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ABSTRACTIt has long been recognized that the concept of inconsistency is a central part of com-
monsense reasoning. In this issue, a number of authors have explored the idea of reasoning
with maximal consistent subsets of an inconsistent stratified knowledge base. This paradigm,
often called “coherent-based reasoning”, has resulted in some interesting proposals for para-
consistent reasoning, non-monotonic reasoning, and argumentation systems. Unfortunately,
coherent-based reasoning is computationally very expensive. This paper harnesses the ap-
proach of approximate entailment by Schaerf and Cadoli [SCH 95] to develop the concept of
“approximate coherent-based reasoning". To this end, we begin to present a multi-modal propo-
sitional logic that incorporates two dual families of modalitiess and ¢ s defined for each
subsetS of the set of atomic propositions. The resource paramgtieidicates what atoms are

taken into account when evaluating formulas. Next, we define resource-bounded consolidation
operations that limit and control the generation of maximal consistent subsets of a stratified
knowledge base. Then, we present counterparts to existential, universal, and argumentative
inference that are prominent in coherence-based approaches. By virtue of modalitiasd

&g, these inferences are approximated from below and from above, in an incremental fashion.
Based on these features, we show that an anytime view of coherent-based reasoning is tenable.

KEYWORDS:coherence-based reasoning, approximate reasoning, anytime computation, multi-
modal logics, four-valued logic.
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1. Introduction

It has long been recognized that the concept of inconsistency is an essential, perva-
sive and central part of commonsense reasoning. As observed by Perlis in [PER 97],
inconsistencies arise in nearly all human-like intellectual activities, such as learning,
cooperation, belief change and merging multiple opinions. Contradictions can be due
to ambiguous data, conflicting information, or mutually-contradictory beliefs. But we
are so accustomed to cope with this in everyday life that we do not notice it, most
such contradictions being quickly resolved. Thus, since the real world force knowl-
edge bases to cope with inconsistencies, it is essential to formalize some pragmatical
and efficient ways of responding to them.

It is well known that classical, monotonic logic is inappropriate to handle the
pragmatic issue of inconsistency. Indeed, any formula can be derived from contra-
diction. Nonmonotonic systems, based on symbolic or numeric structures for or-
dering pieces of knowledge, may offer a suitable way to handle inconsistency : the
reasoner is prepared to the possibility of having an inconsistent set of knowledge
and can derive appropriate conclusions from it without falling into triviality. In this
context, an important part of the research has been influenced by the paradigm of
coherence based reasonjngotably investigated by Rescher and Manor [RES 70],
Pinkas and Loui [PIN 92], Nebel [NEB 91, NEB 98], and Benferhat and his col-
leagues [BEN 93, BEN 95, BEN 99]. The main idea is to start with an inconsistent
knowledge base and to apply two successive mechanisms, haroehsaidation op-
erationwhich generates and selects several consistent subsets of the knowledge base
and arentailment relatiorwhich uses classical logic on the consistent subsets in order
to deduce nontrivial conclusions.

As noticed by Nebel in [NEB 91], an important advantage of coherence-based ap-
proaches is theitexibility. Different classes of consolidation operations can be distin-
guished according to the importance or relevance of formulas stored in the knowledge
base. In particular, if priorities attached to formulas are available, then a preference
ordering may be defined on the consistent subsets of the base and hence, the con-
solidation task has a more fined control over what formulas are discarded and what
formulas are going to stay [FAG 83]. In an orthogonal way, different classes of en-
tailment operations can be distinguished according to the cautiousness of reasoning.
Three types of cautious entailment relation have received a great deal of interest in
the literature: the so-calledxistential universaland argumentativeconsequences
[PIN 92, BEN 95, BEN 99]. The first two relations are defined as follows: a formula
« is an existential (respectively universal) consequence of a knowledgelbifsnd
only if, « is classically inferred by at least one (respectively all) preferred consistent
subset(s) ofd. The third relation is a mild type of inference which can be specified
as follows: a formulax is an argumentative consequence of a knowledge Hage
the latter contains an argument (i.e preferred consistent subset) that supgrtso
argument that supports its negation.
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However, one of the main drawbacks of coherence-based approaches is their high
computational complexity. Removing conflicts from a knowledge base is difficult and
expensive since, as we know, inconsistencies may not lie on the surface and in most
cases there is no single solution to eliminate them. As an extreme case, if we consider
a knowledge base composed wittatomic propositions and their negation, and with
no priority ordering on the literals, then there are exa2flynaximal consistent sub-
sets generated by the consolidation operation. In fact, as stated in [CAY 98, NEB 98],
the complexity of reasoning in the propositional case lies at least at the second level of
the polynomial hierarchy. This is due to the interaction of two sources of complexity,
namely, propositional entailment which is known to be coNP-complete, and the num-
ber of preferred consistent subsets which can grow exponentially. For this reason, we
cannot expect to arrive at a polynomial algorithm when eliminating only one source
of complexity, for instance, by restricting the knowledge base to Horn logic.

