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∀P, P ′ ∈ Pd, P = P ′ ⇔ ∃~x ∈ Z
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~v(P, P ′)
ê

¥ Û�Ü'è^è'Øzá�ÜRØ�ç{Ú�èlèlÚUÞ*Ô�é`ÞEäJÚ�åFÙlØ/ØzÚ*å�ä�Û\ØbÙ^Ú�Û¾Øzá£äµà£ÙlåFä`Û£ÔdÙ^Ú�Û
d
Þ*á£ä�Û(ÙlØ�ÙlÔ�Û£Ú¸Ø�Û£ä`Ý�ä`ÔbÔbÜ¸ßdâ�ê

¦ Ú¸Øbä)Øzá�ÜRØ
d
ùÉà£Ù^åFä`Û£ÔdÙ^Ú¸Û�Ü¸èsÞ)Ú�ßdà£ÔµÜ¸ßdä�Û£Ú¸Ø«Û²ä`Ý`ä�ÔbÔzÜ'ßbÙ^è©â�Ý`Ú¸Û£Û£ä`ÝNØzä�à¿é\Ü¸è©Øzá£Ú¸Ö£æ�á�Þ)ä)Þ*Ù^èlè

ç{Ö£ßdØbá£ä`ß*ÙlÛ\ØbßbÚ7à£Ö£Ý�ä�Ü¶ÔbÙ^åFÙlè^Ü'ß�Ý�Ú�Û£à²ÙlØzÙlÚ�Û�ó=Ôdä`ä�§¤äNç|ê¨�¸úNê

� òn© ª8�Xño�&l�
D�Yl^î��
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ÙlØJåyÜ'ì£ÔµØzá£ä�å Ú�Û\ØbÚ�Û²Ú�ÛZùCä�åFì²Ø|â¶ÞEÚ�ßbà£Ô�ê�y"á²ä`Û¿é
σ
Ü¸Ý�ØbÔEÚ�Û�Þ)Ú¸ßbà£ÔEÚUí�ä�ß

A
Ü'Ý`Ý`Ú¸ßbà£ÙlÛ£æ

ØzÚ¶Øzá£ä�ßdÖ£è^ä
σ(u· v) = σ(u)·σ(v)

é£Þ*á²ä`ßbä
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ÙlÔ�Øzá£ä�Ý`Ú¸Û£Ý9Ü'Øbä`Û�ÜRØzÙlÚ�Û�ì£ßdÚ7à£Ö£ÝNØ9ê
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d
ùÉà£Ù^åFä�Û£ÔbÙlÚ�Û�Ü¸è�Þ)Ú�ßdà£Ô*Ü¸Ý�Ý`Ú¸ßbàZù

Ù^Û£æ ØbÚ Ü ßbÖ²è^ä�Þ*á£Ù^Ý¡á ÞEÚ�Ö£èlà ì£èfÜ9â
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d
ùCà£Ùlå�ä�Û£ÔbÙlÚ�Û�Ü¸è\ÔbÖ£×²ÔdØzÙ©ØzÖ²ØbÙ^Ú�Û²Ô`ê
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d
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Ú�Û\ØbÚFÛ²Ú�ÛZùCä�å�ìZØ|â�Û£Ú¸ÛZùCìAÚ�ÙlÛ\Øbä`à
Þ)Ú¸ßbà£Ô�ã
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ðU�
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� ä¥Øbá£ä`Û�Ù^ÛsØzßbÚ7à£Ö²Ý`ä�ln�Uño��lp
��Yl^î��sã

¬��F­;Ë&ÒnÌUÒ{ÎAË¢° q�Ú7Ý`Ü¸è�ßdÖ£è^ä�Ôb����
��M�p���kwn�k�Rýv��ðCî:	`���Z���Nð=ýnð<�7ð=ýK���
σ

