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Ru + Rv + [0, 1]d.

U&C�P 0+�BZ(#�� � L R �ÇFHG 0 I ���BL ����L ��� LgD � Z R G"L Pu,v

F(� R G R�� � MNCD�EF W R ��FHC�G ��#iPBGBF$�6� R ��L �C��*���BLbM�L R Z � Z R GBL
Ru+Rv

7 ���BF�� �8C�MNM�L � � C�G]D � ��C R �QFHL ) � C�FHG
�$DEL!��L8ZHC � LXDiFHG!DEF�����MNL���L0�L8CqWiL���M�# I ��LXL '�
 ��
 8(2 
 ;	<�? ú ����P R Z Z(# I � �NL � � LXD � Z R GBL5� R MNL�GBC����BFHG 04�"P1� ���BL6����L � � LXD ��PBM��� R ��L � ) �"F(�,� R MNL R ����C��8F R ��LgD��
# �·M�C � ?/2 ) F ���9��C�� � R Z ZHLXD �����,ýB�/�@���B���,ûNýBA�'������kýB� �&�	�
�	���B� ?
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� �NL � � LXD � Z R GBL �?�èCqM IM�L � � L5����F���L8Z(# I d = 3, 4, 5 7 ��L8L�8 :B; <�?

�TC )�I ZHL��·P���GBC��NL ��� R � πij(Ru+Rv) = R
2
? J �BF��äL R ��FHZ(#%#ÇF LXZHD�� ��� R � πij(Pu,v) =

R
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?�#yG �"R M���F���P"Z R M I ���BL ��� R DEC ) ��C��*���BL � �NL � � LXD � Z R GBL Pu,v
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#yG �NL8MNW��µC��@M��BCqW%�BP��9�NF ZHFHG 0+� I ���BF��ÓWiL R G��9��� R � R G�# M��BCqW%�BP��9�NF ZHFHG 0 F(�"�]F � �

R ���8L5����F(�BZHL �èMNC�W R � R G"C�GBF�� R Z � M�C�-xL5�!�NF CqG �NF ZHFHG 0iC���L8M6���BL � R WiL ��L��TC���M��BC�W��BP��6�NF ZHL5�X?

� � ôBõ�õ��Íõ��!ó �TL ø � N�ô'Näø,ó L ô"ù � N�óBù�õ·ò

J �BF(� ��L5�!�NF CqG � MNC��QFØDEL � R � MNCÇC��äC�� ���BL��,� R M R �!�NL8MNF67 R ��FHC�G ��� R �NLXD)FHG J �BLXC�MNL8W 2�? J �"LGBL5�8L5��� R M�# ��CqG"DEF$��FHC�G�F(� � MNC���LXG ��# ��MNC � ?PE"? U L������ÇP�� S R G]D S ′ �,L � ) C ����L ��� LgD��PBM�� R �8L5� ��P��,� ��� R � ���"L ��� R DBC ) �TC�� S ′ R M�L
F G��8Z P]DELXD F G ���BL���� R DEC ) �TC�� S I~R G"DµZ L��P�� � MNC���L ��� R � S ′ F�� �"F � � R ���8L5����F(�BZHL �èMNC�W S ?

8ÇF G/��L4���BL � M�CÇC��'F(�$GBC�� ��C����BC�M�� I F$��F�� ) C�M���� 0�F��QFHG 0 R �BMNF L��'C�P ��ZHF GBLq? J �BL 0qL8GBLXM R ZFHDEL R F�� �NC �NM R G����èC�MNW S F G
��C S ′ ��#�WYC��ÇFHG 0TCqGBL ��#�C�GBL$PBGBF$� � R ��L �8?D%ÓC�MNL � M�L ��F���LXZ$# I �èCqM
(x′, tij) ∈ S ′

I F G/��ZHP���FHC�G C�� ��� R DEC ) �¦LXG���PBM�L%��� R � ���BLXM�LYF(� R PBGBF$� � R ��L (x, tij) ∈ S��P��,� ��� R � πij(x
′, tij) = πij(x, tij)

? 9 L ) C�PBZØD¸ZHF6�qL �NC WiC���L (x, tij)
��C

(x′, tij)
?

