<> K�4��ZÆ��3> K�PH1H4�»313>@½3»3IN6Â>u½-� >Ã;©6ÂÆJ»©4N2TPZ1 »3132<4 ³ 2TI7>9>Ã4�PE�:ST>u13P ² �3I7>½©>9QÅINP©ÆÃ> KNKN>J»ÅI7K,> K�4�1ÅPZ13�ÁPHIN1Å6 º 1ÅPZ»ÅK ² PH1H47INPH1ÅK��=»�� 2<S/1�� >J;©2TKM4N>9Q ³ K9Ë�� ² PZ2T1ÅK4�=»3> P = NP
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ρ
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ρ < 1 +

1

c + 4

Ë�I7>ÂKNQ�¶
1 +

1

2c + 5

Ì�PE�
c
>ÂKM4,ST>O½©6JS ³ 2 K,½©>OÆÃP ²�² »3132 Æ ³ 4N2TPZ1|>J1=4NI7>�µu4��ZÆ��3> K i

>Ã4
j
KMPH» ² 2TKN>ÂK

��»313> ÆJPZ1=4NI ³ 2T1=4N>´½©> QÅIN6 ÆÃ6Â½3>J1ÅÆJ>�>J4@½©>ÂG ³ 1=4��Ã4NI7>´>Ã;©6 ÆÃ»©476J>ÂKOKN»3I@µ|QÅINP©ÆÃ> KNKN>J»ÅI7K�½©2C�R6ÂIN>Â1=47KÂ¶+·�> QÅINP]�3SC� ² >Í½3>JG±2<>Â1=4QRPZS H 1ÅP ² 2 ³ SÁSTPZILKm�H»Å>�S ³ ½©»3I76J>�½-� PHI7½3PZ131 ³ 1ÅÆÃ> ² >J1=4F>ÂKM4 ³ » Q3ST»ÅK c +1 ²Í³ 2TK�I7>ÂKM4N>�>Â1 Q ³ IM472<>�PZ»3GH>JIN4FS<PHI7Km�=»�� 2<SR>ÂKM4�6`B ³ S�
c + 2
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�®>©��$¨o¯�Ps� 4��3>9½3>ÂKN2CBH1!PE� ³ S�BZPHIN2<4�� ² K���PHI�KNÆ��Å>Â½©»3ST2T1>B@2 K H PZ»31>BH>JI º �3»©4�KM4N2TS<S�� ³ K ³ KM2�BZ1Å2l�ÁÆJ2 ³ 1=4Y�Å2TKM4NPHI H ¶U1|4��32 K ³ IM472TÆJS<> �'> ³ ½©PHQ©4,4��3>�£�¢C¡$§m§o�¤£�¡$¢.§�£mL©m°sªG¢j� ¥W±3°]©
¢C¡s¯��:�`°]©
¢©PHIA>�s�r�m±]©�¥�©��sª²§��r�a°E©�¢©2<13���32 Æ�� ³ 1|2<1ÁK�4 ³ 1ÅÆJ>Ps� ³ K7Æ��3>Â½©»ÅS<2T1>B�Q3I7PE�ÅS<> ² 2 KÍKMQR>ÂÆJ2l�Á>Â½³� Hp³ KN>Ã4 J = {j1, . . . , jn}

Ps�
n
13PH13Q3I7>J> ² Q34N2TGZ> 4 ³ K � K º ³ KN>Ã4ÍPs� U

PE�
qQ3I7>ÂÆJ>Â½©>Â1ÅÆÃ>uÆJPZ1ÅKM4NI ³ 2T1=47K (ji, jk)

KN»ÅÆ���4�� ³ 4 G = (J, U)
2TK ³ 1 ½©2TI7>ÂÆ 47>Â½ ³ Æ H ÆÃST2TÆ�BZI ³ Q>�+ËÉ½ ³ B±Ì º 4m�3>uQÅINP©ÆÃ> KNKN2T1>BÍ4N2 ² >ÂK

pi, ∀ji ∈ J
º ³ 1Á½E4m�3>9ÆÃP ²Í² »3132 Æ ³ 4N2TPZ1!4N2 ² >ÂK cik , ∀(ji, jk) ∈ U

¶
U´�n4��Å>�4 ³ K � ji

K�4 ³ IN47K�254LKF>J;±> ÆÃ»©472<PH1 ³ 4�4N2 ² > t
PH1 Q3I7P±ÆJ>ÂK7KMPHI

π ³ 1Á½Í4 ³ K � jk

2 K ³ KM»ÅÆÂÆÃ> KNKNPZI*PE� ji

2T1 4m�3>�½ ³ BLµH4��3>Â1>J2<4��Å>JI
jk

KM4 ³ IM4LK�2<47K,>J;©>ÂÆÃ»34N2TPZ1 ³ � 4N>ÂI�4m�3>�4N2 ² > t + pji

PH1EQ3I7P©ÆÃ> KNKNPZI
π
PHI ³ � 4N>JI,472 ² > t + pjk

+ cjijk

PZ1�KMP ² >�PZ4��3>ÂIQ3I7P©ÆÃ>ÂK7KNPZI ¶HU13��� ³ 4���PZSTS<P$��K��'>�ÆJPZ1ÅKN2 ½©>JI,4m�3>9Æ ³ KM>�Ps� ∀jk ∈ J, pjk
= 1 ³ 1Á½ ∀(ji, jk) ∈ E, cjijk

= c ≥ 2
¶

ÇY�32 K ² P©½©>JS]� ³ K¶�ÅILK�4/2<1=4NI7P©½©»ÅÆJ>Â½ º � H B ³IH � ³ IL½±DC ² 2<4��r· ¹ V$¸ ¶ÂU1�4��32 K ² P©½©>ÂSE�'>¹� ³ GZ> ³ KM>J4+Ps�32 ½©>J1=472TÆ ³ SZQÅINP©ÆÃ> KNKNPZILK4�� ³ 4 ³ I7> ³ �ÅS<>�4NPÍÆÃP ²�² »3132 Æ ³ 4N>�2T1 ³ »3132C��PZI ² � ³IH ¶W� > � ³ 1=4F47P@»ÅKN>�4��3> KM>�Q3I7P±ÆJ>ÂK7KMPHI7KF2<1!PZIL½©>JI�4NP�Q3I7P©ÆÃ>ÂK7K ³ KN>Ã4,Ps�4 ³ K � K*4�� ³ 4 ³ IN>�KN»>�Gº�> Æ 4�4NPuQÅIN> ÆÃ>Â½3>J1ÅÆJ>�ÆÃPH1ÅK�47I ³ 2<1=4LKJ¶=ÇY�3>�Q3I7PE�ÅS<> ² 2 KF4NP��Á1Å½ ³ 47I ³ ½©>ÃD Ps���Á>J4U��>Â>J1´4m�3>�4U�'Pu>J;±4NI7> ² >KNPZST»©4N2TPZ1ÅK º 1 ³Z² >ÂS H º >Ã;©>ÂÆJ»©4N> ³ S<S 4m�3>�4 ³ K � K�KN>`�=»3>J1=472 ³ S<S H ��254m�3PZ»34�ÆÃP ²Í² »3132 Æ ³ 472<PH1ÅK º PHI,4NI H 4NPÍ»ÅKN> ³ STS 4��3>OQRPX47>J1=4N2 ³ SQ ³ I ³ S<ST>JST2TK ² �3»©4 ³ 4#4��3>�ÆJPHKM4
PE� ³ 1@2T1ÅÆJIN> ³ KN>Â½uÆJP ²Í² »Å132TÆ ³ 472<PH1@P GH>JIm�3> ³ ½n¶ ÇY�Å2TK ² P©½©>ÂSG� ³ K��R>J>Â1�>J;±4N>J1ÁKM2TGZ>ÂS H KM4N»Á½©2<> ½4��Å>ÂKN>OS ³ K�4 H > ³ ILK��ÁPZ4�����INP ² 4��Å>9ÆÃP ² Q3ST>Ã;©2<4 HE³ 1Á½ 4m�3> Ë�13PH1ÁÌ D ³ QÅQ3INP�;©2 ²´³ �32TS<2<4 H QRPZ2T1H4LK,Ps�
G±2<>`��· µI¸ ¶0�KN2T1>B�4��3>�4m�3IN>Â>��Å>JS ½3K�13PZ4 ³ 4N2TPZ1�KNÆ��3> ² >�QÅINPHQÁP=KM> ½�� H ;�I ³ � ³Z² >Ã4 ³ SÉ¶-· Y$¸ º 4��Å>OQ3INP]�3ST> ² 2 K�½©>J1ÅPX4N> ½ ³ K

P̄ |prec, cij = c ≥ 2; pi = 1|Cmax.



��� ©��¹�'>�� ³ GZ> ³ 1�»31²�RPZ»31Á½©>Â½�1±» ² �R>JIÍPs��2T½©>Â1=4N2 Æ ³ S,Q3I7P©ÆÃ> KNKNPZILK92T1�PHI7½3>JI@4NP�KNÆ��3> ½©»3ST> ³ ½ ³ B£KN»ÅÆ�� 4m� ³ 4´> ³ Æ��4 ³ K � � ³ K�4��3>uK ³X² >�>Ã;©> ÆÃ»©472<PH1!472 ² > ³ 1Å½�> ³ Æ��!Q ³ 2TI�Ps� 4 ³ K � K�� ³ GH>�4��3>uK ³X² >9ÆJP ²Í² »31Å2TÆ ³ 4N2TPZ1!4N2 ² >Z¶RÇY�3> ³ 2 ² 2 K,47P
² 2<1Å2 ² 2��J>�4��Å>OS<>Â1>BX4m�|PE�+4m�3>9KNÆ��Å>Â½©»3ST>Z¶
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����#"����	!�%$&��� � �('�����)*�+�-,.�/	!	0��'(�1,2)*������'43�����).� U1£4m�3> Æ ³ KM>r���3>ÂIN>r�'> ÆÃPZ1ÁKM2 ½©>JI�4m�3>´Q3I7PE�3ST> ² 2TK�47P
K7Æ��3>Â½©»ÅS<>´PH1 ³ 1p»31²�ÁPH»31Å½©> ½£1=» ² �R>JIuPE�'QÅINP©ÆÃ> KNKNPZILK ³ Q3I7>ÂÆÃ> ½©>J1ÁÆÃ>:BZI ³ QL� ��2<4��p»Å13254 ³ I H ÆJP ²Í² »31Å2TÆ ³ 4N2TPZ1ÁKO½©>JS ³IH K
³ 1Á½�»3132<4O>Ã;©>ÂÆJ»©4N2TPZ1 4N2 ² >�ËÉ065FÇ'D0�?'Ç�Ì º87 P±P]BZ>JGH>J>Â1�>Ã4 ³ S ¶�· Ï ¸#Q3INP GH>Â½�4m� ³ 4�4m�3>�½3>ÂÆÃ2 KN2<PH1 Q3I7PE�3ST> ²�³ KNKNP©ÆÃ2 ³ 47>Â½�47P
P̄ |prec; cij = 1; pi = 1|Cmax

�Á> ÆÃP ² > K NP
DÆÃP ² Q3ST>Ã47>*>JGH>J1���PZI Cmax = 6

º ³ 1Å½�4�� ³ 4+2<4+2 KnQÁPHS H 13P ² 2 ³ Ss��PZI Cmax = 5
¶

ÇY�3>Â2<I'Q3I7P=PE��2TK�� ³ KM> ½´PZ1 ³ I7>Â½©»ÁÆ 4N2TPZ1���INP ² 4��3> NP
D ÆJP ² Q3ST>Ã47>�Q3I7PE�3ST> ² 3SAT

· ¿s¸ ¶±ÇY�Å>
NP

DÆÃP ² Q3ST>Ã47>J13> KNKFIN> KM»ÅS54
��PZI

Cmax = 6
2 ² Q3ST2<> K'4�� ³ 4�4��3>ÂIN>�2 K,13PÍQÁPHS H 13P ² 2 ³ S 472 ² > ³ Q3Q3I7P�;±2 ²´³ 472<PH1 ³ S�BZPHIN2<4�� ² ��2<4���I ³ 472<PeBZ» ³ I ³ 1=4N>J>��R>Ã4M47>JI4�� ³ 1 7/6

º »313ST>ÂK7K
P = NP

¶
8:PHIN>ÂP GZ>JI º 2<1�Q3I7>ÂKN>J1ÅÆJ>´Ps� ³ �ÁPH»31Å½©> ½£1=» ² �R>JI9PE�'Q3I7P©ÆÃ> KNKNPZILK º97 P=P]BZ>ÂGZ>J>Â1 >J4 ³ S ¶¹· Ï ¸F> K�4 ³ �3ST2TK��£4�� ³ 4����3>Ã4m�3>JI

³ 1:2T1ÅKM4 ³ 1ÅÆÃ>OPE� P |prec; cij = 1; pi = 1|Cmax

� ³ K ³ KNÆ��Å>Â½©»3ST>9PE�
ST>J1LBX4��:PE� ³ 4�4��Å> ² PHKM4 4
2 K
NP

D ÆJP ² Q3ST>Ã4N>!Ë 4��Å> H»ÅKN> ³ I7>Â½3»ÅÆ 472<PH1r��INP ² 4m�3> NP
DÆÃP ² Q3S<>J4N>�QÅINP]�3S<> ² Clique

Ì º ���Å>JI7> ³ K[F*2 ÆÃPZ»ÅS<> ³ »�· ¹ ¾$¸ ½©>JGH>JSTPZQÅK ³ QRPZS H 13P ² 2 ³ S3472 ² >
³ S�BZPHIN2<4�� ² ��PZI�4��3> Cmax = 3