��
¡î`�U��ð.�W�Fð.±D��î��H²
³ ��´ ��� ÙlÛ£ÙlØbÙ^Ü¸è±ßbÖ²è^ä

λ∗
tu���k�M�0�k�Rýv��ðCîo	�l^îNð=ðCî�


I(λ∗) = L
����ð>���0�k�Rýv��ð|îo	m�W��
}	

r



���3ñ���ðJ���¸ð
λ∗(L) = σ(L) µ³ © ´ ���Qä�û7Øzä`Û²ÔbÙ^Ú¸Û1ßbÖ²è^ä

λ
ýn�¶	7îJ·��/îo	¸���¢�¹�XîNð

E(λ) = {L,L′}
�U��ð.�W�M�k�Rýv��ðCîo	

l^îNð ðCî�
:�º�«ýnðJ��	¸ýn�Nð=ýv�/ñNð2��� ���k��
Nðv��»b���7ý ñ��m��
¡î�tu������îo	�����ð>���k�Rýv��ð|îo	M�W�+
}	����«ýnðJ�
	¸ýn�Nð ýv�/ñNð¼��� ���k��
�ðJ��»-���3ñ���ðJ���¸ð

λ(L) = σ(L)
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λ(L′) = σ(L′)
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P0 = {L ∈ P
�`ò^ð ò

∃λ∗ ∈ Λ, I(λ∗) = L},

Pn+1 = {L′ ∈ P
�`ò^ð ò

∃(L, ~x, λ) ∈ Pn × Z
d × Λ, E(λ) = {~x + L, ~x + L′}}.È îOðv��î��¸	7îJ·��/î����¸�7ñNð=ýK�����U�
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Λ
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(σ, Λ)
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:���U�¥ðJ��î
Pn É ��ð>�I�k�Rýv��ð|îo	0�W��
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∀L ∈ P0, (σ, Λ)(L) = λ∗(L),
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λ∗ ∈ Λ
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I(λ∗) = {L}

»

∀L′ ∈ Pn+1, (σ, Λ)(L′) = λ(~x + L′) + ~v(λ(~x + L), (σ, Λ)(L)),
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Øzá£ä"Ü¸è^ì£á£Ü¸×Aä�Ø
A = {a, b}

×sâ
σ(a) = ab

Ü¸Û£à
σ(b) = a

ê�� ä"à²ä$��Û£ä
1
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ÔbÖ£×²ÔdØzÙ©ØzÖ²ØbÙ^Ú�Û
σ
×sâAã

σ :











(0, a) → {(0, a), (1, b)}

(0, b) → {(0, a)}
� ä¾Øbá£ä`Û�à£ä$�£Û£ä�Ü¶Ôdä�Ø
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σ
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λ∗
1 : (0, a) → {(0, a), (1, b)} λ∗

2 : (0, b) → {(0, a)}
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λaa :











(0, a) → {(0, a), (1, b)}

(1, a) → {(2, a), (3, b)}
λab :











(0, a) → {(0, a), (1, b)}

(1, b) → {(2, a)}

λba :











(0, b) → {(0, a)}

(1, a) → {(1, a), (2, b)}
λbb :











(0, b) → {(0, a)}

(1, b) → {(1, a)}
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a, b ∈ N, U = ((a, 0), (0, b)), S = {(i, j), 0 ≤ i < a, 0 ≤ j < b}.
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U = ((2, 1), (1,−2)), S = {(0, 0), (1, 0), (0, 1), (1, 1), (0, 2)}.
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
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(~dk, l
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2
ùÉà£Ù^åFä`Û²ÔbÙ^Ú¸Û�Ü¸èEÞEÚ�ßbà²Ô`ê�y"á£ä

ì£ßbÚ�xdä`ÝNØzÙlÚ�Û¿é/×\â
π
Ú�Û

∆
é¿Ú'çEØbá£ä¶ç=Ü¸Ý�ä`Ô�Ú¸ç)Ü
ÔdØbä`ì£ìAä�à ÔdÖ£ßdç=Ü'Ý`ä¸é�ì£ßdÚUí7Ù^à²ä`Ô�Ü�ØzÙlè^Ù©Û£æ�Ú¸ç

∆
×\â»èlÚ&�`ä�Û£æ�ä�Ô¾Ú¸ç«Øzá²ßbä`ä�ØCâ7ìAä`Ô`é�Þ*á£Ú�ÔdäOí�ä`ßpØzÙ^Ý�ä`Ô¾×Aä`èlÚ�Û£æyØbÚ
ÜyèfÜ'ØdØzÙlÝ`ä(Ú'çJßbÜ¸Û£ü