9 L � M�C1��LXLXD R �"�èC�ZHZ C ) �X? 9 �BFHZ L ���BL8MNLÍF�� k
��P��,� ��� R � xk < x′

k
I ) L �,�BCÇC
��L ��P��,� R

k R G]D ) LYDEL	("GBL R ��L�� F ∗
k (x, tij)

��P/�,� ��� R � I ��# � L8M��èC�MNWYFHG 0 R ("GBF$��LiGÇPBW��]LXM2�]F � �C���L8M ���BF�����L�� I ) L9� R G ��M R G���Z R ��L (x, tij)
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<�? 8ÇFHWYFHZ R MNZ$# I ) L� R G �NM R G���Z R �NL (x, tij)

��#
−ek

�èC�M
k
��P��,� ��� R � xk > x′

k

? � L8G��8L I ) L � R G WYC��qL
(x, tij) ∈ S

�NC
(x′, tij) ∈ S ′

��# � L8M��èC�MNWYFHG 0 R ("G"F �NLÐGÇPBW��]LXM$C��4�"F � �X? J �"LbZ R ��� ����L �
) F ZHZ?�,L ��C ���BC ) ��� R � ) L � R G I FHG ���BF�� )�R # I C��1� R FHG PBGBF$� � R �8L5��C�� S ′ C���L8M 0qM�C ) FHG 0� R ZHZ(� ��L8G
�NL8MNLXD@F G
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k ∈ Z
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1 ≤ i ≤ d
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k
�&���)DEL#A�MNPBF -xG9��L5����FHC�G�C�� � # � L i
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S
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Si,k = {((x1, . . . , xd), tij) ∈ S | xi = k}.

#���F���L R ��FHZ(#%��LXL8G���� R � Si,k

F�� R GYF G'("GBF$��L4����MNF � L�C��]P"GBF � � R ��L � � ) C ��#"� ) C R D - R �8L8G
�
R ZHC�G 0 ��L5����CqM��

ei

? J �BLXG I M�LXWiC��QFHG 0 Si,k

G R �NPBM R ZHZ$# � � Z F$��� S F G
�NC ���"L�� ) C �èCqZ ZHC ) FHG 0��C�G"GBL5����LXD9��L����TC���P"GBF � � R ��L � 7 ��L8L#K�F$0]? � < �

T+
i,k = {((x1, . . . , xd), t) ∈ S | xi > k} R G]D T−

i,k = S\(Si,k ∪ T+
i,k).

Ti, k
+

Ti, k

_ Si, k

ei

=?>(@ È��"È ª «qt%D�vx�Qp �_o wytN�Nzxps§go Si,k
��ÌQt�vxt
vxt � vxt*wyt*o-zxt�«�Ï-º)}iÏqvx§gÊgt*o � pÉoqt#�Nvx§gwywypsoQÑ!p{zxwb�qoQp{z

ÒØ}X�*tNw*�Çw �Q� p{zxw$}Ðw¡zxt �Q� t*«@wy�qvyÒØ}X�*t&pso-zx§Ðz£Ë�§��*§XoQoqt*�Nzxt�«Ywyt�zxw·§8Ò~�Qoqp{zäÒï}X�Nt*w*� T−

i,k
}8oÇ« T+

i,k
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ú �!��P R ZHZ$# I DEL¦A�MNPBF -xG ��L �!��FHC�G/� ��P"M�G¤CqP1� �NC �]L ���BL ��L��·C���PBG"F � � R ��L � R ����C��8F R ��LgD���#
��M�C � ? 2 ) F ��� ���BL ) LXZ Z$�:�QG"C ) G DEL¤A�M�P"F -xG Z FHGBL ��F G
��MNCEDEP��8LXD F G 8 E�;_? #yG C����BL8M ) C�M*D � I
Si,k

F(� R DEL�A$MNPBF -xG ��L5�!�NF CqG C�� S F��
Ψ(Si,k)