Approximate reasoning a technique which is used in many areas of artificial in-
telligence to deal with the computational intractability of problems. This paradigm
extends the conventional notion of an algorithm, which always returns optimal so-
lutions to a given problem, by allowing it to provide approximate solutions that can
be computed more efficiently. In the setting of knowledge representation, the overall
approach is to develop a form of logic that allows weaker inferential power but that
remains computationally feasible even with a full expressiveness of the representation
language [LEV 84, CRA 89, LAK 94, FAG 95, SCH 95, DAL 98]. In this context, an
approximate solution is maybeanswer which provides a middle ground between the
exactyesandno answers. In a form of approximate reasoning cafledndreasoning
we have two possible answengesandmaybe no In the dual form, calle¢omplete
reasoning, the two possible answers@o@ndmaybe yes

A particularly interesting form of approximate reasoningaisytime reasoning
which produce better and better answers in an incremental fashion [DEA 88, ZIL 96].
In the setting of knowledge representation, the idea is to define a family of entailment
relations that approximate classical entailment, by relaxing soundness or complete-
ness of reasoning. The knowledge base can provide partial solutions even if stopped
prematurely; the accuracy of the solution improves with the time used in computing
the solution and may eventually converge to the exact answer. From this point of view,
anytime reasoning offers a compromise between the time complexity needed to com-
pute answers by means of approximate entailment relations and the quality of these
answers. Based on this paradigm, Schaerf and Cadoli [SCH 95] present a general tech-
nique for approximating deduction problems. Their framework include a para\eter
a set of atomic propositions, which captures the quality of approximation. Based on
this parameter, the authors define two dual families of entailment relations, which are
respectively sound but incomplete and complete but unsound with respect to classical
entailment. A logical characterization of their framework is presented in [KOR 98].
Recently, several extensions have been proposed in the literature, including notably
default logic and circumscription [CAD 96], modal logics [MAS 98] and first-order
logic [KOR 01].
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The purpose of this article is to propose a model that handles both inconsistency
and tractability. To this end, our study lies at the intersection of coherence-based rea-
soning and approximate reasoning. Our framework is based on a multi-modal propo-
sitional logic, presented in [KOR 98], and used to speeipproximate monotonic
reasonersin this study, we extend our previous work in order to speagproximate
nonmonotonic reasonersStarting from a knowledge baskand a priority ordering
on A, we introduce the notion afpproximate consolidatigran operation which gen-
erates and selects approximate preferred consistent subsdts Dfien, we define
three classes adpproximate entailment relationg/hich respectively incorporate the
existential principle, the universal principle and the argumentative principle. Based
on these operations, we show that an “anytime” view of coherence-based reasoning is
tenable. Specifically, our framework includes the following features:

— The logic is semantically founded on the notiorregourcewhich reflects both
the accuracy and the computational cost of the approximations.

— The framework enabldémprovable reasoningthe quality of approximations is
a nondecreasing function of the resources that have been spent.

— The framework coverdual reasoningboth sound but incomplete and complete
but unsound approximations are returned at any step.

The rest of the paper is organized as follows. Section 2 presents the logical ma-
chinery for anytime monotonic reasoners. Our main contribution lies in section 3
which is devoted to the formalization of anytime nonmonotonic reasoners. Related
work and future extensions are discussed in section 4.

2. Approximate monotonic reasoning

In this section, we focus on the formalization of approximate monotonic reasoners.
For this purpose, we present a propositional logic, natARIL, for approximate
reasoning. We first define the syntax and semantics of the logic, next we introduce the
notion of approximate entailment and then, we examine its computational properties.

2.1. Syntax

The linguistic basis oARL consists in a set atomB. The language opropo-
sitionsis the smallest set built fron® and closed under the connectivesand —.
The connectives, O and= are defined in terms of andA; that is, the proposition
a V (3 is an abbreviation of(—a A =), the propositionv O g is an abbreviation of
-« V 3, and the proposition = 3 is an abbreviation ofa > 3) D (8 D «). Given
a propositiony, the set of atoms that occur inis denotedP(«). A literal is an atom
or its negation. Aclauseis a finite disjunction of literals. Anowledge basks a finite
conjunction of clauses. When there is no risk of confusion, we shall model knowledge
bases as sets of clauses.



Approximate Coherence-Based Reasoning 5

Following [SCH 95], the concept afomputational resources captured by a pa-
rameterS, a subset ofP. The language oARL is defined by the smallest set of
sentencebuilt from the following rules: ifo is a proposition then is a sentence, ik
is a sentence thena is a sentence, it andg are sentences thenA (3 is a sentence,
and if « is a proposition and is a subset of thenOg « is a sentence.

The sentenc& s « is an abbreviation ofiOg —a. Intuitively, a sentence such as
Os « is read “the agent knows given the resourceS”. Dually, ¢g « is read “the
agent considers as possible given the resourcgs

2.2. Semantics

The basic building block of the semantics is a domain of truth values which de-
termines the interpretation of sentences. In the context of limited reasoning, the
four-valued semantics, first proposed by Belnap [BEL 77], and notably studied in
[FAG 95, CAD 96] meets our needs. It is a simple modification of classical inter-
pretation in which sentences can take as truth-values subsfisidf instead simply
0 or 1 alone. Based on this domain, we definesduationas a mapping from P to
the powerset of0, 1}. The space of valuations generated fr&s denoted/. Given
two valuationsy andv’, we say thab is less specifithanv’, writtenv C o/, if for
every atonp € P, v(p) C v'(p). Interestingly, we remark that the pogét C) is a
complete and distributive lattice.

The concept of negation is semantically captured by an order reversing involution
in the posetV, C), often calledadjunction[FAG 95]. Given a valuatiom, theadjunct
of v, denotedv*, is defined according to the following conditions: € v*(p) iff
0 & v(p) and0 € v*(p) iff 1 & v(p). A world is a valuationw such thatv* = w. The

space of worlds generated frafhis denotedV .