¶ÁU1:4��Å>@K ³X² >�� ³IH º 4m�3> NP
DÆÃP ² Q3ST>Ã47>J13> KNK�IN> KM»ÅS544��PHI Cmax = 4

2 ² Q3ST2T>ÂK�4�� ³ 4�4��3>ÂIN>2 K,13P´QÁPHS H 13P ² 2 ³ S 4N2 ² > ³ Q3Q3I7P�;©2 ²´³ 472<PH1 ³ S�BZPHIN2<4�� ² ��254m��I ³ 4N2TP�BH» ³ I ³ 1=4N>Â>A�R>Ã4N4N>ÂI�4�� ³ 1 5/4
º »Å13S<> KNK

P = NP
¶
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��+�/"����	!�:$;��� � �1)*��</�=,.�/	>	?��'(�1,2)*������'?3�����).� U1Í4m�3>�Æ ³ KN>����3>JI7>���>�ÆJPZ1ÅKN2 ½©>JI#4m�3>�Q3I7PE�ÅS<> ² 4NP@KNÆ��3> ½©»3ST>PZ1��RPZ»31Å½3>Â½|1±» ² �R>JI,Ps�
Q3I7P©ÆÃ>ÂK7KNPZILK ³ Q3I7>ÂÆÃ> ½©>J1ÁÆÃ> BZI ³ Q>����254m��S ³ I�BH>�ÆÃP ²Í² »3132 Æ ³ 4N2TPZ1ÅK,½©>ÂS ³IH K ³ 1Å½E»Å13254�>J;±> ÆÃ»©472<PH14N2 ² >�ËÉ065FÇ'D· ?'Ç�Ì º*@ ³Z² Q32TK�>Ã4 ³ S ¶H2T1 · ¹ ¸RQ3I7P GZ>Â½�4m� ³ 4'4��Å>�½©> ÆÃ2 KM2TPZ1 QÅINP]�3S<> ² ½©>J13PZ4N> ½:� H P |prec; cij = c ≥ 2; pi =
1|Cmax

��PZI
Cmax = c + 3

2 K
NP

D ÆJP ² Q3ST>Ã4N>�Q3I7PE�ÅS<> ² º ³ 1Å½ ��PHI Cmax = c + 2
Ë®��PZIÍ4��Å>�KMQR>ÂÆJ2 ³ S,Æ ³ KN> c = 2

Ì º
4��Å> H ½©>JGH>JSTPZQ ³ QRPZS H 13P ² 2 ³ S�472 ² > ³ S�BZPZI72<4�� ² ¶�ÇY�Å>J2TIEQ3I7P±Ps�O2TK�� ³ KN>Â½�PH1 ³ I7>Â½©»ÅÆÃ4N2TPZ1 ��I7P ² 4��Å>

NP
DÆÃP ² Q3ST>Ã47>Q3I7PE�3ST> ² Balanced Bipartite Complete Graph, BBCG

· ¿ ºÂ¹ Ys¸ ¶FÇY�±»ÅK ºA@ ³Z² QÅ2TKE>Ã4 ³ SÉ¶A· ¹ ¸�Q3I7P GZ> ½�4m� ³ 4!4��3>
P |prec; cij = c ≥ 2; pi = 1|Cmax

Q3I7PE�3ST> ² ½3P=> K,13PX4�QRPHK7KM> KNK ³ QRPZS H 1ÅP ² 2 ³ S 4N2 ² > ³ Q3Q3I7P�;©2 ²´³ 472<PH1 ³ SCBHPZI7254m� ² ��254m�I ³ 4N2TPrBZ» ³ I ³ 1=4N>J>A�Á>J4M47>JI�4m� ³ 1 (1 + 1
c+3 )

º »Å13S<> KNK
P = NP

¶
B ��	!)C��DFE A�PX4N2 ÆÃ>,4m� ³ 4�2<1�4��Å>�Æ ³ KM>����3>ÂIN>'4m�3>�1±» ² �R>JIFPs�nQ3I7P±ÆJ>ÂK7KMPHI7K 2 K#»31²�RPZ»31Å½3>Â½:Ë P̄ |prec; cij = c ≥ 2; pi =

1|Cmax

Ì º 4��3>9ÆJP ² Q3ST>Ã;©2<4 H 4NP ³ 1 ³ K7KNP±ÆJ2 ³ 4N> ½E½©> ÆÃ2 KM2TPZ1|Q3I7PE�3ST> ² 2 K�»31 � 1ÅP$��1�¶

G8HEhGVYdJI9K�\`vMLWkjf]V�N
cij Cmax

n!d�K�hWijVmpEk gOH J<dQP�V�SSRGd`TWf²Z M*VTI�VmSUV�f]v�V�N
P̄ c = 1 5 U daiVHEfWd�K�kl\`i WlQQXZY
P̄ c = 1 6 NP [ v�d�K�hWijVmgUV]\ 7/6 ≤ ρ

WjQQXZY
P c = 1 3 U daiVHEfWd�K�kl\`i WlQ�^JY
P c = 1 4 NP [ v�d�K�hWijVmgUV6^ 5/4 ≤ ρ

WjQQXZY

P̄ c ≥ 2 > c _ _ _
P c ≥ 2 c + 1 U daiVHEfWd�K�kl\`i WjQTY
P c ≥ 2 c + 3 NP [ vmd�K�hWijVmgUVa` 1 + 1/(c + 3) ≤ ρ

WjQTY
b�c�dfehgji�k n!d�K�hWijVmpEk gOH�SUV�N«T]i glNmI�d`SAN«vnL]VoZ]T]ijklf.o�hESUd�RWijV�KpN

ÇY�3>OÆÃP ² Q3S<>J;©254 H I7>ÂKN»3S<47K ³ IN> BZ2TGZ>Â1�� H 4m�3>9KN» ²Í²Í³ I H 4 ³ �3ST> 1
¶

\
3SAT

N«V�VqW _�Y
^

Clique
N«V�VqW _JY

`
BBCG

N«V�VqW _]PoQoRZY

µ
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(���/"��1��	!� $&��� � ��'(����)*�+� ,2��	!	?��'�,2)*������' 3����1)2� ÇY�3> �R>ÂKM4 � 13P$��1 ³ Q3Q3I7P�;±2 ²´³ 472<PH1 ³ SCBHPZI7254m� ² ��PHI
P̄ |prec; cij = 1; pi = 1|Cmax

2TK@½©»3>E4NP 8�»3132T>JI ³ 1Å½³?A@Z132�B · ¹ µ$¸ ¶ ÇY�3> H Q3I7>ÂKN>J1=4N> ½ ³ (4/3)
D ³ Q3Q3I7P�;±2 ²´³ 472<PH1 ³ S5D

BZPHIN2<4�� ² ��PZIÍ4��Å2TK´QÅINP]�3S<> ² º ���32TÆ��}2 Kr� ³ KN>Â½�PZ1 ³ 1�2<1=4N>`BZ>ÂI´S<2T13> ³ IÍQ3INP]BZI ³X²Í² 2<1LB���PZI ² »ÅS ³ 4N2TPZ1�¶#ÇY�3> H I7>JS ³ ;p4��Å>2T1H47>�BHIN2<4 H ÆÃPH1ÅKM4NI ³ 2T1H4LK ³ 1Å½E4��3> H Q3I7P©½©»ÅÆJ> ³ ��> ³ KN2C�3ST>OKNÆ��Å>Â½©»3ST> � H I7PZ»31Å½32<1>BÁ¶8:»31Å2<>ÂI ³ 1Å½ 7 ³ 13>J1 · ¹Z¹ ¸�Q3I7PZQRPHKN>Â½ ³ ( 7
3 − 4

3m
)
D ³ Q3Q3I7P�;±2 ²´³ 472<PH1 ³ S�BZPHIN2<4�� ² ��PZIÍ4��Å>:Q3INP]�3ST> ² P |prec; cij =

1; pi = 1|Cmax

¶ÅÇY�3> H ½©>
�Á13> ³ 1Å½|K�47»Å½ H|³ 1Å>�� ST2 K�4�K7Æ��3>Â½©»ÅS<2T1>B ³ Q3QÅINP�;©2 ²Í³ 4N2TPZ1 ³ SCBHPZI7254m� ² � ³ KM> ½EPH1E4m�3>9KMPHS<»34N2TPZ1
BZ2TGZ>Â1�PZ1 ³ 1�»31ÅIN> K�47IN2 Æ 47>Â½:1±» ² �Á>ÂI�PE�*Q3INP©ÆJ>ÂK7KMPHI7KÂ¶ÅÇY�3> H 2<1=4NI7P©½©»ÅÆJ>94��Å>@13PZ4N2TPZ1�PE�.¦
¡$¬$�$¨o� �«©r§oªL£�£�©o§�§��$¨�2T1 PHI7½©>ÂI�47P½©>��Å13>�QÅIN2TPZI725472<> K��R>Ã4U�'>J>J1!ÆÃPZ1��Å2TÆÃ4N2T1>BuKN»ÅÆJÆJ>ÂK7KMPHI7K*Ps� ³ 4 ³ K � ¶=A�PX472TÆJ>�4m� ³ 4 º 2T1´4��Å>�Æ ³ KM>9���3>JI7>4�'>�ÆÃPH1ÅKM2 ½©>ÂI*4��Å>�S ³ ImBZ>ÆÃP ²Í² »3132 Æ ³ 4N2TPZ1ÅK�½©>JS ³IH K º 4m�3>JI7>92 K�13PEQÁPHS H 13P ² 2 ³ S+4N2 ² > º ³ K � 13P$��1 º ³ Q3QÅINP�;©2 ²Í³ 4N2TPZ1 ³ S�BZPHIN2<4�� ² >Ã;3ÆÃ>ÂQ©4�4m�3>947IN2TG±2 ³ S
�RPZ»31Å½

(c + 1)
���ÅPHKN>��ÅILK�4�KM4N>ÂQ ÆÃPH1ÅKN2TKM47K�2<1�>J;©>ÂÆÃ»34N2T1>B´4��Å>94 ³ K � K ³ 1Å½:KN>ÂÆJPZ1Å½:KM4N>ÂQ�2<1 2<1=4N2 ³ 472<1LBEÆÃP ²�² »3132 Æ ³ 4N2TPZ1ÅKQ>� ³ KM2 K ³ 1Á½!KNPÍPZ1 . . .?�PZ1ÁÆÃ>JI7132T1>B}4��3> Æ ³ KN>pPs��4��3>p1±» ² �Á>ÂI����3>ÂIN>pQ3I7P©ÆÃ> KNKNPZILK|2TK:I7>ÂKM4NI72 Æ 4N> ½ º ³ 1�PH13S H Ë ³ K � 13P$��1ÁÌ|ÆÃPH1ÅKM4 ³ 1=4 2

D
³ QÅQ3INP�;©2 ²´³ 4N2TPZ1 ³ S�BZPZI72<4�� ² 2 KeBZ2TGZ>J1x� H 8:»3132T>JI�· À$¸ º ��PZI�4m�3>:KMQR>ÂÆJ2 ³ S�Æ ³ KN>����3>JI7>E4m�3>:Q3I7>ÂÆJ>Â½©>Â1ÅÆÃ>�BZI ³ Q>��2TK@47IN>Â>2T1|QÅIN> KM>Â1ÅÆÃ>�Ps� S ³ I�BH>�ÆJP ²Í² »Å132TÆ ³ 472<PH1ÅK�½©>JS ³IH KJ¶

� � �!
����#"����	!� $&��� � ��)*��<��>,.�/	!	0��'(,.)*���1�/' 3����1)2� ?�PH1H47I ³ I H 47P�4��3> ÆJP ² Q3ST>Ã;©2<4 H IN> KM»ÅS54LK º ³ K ��> � 13P$� º ³ 1»3132 �=»3> ³ Q3QÅQ3INP�;©2 ²´³ 4N2TPZ1 ³ S�BZPZI72<4�� ² 2 K�BZ2TGZ>J1�� H B ³ QÅ2<13>r· ¹ ¿E¸ ¶©ÇY�3> ³ »34NPZIYBH2<GH>ÂKF4��3>OSTP$��>ÂI*�RPZ»Å1Å½ O(c)
��PZI,4m�3>�S<2 K�4

K7Æ��3>Â½©»ÅS<2T1>BÍ2<1�Q3I7>ÂKN>J1ÁÆÃ>�Ps�
S ³ I�BH>�ÆJP ²Í² »31Å2TÆ ³ 4N2TPZ1ÁK�½©>JS ³IH KJ¶©¼�QÅQ3INP�;©2 ²´³ 4N2TPZ1!IN> KM»ÅS54LK ³ I7>�BH2<GH>J1�� H 4��3>�4 ³ �3ST>9µ©¶

G�HEhGVYd�I9K�\�vnL]kjfWV�N
cij

X[hWh]SUdopEk K�\�gUkjdaf�SUV�N«T]ijglN M[VTI V�SUV�fWv�VTN
P̄ c = 1 ρ ≤ 4/3

WjQ`QTY
P c = 1 ρ ≤ 7/3

WjQ�yJY

P̄ c ≥ 2 2
I d�S*g«SUV�V W bZY

P̄ c ≥ 2 _ _
P c ≥ 2 O(c)

WjQ�_JY
b�c�dfehg��Ck X[hWhESUd
pEk K�\�gUkjd`f6SUV�N«T]i glNmI�d`S N«vMLWVoZETWijkjf�o hESUd�RWijV�KpN

����� 	q��������'f��)*���1�/' ��
6)C' )C������,.���
ÇY�3>uÆ�� ³ STS<>Â1>BZ>O2 K�47P!½©>J4N>JI ² 2<1 ³ 4N> ³ 4��3I7>ÂK��3PZS ½���PZI ³ Q3QÅINP�;©2 ²Í³ 4N2TPZ1 ³ S�BZPHIN2<4�� ² ��PZI�4��3>9QÅINP]�3S<> ² P̄ |prec; cij = c ≥
2; pi = 1|Cmax