2
ê ¥ Ø

ØzÖ£ßdÛ£Ô¢Ú�Ö²Ø*Øzá£Ü'Ø*Øzá£ÙlÔ"ØzÙ^èlÙlÛ£æ Ü'à£å�Ù©ØzÔ*Ü
2
ùCà£Ùlå�ä�Û£ÔbÙlÚ�Û�Ü¸è/Ý�Ú7à£Ù^Û²æ£ê ¥ Û£à²ä`ä�à¿éAè^äNØ

v
×Aä�Øbá£ä

åyÜ'ì�à£ä$��Û²ä`àøÚ�Û�ç=Ü¸Ý�ä`Ô*×\âAã

v(~x, i∗) = ~x + ~e1 + . . . + ~ei−1 ∈ Z
3.

y"á£ä`Û/é
π ◦ v

Ù^Ô)Ü(×£Ù xdä`Ý�ØbÙ^Ú�Û�×AäNØ|ÞEä`ä�Û
Øzá£ä¢ç=Ü¸Ý`ä�Ô�Ú'ç�Ü(æ�Ù©í�ä`ÛyÔdØbä`ì£ìAä�à�ÔdÖ£ßdç=Ü¸Ý�ä¾Ü¸Û£àyØbá£ä
2
ùÉà£Ù^åFä`Û²ÔbÙ^Ú¸Û�Ü¸è¿èfÜ'ØdØzÙlÝ`ä

Zπ(~e1) + Zπ(~e2) ⊂ ∆
ê
y"á7Ö²Ô`éAØzá£ä�ç{Ú�èlè^ÚXÞ*ÙlÛ£æ åyÜ'ì»Ý�Ú7à£ä`Ô¾Ü

ÔdØzä�ì£ìAä�à»ÔbÖ£ßpç=Ü¸Ý`ä�×\â�Ü
2
ùÉà£Ù^åFä`Û£ÔdÙ^Ú�Û£Ü¸è�ìAÚ�Ù^ÛsØzä�à�Þ)Ú¸ßbà�ÚUí�ä�ß

{1, 2, 3}
ó=Ôdä`ä�j&Ù^æ£ê/õ¸õUúNã

Ψ :
F → Z

2 × {1, 2, 3}

(~x, i∗) → ((a, b), i),

Þ*á£ä`ßdä
aπ(~e1) + bπ(~e2) = π ◦ v(~x, i∗)
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�U�«���C�

(~x, i∗)
�²�z���s�

�¨ {� § ���` /�C�\�"�C�|�z�s�²�¡� �C�s�É {� § �X�¸ f�9�C� �C�\��¦©�`�C�C� § �
Zπ(~e1) + Zπ(~e2)

/ ���¶�C�\���¥���s��¦��X�s�µ�³�|�
�C�\�(�s¦©� § º § �9�C�\�z�¾�` )�¶ n� § � (~x, i∗)

�s���X�s¦����X�'�C���s�
�C�\��®R�z�C�|�oÁ
π ◦ v(~x, i∗)
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Øzá£äNâ Ü¸ßbäyØzá£ä
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ùCà²Ù^åFä`Û£ÔdÙ^Ú�Û�Ü'èJìAÚ�Ù^ÛsØzä�à Þ)Ú¸ßbà£ÔOÞ*á£ÙlÝ�á
à£Ú Û£Ú¸Ø¶á�Ü9í�ä
ç=Ü'Ý�ØzÚ¸ßbÔOÙ^ÛïØbá£ä
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�³ ¿���J��®R�9���s�«�C�\�¡�p�
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 n�9�C�s���s�s�z�¶ {� § �|�9�|� / �|�¡�X�¸ n�9�µ�oÁ\�`�¥�s¦��X�F1/���\¯�¿ ¿�5b¯