The notion of resource is semantically represented by an equivalence relation be-
tween valuations. Aelative equivalence relatiofor ARL is a mapR from the
powerset ofP into binary relations oV such thatv,v") € R(S) iff for every atom
p € P,if p € Sthenu(p) = v'(p). In the following,R(S)(v) denotes the equivalence
class ofv with respect toS. Interestingly, it can be easily observed that for every pa-
rameterS and every valuation, R(S)(v) is a sublattice o¥/. In particular,R(S)(v)
has a unique minimal valuation and a unique maximal valuation, which respectively
correspond to the meet and the join of the sublattice.

Intuitively, a relationR(S) induces a partition of the sétinto equivalence classes
whose granularity captures the accuracy of approximation. Whercreases, the
partition becomes “finer” and the approximation more precise. Namely, it can be
shown that, for any parametessand.S’ such thatS C S’, we haveR(S’) C R(S).

The “coarsest” partition is obtained whéhs the empty set; in this case, we observe
that R(2) is V x V. Conversely, the “finest” partition is given whehis the setP;
in this caseR(P) is the identity relation oveV’.
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We have now all notions in hand to assign truth values to sentences. Given a
valuationv, we define the support relatian= « by induction on the structure of.

vEp iff 1€uv(p),

v E o iff vt £ a,

vEaANg iff vEaeando =5,

vEOga iff v/ = a, forallv’ € V such that! € R(S)(v).

The specificity ordering between valuations captures an important structural prop-
erty of the support relation. Namely, it can be proved that for any propositiand
any valuations andv’ such that C ¢/, if v = «, thenv’ |= «. This property will be
frequently used in the remaining sections.

A sentencex is satisfiableiff there exists a possible world such thatw = «.
We say thaty is valid, and writel- ¢, iff for every w € W, w |= « holds. Based on
the fact thatw = w* for every worldw, it can be easily shown that a sentence is valid
iff its negation is unsatisfiable. Given two sentenaeand3, we say thatv entails3,
and writex I+ 3, iff « D G is valid.

2.3. Entailment operations

After an excursion into the logid RL, we now apply our results to the formaliza-
tion of approximate entailment operations. In the setting suggested by our approach,
an approximate monotonic reasoner can be specified as a function that takes as input a
knowledge basdl, a resource parametSrand a propositio, and returns as output
“yes” if the agent knows tha#l implies o given the resourceS§, “no” if the agent
considers impossible that implies« given the resources, and “maybe” otherwise.
In formal terms, the entailment operations are defined as follows.

(A,S)IFoa iff IFOg(A>a),
(A,S) ko o iff  IFOg(AD a).

Interestingly, our model can be shownprovableanddual. Specifically, anytime
reasoning may be defined by an increasing sequence of pararfgtetsa --- C
Sk --- C S, = P that approximate the problem of deciding whetteentailsa, or
not, by means of two dual families of tegtd, Sy) IFo « and(A, Sk) IFo «. For any
indexk, if the reasoner returns “yes” using the relatibp then A entails«. Dually,
if the reasoner answers “no” using the relatiep then A does not entaitv. This
stepwise process has the important advantage that the iteration may be stopped when
a confirming answer is already obtained for a small inkleXhese considerations are
clarified by the following theorem.



Approximate Coherence-Based Reasoning 7

Theorem 2.1. For any knowledge basad, any propositiory and any parameters§
and S’ such thatS C 57,

if (A,S) koo then (A4,5) g aandA - a, [1]
if (4,5) Fo a then (A,S) fo candA ¥ a. [2]

Proof. Let 5 be an abbreviation ol O «. We begin to examine part [1]. Assume that
IF Og 8 holds. Thus, for every world), we havew |= Og 5. Based on the definition
of relative equivalence relations, we clearly hawgs’)(w) C R(S)(w). It follows
thatw |= Og . Therefore, we obtailr Og, 3. Moreover, sincek(.9) is reflexive, we
havew € R(S)(w). It follows thatw = 8. Hence, we obtaiit- 3, as desired. Now
let us turn to part [2]. Suppose we ha¥eC s 5. Thus, there exists a world such that
w £ Og B. This is equivalent tav = —-Og — 8. It follows thatw* = Og —(. Based
on the fact thatv = w*, we obtainw = Og —8. SinceR(S")(w) C R(S)(w), we
obtainw = Og —4. It follows thatw = <g/ 3. Hence, we hav# </ 3. Moreover,
we know thatw € R(S)(w). So,w = —8. It follows thatw [~ 8. Therefore, we
obtainlf 8, as desired. O

Based on this monotony result, it is interesting to remark the convergence of ap-
proximations is always guaranteed whenevet P. In particular, for any proposition
«, the sentenceSp o = o and<$p a = a are valid in the logiAARL.

2.4. Computational Properties

We now investigate the computational aspects of approximate entailment relations.
The following result states that tractability is ensured by limiting the size of the pa-
rameterS. From this point of view, the precision of the inference depends on the
computational effort that has been spent.

Theorem 2.2. For any knowledge basd, any propositionro and any parametes,
there is an algorithm for deciding whethgd, S) I-o « holds and A4, S) Ik « holds
which runs inO((|A| + |a]) - 2151) time.