º 4NPp½©>ÂGZ>JSTPZQ ³ 13PH1�47IN2TG±2 ³ S ³ Q3Q3I7P�;©2 ²´³ 4N2TPZ1 ³ SCBHPZI7254m� ² º ³ 1Å½�4NPp2 ² Q3I7P GZ> º 2T1}4��3>:Q3I7>ÂKN>J1ÁÆÃ>�Ps� ³I7>ÂKM4NI72TÆÃ4N>Â½!1±» ² �R>JI�PE� QÅINP©ÆÃ> KNKNPZILK º 4m�3>��ÁPH»31Å½�BZ2TGZ>Â1�� H B ³ Q32T13>r· ¹ ¿s¸ ¶ÇY�32 K ³ IN4N2 ÆÃST>�2TK PZImB ³ 1Å2C�Â>Â½ ³ Ke��PZSTSTP$��KJÈ#2T1�4��3> KM> ÆÃPZ1Á½�KN>ÂÆÃ4N2TPZ1 º �'>�BZ2TGZ> ³ Q3I7>JST2 ² 2T1 ³ I H I7>ÂKN»3S<4Â¶*U1}4m�3>:4��Å2<IL½KN>ÂÆ 472<PH1 º �'>4BH2<GH>,4��3>�4U�'P913PH1©D ³ Q3Q3I7P�;©2 ²´³ �32<ST2<4N2T>ÂK IN> KM»ÅS54LK���PZIF4��3>�KNÆ��3> ½©»3ST2<1LB9Q3I7PE�3ST> ² ��254m�´4��3>�PE�Gº�> Æ 4N2TGZ>4��»31ÅÆ 472<PH1Ps� ² 2<1Å2 ² 2��J2T1>BÍ4��3>OST>J1LBX4��|Ps� 4��Å>9KNÆ��3> ½©»3ST>´Ë�I7>ÂKNQ�¶ ² 2<1Å2 ² 2�� ³ 472<PH1!PE�/4m�3>9ÆÃP ² Q3S<>J4N2TPZ1!4N2 ² > Ì ¶ÁU1|4��3> ��PH»3IM4m�|KN>ÂÆÃ4N2TPZ1 º
�'>@Q3I7PZQRPHKN> ³ QRPZS H 1ÅP ² 2 ³ S 4N2 ² > ³ S�BZPHIN2<4�� ² ��PHI

Cmax = c + 2
��2<4��

c ∈ {2, 3}
¶RU1�4m�3>ÍS ³ K�4OKM> Æ 472<PH1 º ��>Í½©>JGH>JSTPZQ

³ 2(c+1)
3

D ³ Q3QÅINP�;©2 ²Í³ 4N2TPZ1 ³ SCBHPZI7254m� ² � ³ KN>Â½pPH1 4m�3>!1ÅPX4N2TPZ1�Ps��>J;©Q ³ 1ÅKN2TPZ1 º Ps��4m�3> ²Í³E� > KMQ ³ 1 º Ps� ³ BZP±P©½ ��> ³ KM2��3ST>K7Æ��3>Â½©»ÅS<>H¶

� ¯ �3�+�N�Mª �M ��
�©¨"�Å�+°±���«}
U1�4��Å2TK/Q ³ IN4 º ��>¹��2TSTS=½©>��Å13> ³ G ³ IN2 ³ 1=4�PE�3C3¼#Ç QÅINP]�3S<> ² · ¿s¸ º ½3>J13PZ4N>Â½�2T1���� ³ 4���PZSTS<P$��K.� H Π1

¶ ÇY�3>
NP

DÆÃP ² QÅS<>J4N>J1Å>ÂK7KPs�/4��3>OK7Æ��3>Â½3»3S<2T1>B�Q3I7PE�3ST> ² P̄ |prec; cij = c ≥ 2; pi = 1|Cmax

ËÐKN>J>OKN>ÂÆÃ4N2TPZ1
3
Ì º 2 KY� ³ KN>Â½EPZ1 ³ I7>Â½3»ÅÆ 472<PH1���I7P ² 4m�32TKQ3I7PE�3ST> ² ¶

¾



� � � 
(���/"��1��	
Π1

2 K ³ G ³ I72 ³ 1H4,Ps�/4��3>��'>JSTS � 13P$��1|C3¼#Ç Q3I7PE�ÅS<> ² · ¿E¸ ¶G�£>���2<STS�Æ ³ S<S 4m�32 K,G ³ IN2 ³ 1=4,4��Å> One
D
in
D

(2, 3)SAT (2, 1̄)
Q3I7PE�3ST> ² ¶ � >O½©>Â13PX47>�� H V

º 4m�3>uKN>Ã4�Ps�
G ³ I72 ³ �3ST>ÂKÂ¶3·�>Ã4 n
�Á> ³@² »3S<4N2TQ3S<>OPE� 3 ³ 1Å½|S<>J4 C �Á> ³ KN>Ã4�PE�ÆÃS ³ »ÁKM> K,Ps� Æ ³ IL½©2T1 ³ ST254 H 2

PHI
3
¶3ÇY�3>JI7> ³ I7> n

ÆJS ³ »ÅKM> K'Ps�#Æ ³ IL½©2T1 ³ ST2<4 H 2 ³ 1Å½ n/3
ÆJS ³ »ÅKN>ÂK,Ps�
Æ ³ I7½©2T1 ³ S<2<4 H 3

KMP@4�� ³ 4ÂÈ
� > ³ Æ���ÆÃS ³ »ÅKN>�Ps� Æ ³ IL½©2T1 ³ ST254 H 2

2 K,>`�=» ³ S 4NP (x ∨ ȳ)
��PZI�KNP ² > x, y ∈ V

��2<4��
x 6= y

¶
� > ³ Æ��EPE�+4m�3> n

S<2<4N>ÂI ³ STK x
Ë�I7>ÂKNQ�¶©PE��4��3>OST2<4N>JI ³ S K x̄

Ì[��PZI
x ∈ V

�Á>ÂS<PH1>BHK�47P@PH13>�PE�+4m�3>
n
ÆÃS ³ »ÁKM> KFPE� Æ ³ I7½32<1 ³ S<2<4 H 2

º
4m�=»ÁK,4NPÍPZ1ÅS H PH13>OPs�/4��3> ² ¶

� > ³ Æ��|Ps�+4m�3> n
S<2<4N>ÂI ³ STK x

�R>JSTPZ1>B=K'4NPÍPZ1Å>�PE�/4m�3>
n/3

ÆÃS ³ »ÅKN>ÂK,PE� Æ ³ IL½©2<1 ³ ST254 H 3
º 4��±»ÅK'4NP´PH13S H PZ13>�PE�/4m�3> ² ¶

� ���3>Â13>JGH>JI
(x ∨ ȳ)

2TK ³ ÆJS ³ »ÅKN>�PE� Æ ³ IL½©2<1 ³ ST254 H 2
��PHI�KMP ² > x, y ∈ V

º 4m�3>J1
x ³ 1Á½ y

�Á>ÂS<PH1>B�4NP´½©2C�R>ÂIN>Â1H4�ÆJS ³ »ÅKN>ÂKPE�
Æ ³ IL½©2<1 ³ ST254 H 3
¶

� �����J������' E
U�K'4��Å>JI7> ³ 47IN»©4m� ³ K7KM2�BZ1 ² >Â1H4 I : V → {0, 1}

KN»ÅÆ��|4�� ³ 4�>JGH>JI H ÆÃS ³ »ÅKN>�2<1 C
� ³ K,>Ã; ³ Æ 4NS HE³ 4NI7»3>�ST2547>JI ³ S��U1|PZIL½©>JI'4NP´2TSTS<»ÅKM4NI ³ 47> Π1

º �'>�ÆJPZ1ÅKN2 ½©>JI,4m�3> ��PZSTS<P$��2T1>B�>Ã; ³X² Q3ST>Z¶
� ��)C	�
��� ÇY�3>���PZSTSTP$��2<1>BÍSTPEBH2TÆ9��PZI ² »3S ³ 2TK ³ G ³ ST2 ½!2T1ÅKM4 ³ 1ÅÆÃ>�Ps� Π1

È
(x0 ∨ x1 ∨ x2) ∧ (x3 ∨ x4 ∨ x5) ∧ (x̄0 ∨ x3) ∧ (x̄3 ∨ x0) ∧ (x̄4 ∨ x2) ∧ (x̄1 ∨ x4) ∧ (x̄5 ∨ x1) ∧ (x̄2 ∨ x5)

¶
ÇY�3> ³ 1ÁKu�'>JI�4NP Π1

2TK
yes
¶=U 4�KN»�� ÆÃ> K'4NP´Æ��3P±PHKN>

x0 = 1
º
x3 = 1 ³ 1Å½ xi = 0

��PZI
i = {1, 2, 4, 5}

¶HÇY�Å2TK H 2T>JS ½3K ³4NI7»©4m� ³ K7KM2�BZ1 ² >Â1=4�K ³ 4N2 KU� H 2T1>B´4m�3>���PHI ² »3S ³ º ³ 1Å½�4��Å>JI7>u2 K�>Ã; ³ Æ 4NS H PZ13>94NI7»3>uST2547>JI ³ S/2<1�>ÂGZ>ÂI H ÆÃS ³ »ÅKN>Z¶RÄ3PHI�4��Å>@Q3I7P±Ps�Ps� 4��Å>
NP

DÆÃP ² Q3S<>J4N>Â13>ÂK7K�KM>Â>r· V$¸ ¶

� � �F �¡ �
�����3�
	��Nª"� { �M�N�«}X¨ �3�+°±���«}3°
U1 4m�32 K�KM> Æ 4N2TPZ1 º �'>�K��3P$��2T1E4m�3>A�ÅI7KM4,Q ³ IN4 º 4�� ³ 4'4��3>�Q3I7PE�3ST> ² ½©>Â13PX47>Â½�� H P̄ |prec; cij = c ≥ 3; pi = 1|Cmax

½©P±>ÂK
13PZ4uQÁP=KNKN>ÂK7K ³ QRPZS H 1ÅP ² 2 ³ S#4N2 ² > ³ QÅQ3INP�;©2 ²´³ 4N2TPZ1 ³ S�BZPHIN2<4�� ² ��254m�pI ³ 4N2TP�BZ» ³ I ³ 1=4N>J>r�R>Ã4N4N>JIu4�� ³ 1 1 + 1

c+4

��PHIO4��Å>
² 2<1Å2 ² 2�� ³ 472<PH1´Ps� 4��Å>�ST>J1>BZ4��´Ps� 4m�3>�K7Æ��3>Â½©»ÅS<>uËÐIN> KMQ+¶ 1+ 1

2c+5

º ��PZI*4m�3> ² 2T132 ² 2�� ³ 4N2TPZ1´Ps� 4m�3>�KN» ² Ps� 4��3>�ÆÃP ² Q3ST>Ã472<PH14N2 ² > ÌÃ¶>� > ³ STKNPrBZ2TGZ>�4��3> NP
DÆÃP ² Q3S<>J4N>Â13>ÂK7K���PZI,4m�3>9KMQR>ÂÆJ2 ³ S�Æ ³ KM> c = 2 ³ 1Å½ Cmax = 6

2T1|4��3>9KN>ÂÆÃ4N2TPZ1�¾3¶ µ©¶

�8��� � � �j	>��'���	!���2)*������'!� 
 ����'(</� � ��
a� � � ��, � ��3(�����

0

Ci
1 Ci

2 Ci
c+1 Ci

c+2

Ai
1

Ai
2 Ai

c+1 Ai
c+2

βl
1 βl

2 βl
c+1 βl

c+2

αl′ l̄′

Di
1 Di

2

Di
c+1

Di
c+2 Di

c+3

D′i
1 D′i

2

D′i
c+1

D′i
c+2

D′i
c+3

l′

l̄′l̂′

∀ l ∈ V

c + 1
c + 2
c + 3

. . .

. . .

. . .

. . .

. . .

. . .