y"á£ä`Û/é"ÙlØ�Ù^Ô�ì£ßdÚUí�ä�Û Ù^ÛÕôjöR÷ é)Øbá�Ü'Ø
Ùlç
S
Ü'Û£à

S ′
Ü¸ßbä»Ø|ÞEÚ
ÔdØzä�ì£ìAä`à ÔbÖ£ßpç=Ü¸Ý`ä�Ô`é�Øzá²ä`Û

Ψ(S) = Ψ(S ′)
Ùlç±Ü¸Û£àøÚ�Û²èlâ
Ùlç

S
Ü¸Û£à

S ′
Ü¸ßbä�ä�þ\Ö�Ü¸è2� � ðU��ð.
o������l{�¸ð=ýK���#×sâ�Ü í�ä`ÝNØzÚ�ß

k(~e1 +~e2 +~e3)
é
k ∈ Z

êFy"á£ÙlÔJâ7Ùlä`è^à²Ô`é\ÙlÛ�ì�Ü'ßdØzÙlÝ`Ö²èfÜ¸ß�é¸Øzá�Ü'Ø
Ψ
ÙlÔEÜ�×£Ù xdä`Ý�ØbÙ^Ú�Û ç{ßdÚ�å Øzá£ä

ÔbäNØ(Ú¸çEÔdØzä�ì£ìAä`à ÔbÖ£ßpç=Ü¸Ý`ä�Ô(Ý�Ú�Û\ØzÜ¸Ù^Û²Ù^Û£æ�Øbá£ä Ú�ßbÙlæ�ÙlÛ
~0
Ú�Û\ØbÚ�Øzá²ä Ôbä�Ø�Ú¸ç

2
ùCà²Ù^åFä`Û£ÔdÙ^Ú�Û£Ü¸è

ìAÚ�Ù^ÛsØzä�à�Þ)Ú¸ßbà£Ô¢ÜXí�Ú�Ùlà£Ù^Û²æOØzá£ä¥ç{Ú�ßd×£Ù^à²à£ä`Û
ç=Ü¸Ý�ØbÚ�ßbÔ"Ú¸ç�j;Ù^æ£ê�õUöZê

" òn© ,¨î��/î�
}��l�ý{~Rîo	��������Nð ýnð.�7ð ýK�����

q�ä�Ø
σ
×�ä¥ÜOÝ`è^Ü¸ÔbÔdÙ^Ý¤ÔbÖ£×£ÔpØzÙ©ØzÖ²ØzÙlÚ�Û�Ú�Û�Þ)Ú�ßdà£Ô"ÚUí�ä�ß�Øbá£ä�Ü'è^ì£á�Ü'×Aä�Ø

{1, 2, 3}
ê�y"á£ä¶ýv�/ñNývw

	7î��/ñ¡î`tu�¸ð<
�ý4÷ Ú¸ç
σ
ÙlÔ¤Øzá£ä

3 × 3
å�Ü'ØzßdÙ©û�Þ*á£Ú�Ôdä ä`ÛsØzßdâ Ü'Ø¥ßdÚUÞ

i
Ü'Û£à#Ý`Ú¸è^Ö£åFÛ

j
ÙlÔ

Øzá£ä Û7Ö£åO×Aä�ß�Ú¸ç)Ú7Ý`Ý�Ö£ßbßdä`Û£Ý�ä`Ô(Ú¸çEØzá²äFèlä�ØbØbä`ß
i
ÙlÛ#Øbá£ä¶Þ)Ú�ßbà

σ(j)
ê ¥ ç

det Mσ = ±1
é

σ
Ù^Ô�ÔbÜ¸Ùlà�ØbÚ�×�ä��Y��ývtM�H	���l{��
Y|¿Ù^Û#Øbá£Ù^Ô�Ý`Ü¸Ôbä'é�Û£Ú'Øzä Øbá�Ü'Ø

M−1
σ

á�Ü¸Ô�é�Ü¸Ô�ÞEä`è^èµÜ¸Ô
Mσ

é
ýv��ð|îK�7î�
�Ý`Ú7ä.-�Ý�Ù^ä�Û\ØbÔ`ê

y"á£ä�/®��
�ý10 ��tu�����Aýv�Y� ~f : {1, 2, 3}∗ → N
3
Ù^Ô�à²ä$��Û£ä�à(×\â ~f(w) = t(|w|1, |w|2, |w|3)

ê
¥ Û´ì�Ü¸ßpØzÙlÝ`Ö£è^Ü¸ß`é�Ú¸Û£ä�á£Ü¸Ô ~f(σ(w)) = Mσ

~f(w)
ç{Ú�ß¨Ü¸Ûsâ�ÞEÚ�ßbà

w ∈ {1, 2, 3}∗
ê
y"á£ä`Û/é

�7î��/î�
o��l�ý{~Uî:	`���Z���Nð=ýnð<�7ð=ýK�����OÜ'ßbä�à£ä���Û£ä�à»ÙlÛ�ô��¸÷�Ü¸Ô"ç{Ú¸è^èlÚUÞ*Ô�ã