Proof. Let us examing A4, S) IFo «. Let 8 be an abbreviation ol O «. I+ Og g iff
w = Og 3 for every worldw. Thus,I- Og 3 iff R(S)(w) | 3 for every equivalence
classR(S)(w), and R(S)(w) [ B iff v = p for every valuationv € R(S)(w).
Let w,,;, be the valuation defined as follows: for evene P, w.,;»(p) = w(p) if
p € S andw,,;,(p) = @ otherwise. Clearlyw,,,, is the meet oR(S)(w) under the
specificity orderingC. It follows that R(S)(w) = 8 iff w.:, = 8. This can be done
in O(|@]) time. Since there arg!®! equivalence classd?(S)(w), checkingr Og 3
can be done i (|3| - 2!°!) time. Dual considerations holds fod, S) IFo a. O
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The above complexity result is just the worst case upper bound of an enumeration
algorithm. Actually, in the case of clausal knowledge bases, one may conceive a two-
phase procedure which first simplifies the initial knowledge base and next explores
the resulting search space. The simplification phase proceeds as follows. In the scope
of the modality¢ g, the algorithm deletes all clauses@that contain a literal whose
atom does not occur i§. Dually, in the scope ofig, the algorithm eliminates in
any clause oty all literals whose atom does not occur$h Since any atom in the
resulting theory occurs if, the exploration phase consists in a standard (two-valued)
satisfiability algorithm. Systematic methods such as depth first search [ZHA 00] can
be used to compute at the same time the satisfiability of and the unsatisfiability
of &g . On the other hand, local search algorithms [SCH 01] can be exploited if
we concentrate on the satisfiability ©f «.. The role of the simplification phase is to
reduce the dimensions of the formula, thus gaining efficiency in the exploration phase.

The correct choice of is crucial for the usefulness of deduction. Taking to the ex-
treme, whert' is chosen incorrectly, approximate reasoning may end up as expensive
as classical reasoning. From this perspective, several heuristics have been proposed
in the literature. For example, the atomsS$Mmay be dynamically chosen using the
diversity heuristi@dvocated in [DEC 94]. The diversity of an ateiis the product of
the number of positive occurrences by the number of negative occurrencés thie
theory. This notion is based on the observation that an atom is a potential source of un-
satisfiability only when it appears both positively and negatively in different clauses.
Thus, in the scope of the modalitys, the strategy consists in choosing atoms whose
diversity is maximal. Dually, in the scope @fg, the algorithm iteratively selects
atoms whose diversity is minimal.

Example 2.3. LetA = {(-aV bV ), (aVbVd),(-aV-bVd),(-aV-bVc)}. We
want to show tha#l is satisfiable. We need to find a subSetf {a, b, c¢,d} s.t. Og A

is satisfiable. The diversity of the atomasb, ¢ andd is 3, 4, 0 and 0, respectively.
Starting withS = @ and using the minimal diversity heuristic, we adénd d to

S. The simplification ofd in the scope of the modalitys returns{c, d}. Obviously,
Og A is satisfiable. Thereforeq is satisfiable.

Example 2.4. Suppose we want to show tha c is a logical consequence of the
knowledge basel, defined above. We need to find a sulssstich that the sentence
Os (A A a A —ce) is unsatisfiable. Now, the diversity of the atom$, ¢ andd is 6,

4, 2 and0, respectively. Using the maximal diversity strategy, we iterativelyadd
bandcto S. The simplification ofd in the scope of the modal operatérs returns
{(maVbVve),(—aV-bVec),a,—c}. Clearly enough®s (AAaA—c) is unsatisfiable.
Thereforea O cis a logical consequence of.
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3. Approximate nonmonotonic reasoning

In this section, we extend the concepts developed so far to the formalization of
anytime nonmonotonic reasoners. These systems are defined in teappafimate
consolidationand approximate entailmentThe quality of the information returned
by these operations depends on the computational resources that have been spent. We
begin to analyze approximate consolidation, next we present several classes of ap-
proximate entailment, and then we turn to the computational properties of our model.

3.1. Consolidation operations

A “standard” consolidation operation starts from a knowledge base and a priority
ordering on the propositions of the base, and selects the preferred consistent subsets
of the base. The purpose of “approximate” consolidation is to control the generation
of these subsets by the notion of resource parameter.

To this end, we need some additional definitionsprforitized knowledge base
is a pair(4, <) where A is a knowledge base and is a total preorder om. It
is equivalent to consider that is stratified in a collectio{4,,---, A,,), where A,
contains the propositions of lowest priority adg, those of highest priority. Each
knowledge base!; is called astratumof A. The structuré A, <) is calledflat if the
relation< is symmetric, or equivalently, ifl contains an unigue stratum.

Different methods have been proposed to use the priority relation in order to select
“preferred” consistent subsets (see e.g. [BEN 93, NEB 98]). In this study, we focus
on the so-calledhclusion-based preference orderingenoted=<, whose strict part is
defined as followsB < C'iff 3i: BNA, CcCNA;andVj:i<j<n BNA;=
CnNA;. ByextensionB < Ciff B < C or B = C. We remark that the preference
ordering extends set containment, that’s< C wheneverB C C. Based on these
definitions, the standard consolidation operation, dendtgd a mapping that takes as
input a prioritized knowledge bagel, <) and returns as output the set of maximally
coherent elements of, under the corresponding preference ordeting

A(A, <) = maz({B C A: Bis satisfiablé, <).

Now we incorporate the notion of computational resource. A paranseiesaid
acceptabldor a prioritized knowledge baded, <) iff the following condition holds:
if 3i: SNP(A;) # @thenVj: i < j <n, P(A;) CS. Intuitively, the acceptability
condition imposes a restriction on the choice of computational resources: if an accept-
able parameter contains at least one atom of any given stratum then it must contain all
atoms of strata of higher priority. To this point, it is interesting to remark that if the
structure( A, <) is flat, then every subset &t is acceptable fofA, <).