Y
Z
X
xi

1

xi
2

xi
3

T1

T2

Tc+1

Tc+2

Tc+3

Tc+4

n
yi
1

yi
2

yi
c−4

yi
c−3

yi
c−2

���� kai�k X�h²\�S«gUkl\�i$h]SUV�v�V�Z]V�f]v�V(o�Su\`h.L6I�d`S¶glL]V
NP [ vmd�K�hWijVmgUVTN N�d�IEglLWV�N«vMLWVoZETWijkjf�o[h]SUd�RWijV�K P̄ |prec; cij = c ≥ 3; pi = 1|Cmax �� g��%c������

l̄′
k N[kjf6glLWV�v�il\`T.N«V�d�I�ijV�f.o�L$g�gOP!d�\�N N«d$v�kl\
gUVoZrgUd

D′i
1 → D′i

2 → . . . D′i
c+2 → D′i

c+3

¿



� � ���#����	 ����� >©���¨m����¢C©
� �U¦�°]©m£��¤°$� ¥²±��'L©
�®>©�¨6¡$¥�� ¥L§o�´¡s¥�£�©6�u¦
P̄ |prec; cij = c; pi = 1|Cmax

>¡$§6¡e§�£mL©m°sªG¢C©6�u¦
¢C©�¥W±E�  ¡$���r�$§o�

(c + 4)
� §
NP �

£��$�9��¢C©��«©���� �®
c ≥ 3

�
��¨��a�U¦Z��U 4�2 K,> ³ K H 47P KM>Â>�4m� ³ 4 P̄ |prec; cij = c; pi = 1|Cmax = c + 4 ∈ NP

¶
	 »3I,Q3I7P±Ps�/2 K�� ³ KM> ½EPH1 ³ I7>Â½©»ÁÆ 4N2TPZ1���I7P ² Π1

¶
;�2TGZ>J1 ³ 1O2<1ÁK�4 ³ 1ÅÆJ> π∗

PE�
Π1
º �'>FÆJPZ1ÅKM4NI7»ÅÆ 4 ³ 1O2T1ÅK�4 ³ 1ÅÆJ> π

Ps�±4m�3>FQ3I7PE�ÅS<> ² P̄ |prec; cij = c; pi = 1|Cmax = c+4
º

2T1!4m�3> ��PZSTSTP$��2<1>Be� ³IH È
¹ ¶�ÄÅPZI ³ STS x ∈ V

º �'>�2<1=47INP©½©»ÅÆJ>
(c + 6)

G ³ IN2 ³ �ÅS<> K�D 4 ³ K � KÂÈ αx′x̄′ , x′, x̄′, x̂′, βx
j

��254m�
j ∈ {1, 2, . . . , c + 2}

¶
�£> ³ ½3½�4��Å> Q3I7>ÂÆJ>Â½©>Â1ÅÆÃ> ÆJPZ1ÅKM4NI ³ 2T1=47KÂÈ αx′x̄′ → x′

º
αx′x̄′ → x̄′

º
βx

1 → x̂′
º

βx
1 → x̄′

º
βx

j → βx
j+1

��254m�
j ∈ {1, 2, . . . , c + 1}

¶
µ©¶�ÄÅPZI ³ STSnÆÃS ³ »ÅKN>ÂK�Ps� S<>Â1>BX4m� 4��ÅIN>Â>�½©>Â13PX47>Â½�� H Ci = (y ∨ z ∨ t)

º ��>�2T1H47INP©½©»ÁÆÃ>
2× (2 + c)

ÆÃS ³ »ÅKN>ÂKMDÉ4 ³ K � K Ci
j
³ 1Å½

Ai
j

º
j ∈ {1, 2, . . . c + 2}

º ��2<4�� Q3IN> ÆÃ> ½©>J1ÅÆJ>uÆÃPH1ÅKM4NI ³ 2T1H4LKJÈ Ci
j → Ci

j+1
³ 1Å½ Ai

j → Ai
j+1

º
j ∈ {1, 2, . . . , c + 1}

¶
�£> ³ ½3½E4��Å>9ÆÃPZ1ÁK�47I ³ 2<1=47K Ci

1 → l
��2<4��

l ∈ {y′, z′, t′} ³ 1Å½ l → Ai
c+2

��254m�
l ∈ {ŷ′, ẑ′, t̂′}

¶
¾3¶�ÄÅPZI ³ S<S�ÆÃS ³ »ÁKM> K Ps�OST>J1>BZ4���4U�'P�½©>Â13PX47>Â½ � H Ci = (x ∨ ȳ)

º ��>�2T1=4NI7P©½©»ÅÆÃ>
(c + 3)

ÆJS ³ »ÅKM> K�D 4 ³ K � K Di
j

º
j ∈

{1, 2, . . . , c + 3}
��2<4�� Q3IN> ÆÃ> ½©>J1ÅÆJ>uÆÃPH1ÅKM4NI ³ 2T1H4LKJÈ Di

j → Di
j+1

��254m�
j ∈ {1, 2, . . . , c + 2} ³ 1Å½ l → Di

c+3

��254m�
l ∈ {x′, ȳ′}

¶
ÇY�3> ³ �ÁP GH>�ÆJPZ1ÅKM4NI7»ÅÆÃ4N2TPZ1|2TK�2<STS<»ÁK�47I ³ 4N>Â½|2T1�Ä 2CBH»3IN> ¹ ¶ÅÇY�32 K�4NI ³ 1ÁKU��PHI ²´³ 472<PH1!Æ ³ 13�Á>@ÆÃST> ³ I7S H ÆÃP ² QÅ»©4N> ½�2<1:QRPZS H D13P ² 2 ³ S 472 ² >H¶

•
·+>Ã4,»ÅK¹�ÁI7KM4 ³ KNKN» ² >�4m� ³ 4'4��3>ÂIN>�2TK ³ K7Æ��3> ½©»3ST>�Ps��ST>J1LBX4�� ³ 4 ² P=K�4 (c +4)

¶±U1´4m�3>A��PZSTS<P$��2T1>B º ��>A��2<STS Q3I7P GZ>�4m� ³ 44m�3>JI7>�2TK ³ 47IN»©4m� ³ K7KM2�BZ1 ² >Â1H4 I : V → {0, 1}
KN»ÅÆ��!4�� ³ 4�> ³ Æ��|ÆJS ³ »ÅKM>�2T1 C

� ³ K,>J; ³ Æ 47S H PZ13>�4NI7»3>�ST2547>JI ³ S ¶Ä 2TI7KM4���>:Æ ³ 1}IN> ²Í³ I � 4m� ³ 4 2C� c ≥ 3
4m�3>J1

2c + 2 > c + 4 ³ 1Å½�KNP º > ³ Æ��}Q ³ 4m� Ai
j , βx

j , Ci
j

PZI
Di

j′
��254m�

j ∈ {1, 2, . . . , c+2} ³ 1Å½ j′ ∈ {1, 2, . . . , c+3} ² »ÁK�4��Á>�>Ã;©>ÂÆJ»©4N> ½ÍPZ1´4m�3>�K ³X² >�Q3I7P©ÆÃ> KNKNPZI ¶$� � ³ 4a� K ² PZI7> º 4U��PPE�/4m�3>ÂKN>�Q ³ 4m�ÅK�Æ ³ 1313PZ4Y�R>O>Ã;©> ÆÃ»©47>Â½!PZ1|4��3>OK ³X² >�Q3I7P±ÆJ>ÂK7KMPHIÂ¶

 �/��)*������' E U1�4��3>���PZSTS<P$��2T1>B��'>E½©>J1ÅPX4N>�� H PA

ËÐIN> KMQ+¶
PC

Ì�4��Å>!KN>Ã4uPE�'4m�3> n
3

QÅINP©ÆÃ> KNKNPZILK ���32 Æ��p>Ã;©>ÂÆJ»©4N> ³Q ³ 4�� Ai
j

Ë�I7>ÂKNQ�¶ ³ Q ³ 4�� Ci
j

ÌÃ¶©A�PX472TÆJ>�4m� ³ 4���> � 13P$�|� H 4m�3>�½©>
�Å1Å25472<PH1EPs�n4m�3>�Q3INP]�3ST> ² Π1
º 4�� ³ 4'2T1 ³ 1 2<1ÁK�4 ³ 1ÅÆJ>

³ ½ ² 254LK n
3

ÆJS ³ »ÅKM> K�PE�
ST>J1LBX4���4m�3I7>J>6���Å>JI7> n
½©>J13PZ4N> K�4��Å>u1±» ² �R>JI�Ps�#G ³ I72 ³ �3ST>ÂKÂ¶ÅU1�4��Å>@K ³X² >�� ³IH º �'>u½©>Â13PX47>

� H Pβ

ËÐIN> KMQ+¶
PD

Ì�4m�3>9KN>Ã4�Ps� 4��3>
n
Q3I7P±ÆJ>ÂK7KMPHI7K*���32 Æ���>Ã;©>ÂÆJ»©4N> ³ Q ³ 4�� βx

j

Ë�I7>ÂKNQ�¶ ³ Q ³ 4m� Di
j

ÌÃ¶
� ��	>	!)����� ¦

Cmax = c+4
� L©
¥3¡I§�§o�l±s¥<� ¥W±�� L©A¬I¡s¢jªL©A��¨oªL©4�´�6� L©4¬$¡$¨o�¤¡��
¢�©

x
� ¦�¡$¥�°��$¥<¢j¯�� ¦4�®>©9¬$¡$¨o�¤¡���¢C©

�
�´¡$§��

x′
� §6©��²©m£�ªG�«©m°��$¥ ¡���¨��a£�©o§�§��$¨6�u¦��®>©��L¡$�®

PC

�[©e�����«¡$� ¥ ¡�£��$¨o¨�©�£��[§��$¢lªG���¤�s¥��
��¨m�`�u¦Z��U1|PZIL½©>JI�4NP�I7>ÂKNQÁ> Æ 4'4��3>���> ³ KM2��3ST>�K7Æ��3> ½©»3ST>�PE�/ST>J1>BZ4�� (c + 4)

º 2<1!4��Å>A�ÁI7KM4�472 ² > º ��>�Æ ³ 1!KM4N> ² ��INP ² 4��3>QRPZS H 13P ² 2 ³ S�472 ² >u4NI ³ 1ÅKu��PZI ²´³ 4N2TPZ1 º 4�� ³ 4�4��Å>uK�4 ³ IN4N2T1>B´472 ² >uPE�
4��3>@G ³ IN2 ³ �ÅS<> K�D 4 ³ K � K l′, l̄′ ³ 1Á½ l̂′
º ³ 1Á½|4�� ³ 4�4��Å>Q3I7P©ÆÃ> KNKNPZILKFPH13���32TÆ��!4��Å>ÂKN>�4 ³ K � K ² »ÅKM44�Á>O>J;©>ÂÆÃ»34N>Â½ º ³ I7>ABH2<GH>J1�� H 4��3> ��PHS<STP$��2T1>BÍIN> ²Í³ I � KÂÈ

∀l ∈ V
È

•
5 ³ Æ�� G ³ I72 ³ �3ST>ÃD 4 ³ K � l′

2 KF>J;©>ÂÆÃ»34N>Â½ÍPH1 ³ Q3I7P©ÆÃ>ÂK7KNPZI*PE� PC
³ 4�KMSTPX4 3

PZIFPZ1 ³ Q3I7P©ÆÃ> KNKNPZI*PE� PD
³ 4'KNS<PZ4 (c+2)PHI

(c + 3)
º

•
5 ³ Æ�� G ³ I72 ³ �3ST>ÃD 4 ³ K � l̄′

2TKF>Ã;©>ÂÆJ»©4N> ½´PZ1 ³ Q3INP©ÆJ>ÂK7KMPHI*Ps� Pβ
³ 4,KMSTPX4,¾OPZI�PZ1 ³ QÅINP©ÆÃ> KNKNPZIFPs� PD

³ 4�KNSTPX4 (c+2)PHI
(c + 3)

º
•
5 ³ Æ�� G ³ I72 ³ �3ST>ÃD 4 ³ K � l̂′

2TK�>Ã;©>ÂÆJ»©4N> ½ PH1 ³ Q3I7P©ÆÃ>ÂK7KNPZI*PE� Pβ
³ 4'KNS<PZ4'¾OPHI�PH1 ³ Q3I7P©ÆÃ> KNKNPZI*PE� PA

³ 4'KNS<PZ4 (c + 2)PHI
(c + 3)

º
•
ÇY�Å>�G ³ I72 ³ �3ST>ÂKMDÉ4 ³ K � K l̄′ ³ 1Á½ l̂′

Æ ³ 1313PZ4*�R>�>J;±> ÆÃ»©47>Â½Í47PEBH>Ã4��Å>JI'PZ1 ³ Q3I7P±ÆJ>ÂK7KMPHI*Ps� Pβ

Ë�4��3> H � ³ GZ> ³ ÆJP ²Í² PZ1QÅIN> ½©>ÂÆJ>ÂK7KMPHILÌÃ¶

 �/��)*������' )C'(3 
����#
 ���+���FE ÄÅPZI�> ³ Æ�� l ∈ V

º �'>!Æ ³ 1 ³ K7KNP±ÆJ2 ³ 4N>E4��3>!4��3I7>J>E4 ³ K � K l′, l̄′, l̂′
¶��£>|½3>J13PZ4N>�� H

X = {l′|l ∈ V}
º
X̄ = {l̄′|l ∈ V} ³ 1Å½ X̂ = {l̂′|l ∈ V}

4m�3IN>Â>�KN>Ã4LKFPE�n4 ³ K � KJ¶±Ä3PHI�> ³ Æ�� KN»>�ÅKN>Ã4 A
PE�

X̄
Ë�I7>ÂKNQ�¶

X̂
Ì º

�'>OÆ ³ 1 ³ KNKNP©ÆÃ2 ³ 4N> ³ KM»L�ÅKM>J4 B
Ps�

X
2T1E4m�3> ��PZSTSTP$��2<1>Br� ³IH È l′ ∈ B

� ¦�¡$¥�°��$¥<¢j¯:� ¦
l̄′ ∈ A

Ë�I7>ÂKNQ�¶
l̂′ ∈ A

Ì ¶
·+>Ã44�R>�4��3> ��PHS<STP$��2<1LB�KN>Ã4LKJÈ
• X1 = {l′\π(l′) = π(PC)}

���3>JI7>
π(l′)

ËÐIN> KMQ+¶
π(PC)

Ì@½©>ÂKN2CBH1ÅKu4��3>!Q3INP©ÆJ>ÂK7KMPHI9PZ1 ���Å2TÆ���4��3>E4 ³ K � l′
2TK

K7Æ��3> ½©»3ST>Â½n¶
• X2 = {l′\π(l′) = π(PD)}

¶

V



• X3 = {l′\π(l̄′) = π(Pβ)}
¶

• X4 = {l′\π(l̄′) = π(PD)}

• X5 = {l′\π(l̂′) = π(Pβ)}

• X6 = {l′\π(l̂′) = π(PA)}·+>Ã44�R>
xi = |Xi|

��PZI
i ∈ {1, . . . , 6}

¶
�£>9Æ ³ 1|KM4N> ² ��I7P ² 4m�3>9ÆÃPH1ÅK�47IN»ÁÆ 4N2TPZ1|Ps� ³ 1�2T1ÅK�4 ³ 1ÅÆJ>�Ps�+4m�3>9K7Æ��3>Â½©»ÅS<2T1>BÍQ3I7PE�3ST> ² 4m�3> ��PZSTSTP$��2<1>B�4 ³ �3ST> º