¬��F­;Ë&ÒnÌUÒ{ÎAË �32 Ä54�Ê76UÆ ª�îNð
σ

�NîØ�ß�Y��ývtM��	��Yl{��
M�������Nð=ýnð<�7ð ýK��� ��Ñ¸î�

{1, 2, 3}

ò è ��î
æ�ä`Û²ä`ßzÜ'è^Ùn��ä`à�ÔbÖ²×£ÔdØbÙlØzÖZØzÙ^Ú¸Û

Θ∗
σ : F → F

ýn�º	7îJ·��/îo	M�H±&²

∀E , E ′ ⊂ F , Θ∗
σ(E ∪ E ′) = Θ∗

σ(E) ∪ Θ∗
σ(E ′),

∀(~x, i∗) ∈ F , Θ∗
σ({(~x, i∗)}) =

⋃

j,p,s

|σ(j)=p·i·s

(

M−1
σ (~x + ~f(s)), j∗

)

.

j�Ú�ß"äNû²Ü'å�ì£èlä¸é²ç{Ú�ß
σ : 1 → 13, 2 → 1, 3 → 2

é�Ú¸Û£ä�á�Ü¸Ô�ã

Mσ =















1 1 0
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1 0 0















Ü¸Û£à
M−1

σ =















0 0 1

1 0 −1

0 1 0


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y"á£Ù^Ô�âZÙlä`èlà£Ô(ó{Ôbä�ä�j;Ùlæ£ê/õ rsú�ã

Θ∗
σ :

{(~x, 1∗)} 7→ {(M−1
σ ~x + ~e1 − ~e2, 1

∗), (M−1
σ ~x, 2∗)}

{(~x, 2∗)} 7→ {(M−1
σ ~x, 3∗)}

{(~x, 3∗)} 7→ {(M−1
σ ~x, 1∗)}.

Θσ
∗

Θσ
∗

Θσ
∗

Θσ
∗

1/���\¯�¿DÛ�¯FÀ § �C���9�F�` ¿�C�\�"�U�z�\�z�p�`¦���È��¡�F�C�s�\�|�C���C�s�C���9� Θ∗
σ

�9�F�|�9���*�|�z�|�µ�` / n� § �¡��¯
Ó¤è©Øzá£Ú�Ö²æ�á¥æ�ä�Û£ä`ßbÜ¸è^Ù��`ä�à�ÔdÖ£×£ÔdØbÙlØbÖ²ØzÙlÚ�Û£Ô�Ü¸ßbä±à£ä$��Û²ä`à(ÚXí�ä`ß�Ü¸èlèRØzá£ä«ÔbäNØzÔ�Ú¸ç\ç=Ü¸Ý�ä`Ô`é9ÔdØbä`ì£ìAä�à
ÔbÖ£ßpç=Ü¸Ý`ä�ÔJÜ¸Û£à ÔdØbä`ì£ìAä�à�ì£è^Ü¸Û£ä`Ô«Ü¸ßbä�ì�Ü¸ßdØbÙ^Ý�Ö£èfÜ¸ßdè©â�Ù^Û\Øbä`ßdä`ÔdØbÙ^Û£æ²ê ¥ Û£à£ä�ä`à¿ésÙ©Ø«ÙlÔ«ì²ßbÚXí�ä`ÛFÙlÛ
ômöU÷²Øzá�ÜRØµÜ¾æ�ä`Û²ä`ßzÜ'è^Ù��`ä`àOÔbÖ£×²ÔdØzÙ©ØzÖ²ØbÙ^Ú�Û