10 Journal of Applied Non-Classical Logics. Volume X X/2002

The formalization of approximate consolidation is realized by parameterizing the
operation\ by means of two operations and<, the first one being sound, while the
second one being complete, with respect to standard consolidation. Each operation
returns a set of maximally coherent elements of a prioritized knowledge base whose
quality is dependent on the computational resources that have been spent. The two
dualapproximate consolidation operatioase defined as follows:

8
N
!
2
I

maz({B C A : Og B is satisfiable}, <),
O(A,<,8) = max({B C A: Og Bis satisfiable, <).

The two lemmas below capture important algebraic properties of consolidation op-
erations. From an intuitive point of view, the first lemma states that the consolidation
process ismprovable the quality of maximal elements generated by the operations
O and < improves with the accuracy of the paramefer The second result is even
stronger than improvability; it shows that consolidation operationsrememental
the process only needs to expand the maximal elements generated in previous steps
and does not require to perform all computations from scratch.

Lemma 3.1. For any prioritized knowledge bagel, <) and any acceptable param-
etersS andS’ such thatS C §”:

VB € O(A,<,8) 3Ce€0(A,<,8) suchthaB C C, 11]
VB € O(A,<,8") 3C eo(A,<,S) suchthatB C C. 2]

Proof. We only examine part 1, since a dual argument holds for part 2. Suppose that
there exists a bade € 0O(A4, <, S) such that for every bage € 0O(A4, <, S"), we have
B ¢ C. We show that this leads to a contradiction. By definitioBiE O(A, <, .5),
thenOg B is satisfiable. Thusgf ©s—B. By application of theorem 2.1[2], it follows
thatlf &g —B. Thereforedgss B is satisfiable. Sinc® ¢ O(A, <, S’), there must
existabas€' € O(A, <, S’) such thatB < C. By definition of the inclusion-based
preference orderingli : BN A; CCNA;andvj:i<j<n,BNA; =CnNA,.
By assumption, we know thd®  C. So,3k <i: BN A, ¢ C'N Ay. It follows that
BN A, # @. SinceOgB is satisfiable, we must haven P(Ay) # &. Moreover,
sincesS is an acceptable parameter fot, <), it follows thatS C P(Ay) for every
k' > k. Let B’ be the bas¢J{C n Ay : k' > k}. Obviously,0g: B’ is satisfiable.
Moreover, sinceEBNA; C B'NA;andVj:i<j<n, BNA; =B NA; wethus
haveB < B'. Therefore,B ¢ O5(A, <, S), hence contradiction. O
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Lemma 3.2. For any prioritized knowledge bagel, <) and any acceptable param-
etersS and.S’ such thatS C S”:

VB e O(A <, 8 30 e€0(4,<,S) suchthaC C B, [1]
VB e O(A,<,8) 3CeO(A,<,58) suchthaC C B. [2]

Proof. As for the previous lemma, we only examine part 1, since a dual strategy holds
for part 2. Suppose that there exists a basen 0O(A, <,S’) such that for every
memberC in O(A4, <, S5), we haveC ¢ B. We show that this leads to a contradiction.

Leta be the claus§/{§ € A/B : Og (s satisfiable. Obviously,0s (BU{a})
is unsatisfiable. By contraposition of theorem 2.1[2], it follows that(B U {a}) is
unsatisfiable. LeB’ be a subset oB constructed by the following procedure. First,
we assign the empty set 88 and« to a temporary clause. Second, we choose a
literal [ of v such that its atom is a member 8fand we choose a claugeof B such
that the negation dfis in 3. Third, we add3 to B’ and we assign the resolvent of
andg to~. If Og v is satisfiable, then we go back to the second step. Otherwise, we
returnB’. We remark thatls B’ is satisfiable and thats (B’ U{«}) is unsatisfiable.

Clearly enough, the sdB’ can be extended to a maximally preferred basef
0(B, <, S). SinceD ¢ 0O(A, <,S), there exists a base € 0O(A4, <,S) such that
D < C. By definition of the inclusion-based preference orderitg; D N A; C
CnA;andVj:i<j<n,DNA; =CnA; SupposethaD ¢ C. In this case,
Jk <i:DNA ¢ CNAg. ItfollowsthatDN Ay # @. Sincedg D is satisfiable, we
must haveS N P(A;) # @. Moreover, sinces is an acceptable parameter fot, <)
we obtainS C P(Ay) for everyk’ > k. It follows thatD N Ay, = B N Ay for
everyk’ > k. ThereforeB < C. Moreover, sincélg C' is satisfiable, by application
of theorem 2.1]2], it follows thablg C' is satisfiable. Therefor® ¢ O(A, <,S’),
hence contradiction. So, we must have— C'. By assumption, we know that Z B.
Thus, there exists a claugec C such thats € A/B. However, sincélg (D U ) is
unsatisfiable, it follows thalig (D U ) is unsatisfiable. Thus)s C' is unsatisfiable.
ThereforeC' ¢ O(A, <, S), hence contradiction. O

Example 3.3. The figure 1 below illustrates the space of maximally coherent elements
generated from a flat knowledge bade= {a, (—a V ), —b, ¢, -c} and a sequence of
parameters @, {a}, {a, b}, {a,b,c}). The nodes and the edges represent the elements
and the inclusion relation, respectively. The elements in lower side of the figure are
generated by the operatian, while those on the upper side are generated’hylhe
elements in the center correspond to the standard maximally coherent subdets of
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{a7 (‘!CL \ b)7 —b, c, "C}

o4, <4}

O(A, < {a}) {a, (ma V b),=b,c,c}

{a,(ma Vb),c,~c}

04, <,{}) {

Figure 1. Anytime consolidation used in example 3.3

3.2. Entailment operations

In the setting of coherence based-reasoning, a “standard” entailment relation takes
as input a knowledge base and a query and returns as output a cautious conclusion
that handles the potential contradictions in the knowledge base. A taxonomy of several
entailment principles has been established in [PIN 92] according to their cautiousness.
In this study, we are interested in three of them: the existential principle, the universal
principle and the argumentative principle. We begin to present these different classes
of entailment relations and then we examine their corresponding approximations.