PC Pβ PA PD

x′ X1 X2

x̄′ X3 X4

x̂′ X5 X6

ÄÅINP ² 4��3>OQÅIN>ÂG=2TPZ»ÁK'4 ³ �ÅS<> º »ÅKM2T1>B�4��Å>OG ³ IN2 ³ �ÅS<> xi
º �'>�PE�©4 ³ 2T1E4m�3> ��PZSTS<P$��2T1>B�2<1Å>`�=» ³ 472<PH1ÅK�K H KM4N> ² È

x1 + x2 = n
Ë ¹ Ì

x3 + x4 = n
ËÉµZÌ

x5 + x6 = n
ËÐ¾HÌ

x1 ≤
n

3

Ë�¿±Ì

x6 ≤
2n

3

ËÉVHÌ
x3 + x5 ≤ n

ËÐYHÌ
x2 + x4 ≤ n

Ë ÎXÌ
�£>���2<STS�BH2<GH>�KNP ² >O½©>Ã4 ³ 2TSTK ³ �RPZ»©4,4��Å>OQ3IN>ÂG±2<PH»ÅK�K H KM4N> ² È
•
ÄÅPZI,4m�3>O>`�=» ³ 4N2TPZ1ÅK (1), (2) ³ 1Å½ (3)

ÈL� > ² »ÅK�4�>J;±> ÆÃ»©47> ³ STS 4��3>�4 ³ K � K,Ps�+4m�3>9KN>Ã47K X
º
X̄ ³ 1Á½ X̂

¶
•
ÄÅPZIO4m�3>´>`�=» ³ 4N2TPZ1 (4)

º PH1 4m�3> Q3I7P©ÆÃ>ÂK7KNPZI ���32 Æ�� >J;±> ÆÃ»©47>ÂK�4m�3>´Q ³ 4�� Ci
j

Ps�'4��3> ÆJS ³ »ÅKM> Ci = (y ∨ z ∨ t)
º

�'>uÆ ³ 1:>Ã;©> ÆÃ»©47> ³ 4 ² P=K�4�PZ13>uPs�
4��3>u4��3I7>J>uG ³ IN2 ³ �ÅS<> K�D 4 ³ K � K y′, z′, t′
¶ÁU1Á½©>J> ½ º ³ S<S/G ³ IN2 ³ �ÅS<> K�D 4 ³ K � K l′ ³ K ³KN»ÅÆÂÆÃ>ÂK7KNPZI����32TÆ��|2 K,>Ã;©>ÂÆJ»©4N> ½EPH1 ³ Q3I7P±ÆJ>ÂK7KMPHI�PE� PD

¶©U´� 2<4�2TK,>J;©>ÂÆÃ»34N>Â½!PZ1E4��3>OQÅINP©ÆÃ> KNKNPZI����32 Æ��!K7Æ��3>Â½3»3S<> ½
4m�3>´4 ³ K � K���I7P ² 4��3>´Q ³ 4�� PC

254�Æ ³ 1Å13PX4��R> >Ã;©>ÂÆJ»©4N> ½ �Á>���PZI7>Í4��3> KNS<PZ4 3 ³ 1Å½�KNP º 4m�3>´G ³ I72 ³ �3ST>ÃD 4 ³ K � αl′ l̄′² »ÅKM44�Á>O>J;±> ÆÃ»©47>Â½!PZ1|4��Å>9K ³Z² >�Q3I7P©ÆÃ> KNKNPZI����32 Æ����R>ÂÆJP ² >ÂK�K ³ 47»3I ³ 4N> ½n¶3C±P º ��> � ³ GH> |X3| < |PC |
¶

•
ÄÅPZI,4m�3>O>`�=» ³ 4N2TPZ1 (5)

º > ³ Æ��!Q3I7P©ÆÃ> KNKNPZI'Ps� 4��3>�Q ³ 4��ÅK PA

� ³ K'4U�'Pe��IN>Â>OKMSTPX4LK ³ 1Å½ |PA| = n
3

¶
•
ÄÅPZI�4��3>�>`�=» ³ 4N2TPZ1 (6)

º ³ S<SR4��Å>�G ³ I72 ³ �3ST>ÂKMDÉ4 ³ K � K l̄′
PZI

l̂′
���32 Æ�� ³ IN>�>Ã;©>ÂÆJ»©4N> ½´PZ1 ³ Q3I7P©ÆÃ>ÂK7KNPZI*PE��4��3>�Q ³ 4�� Pβ² »ÅKM4¹�Á>��Á132TK��3> ½��R>
��PHIN>�KNSTPX4 3

Ë�2<4[� ³ K ³ KM»ÅÆÂÆÃ> KNKNPZI
>Ã;©> ÆÃ»©47>Â½�PZ1 ³ 1ÅPX4��Å>JI#Q3I7P©ÆÃ>ÂK7KNPZI Ì ¶XC±P�4��Å>�G ³ IN2 ³ �ÅS<>JDÉ4 ³ K �
αl′ l̄′

² »ÅK�4A�Á>@>Ã;©>ÂÆJ»©4N> ½�PZ1|4��3>�K ³Z² >OQ3INP©ÆJ>ÂK7KMPHI����32TÆ����R>ÂÆJP ² >ÂK�K ³ 4N»3I ³ 47>Â½n¶ÁÇY�3>JI7>
��PHIN> º ³ 4�4m�3> ² PHKM4�PZ1Å>4 ³ K � �Á>J4U��>Â>J1p4m�3>EG ³ I72 ³ �3ST>ÂKMDÉ4 ³ K � K l̄′ ³ 1Å½ l̂′
Æ ³ 1³�R>E>J;±> ÆÃ»©47>Â½pPH1 ³ QÅINP©ÆÃ> KNKNPZIOPE��4��3>|Q ³ 4�� Pβ

³ 1Å½�KMP º
|X3| + |X5| ≤ |Pβ |

¶
•
ÄÅPZI
4m�3>�>`�=» ³ 4N2TPZ1 (7)

º 254�2TK#ÆJS<> ³ I
4�� ³ 4 º |PD | = n ³ 1Å½94m�3>JI7>�2 K ³ 4
4��Å> ² P=K�4*PH13>���IN>Â>�KMSTPX4#PH1@> ³ Æ���Q3INP©ÆJ>ÂK7KMPHIPE�
PD

¶
U1 4��3>ÍPZ1Å>6� ³ 1Å½ º ��>e� ³ GH> x3 + x5 = n ³ 1Å½�2T1�4m�3>´KM> ÆÃPH1Å½�� ³ 1Å½ º ∀l′

PH13S H PH13>�G ³ IN2 ³ �ÅS<>JDÉ4 ³ K � �R>Ã4U�'>J>Â1�4��Å>G ³ I72 ³ �3ST>ÂKMDÉ4 ³ K � K l̄′ ³ 1Á½ l̂′
Æ ³ 1r�Á>�>J;©>ÂÆÃ»34N>Â½�PH1 ³ QÅINP©ÆÃ> KNKNPZI
PE� Pβ

º 4m�=»ÁK���>�P]�©4 ³ 2<1 X3∩X5 = ∅
¶=?�PH1ÅKM>a�=»3>J1=4NS H º

�'> � ³ GZ> X3 ∪X5 = X
¶3¼�K'4��3>OKN>Ã4

X4
Ë�I7>ÂKNQ�¶

X6
Ì�2TK'4m�3>9ÆÃP ² Q3S<> ² >J1=4 ³ I H Ps�/4��3>9KN>Ã4 X3

Ë�I7>ÂKNQ�¶
X5
Ì��'>A� ³ GH>

X4 ∪ X6 = X
¶�U1 ² PZI7>�2C�,4��3>EG ³ IN2 ³ �ÅS<>JDÉ4 ³ K � l′

2TKO>J;©>ÂÆÃ»34N>Â½£PH1 ³ QÅINP©ÆÃ> KNKNPZIOPE� PC

4��Å>J1£4��3>EG ³ IN2 ³ �ÅS<>JDÉ4 ³ K �
αl′ l̄′

2 K�>Ã;©> ÆÃ»©47>Â½�PZ1�4m�3>@K ³X² >OQ3I7P©ÆÃ> KNKNPZI ¶3ÇY�3>9G ³ I72 ³ �3ST>ÃD 4 ³ K � x̄′
Æ ³ 131ÅPX49�R>9>Ã;©> ÆÃ»©47>Â½3�R>
��PZI7>O4m�3>@KNS<PZ4 (c + 2)4m�3>JI7>
��PHIN>@PZ1 ³ Q3I7P©ÆÃ>ÂK7KNPZI�PE� PD

¶¶� >´Æ ³ 1 ½©> ½©»ÅÆJ>u4m� ³ 4 X1 = X4
Ë�4��3>�4U�'P|KN>Ã4LK ³ IN>u4��3>ÍK ³X² >�Æ ³ IL½©2T1 ³ ST254 H ÌÃ¶Ä 2T1 ³ STS H º ��>�� ³ GZ> X1 ∪X2 = X

º
X3 ∪X4 = X

º
X5 ∪X6 = X

º
X4 ∪X6 = X

º
X3 ∪X5 = X

º
X1 = X4

³ 1Å½4m�3>JI7>
��PHIN>
X1 = X4 = X5

³ 1Å½ X2 = X3 = X5
¶

�£>9Æ ³ 1|½©> ½©»ÅÆJ> ��INP ² 4��3>OQÅIN>ÂG=2TPZ»ÁK�>a�=» ³ 472<PH1ÅK'4�� ³ 4 x1 = x4 = x5 = n
3
³ 1Å½ x2 = x3 = x6 = 2n

3

¶
ÇY�32 K�ÆJPZ1ÅÆJS<»Å½3>ÂK'4��Å>OQ3INP±PE�/Ps�
·�> ²�²´³ ¹ ¶

Y



C±P º 2C�-��> ³ �R> Æ 4*4m�3>�G ³ ST»3>���4NI7»3>��,4NP�4m�3>�G ³ I72 ³ �3ST> l
2l� ³ 1Á½ÍPZ13S H 4m�3>�G ³ I72 ³ �3ST>ÃD 4 ³ K � l′

2TK*>Ã;©>ÂÆJ»©4N> ½ÍPZ1 ³ Q3I7P±ÆJ>ÂK7KMPHIPE�
PC

2<4�2 K,4NI72<G±2 ³ S 47PÍKN>J>�4m� ³ 4�2T1|4��3>9ÆJS ³ »ÅKM>�PE� ST>J1>BZ4���¾e��> � ³ GH>�PH13> ³ 1Å½!PZ1ÅS H PZ13>�ST2547>JI ³ Sn>`�=» ³ S 4NP���4NI7»3>�� ¶·+>Ã44�R>
c = (x ∨ ȳ)

º ³ ÆÃS ³ »ÁKM>�Ps�
ST>J1>BZ4�� 2
¶

•
U´�

x′ ∈ X1 =⇒ y′ ∈ X4 =⇒ y′ ∈ X1
¶©ÇY�3>9�ÅI7KM4�2 ² Q3ST2TÆ ³ 4N2TPZ1 Ë�I7>ÂKNQ�¶Z4m�3>�KM> ÆÃPZ1Á½ÅÌ#2 K�½3»3>�47P94m�3>4� ³ Æ 4'4�� ³ 4> ³ Æ��|Q3I7P±ÆJ>ÂK7KMPHI,Ps� 4��3>9Q ³ 4�� PD

² »ÅKM44�Á>9K ³ 47»3I ³ 4N> ½ Ë x2 + x4 = n
Ì�ËÐIN> KMQ+¶

X1 = X4
Ì ¶ 	 13S H 4��3>OST2<4N>JI ³ S x2 K���4NI7»3>����Á>J4U��>Â>J1|4��3>OG ³ IN2 ³ �3ST>ÂK x ³ 1Å½ ȳ

¶
•
U´�

x′ ∈ X2 =⇒ y′ ∈ X3 =⇒ y′ ∈ X2
¶©ÇY�3>9�ÅI7KM4�ËÐIN> KMQ+¶Z4m�3>�KN>ÂÆJPZ1Å½ÁÌ#2 ² QÅS<2 Æ ³ 4N2TPZ1 2 K�½3»3>�47P94m�3>4� ³ Æ 4'4�� ³ 44m�3>JI7>�2 K�PZ13S H PZ13>9��IN>Â>�KNS<PZ4�PZ1´> ³ Æ�� QÅINP©ÆÃ> KNKNPZIF>Ã;©>ÂÆJ»©4N2T1>B94m�3>�Q ³ 4�� PD

ËÐIN> KMQ+¶
X3 = X2

Ì ¶ 	 13S H 4m�3>�S<2<4N>ÂI ³ S
ȳ
2TK���4NI7»3>�� �Á>J4U��>Â>J1!4��3>OG ³ IN2 ³ �3ST>ÂK x ³ 1Å½ ȳ

¶
U1:ÆÃPH1ÅÆÃST»ÅKN2<PH1 º 4��Å>JI7>�2 K,PZ1ÅS H PZ13>�4NI7»3>�ST2547>JI ³ SnQR>JI�ÆJS ³ »ÅKM>H¶

•
?�PH1=GH>JILKM>ÂS H º �'>@KN»3Q3QRPHKN>O4�� ³ 4�4m�3>JI7>u2 K ³ 4NI7»©4�� ³ K7KM2�BZ1 ² >Â1H4 I : V → {0, 1}

º KN»ÅÆ���4�� ³ 4�> ³ Æ�� ÆJS ³ »ÅKN>92<1 C
� ³ K>J; ³ Æ 47S H PH13>�4NI7»3>OST2547>JI ³ S ¶C±»ÅQ3QÁP=KM>�4m� ³ 4�4��3>�47IN»3>OST2<4M4N>ÂI ³ S�2T1�4��3>9ÆJS ³ »ÅKM> Ci = (y ∨ z ∨ t)