Θ∗
σ

å�Ü¸ì£Ô«Ü¾ÔpØzä�ì£ìAä`àFÔbÖ²ßdç=Ü¸Ý�ä¸é�á£ä�Û£Ý`ä*Ü¾ÔdØzä�ì£ìAä`à
ì£èfÜ'Û£ä¸é£Ú�Û\ØbÚ�Ü ÔdØbä`ì£ìAä�à´ÔdÖ£ßdç=Ü'Ý`ä¸é�Þ"ÙlØzá�à²Ù^ÔdØbÙ^Û£ÝNØ"ç=Ü¸Ý`ä�Ô¢×Aä`ÙlÛ£æFå�Ü¸ì£ìAä`à�Ú�ÛsØzÚFà²Ù^ÔJxdÚ¸Ù^Û\Ø
ÔbäNØzÔ¤Ú¸ç;ç=Ü¸Ý�ä`ÔOó=åFÚ�ßdä�ä�û²Ü¸Ý�Øbèlâ¸é3Þ*ÙlØbáøà£Ù^ÔvxdÚ�Ù^ÛsØ¢Ù^ÛsØzä�ßbÙ^Ú¸ßbÔ¡ú�ê
eøÚ¸ßbä`ÚXí�ä`ß�éAÔdØzä�ì£ìAä`à´ì£èfÜ'Û£ä`Ô
Ü¸ßbä�å�Ü¸ì£ìAä�à Ú�ÛsØzÚ�ÔpØzä`ì²ì�ä�à�ÔdÖ£ßdç=Ü'Ý`ä�Ô¾Þ*á£Ù^Ý¡á´ØbÖ£ßbÛ´Ú�Ö²Ø¤ØzÚ�×Aä¶Ü'è^ÔbÚyÔdØbä`ì£ìAä�à�ì²èfÜ¸Û£ä�Ô`ê
eøÚ�ßdä�ì²ßbä`Ý�Ù^Ôdä`è©â�é�Ú�Û²ä�á�Ü¸Ô(ó=Ôdä`ä�ô��'÷fúNã

Θ∗
σ : P~α,ρ → PtMσ~α,ρ.

y"á7Ö£Ô�é*Ú�Û²ä#Ý`Ü¸Û Ù©Øzä`ßbÜ'Øzä»Øzá²ä�Ü¸ì£ì²è^ÙlÝ9Ü'ØbÙlÚ�Û Ú¸ç(æ�ä�Û£ä`ßbÜ¸è^Ù��`ä�àQÔbÖ²×£ÔdØzÙ©ØzÖ²ØbÙ^Ú¸Û£Ô
Ú�ÛQ×AÚ¸Øzá
ÔdØzä�ì£ìAä�à»ÔbÖ£ßpç=Ü¸Ý`ä�Ô¨Ü¸Û£à�ÔdØbä`ì£ìAä�à»ì£è^Ü¸Û£ä`Ô�ê

à � Î�Ñ&�k�)ÍRÐ��J�m�9Ð8����ÌXÒ{ÌUÐ�ÌUÒ{ÎAË��OÎAË¢��Ì �FÕ�Õ¼�7ÏË�9Ð�Í�âK��Ñ&�Y�

8 ò � ª8�Xño�&l�
D�Yl^î��º	7î�
�ývÑ¸îo	P�D
:��t ���7î��/î�
}��l�ý{~Rîo	��������Nð ýnð.�Zð=ýK���

q�ä�Ø
Θ∗

σ

×Aä�ÜOæ¸ä`Û£ä�ßzÜ¸èlÙn�`ä�à
ÔbÖ²×£ÔdØbÙlØzÖZØzÙ^Ú¸Û�Ü¸Û²à
S
×Aä¥ÜOÔdØzä�ì£ìAä`à�ÔdÖ£ßdç=Ü¸Ý�ä¸ê ÿ Û£ä¾à£ä���Û£ä`Ô

Ü å�Ü¸ì
Γσ

Ú�Û�Øbá£ä�ìAÚ�Ù^ÛsØzä�à�è^äNØbØbä`ßbÔ"Ú¸ç�Øzá£ä
2
ùÉà£Ù^åFä�Û£ÔbÙlÚ�Û�Ü¸è�ìAÚ�ÙlÛ\Øbä`à
Þ)Ú�ßbà

Ψ(S)
×\âAã

Γσ :
Ψ(S) ⊂ P2 → P2

Ψ(~x, i∗) → Ψ(Θ∗
σ(~x, i∗))