The first two entailment principles, introduced by Rescher and Manor in [RES 70],
are the most commonly used in presence of contradictory knowledge bases (see e.g.
[BRE 89, BAR 91, BAR 92]). They can be defined as follows:

(A, <)IFF o iff 3B e A(A, <) suchthat= B D a,
(A, <) IFY a iff VBeA(A,<),E BDa.
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Obviously, universal entailment is more cautious than existential entailment, since
each conclusion obtained frofal, <) usingl-" is also obtained bi-~. In fact, uni-
versal entailment is often too conservative and hence rather unproductive while ex-
istential entailment is often too permissive and may lead to pairs of mutually exclu-
sive conclusions. The notion of argumentative entailment, suggested for instance in
[PIN 92, BEN 95, BEN 99], is based on an intermediate principle which is more pro-
ductive than universal entailment but does not lead to contradictory conclusions. It
consists in keeping only the consequences obtained by the existential principle whose
negation cannot be inferred. In formal terms:

(A, <)IFAa  iff  (A,<)IFF aand(4, <) IF? —a.

In the remaining paper, the symbolill be used to refer to one of the entailment
principles denoted by the symbalsY and.A.

We now turn to the formalization of approximate nonmonotonic entailment. The
idea is to approximate a standard nonmonotonic relation/FsSgyby means of two
dual families of relation§-& andl-Z, the first one being sound, while the second one
being complete with respect te®. The notions ohpproximate existential entailment
andapproximate universal entailmeate defined as follows:

(A, <, 9)IF2 o iff 3B e 0(A,<,8)suchthat= Og (B D a),
(A,<,9) IF3 o iff 3B e O(A, <, 9) suchthat= ©g (B D a),
(A, <,8)IFy o iff VBeO(4,<,5), E Os (B D a),
(A,<,9)FL a iff VBeO(A<,S), = Os(BDa).

Technically, the entailment relatiotts] andl-Y, are specified in terms of necessity
operators, whilé-Z andi-%, are defined in terms of possibility operators. The relations
of approximate argumentative entailmergte both necessity and possibility operators.
They are formalized as follows:

) IF2 a-and(A,

75 aS) W?} -,
,S) IF3 aand(A,

YIFd o iff (A<
< ,S) IFE —a.

A,<,S A <
(A, <,S) A a iff (A, <

We are now in position to provide a specification tool for approximate nonmono-
tonic reasoning. Formally, an approximate nonmonotonic reasoner can be defined as
a function that takes as input a prioritized knowledge Hake<), an entailment prin-
ciple z, an acceptable parametgrand a propositiow (i.e. the query) and returns as
output “yes” if (4, <, 9) IFE «, “no” if (A4, <, S) IFE «, and “maybe” otherwise.
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The nonmonotonic reasoning process can be shown anytime by using an increas-
ing sequence of parametel$y = &--- C S, --- C S, = P) that approximate the
problem of deciding whethet4, <) I-* « holds, or not, by means of two dual fami-
lies of entailment testgA, <, Si) IFZ awand(A4, <, S) IFZ «. If the reasoner returns
“yes” for a given indext, then(A, <) IF* « holds. On the other hand, if the reasoner
answers “no” for a givert, then(A, <) IF* « does not hold. These considerations
are clarified by the following properties.

Theorem 3.4. For any prioritized knowledge bagel, <), any propositiore and any
acceptable parameter$ and S’ such thatS C §’,

if (A,<,S)IF2 a then (A,<,S)IF3 aand(A4,<)IF o, [1]

)y —

if (A,<,9)IF3 a then (A, <, 8)IF2 aand(4,<) ¥ a. [2]

) —

Proof. Let us examine part [1]. We begin to focus on the first implication. Suppose
that (4,<,5) IF2 « holds. Then, there exists a baBec O(A, <, S) such that
= Og (B D «) holds. By application of lemma 3.1[1], there exists a b&ses
O(A, <,5") such thatB C C. By using the monotonicity property of conjunction,
it follows that = Og (C' O «). By application of theorem 2.1[1], it follows that
= Og (C D «a). Therefore, we obtainA, <, S") IF3 «, as desired. Now we turn to
the second implication. Suppose tiidt <, S) IF2 « holds. SinceS C P, it follows
that (A, <, P) IF2 . Moreover, we know that for any propositigh the sentence
Op B = (G is a validity of our logic. So, it follows thati(A, <, P) = A(A4, <).
Moreover, we havé= Op (A D «) iff = A D . Therefore, we obtaifA, <) I3 «,
as desired. A dual strategy holds for part [2]. O