2TK
t
¶ÁÇY�3>JI7>
��PHIN> º 4��3>9G ³ IN2 ³ �3ST>ÃD 4 ³ K � t′

ËÐIN> KMQ�¶
y′

³ 1Å½ z′
Ì�2 K,Q3I7P±ÆJ>ÂK7KM> ½ ³ 4,4m�3>OKMSTPX4 3

Ë�I7>ÂKNQ�¶ ³ 4,4��3>OKNS<PZ4 (c + 2)
Ì�PZ1!4��3>OK ³X² >�Q3INP©ÆJ>ÂK7KMPHI ³ K�4m�3>�Q ³ 4m� PCi

ËÐIN> KMQ�¶
³ K�4��Å>uQ ³ 4�� PD

³ 1Å½ PD′

º ���3>ÂIN>
D ³ 1Å½ D′

2T1Å½©2 Æ ³ 4N>ÂK ³ ÆÃS ³ »ÁKM>9PE�*S<>Â1>BX4m��4U��P����3>JI7>O4��Å>uG ³ I72 ³ �3ST>ÂK y ³ 1Å½ zP©ÆJÆJ»3I7IN> ½ÅÌ ¶ ÇY�3> 2n
3

PX4��Å>JI�G ³ IN2 ³ �ÅS<> K�D 4 ³ K � K y′
13PX4 H >J4�K7Æ��3>Â½3»3S<> ½ ³ IN>@>Ã;©>ÂÆJ»©4N> ½ ³ 4OKMSTPX4 3

PH1�Q3I7P©ÆÃ>ÂK7KNPZI
Pβ

³ K4m�3>ÍG ³ IN2 ³ �ÅS<>JDÉ4 ³ K � αy′ȳ′

¶�ÇY�3>ÍG ³ I72 ³ �3ST>ÃD 4 ³ K � t̂′
Ë�I7>ÂKNQ�¶

ŷ′ ³ 1Å½ ẑ′
Ì�2TK�>Ã;©> ÆÃ»©47>Â½ ³ 4�4��3>´KNS<PZ4 2

Ë�I7>ÂKNQ�¶
c + 2 ³ 1Å½

c + 3
Ì�PZ1 ³ Q3INP©ÆJ>ÂK7KMPHI'PE�+4m�3>OQ ³ 4m� Pβ

Ë�I7>ÂKNQ�¶
PA

Ì ¶
ÇY�32 K�ÆJPZ1ÅÆJS<»Å½3>ÂK'4��Å>OQ3INP±PE�/Ps�
ÇY�3>JPHIN> ² ¹ ¶

�8��� � � �j��
 ��,2�1)C�S,2)C���
c = 2

U1´4m�32TK�Q ³ IM4 º �'>4��2<STSÁÆJPZ1ÅKN2 ½©>JIF4��3>�KMQR>ÂÆJ2 ³ SÁÆ ³ KM>]µ ∀(i, j) ∈ E
º 2l�

πi = πj
4��3>Â1

tj ≥ ti +pi

>JS KN>
tj ≥ ti +pi +2

¶]� >
KM4N»Å½ H 4m�3>´ÆÃP ² QÅS<>J;±2<4 H Ps�*4m�32 K�QÅINP]�3S<> ² º ³ 1Å½��'>e��2<STS
Q3INP GH>O4��Å> NP

DÆÃP ² Q3S<>J4N>Â13>ÂK7K�PE�*4��Å> P̄ |prec; cij = 2; pi =
1|Cmax

��PZI
Cmax

¶'B�>ÂÆ ³ S<S�4�� ³ 4£ËÐKN>J>³· ¹ ¾s¸ º · ¹ Îa¸�Ì º ��PZI 4m�3> ÆJS ³ KNKN2TÆ ³ S�0 5FÇ'D0�?'ÇrQ3I7PE�3ST> ² Ë
P̄ |prec; cij = 1; pi =

1|Cmax

Ì�4m� ³ 4,4��Å>OQ3INP]�3ST> ² �R>ÂÆJP ² >ÂK NP
DÆÃP ² QÅS<>J4N> Ë�I7>ÂKNQ�¶©QRPZS H 13P ² 2 ³ S Ì¹��PHI Cmax = 6

Ë�I7>ÂKNQ�¶
Cmax = 5

Ì ¶
ÇY�3> 2 ½©> ³ Ps�,4��Å>EÆÃPH1ÅK�47IN»ÁÆ 4N2TPZ1pPE� ³ 1p2T1ÅK�4 ³ 1ÅÆJ> Ps�,4m�3>EK7Æ��3>Â½©»ÅS<2T1>B�Q3I7PE�ÅS<> ² P̄ |prec; cij = 2; pi = 1|Cmax

2TK
KN2 ² 2TS ³ I ³ K,Q3I7>JG±2TPZ»ÅKNS H º ³ 1Å½!254�2 K�� ³ KM> ½EPH1E4m�3>OQ3I7PE�3ST> ² Π1

¶
� � ���#����	 ����� >©Y��¨����
¢�©
� �U¦�°E©�£��¤°$� ¥W± �'>©��®>©�¨�¡s¥�� ¥>§o�«¡$¥�£�©��u¦

P̄ |prec; cij = 2; pi = 1|Cmax

L¡I§�¡�§�£mL©m°sªG¢C©6�u¦
¢C©�¥W±E�  ¡$���r�$§o�¹§o� ��� §

NP �
£��s�4�¶¢C©
�«©��

��¨��a�U¦Z��U 4�2 K,> ³ K H 47P KM>Â>�4m� ³ 4 P̄ |prec; cij = 2; pi = 1|Cmax = 6 ∈ NP
¶

	 »3I,Q3I7P±Ps�/2 K�� ³ KM> ½EPH1 ³ I7>Â½©»ÁÆ 4N2TPZ1���I7P ² Π1
¶

;�2TGZ>J1 ³ 1!2<1ÅKM4 ³ 1ÅÆÃ> π∗
Ps�

Π1
º ��>�ÆÃPH1ÅKM4NI7»ÅÆ 4 ³ 1!2<1ÅKM4 ³ 1ÅÆÃ> π

PE�+4m�3>�Q3INP]�3ST> ² P̄ |prec; cij = 2; pi = 1|Cmax = 6
º

2T1!4m�3> ��PZSTSTP$��2<1>Be� ³IH È
¹ ¶�ÄÅPZI ³ STS x ∈ V

º ��>�2<1=47INP©½©»ÅÆJ>
5
G ³ IN2 ³ �ÅS<> K�D 4 ³ K � KÂÈ αx′ , x′, x̄′, x̂′, βx′

¶¶�£> ³ ½3½�4m�3>�Q3IN> ÆÃ> ½©>J1ÅÆJ>�ÆJPZ1ÅKM4NI ³ 2T1=47KÂÈ
αx′ → x′

º
αx′ → x̄′

º
βx′ → x̂′

º
βx′ → x̄′

¶
µ©¶�ÄÅPZI ³ STSÁÆÃS ³ »ÁKM> K*Ps��ST>J1LBX4��E4��3I7>J>�½©>J13PZ4N> ½�� H Ci = (y∨ z ∨ t)

º �'>�2T1=4NI7P±½3»ÅÆÃ>�4U��PuÆJS ³ »ÅKN>ÂKMDÉ4 ³ K � K Ci ³ 1Å½ Ai
¶²�£>

³ ½3½!4��3>���PZSTSTP$��2<1>BÍQ3I7>ÂÆJ>Â½©>Â1ÅÆÃ>OÆJPZ1ÅKM4NI ³ 2T1=47KÂÈ Ci → l
��254m�

l ∈ {y′, z′, t′} ³ 1Á½ l → Ai
��2<4��

l ∈ {ŷ′, ẑ′, t̂′}
¶

¾3¶�ÄÅPZI ³ S<SRÆÃS ³ »ÅKN>ÂK#PE�RST>J1LBX4��Í4U�'P9½©>Â13PX47>Â½r� H Ci = (x∨ ȳ)
º �'>�2T1H47INP©½©»ÁÆÃ>Y�ÅGH>�ÆÃS ³ »ÅKN>ÂKMD 4 ³ K � K Di

j

º
j ∈ {1, 2, . . . , 5}��2<4���Q3I7>ÂÆJ>Â½©>Â1ÅÆÃ>OÆÃPH1ÅKM4NI ³ 2T1H4LKJÈ Di

j → Di
j+1

��254m�
j ∈ {1, 2, 3, 4} ³ 1Å½ l → Di

5

��2<4��
l ∈ {x′, ȳ′}

¶

•
·+>Ã4�»ÁK��ÅILK�4 ³ K7KM» ² >�4�� ³ 4F4��Å>JI7>�2TK ³ K7Æ��3>Â½3»3S<>�Ps�nS<>Â1>BX4m� ³ 4 ² PHKM4 6

¶ZU1 4��3>9��PZSTS<P$��2T1>B º ��>A��2<STSÁQÅINP GH>�4m� ³ 4�4��3>ÂIN>2 K ³ 4NI7»©4�� ³ KNKN2CBH1 ² >J1=4 I : V → {0, 1}
KN»ÅÆ��E4m� ³ 4�> ³ Æ���ÆÃS ³ »ÅKN>�2<1 C

� ³ K,>Ã; ³ Æ 4NS H PZ1Å>�4NI7»3>�S<2<4N>ÂI ³ SÉ¶Ä 2TI7KM49�'>uÆ ³ 1:IN> ²Í³ I � 4�� ³ 4�2C� ³ 4 ³ K � 2TK�>Ã;©>ÂÆJ»©4N> ½ ³ 4�KNSTPX4 3
ËÐIN> KMQ+¶ ³ 4�KMSTPX4 4

Ì�PZI9�Á>���PZI7>EË�I7>ÂKNQ�¶ ³ � 4N>ÂILÌ ³ S<S+4��3> KM>Q3I7>Â½3>ÂÆÃ> KNKNPZILK9ËÐIN> KMQ KN»ÅÆÂÆÃ>ÂK7KNPZILK7Ì ³ IN>9>J;©>ÂÆÃ»34N>Â½�PZ1:4m�3>@K ³X² >uQÅINP©ÆÃ> KNKNPZI ¶ÁC±2T1ÅÆJ>94��Å>@ÆÃP ²Í² »3132 Æ ³ 4N2TPZ1�2 K ³ STS<P$�'>Â½PH1 ³ Q ³ 4��|Ps�
S<>Â1>BX4m� 5
KNP@4�� ³ 4 ∀i

º ³ STS 4��3>9ÆJS ³ »ÅKM> K�D 4 ³ K � K Di
j
³ IN>�>Ã;©> ÆÃ»©47>Â½|PZ1!4��3>9K ³X² >�Q3I7P©ÆÃ>ÂK7KNPZI ¶

� ��	>	!) ���� ¦
Cmax = 6

� L©
¥�� ¦ �[©�¡I§�§o�l±E¥�� L©�¬I¡s¢jªL© �N¨oªL©��´���®>©�¬$¡$¨o�¤¡���¢C©
x
� ¦�¡s¥�°:�$¥<¢j¯e� ¦9�®>©�¬$¡$¨o�¤¡��
¢C©

�
�«¡I§��

x′
� §6©��²©m£�ªG�«©m°�¡$�¹§o¢C�s�

3
�[©����
�«¡$� ¥³¡�£��$¨o¨m©m£��¹§��s¢jªG���¤�s¥��

��¨m�`�u¦Z�
∀l ∈ V

º � H ÆÃPH1ÅK�47IN»ÁÆ 4N2TPZ1 º 254�2 K�ÆÃST> ³ I,4m� ³ 4 È

Î



•
ÇY�Å>9G ³ I72 ³ �3S<>JDÉ4 ³ K � l′

2TK�>J;©>ÂÆÃ»34N>Â½ ³ 4�KMSTPX4 3
PH1�4��3>uQ3INP©ÆJ>ÂK7KMPHI����Å2TÆ���>Ã;©> ÆÃ»©47>Â½

αx′

³ 1Å½ Ci
���3>ÂIN>

x ∈ CiPHI ³ � 47>JI�KNS<PZ4 4
PH1E4m�3>OQ3I7P©ÆÃ>ÂK7KNPZI����32TÆ���>J;±> ÆÃ»©47>Â½

Di
5

KM»ÅÆ��!4�� ³ 4 x ∈ Ci

¶
•
ÇY�Å>�G ³ IN2 ³ �3ST>ÃD 4 ³ K � l̄′

2 K'>Ã;©>ÂÆJ»©4N> ½ ³ 4,KNSTPX4 3
PH1 4m�3>�Q3INP©ÆJ>ÂK7KMPHI[���32 Æ��!>J;©>ÂÆÃ»34N>Â½

αx′

³ 1Å½ βx′

PHI ³ � 4N>ÂI,KNSTPX4 4PH1|4��3>OQ3I7P©ÆÃ> KNKNPZI����32 Æ��!>J;±> ÆÃ»©47>Â½
Di

5

KM»ÁÆ��E4m� ³ 4 x̄ ∈ Ci

¶
•
ÇY�Å>OG ³ IN2 ³ �ÅS<>JDÉ4 ³ K � l̂′

2 K,>Ã;©>ÂÆJ»©4N> ½ ³ 4�KMSTPX4 2
PZI

3
PZ1!4��Å>OQ3INP©ÆJ>ÂK7KMPHI����Å2TÆ��|>Ã;©>ÂÆJ»©4N> ½

βx′

PZI ³ � 47>JI�KNS<PZ4 4
PH1

4m�3>OQ3I7P©ÆÃ>ÂK7KNPZIY���32 Æ��!>J;±> ÆÃ»©47>Â½
Ai
KN»ÅÆ��!4�� ³ 4 x ∈ Ci

¶
0�KM2T1>B�4��3>9K ³X² >�13PZ4 ³ 472<PH1 ³ K,Q3I7>JG±2<PH»ÅKNS H º ��>OÆÃPH1ÅKN2T½©>ÂI
• X1 = {l′\tl′ = 3}

���3>ÂIN>
tj
½©>ÂKN2�BZ1ÅK�4��Å>9K�4 ³ IN4N2T1>BÍPs� 4��3>�4 ³ K � j

¶
• X2 = {l′\tl′ ≥ 4}

¶
• X3 = {l′\tl̄′ = 3}

¶
• X4 = {l′\tl̄′ ≥ 4}

¶
• X5 = {l′\t

l̂′
= 2

PZI
t
l̂′

= 3}
¶

• X6 = {l′\t
l̂′
≥ 4}

¶
·+>Ã44�R>

xi = |Xi|
��PZI

i ∈ {1, . . . , 6}
¶

�£>9Æ ³ 1|KM4N> ² ��I7P ² 4m�3>9ÆÃPH1ÅK�47IN»ÁÆ 4N2TPZ1|Ps� ³ 1�2T1ÅK�4 ³ 1ÅÆJ>�Ps�+4m�3>9K7Æ��3>Â½©»ÅS<2T1>BÍQ3I7PE�3ST> ² º
• x1 ≤ n