ÿ Û£ä�Ü¸è^ÔdÚ à£ä���Û£ä`Ô¨Ü Û£Ú¸ÛZùCìAÚ�ÙlÛ\Øbä`à�ÔbÖ²×£ÔdØbÙlØzÖZØzÙ^Ú¸Û
σ∗ : L2 → P2

×sâ�ã

σ∗ : Ψ(~0, i) → Γσ(~0, i∗).
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y"á£ä`ÛøÚ�Û²ä�á�Ü¸Ô`ã

Òºå8�\ÎAÍ(�YÔ ° è ��î�tu���
Γσ

ýn�º�`��ln������l�
D��l^î����
Ψ(S)

»�����

σ∗
ò

��
�������� q�ä�Ø
~x ∈ Z

3
Ü¸Û£à

i ∈ {1, 2, 3}
êRq�ä�Ø

~y ∈ Z
3
Ü¸Û²à

(c, d) ∈ Z
2
ÔbÖ£Ý¡á#Øzá£Ü'Ø

π(~y) = cπ(~e1) + dπ(~e2)
ê ÿ Û²ä¶Øzá\Ö£Ô�á�Ü¸Ô

Ψ(~y + (~x, i∗)) = (c, d) + Ψ(~x, i∗)
ê ÿ Û£ä

Øzá£ä�ÛøÝ�Ú�å�ì²Ö²Øzä�Ô`é£ç{Ú�ß�Øzá²ä�ì�Ú¸Ù^ÛsØzä`à�è^äNØbØzä�ß
L = Ψ(~x, i)

ã

Γσ((c, d) + L) = Γσ(Ψ(~y + (~x, i∗)))

= Ψ(Θ∗
σ(~y + (~x, i∗)))

= Ψ(M−1
σ ~y + Θ∗

σ(~x, i∗))

= π(M−1
σ ~y) + Ψ(Θ∗

σ(~x, i∗))

= π(M−1
σ ~y) + Γσ(L).

q�ä�Ø&Ö£Ô�Ôbá£ÚXÞïØzá�ÜRØ�Øzá²Ù^Ô�â7Ù^ä`èlà£Ô�Øzá�Ü'Ø
Γσ

ÔzÜ'ØbÙ^Ô}�£ä`Ô�Øbá£äµØzá£ßdä`äJì£ßbÚ�ìAä�ßdØbÙ^ä`Ô�Ý¡á�Ü'ßzÜ¸ÝNØzä`ßdÙn��Ù^Û£æ
Ü æ�èlÚ�×�Ü'è/ßbÖ£èlä¸êZy"á£ÙlÔ"Þ*Ù^èlè/Ý`Ú�åFì£èlä�Øzä¤Øzá£ä�ì£ßdÚ7Ú¸ç|ê
j;Ù^ßdÔdØ`é£Ù©ç�Þ)ä¥Ø¡Ü¸ü¸ä

~y = −~x
é£Øbá£ä`Û

(c, d) + L
á�Ü¸Ô*ÔdÖ£ì£ìAÚ�ßpØ

~0
é3Ü'Û£à

Γσ(L) = σ∗(L)
ê

y"á£ä`Û/é3Ùlç�ÞEä�à£ä�Û£Ú¸Øbä
π(M−1

σ ~y)
×sâ

~z
é�Ú¸Û£ä�á�Ü¸Ô"ç{Ú�ß*Ü¶ìAÚ�ÙlÛ\Øzä�à�èlä�ØdØzä`ß

L′
ã

~v(Γ((c, d) + L), Γ((c, d) + L′)) = ~v(~z + Γσ(L), ~z + Γ(L′)) = ~v(Γ(L), Γ(L′)).

q�Ü¸ÔdØ`é�ÔbÙ^Û²Ý`ä
Ψ
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S
Þ*Ù©Øzá ìAÚ¸Ù^Û\Øbä`à

è^äNØbØzä�ßbÔ�é¿Ü'Û£à ÔdÙ^Û£Ý�ä
Θ∗

σ

å�Ü¸ì£Ô¤à£ÙlÔdØzÙlÛ£Ý�Ø¨ç=Ü¸Ý�ä`Ô¾Ú�ÛsØzÚ�à£ÙlÔJxdÚ�ÙlÛ\Ø¨ÔbäNØzÔ¥Ú'çµç=Ü'Ý`ä`Ô�é
Γσ