Theorem 3.5. For any prioritized clausal knowledge bagd, <), any propositiony
and any acceptable parametefsand .S’ such thatS C 5,

if (A,<,8)IFy a then (A,<,8)IF, aand(4,<)IF o, [1]
if (A, <,8)IFS a then (A, <, 8)IFL aand(A4, <) IFY a. [2]

Proof. We only examine the first implication of part [1]. Suppose we are given the
assertiong4,<,9) IFy « and (4,<,5") FY a. We show that this leads to a
contradiction. From the second assertion, there exists aBasel(A4, <,5’) such
that we haveg~ Og (B D «). By contraposition of theorem 2.1[1], it follows that
= Og (B D «). Moreover, sinceB € O(A, <,.S"), by application of lemma 3.2[1],
there exists a bag€ € O(A, <, S) such thatC C B. By the monotonicity property

of conjunction, it follows that: Og (C' O «). Therefore (4, <, S) IFY « does not
hold, hence contradiction. O
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Theorem 3.6. For any prioritized knowledge bagdel, <), any propositiorn and any
acceptable parameter$ and S’ such thatS C 5,

if (A,<,9)IFa o then (A4,<,8)IFS aand(4, <) K a, [1]
if (A,<,9) 4 a then (A,<,5) 4 aand(4, <) F* a. [2]

Proof. We only examine the first implication of part [1]. Suppose that we are given
(A,<,8) IF4 a. Then,(A,<,S) IF2 aand(4,<,S) IF3 —a. From the first
assertion and by application theorem 3.4[1], it follows that<,S’) IF3 a. In a

dual way, from the second assertion and by application of theorem 3.4[2], it follows
that(A, <,S") IF2 —a. Thus, we obtairf4, <, S’) IF4 «, as desired. O

3.3. Computational properties

We now turn to computational considerations. For this, recall that coherence-
based reasoning is characterized by two interacting sources of complexity, namely,
propositional satisfiability and the selection of preferred consistent subsets. We intend
to state that, in approximate nonmonotonic reasoning, both sources of complexity are
bounded by the same resource param#8teiThis statement is characterized by the
next lemma and the complexity result below.

Lemma 3.7. For any prioritized knowledge bagel, <) and any acceptable param-
eter S, the cardinality of the setSi(A4, <, S) and<¢ (4, <, S) is bounded b/l

Proof. We only consider the set(A, <, .S) since a dual argument holds for the set
O(A4,<,5). We split the demonstration in two parts. We first examine the non-
prioritized case. Lefi( 4, S) be the set of maximal subseisof A such thatig B is
satisfiable. We show that(A, S) is bounded by!“l. Let V be the set of valuations
v such that for everp € P, v(p) = {0} orwv(p) = {1} if p € S, andv(p) = {}
otherwise. We remark that for each bd3ez O(A, S) there exists at least one value
v € V§ such that = B. Let f be an application froml(4, S) to V§ which sends
each membeB € O(A4, S) to one corresponding valug B) such thatf(B) = B.
For every distinct baseB and B’ in O(A, S), Og (B U B’) is unsatisfiable. Sgf(B)
andf(B’) are distinct and hencé,is injective. Therefore, we hayel(4, S)| < [V§'|.
Since|V{| = 2/91, it follows that|0(A, S)| is bounded by2!Sl. The worst case is
obtained wherd is set of all literals defined frony. In this casef is bijective, and
hence we obtaifid(A, S)| = 2!91.

We now turn to the prioritized case. Letbe a mapping inductively defined as
follows: fori = n, g(4;,5) = 0(A;,S),andfori : 1 <i <mn, g(A;,---, A, 5) =
{CeO(A;U---UA,,S):3B € g(Ait1, -+, An,S)andB C C}. By construc-
tion, it is easy to verify thay(A;, -, A,,S) = O(A4,<,S). Moreover, we have
g(A1,---,A,,S) CO(A,S). Hence|O(4, <, S)| is bounded by!5!. O
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Theorem 3.8. For any prioritized knowledge bagel, <), any acceptable parameter
S and any propositio, there exists an algorithm for deciding whettter, <, S) I-Z&
o holds and(4, <, S) I-Z a holds which runs irO((|A| + |a]) - 21! - 2I51) time.

Proof. We focus on the complexity analysis o, <, S) I-Z «. The demonstration

is analogous for the other entailment relations. If the assertion holds, then there exists
abaseB € O(4, <, 5) such that= Og (B D «). By application of theorem 2.2, the
validity test of Og (B D «) is in O((|A| + |a) - 2/91). Since there are at mogt’!
basesB, the entailment test is i@ ((|A| + |a]) - 291 - 2!51) time. O

Several algorithms can be used for approximate nonmonotonic reasoning. The key
difficulty lies in the consolidation operation. From this perspective, one may conceive
an algorithm which takes as input a prioritized clausal baée<) and computes
O(A, <, Sk) by means of an increasing sequesge Fork = 0, the procedure simply
returns the empty base. Fbr> 0, the procedure proceeds into two steps. First, for
each subseB of O(A, <, S,_1), the procedure computes the satisfiable expansions of
B that take clauses containing the litepalor its negation-p,. Second, the procedure
selects the maximal expansions and add them(td, <, Si). As far as®(A, <, Sk)
is concerned, dual considerations hold. In order to improve the algorithm, several
data structures such ast enumeration treg®YM 92] or binary decision diagrams
[CAY 98] can be advocated. Itis interesting to remark that such an algorithm is indeed
anytime by exploiting lemmas 3.1 and 3.2, the procedure can be interrupted at any
step in order to evaluate the query and, in case of unsatisfactory result, it only needs
to expand the maximal subsets generated in previous steps.