F(� R DBL4A�M�P"F -xG ZHFHGBL!C�� ���BL4M��BCqW%�BP/���FHZ FHG 0
Ψ(S)

? #yG �"R M���F���PBZ R M I � ) C DEL A�MNPBF -xG ��L5����FHC�G�� ��� R M�L R �!WiC+���!C�GBL � R ��L I$R �
) LXZ Z R �YDBL)A�MNPBF -xG�ZHF G"L5�X? #yG ��P��,� R � R ��L I ���BL5# R MNL9� R FØD ��C �	��� '�û,��'���� ? �TC���L9��� R � IF �

(x, tkl) = Si,n ∩ Sj,m
I ���BLXG k = i I l = j I xi = n R G"D xj = m

?4#yG �"R M��NF(�8PBZ R M IC�GBZ(#"��L �!��FHC�G/��C��"DBF���L8MNL8G
� � # � L5� � R G�F G
��LXM���L5��� IuR Z$���BCqP 0�� ���BL�#"� R G R Z(��CTGBC���FHG+�NL8M,��L �!�g?

9 L�P���L�DEL#A�M�P"F -xG ��L5�!�NF CqG��6��C¤DEL	("GBL ��C�� � R Z ZHLXD ;�'IF&û!�1� A!� �£û!�@���
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	���
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������#��� ý-û

(x = (x1, . . . , xd), tij) ∈ S
�B��;

1 ≤ k ≤ d
�
k 6= i

�
k 6= j

� �èü '
DEL#A�M�PBF -xG ��MNF R G 0�ZHL Fk(x, tij)

��� �ïü�' ��'��&ý < �1�/�	�&<�����'��@ý <
S
;�' 1?�*'�;4ÿ�� '

Fk(x, tij) = (Si,xi
∪ T εi

i,xi
) ∩ (Sj,xj

∪ T
εj

j,xj
) ∩ (Sk,xk

∪ T−
k,xk

),

?�ü '8û�'
εi

�B��;
εj

û�'!����'������ � '�� �.;+'���ýB� '4�èü '4�!� �����Tý�<4'��/�£û!�.'��¦ý <
vk

�	� �ïü�'bÿ�� �!���
(vi, vj)




U&C�P 0+�BZ(# � � L R �ÇFHG 0 I Fk(x, tij)
F�� ���BL ��MNF R G 0�ZHL¦DEL	("GBLXD �
# ���BL4���BM�LXL	��Z FHGBL ��
 Si,xi

I
Sj,xj

R G"D Sk,xk

7 ��LXL)K�F(0"??: I Z L��	�,<�? �TC���L ��� R �¤F � �8C�PBZØD �]L)FHG ("GBF$��L I ��F G/��L9���BLµDBLA$MNPBF -xG ��L5����FHC�G��
Si,xi

C�M
Sj,xj

DEC G"C��¤GBL5�8L5��� R M�FHZ(# FHG
��LXM���L5��� Sk,xk

? 9 L ) F ZHZ&Z R ��LXM
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R ��C�FØD ���BF��4� R ��L 7 U LXW�?&E+<�?�#yG+�NPBF$��F���L8Z(# I �èC�M �NM R G���Z R �NF G�0 (x, tij)
��#

ek
I ) LI(]M����TGBL8LgD��C ��M R G/��Z R �NL���#

ek

���BL¤PBGBF$�"� R �8L5��FHG Fk(x, tij)
? � C ) L!��LXM I WiC��ÇF G 0 R PBGBF$� � R �8LiC��

Fk(x, tij)
MNLXOQPBFHM�L � I F G �NPBMNG I �NC#WiC���L4��C�WiLTC����BL8M,�äPBG"F � � R ��L �?�,L��èCqM�Lq? J �BL8MNL��èCqM�L I�) LL�����LXG"D)DEL�A$MNPBF -xG9��MNF R G 0�ZHL5�6��# ��C�� � R Z ZHLXD4DEL�A$MNPBF -xG ��C�G"L5� 7 ��L8L R Z(��C¤K�F(0"? : I M�F(0��
�!< �

���
	���
���
������ ��� �	�ïü �ïü�' �*ýB��� '������kýB�
Fk(A ∪B) = Fk(A) ∪ Fk(B)

� ? '.;+'@1 � ' '

F 0
k (x, tij) = (x, tij)

����;
F n+1

k (x, tij) = Fk(F n
k (x, tij)).