åyÜ'ì£Ô
à£Ù^ÔpØzÙlÛ£Ý�Ø*ìAÚ¸Ù^ÛsØzä`à�è^äNØbØzä�ßbÔ"Ú�Û\ØbÚFìAÚ�ÙlÛ\Øbä`à
Þ)Ú�ßdà£Ô*Þ*Ù©Øzá�à£Ù^ÔvxdÚ�Ù^ÛsØ"ÔbÖ£ì²ìAÚ�ßdØbÔ`ê
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éXÜ¸Û²à�Ù^Ô/Øzá\Ö£Ô

Σ1

ùCÝ`Ú¸Û£Û£ä`ÝNØzä�à
×\â�ó{ßbä`Ý`Ü¸è^è�§¤ä�ç|ê
��ú�é£Þ*á²ä`ßbä'ã

Σ1 = {(((0, 0), i), ((0, 1), j)), (((0, 0), i), ((1, 0), j)), i, j ∈ {1, 2, 3}}.
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Ù^Û£æ¶ÔdØzä�ì£ìAä`àøÔbÖ£ßpç=Ü¸Ý`ä�Ô`ê
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æ�ä`Û²ä`ßzÜ'è^Ùn��ä`à ÔbÖ£×£ÔpØzÙ©ØzÖ²ØzÙlÚ�Û

Θ∗
σ

éEç{Ú�ß
σ : 1 → 13, 2 → 1, 3 → 2

ó{Ôbä`ä£j;Ùlæ£ê¨õ�rsúNê
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åyÜRØzßbÙ�ûøÚ¸çJÜ�Û£Ú�Û7ùCìAÚ�ÙlÛ\Øbä`à´ÔbÖ£×£ÔpØzÙ©ØzÖ²ØbÙ^Ú�Û

σ
à£ä���Û£ä`à#ÚUí�ä�ß

Li = (~0, i)
é
i ∈ {1, 2, 3}

ê
y"á£Ù^ÔµÙ^Ô«Øbá£ä

3×3
å�Ü'ØzßdÙ©û�Þ*á£Ú�Ôdä¨Ý`Ú7ä.-FÝ`Ù^ä�Û\Ø)Ü'ØJßbÚXÞ

i
Ü¸Û²à�Ý`Ú¸è^Ö£åFÛ

j
ÙlÔ«Øzá²ä¢Û7Ö£åO×Aä�ß

Ú¸ç¢Ú7Ý`Ý`Ö²ßbä`Û²Ý`ä`ÔFÚ¸ç
Li

ÙlÛïØzá²ä
Û£Ú�ÛZùÉìAÚ�Ù^ÛsØzä`àïÞEÚ�ßbà
σ(Lj)

ê ÿ Û²ä
ä9Ü¸ÔdÙ^èlâ Ý¡á£ä`Ý¡ü\Ô Øzá�ÜRØ9é
Ùlç

σ
ÙlÔ¾ÜyÝ`è^Ü¸ÔbÔdÙ^Ý�ÔdÖ£×£ÔpØzÙlØbÖ²ØzÙlÚ�Û´Ú¸Û´Þ)Ú¸ßbà£Ô¥Ü¸Û£à»Øzá�ÜRØ

σ∗
Ù^Ô¾ÜyÛ£Ú¸ÛZùCìAÚ�ÙlÛ\Øbä`à»ÔbÖ£×£ÔpØzÙlØbÖZù

ØzÙlÚ�Û à£ä�ßbÙlí�ä�à
ç{ßdÚ�å Øzá£ä
æ�ä�Û£ä`ßbÜ¸è^Ù��`ä`à ÔbÖ²×£ÔdØbÙlØzÖZØzÙ^Ú¸Û
Θ∗

σ

é;Øbá£ä`Û
Mσ∗ = tMσ

ê-y�á7Ö£Ô�é
det(Mσ∗) = ±1

Ù^Û�ÔdÖ£Ý¡á´Ü¶Ý9Ü¸Ôdä¸ê
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Øzä�ßbÙn�`Ü'ØzÙlÚ�Û¶×\âOç{Ú�ßb×£Ùlà£à£ä�Û ç=Ü¸Ý�ØbÚ�ßbÔµÚ¸ç
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