3

Ë�4��3>ÂIN> ³ IN>�PZ13S H n
3

ÆÃS ³ »ÁKM> K�D 4 ³ K � K Ci

Ì º
• x2 + x4 ≤ n

Ë 4m�3>JI7> ³ I7>�PZ13S H n
Q3INP©ÆJ>ÂK7KMPHI7K*���32 Æ��|>J;©>ÂÆÃ»34N>Â½ ³ ÆÃS ³ »ÅKN>ÃD 4 ³ K � Di

5

Ì º
• x3 + x5 ≤ n

Ë
∀ x′

º
x̂′ ³ 1Å½ x̄′

Æ ³ 1!13PX4Y�R>�>J;±> ÆÃ»©47>Â½ 4NPEBH>Ã4m�3>JI ³ 4�KNS<PZ4 3
2<1!4��3>�K ³X² >�QÅINP©ÆÃ> KNKNPZI�Ë 4m�3> H � ³ GH>

³ ÆJP ²Í² PZ1|Q3IN> ½©>ÂÆJ>ÂK7KMPHILÌNÌ º
• x6 ≤ 2n

3

Ë 4m�3>JI7> ³ IN> ³ 4 ² PHKM4 n
3

Q3INP©ÆJ>ÂK7KMPHI7K����Å2TÆ�� >Ã;©>ÂÆJ»©4N> ½ ³ ÆJS ³ »ÅKN>ÃD 4 ³ K � Ai ³ 1Á½:> ³ Æ�� Q3I7P©ÆÃ>ÂK7KNPZI4� ³ GH>PH13S H 4��3>9KNSTPX4 4 ³ 1Å½ 5
4NP´>Ã;©> ÆÃ»©47>�G ³ IN2 ³ �3ST>ÂKMD 4 ³ K � K x̂′

Ì ¶
C±P �'>:Æ ³ 1}½©>Â½3»ÅÆÃ>���I7P ² 6∑

i=1

xi ≤ 3n
¶
¼�K 6∑

i=1

xi = 3n
Ë ³ S<S,4m�3>�G ³ IN2 ³ �ÅS<> K�D 4 ³ K � K ² »ÅKM4:�Á>�>Ã;©> ÆÃ»©47>Â½ÅÌ º 4��3>

2T13>`�=» ³ S<2<4N2T>ÂK ³ IN> ³ S<Sn>a�H» ³ ST25472<> KJ¶¼�1Å½��Å1 ³ STS H º �'> � ³ GZ> x1 = x4 = x5 = n
3
³ 1Å½ x2 = x3 = x6 = 2n

3

¶
U´�,4��Å>EG ³ I72 ³ �3ST>ÃD 4 ³ K � x′

Ë�I7>ÂKNQ�¶+4��3> G ³ IN2 ³ �3ST>ÃD 4 ³ K � x̄′
Ì�2 K9>Ã;©> ÆÃ»©47>Â½ ³ 4uKNSTPX4 3

º 4��Å> G ³ I72 ³ �3S<>JDÉ4 ³ K � x̄′
Ë�I7>ÂKNQ�¶

x′
Ì

² »ÅK�4��R>Í>Ã;©>ÂÆJ»©4N> ½ ³ 4OPHI ³ � 4N>JIOKNS<PZ4 4
¶nÇY�3>JI7>
��PHIN> º

X1 ⊆ X4
³ 1Á½ X3 ⊆ X2

³ 1Å½��Å1 ³ STS H�³ K�4��3>´Æ ³ IL½©2<1 ³ ST25472<> K
³ IN>�>`�=» ³ S X1 = X4

³ 1Å½ X3 = X2
¶

C±P�2C�!�'> ³ �R> Æ 4'4��3>�G ³ ST»3> ��4NI7»3>���47Pu4m�3>�G ³ I72 ³ �3S<> l
2l� ³ 1Å½EPZ13S H 2C�+4��Å>�G ³ IN2 ³ �3ST>ÃD 4 ³ K � l′

2 K'>Ã;©>ÂÆJ»©4N> ½ ³ 4,KNSTPX4 3
º 2<4

2 K,4NI72TG=2 ³ S 47P´KM>Â>�4m� ³ 4�2T1|4��3>9ÆJS ³ »ÅKN>�PE�/ST>J1>BZ4�� 3
��> � ³ GH>�PZ13> ³ 1Á½EPH13S H PZ13>�ST2547>JI ³ Sn>`�=» ³ S 4NP ��4NI7»3>�� ¶·+>Ã44�R>

c = (x ∨ ȳ)
º ³ ÆÃS ³ »ÁKM>�Ps�
ST>J1>BZ4�� 2

¶Å¼�K,2T1|4��3>OQÅINP±Ps� Ps�/4��3>�4m�3>JPHIN> ² ¹Zº �'>�PE�©4 ³ 2T1�È
•
U´�

x′ ∈ X1 =⇒ y′ ∈ X4 =⇒ y′ ∈ X1
¶ 	 13S H 4m�3>OS<2<4N>ÂI ³ S x 2TK �47IN»3> �A�R>Ã4U�'>J>J1 x ³ 1Å½ ȳ

º
•
U´�

x′ ∈ X2 =⇒ y′ ∈ X3 =⇒ y′ ∈ X2
¶ 	 13S H 4m�3>OS<2<4N>ÂI ³ S ȳ 2TK �47IN»3> ���R>Ã4U�'>J>Â1 x ³ 1Å½ ȳU1:ÆÃPH1ÅÆÃST»ÅKN2<PH1 º 4��Å>JI7>�2 K,PZ1ÅS H PZ13>�4NI7»3>�ST2547>JI ³ SnQR>JI�ÆJS ³ »ÅKM>H¶

•
?�PH1=GH>JILKM>ÂS H º �'>@KN»3Q3QRPHKN>O4�� ³ 4�4m�3>JI7>u2 K ³ 4NI7»©4�� ³ K7KM2�BZ1 ² >Â1H4 I : V → {0, 1}

º KN»ÅÆ���4�� ³ 4�> ³ Æ�� ÆJS ³ »ÅKN>92<1 C
� ³ K>J; ³ Æ 47S H PH13>�4NI7»3>OST2547>JI ³ S ¶C±»ÅQ3QÁP=KM>,4m� ³ 4#4m�3>,4NI7»3>,ST254N4N>JI ³ SÅ2<1�4��Å>�ÆÃS ³ »ÅKN> Ci = (y∨z∨ t)

2 K
t
¶ZÇY�3>ÂIN>���PZI7> º 4��Å>�G ³ IN2 ³ �ÅS<>JDÉ4 ³ K � t′

2 K
Q3I7P©ÆÃ>ÂK7KN>Â½
³ 4F4��Å>�KNS<PZ4 3

PZ1 4��3>�K ³Z² >�Q3INP©ÆJ>ÂK7KMPHI¹���32 Æ��´>Ã;©>ÂÆJ»©4N> ½Í4��3>�ÆÃS ³ »ÅKN>ÃD 4 ³ K � Ci ³ 1Å½�4��Å>�4 ³ K � α′

t

¶HÇY�3>�4 ³ K � t̄′
ËÐIN> KMQ�¶

y
� º

z′
Ì ³ I7>�>Ã;©>ÂÆJ»©4N> ½�PZ1!4��3>uQ3INP©ÆJ>ÂK7KMPHI����Å2TÆ���>Ã;©> ÆÃ»©47>Â½!4��3>@ÆÃS ³ »ÅKN>ÃD 4 ³ K � Di

5

ÆÃPHINI7>ÂKNQRPZ1Å½©2T1>B@4NPÍ4m�3>uÆÃS ³ »ÁKM> K,Ps�ST>J1>BZ4��!µ����3>JI7>
t̄ ³ Q3QÁ> ³ ILK�ËÐIN> KMQ�¶ y º z Ì ¶±ÇY�3>�ÆJS ³ »ÅKM>JDÉ4 ³ K � Di

j , j = 1, 2, 3, 4
º 2TK�>Ã;©> ÆÃ»©47>Â½ ³ 4'KNS<PZ4 j

PZ1Í4m�3>�K ³X² >Q3I7P©ÆÃ> KNKNPZI ¶ ÇY�3> 2n
3

PZ4��3>ÂI*G ³ I72 ³ �3ST>ÂKMDÉ4 ³ K � K ȳ′
13PZ4 H >J4FKNÆ��Å>Â½©»3ST>Â½ ³ IN>,>Ã;©> ÆÃ»©47>Â½ ³ 4�KNSTPX4 3

2T1@4m�3>�Q3I7P©ÆÃ> KNKNPZI����32 Æ��
>J;±> ÆÃ»©47>Â½

αy′

³ 1Á½ βy′

¶nÇY�3>ÍG ³ IN2 ³ �ÅS<> K�D 4 ³ K � K t̂′
Ë�I7>ÂKNQ�¶

ŷ′ ³ 1Å½ ẑ′
Ì ³ IN>@>Ã;©>ÂÆJ»©4N> ½ ³ 4�KNSTPX4 2

Ë�I7>ÂKNQ�¶
4 ³ 1Å½ 5

Ì�PH1
4m�3>OQ3I7P±ÆJ>ÂK7KMPHI�>J;©>ÂÆÃ»34N2T1>B

β′

t

Ë�I7>ÂKNQ�¶
Ai
Ì ¶>�£>9Æ ³ 1!P]�ÅKN>JI7GZ>�4�� ³ 4'4m�32 K�KNÆ��Å>Â½©»3ST2T1>BÍ2TK�G ³ S<2 ½n¶ÇY�32 K�ÆJPZ1ÅÆJS<»Å½3>ÂK'4��Å>OQ3INP±PE�/Ps�/4��3>ÂPZI7> ² µ3¶

�£>�Æ ³ 1:½©> ½©»32 ÆÃ>���INP ² 4m�3>�4U��P�Q3I7>JG±2TPZ»ÅK'4m�3>JPHIN> ² K º 4��Å>�ÆJS ³ KNKN2 Æ ³ S¶��PHS<STP$��2T1>B´?�PHINPHS<S ³ I H È
���#�������1)*�+� ��� � >©�¨�©e� §�¥����L�$¢j¯$¥¶�$�e�¤¡$¢
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P̄ |prec; cij = c ≥ 2; pi = 1|Cmax
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1 + 1
c+4

ªG¥<¢C©
§m§
P 6= NP
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��¨��a�U¦Z��ÇY�3>OQ3I7P±Ps� Ps�#?�PHINPHS<S ³ I H ¹ 2TK ³ 1!2 ²Í² >Â½©2 ³ 47>9ÆÃPZ1ÁKM>a�H»Å>J1ÅÆJ>�PE�/4m�3>OU ² QÁP=KNKN2C�Å2<ST254 H ÇY�3>JPHIN> ² º ËÉKM>Â>r· ¾s¸ º · ¿s¸�Ì ¶
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6� � �j����	 ��
 � � �j,2��	�
�������1�/'>���1	!�
U1�4m�32 K�KN>ÂÆÃ4N2TPZ1 º �'>6��2TS<S#K��3P$��4�� ³ 4�4m�3>JI7>@2 K�13PEQRPZS H 13P ² 2 ³ S<DÉ472 ² > ³ SCBHPZI7254m� ² ��PZI�4��3>@Q3I7PE�3ST> ² P̄ |prec; cij = c ≥
2; pi = 1|

∑
j Cj

��254m�:QÁ>ÂIu��PHI ²´³ 1ÅÆÃ> �RPZ»31Å½:K ²´³ STS<>ÂI,4�� ³ 1 1 + 1
2c+5

»313ST>ÂK7K
P 6= NP

¶RÇY�32TK�IN> KM»3S<4�2 K�PE�©4 ³ 2T13>Â½�� H4��Å>OQÁPHS H 13P ² 2 ³ S 47I ³ 1ÅKu��PZI ²Í³ 4N2TPZ1!»ÅKM> ½���PHI,4��3>OQÅINP±Ps� Ps� 4��3>9ÇY�Å>JPZI7> ² ¹ ³ 1Å½!4��3>�B ³ Q 47>ÂÆ��31Å2TÆ´ËÉKM>Â>:· ÎI¸ ÌÃ¶
� � ���#����	 �8��� >©�¨�©6� §�¥¶�A�L�$¢j¯$¥¶�$�e�¤¡$¢