� ü�'���� �èü ' DEL#A�M�P"F -xG ��CqGBL
F ∗

k (x, tij)
��� ;+'@1 � '�;!ÿ	� '

F ∗
k (x, tij) =

⋃

n≥0

F n
k (x, tij).

Sk x, k

Si x, i

Sj x, j

Sk x, k

Si x, i

Sj x, j

=?>(@ È��"È ª:«qt D'vx�Qp �¡o
zyvxp }8oQÑ � t Fk(x, tij)
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k (x, tij)
hØvxpsÑgÌ-z���Û�d·t*��} �s� zxÌÇ}8z�§XoQt&ÌQ}Xw·} � Ëä}*º�w (x, tij) = Si,xi

∩ Sj,xj
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U L���P��~GBC ) ���"C ) ��� R � (x, tij)
� R G �,L ��M R G/��Z R �NLXD ��# � L8M��èC�MNWYFHG 0 �"F � ��C��qL8M F ∗

k (x, tij)
�

� ��� � � ��� %@<
F ∗

k (x, tij)
���V1?�/�	��' � �ïü�'���ý�� ' ����� �_û��B���,���B� '

(x, tij)
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k (x, tij)\Sk,xk
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 �¦L��x? ��#ÇF LXZHD � I �èC�M R G�#ÍPBGBF$� � R �8L5� (y, t) R G]D (y′, t′)

�

(y, t) ∈ F ∗
k (y′, t′) ⇒ F ∗

k (y, t) ⊂ F ∗
k (y′, t′).

J �BF(�TG R �NPBM R Z Z(#¤ZHL R D��6��CÍDEL	("GBL ���BL �èCqZ ZHC ) FHG 0 �"R M���F R Z�C�M*DELXM&C���L8M F ∗
k (x, tij)

�

∀(y, t), (y′, t′) ∈ F ∗
k (x, tij), (y, t) � (y′, t′) ⇔ F ∗

k (y, t) ⊂ F ∗
k (y′, t′).

U L��äP���GBC ) ��C�G/��FØDEL8M R PBGBF$� � R ��L (y, t) ∈ F ∗
k (x, tij)\Sk,xk
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F���WYFHGBFHW R Z��èC�M ���BF(�C�M*DEL8Mg? #��¦F��TGBC��4� R M*D ��C �,�BL ��� ��� R � F ∗
k (y, t)

F�� R ��L��¦C�� ���BM�LXL#PBGBF$�4� R ��L5�TC�G ) �BF��,�
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k (x, tij)

I1) �BF��,� ���ÇP���DEL ��MNL R ��LgD 7 K�F$0]? 
 I Z L��	�,<�? J �"F(�6� R G �,LbFHG"DEP�����F���LXZ$#iMNL � L R �NLXD IP � ��C ��M R G���Z R ��L"��#
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PBG"F � � R �8L ) �BF��,� )�R �&C�MNF(0�FHG R ZHZ$#4W R �EF W R Z'FHG F ∗
k (x, tij)

I��� R �
F(� I (x, tij)
F �,��LXZ � 7 K�F(0"? 
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�,<�?-8ÇF G/��L ���BL8MNL¤F(�#C�GBL �"F � � L8M��èC�MNWYLgD �èC�M#L R �,���M R G���Z R ��LgD�PBGBF$� � R ��L I ���BLXM�L$F(� R ��C�� R ZÇC�� � R M*D (F ∗

k (x, tij)\Sk,xk
)
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Sk x, k

Si x, i

Sj x, j

Sk x, k

Si x, i

Sj x, j
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F ∗

k (x, tij) = F 2
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(y, t) ∈ F 2

k (x, tij)
?P#��

Fk(y, t)
F��@G"C��iF G��8Z P]DELXD:F G
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