The correct choice of is crucial for the usefulness of anytime consolidation.
This choice may be guided by the priority orderidg Following the acceptability
condition, the parameter is constructed by selecting the atoms from the stratum of
highest priority, then the atoms of the next important stratum are added, and so on.
Alternatively, inside each stratum, the choiceSomay be heuristic. In this case, the
letters are iteratively selected to minimize the predicted number of consistent subsets,
using a strategy such as thenimal diversity heuristic

Example 3.9. Consider the flatbasé = {a, b, ¢, —¢, ~aV—b, ~aVe, maV—c, ~bVd}.
Obviously,A is unsatisfiable. We want to show thét- d. Hence, we need to find a
setS such that(4, S) I-2 d. The minimal diversity of the atonasb, c andd is 3, 2,

4 and0, respectively. Starting with = &, we iteratively addi/ andb to S. Based on
the following results, we indeed observe thdt S) I-3 d.

S 0(4, 5)
(%] (%]
{d} {{-bVd}}
{b,d} | {{b,~bV d}, {~aV —b,~bVd}}
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Example 3.10. Suppose we are given the prioritized base- (A4, A;) whereA; =
{¢,~d,—aVb,~cVd}andA; = {a,—a,e}. We want to show thdtd, <) IF4 b. So,
we need to find a set such that(A, <, S) IF4 b. Starting withS = @ and using the
acceptability condition, we first add the atomande and next we seleét Based on
the following results, we indeed obtaid, <, S) IF2 band (A, <, S) I3 —b.

S 0(A4,<,9) O(A, <, S)

(%) %) A
{a, e} {{a,e},{—a,e,~a Vv b}} {{a,e} U Az, {—a,e} U Az}
{a,b,e} | {{a,e,7aV b}, {—a,e,—aVb}} | {{a,e} UAs, {—a,e}UAs}

4. Discussion

In this paper, we have studied the problem of reasoning from inconsistency fo-
cusing on the so-called coherence-based approaches. One of the main drawbacks
of these methods is their high computational complexity. Our aim was to provide a
logical framework which tackles this difficulty through the paradigm of anytime com-
putation. We have illustrated that the framework integrates several major features:
resource-bounded reasoning, improvability and dual reasoning.

A close look at the literature in artificial intelligence and logic shows that very few
investigations have addressgetherthe problems of inconsistency and intractabil-
ity. On the one hand, there have been a great number of proposals for constructing
systems that allow nontrivial reasoning in presence of inconsistency. Among them are
paraconsistent logics [HUN 98], argumentative logics [ELV 95], knowledge merging
systems [LIN 95], and the so-called coherence based approaches [PIN 92]. However,
for most of the part, existing frameworks are known to be typically intractable. On
the other hand, many techniques have been developed to deal with the intractability
of deduction problems. The most significant approaches are logics of explicit be-
lief [LEV 84, LAK 94], access-limited reasoning [CRA 89], approximate knowledge
compilation [SEL 96] and anytime reasoning [SCH 95, DAL 98]. Unfortunately, most
of these approaches do not address the issue of inconsistency handling.

An important exception is the model paraconsistent resource-bounded inference
recently proposed by Marquis and Porquet in [MAR 01]. The key idea is to approxi-
mate deduction in knowledge bases by using “maximally preferred” resources. Tech-
nically, given a knowledge basg a resource paramet8rand a queryy, we say that
« is aconsequencef A with respect taS, if Og/ (A D «) is valid for every maximal
subsetS’ of S such that> s A is satisfiable. The model can be extended to prioritized
knowledge bases, using several preference orderings defined from inclusion-based,
lexicographic or possibilistic policies.

Although our framework is in the spirit of Marquis and Porquet’s approach, there
are significant differences. From a conceptual point of view, their model is based on
the idea of “approximate paraconsistency” which does not explicitly restore consis-
tency but instead tolerates contradictions. In contrast, our framework advocates the
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idea of “approximate consolidation” which progressively restores consistency. At any
step, the result can be stored in a data structure which can be later used for different
queries and different entailment principles. From a logical point of view, their model
only covers sound approximations, while ours includes both sound approximations
and complete approximations. Finally, from a computational point of view, their ap-
proach is not improvable since paraconsistent approximations are nonmonotonic in
essence. In contrast, our frameworlaig/time the consolidation phase can be shown
improvable and incremental by using increasing sequences of resource parameters and
by exploiting computations from previous steps.

There are various avenues of research that come out of this work. Most prominent
amongst these is the empirical analysis of approximate coherence-based reasoning. To
this point, some benchmarks for coherence-based reasoning have recently been pro-
posed in [CAY 98]. In this setting, the performance of our anytime technique should
be compared with standard methods. A second interesting issue is to generalize the
framework to other models of inconsistency handling proposed in the literature. For
example, in the domain of diagnosis, consolidation operations are sometimes defined
over cardinality-based or lexicographic preference orderings [GIN 86, LEH 95]. In
knowledge merging, entailment relations often use a notion of majority vote inspired
from social choice theory [BOR 84, LIN 95]. For all these approaches, the anytime
view remains to be explored. Finally, other forms of approximate inference should be
examined. In particular, Dalal in [DAL 98] presents a family of approximate entail-
ment operations which are based on boolean constraint propagation. However, these
operations trivialize in presence of inconsistency. This opens the door for interesting
extensions of Dalal's framework in the setting of coherence-base reasoning.
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