�
�N� �r©r¡s¢ ±]�s¨o� � G� ¦
�s¨�� L©*��¨m����¢C©
�

P̄ |prec; cij = c ≥ 2; pi = 1|
∑

j Cj

��� � 
�L©
¨®¦
�s¨o�r¡s¥�£�© �m�sªG¥�°:§��:¡$¢ ¢�©
¨��®>¡s¥

1 + 1
2c+5

ªG¥L¢�©o§�§
P 6= NP

�
��¨��a�U¦Z�9�£>�KM»3QÅQÁP=KM>,4m� ³ 4#4m�3>JI7>�2TK ³ QRPZS H 13P ² 2 ³ S±472 ² > ³ Q3Q3I7P�;±2 ²´³ 472<PH1 ³ S�BZPHIN2<4�� ² ½©>J13PZ4N> ½�� H A

��254m��QR>JI���PZI ²´³ 1ÅÆJ>
BZ» ³ I ³ 1=4N>Â>A�RPZ»31Á½|K ²´³ STS<>ÂI'4�� ³ 1 1 + 1

2c+5

º
·�>J4e�R>

I
4��3>�2T1ÅK�4 ³ 1ÅÆJ>!PE��4m�3>!QÅINP]�3S<> ² P̄ |prec; cij = c ≥ 2; pi = 1|Cmax

P]�©4 ³ 2<13> ½ � H ³ IN> ½©»ÅÆ 472<PH1�ËÉKM>Â>ÇY�3>ÂPZI7> ² ¹ Ì ¶3·�>J44�Á>
I ′
4��Å>O2<1ÅKM4 ³ 1ÅÆÃ>�PE�/4m�3>OQ3I7PE�3ST> ² P̄ |prec; cij = c ≥ 2; pi = 1|

∑
j Cj

� HE³ ½3½32<1>B x
13>`� 4 ³ K � K

��I7P ²�³ 1 2<1Å25472 ³ S 2T1ÅKM4 ³ 1ÅÆÃ> I
¶nU1 4��3>ÍQ3I7>ÂÆJ>Â½©>Â1ÅÆÃ>�ÆÃPH1ÅK�47I ³ 2<1=4LK º > ³ Æ�� x

Ë®��2<4��
x > (2c+6)c+(c+4)ρn

2c+6)−(2c+5)ρ

Ì�13>���4 ³ K � K�2 K ³
KN»ÅÆJÆJ>ÂK7KMPHI'PE�/4m�3>9PHST½!4 ³ K � KOËÐPZS ½E4 ³ K � K ³ I7>A��I7P ² 4��3>uQÁPHS H 13P ² 2 ³ S 47I ³ 1ÅKu��PZI ²Í³ 4N2TPZ1!»ÅKM> ½���PZI�4m�3>OQ3I7P=PE� PE�
ÇY�Å>JPZI7> ²¹ ÌÃ¶>�£>�P]�©4 ³ 2<1 ³ ÆÃP ² Q3S<>J4N>O½©2TIN> Æ 47>Â½�BZI ³ Q>����INP ² PZS ½!4 ³ K � K�4NP´13>`� 4 ³ K � KÂ¶U´� 4��3>ÂIN>�>Ã;©2 K�4LK�KM»ÁÆ�� ³ 1 ³ SCBHPZI7254m� ² A

º 4��3>Â1�254�Æ ³ 1��Á>9»ÁKM> ½ 47P ½©>ÂÆJ2T½©>�4m�3>9>Ã;©2 K�47>J1ÅÆJ>�Ps� ³ 1|2<1Å½3>JQR>J1Å½©>Â1=4�KM>J4�Ps�KN2C�Â>
n
¶

·�>J4
A(I ′)

Ë�I7>ÂKNQ�¶
A∗(I ′)

Ì'4m�3>OI7>ÂKN»3S54�BH2<GH>J1�� H A
ËÐIN> KMQ+¶ ³ 1|PZQ©472 ²´³ S+IN> KM»3S<4LÌ�PH1 ³ 1|2T1ÅKM4 ³ 1ÅÆÃ> I ′

¶
¹ ¶,U´�

A(I ′) < (2c+5)ρx+(c+4)ρn
4m�3>J1

A∗(I ′) < (2c+5)ρx+(c+4)ρn
¶XC±P��'>�Æ ³ 1E½©> ÆÃ2 ½©>�4m� ³ 4�4��3>ÂIN>�>J;©2TKM47K

³ KNÆ��Å>Â½©»3ST2T1>BuPE� ³ 1!2<1ÅKM4 ³ 1ÅÆÃ> I
��254m�

Cmax ≤ c + 4
¶=U1Á½©>J> ½ º 2l�/4��3>ÂIN>�13P@>J;©2TKM47K ³ KN»ÅÆ��|KNÆ��3> ½©»3ST>Z¶©C±P º ��PHI�>ÂGZ>JI HK7Æ��3>Â½3»3S<> ³ 4 ³ K � Ps� ³ 1E2T1ÅKM4 ³ 1ÁÆÃ> I

2 K,>Ã;©> ÆÃ»©47>Â½ ³ � 4N>ÂI�4m�3>�4N2 ² > c + 5
¶ @ »©4 º QÁ>ÂI�� ³ QÅK c

4 ³ K � K ³ I7>�>J;©>ÂÆÃ»34N>Â½ ³ � 47>JI
2c + 6 ³ 1Å½ KNP A∗(I ′) > (2c + 6)(x− c)

¶±U 4,2TK'2 ² QRPHK7KN2C�3ST> º 2T1Å½©>Â>Â½´2C� (2c + 6)(x− c) ≥ (2c + 5)ρx + (c + 4)ρn4m�3>J1
x ≤ (2c+6)c+(4+c)ρn

2c+6)−(2c+5)ρ

¶©U 4�2TK ³ ÆJPZ1=4NI ³ ½32TÆÃ4N2TPZ1���2<4��|4m�3>�� H QRPX4m�3>ÂKN2 KJ¶
¼�ÆJPZ1=4NI ³ ½©2 Æ 472<PH1���2<4�� x > (2c+6)c+(4+c)ρn

2c+6)−(2c+5)ρÇY�±»ÅK º 254�>J;©2TKM47K ³ K7Æ��3>Â½3»3S<>�PE� ST>J1>BZ4�� c + 4
PZ1 ³ 1|PZS ½!4 ³ K � ¶µ©¶Y�£>�KN»3Q3QRPHKN>,4�� ³ 4 A(I ′) ≥ (2c+5)ρx+(c+4)ρn

¶XC±P º
A∗(I ′) ≥ (2c+5)x+(c+4)n

�R>ÂÆ ³ »ÅKN> ³ 1 ³ S�BZPHIN2<4�� ² A2 K ³ QRPZS H 13P ² 2 ³ S±472 ² > ³ Q3QÅINP�;©2 ²Í³ 4N2TPZ1 ³ SCBHPZI7254m� ² ��254m�ÍQÁ>ÂIu��PHI ²´³ 1ÁÆÃ>�BZ» ³ I ³ 1H47>J>¹�RPZ»Å1Å½ÍK ²´³ STST>JI 4�� ³ 1 ρ < 2c+6
2c+5

¶
ÇY�3>ÂIN>@2TK�13P ³ S�BZPZI72<4�� ² 4NP|½©>ÂÆJ2T½3>6���3>J4��3>ÂI�4m�3>u4 ³ K � K4��I7P ²�³ 1 2<1ÅKM4 ³ 1ÅÆÃ> I ³ ½ ² 254 ³ K7Æ��3> ½©»3ST>uPs�*ST>J1LBX4�� Ps� ³ 44m�3> ² PHKM4 c + 4

¶
U1Å½3>J>Â½ º 2l�R4��3>ÂIN>'>Ã;©2 K�4LK#KM»ÁÆ�� ³ 1 ³ S�BZPHIN2<4�� ² º � H >Ã;©> ÆÃ»©472<1>B�4m�3> x

4 ³ K � K ³ 4
4N2 ² > t = 4+2c
º ��>'PE�©4 ³ 2T1 ³ K7Æ��3>Â½3»3S<>

��2<4�� ³ ÆÃP ² Q3S<>J4N2TPZ1´472 ² >OKM4NI72TÆJS H S<> KNK�4m� ³ 1 (5 + 2c)x + (4 + c)n
Ë�4��3>ÂIN>�2TK ³ 4�ST> ³ KM4�PH13>�4 ³ K � ���32TÆ��!2TK�>Ã;©> ÆÃ»©47>Â½

�R>
��PHIN>�4��Å>�4N2 ² > t = c + 4
Ì ¶ÅU 4�2TK ³ ÆJPZ1=4NI ³ ½©2 Æ 472<PH1!KN2<1ÁÆÃ> A∗(I ′) ≥ (2c + 5)x + (c + 4)n
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c = 2

¶ZU 4'> ³ K H 47P@KN>J>�4m� ³ 4F4��3>�KMPH»3I7ÆJ>uË�I7>ÂKNQ�¶Z4��3>�KM2T1 � Ì
2 KF>J;±> ÆÃ»©47>Â½ ³ 4F4��Å>�KMSTPX4 0
Ë�I7>ÂKNQ�¶X4m�3>�KNSTPX4

c+2
ÌÃ¶

U´� ³ KNPZ»ÅI7ÆJ> i
Ë�I7>ÂKNQ�¶ ³ KM2T1 � i

Ì�2 K�K7Æ��3> ½©»3ST>Â½��R>
��PHIN>@PZI ³ 4�4m�3>�KNSTPX4 2
Ë�I7>ÂKNQ�¶L�R>
��PHIN>@PZI ³ 4�4m�3>@KNSTPX4 c + 1
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º 4m�3>�0 5FÇ'D0�?'Ç-K7Æ��3> ½©»3ST> º ³ 1Á½�� H σ∞

c

4m�3>´065FÇ'D· ?'ÇiKNÆ��3> ½©»3ST>Z¶n8:PHIN>ÂP GZ>JI º
�'>�½3>J13PZ4N>�� H ti

Ë�I7>ÂKNQ�¶
tci
Ì�4��Å>9K�4 ³ IN4N2T1>B�4N2 ² >OPE�+4m�3>�4 ³ K � i

2<1!4��Å>9KNÆ��3> ½©»3ST>
σ∞

ËÐIN> KMQ+¶©2<1|4��Å>9KNÆ��3> ½©»3ST>
σ∞
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¼�1}2 ½©> ³ ÆJPZ1ÅKN2TKM4N2T1>B£2<1 � >J>JQÅ2<1>B ³ 1 ³ KNKN2CBH1 ² >J1=4e��PZIÍ4��Å>�4 ³ K � KeBZ2TGZ>J1x� H�³ �UBHP±P±½ ����> ³ KM2��3ST>�K7Æ��3> ½©»3ST>|PH1 ³ 1»31²�RPZ»31Å½3>Â½£1±» ² �R>JIOPE�'Q3I7P©ÆÃ> KNKNPZILK σ∞

º ³ 1Å½ Q3I7P©ÆÃ>J> ½�47P ³ 1�>Ã;©Q ³ 1ÅKM2TPZ1 Ps�'4��3> ²´³E� >ÂKNQ ³ 1 º 2<1�PZIL½©>ÂI�47P:Q3I7>ÂKN>JI7GZ>4N> ² QÁPHI ³ S�½©2TKM4 ³ 1ÅÆÃ> �R>Ã4U�'>J>Â1!4U�'P@4 ³ K � K º i ³ 1Å½ j
��2<4��

(i, j) ∈ E
º Q3I7P©ÆÃ> KNKN2<1LB@PH1E4U�'P´½©2l� >JI7>J1=4�Q3I7P©ÆÃ>ÂK7KNPZILKFI7>ÂKNQÁ> Æ 4

4��Å>9ÆÃP ²Í² »3132 Æ ³ 472<PH1ÅK,½©>JS ³IH K ��� ©�� tcj ≥ tci + 1 + c
¶
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 � � �j	!��� � ��3
·�>J4��Á> ³ Q3I7>ÂÆJ>Â½©>Â1ÅÆÃ>rBHI ³ Q>� G = (V, E)

º ��>´½©>J4N>JI ² 2<1 ³ 4N> ³ ��> ³ KM2��3ST>´KNÆ��3> ½©»3ST> σ∞
º ��PHI�4��3> ² P©½©>ÂS*065FÇ'D0�?'Ç º»ÅKN2<1LB ³ 1 (4/3)− ³ Q3Q3I7P�;±2 ²´³ 472<PH1 ³ SCBHPZI7254m� ² Q3INPHQÁP=KM> ½r� H 8�»3132T>JI ³ 1Å½�?9@H132CB�· ¹ µI¸ ¶HÇY�32 K ³ S�BZPZI72<4�� ² BZ2TGZ> K ³ ÆJPZ»3QÅS<>

∀i ∈ V, (ti, π)
PH1E4m�3>9KNÆ��Å>Â½©»3ST>

σ∞
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� ti
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PZ1!4��3>9K7Æ��3>Â½3»3S<>
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2T1!4m�3> ��PZSTSTP$��2<1>Be� ³IH KÂÈ
� ÇY�3>9KM4 ³ IM472<1LBu472 ² > tci = d × t − i = (c+1)

2 ti
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d = (c+1)
2

�
��¨��a�U¦Z��·�>J4��Á>�4U�'Pu4 ³ K � K i ³ 1Å½ j

KN»ÅÆ��E4�� ³ 4 (i, j) ∈ E
º ���32 Æ�� ³ I7>�Q3I7P©ÆÃ> KNKN>Â½´PH1 4U�'P�½32l� >JI7>J1=47K,QÅINP©ÆÃ> KNKNPZILK*2T1!4��3>

��> ³ KM2��3ST>OKNÆ��3> ½©»3ST> σ∞
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cij Cmax

n!d�K�hWijVmpEk gOH J<dQP�VmSARGdaT]f²Z M*VTI�VmSUV�f]v�V�N
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