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Abstract

We start a general study of counting the number of occurrences of ordered patterns in words
generated by morphisms. We consider certain patterns with gaps (classical patterns) and that with
no gaps (consecutive patterns). Occurrences of the patterns are known, in the literature, as rises,
descents, (non-)inversions, squares and p-repetitions. We give recurrence formulas in the general case,
then deducing exact formulas for particular families of morphisms. Many (classical or new) examples
are given illustrating the techniques and showing their interest.
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1 Introduction

Different notions of pattern can be encountered in several domains of combinatorics.

In algebraic combinatorics, an occurrence of a pattern p in a permutation 7 is a subsequence of 7
(of the same length as the length of p) whose elements are in the same relative order as those in p.
For example, the permutation m = 536241 contains an occurrence of the pattern p = 2431 : indeed the
elements of the subsequence 3641 of 7 are in the same relative order as those in p. Examples of results
concern permutations avoiding a pattern of length 3 in the symmetric group S, (see [19, 30]).

Motivated by the study of Mahonian statistics, Babson and Steingrimsson introduced a generalization
where two adjacent elements of the pattern must also be adjacent in the permutation [4]. In Claeson,
2001 [11] this generalization provides interesting results related to set partitions, Dyck paths, Motzkin
paths, or involutions.

In combinatorics on words, an occurrence of a pattern p in a word u is a factor of u having the same
shape as p, i.e., for which there exists a nonerasing morphism transforming p in this factor. For example
the word w = abaabaaabab contains an occurrence of the pattern p = aafaaf : indeed the morphism
fla) = a, f(B) = ba transforms the pattern p in aabaaaba which is a factor of w. The main question
is to determine whether or not a given pattern is unavoidable, that is if it is possible to construct an
infinite word containing no occurrence of the pattern. The interested reader should refer to Chapter 3 of
Lothaire, 2002 [22].

In Burstein, 1998 [7], and Burstein and Mansour, 2002, 2003 [8, 9, 10] the authors realized a “mixing”
of these two notions. They consider ordered alphabets. Here, an occurrence of a pattern in a word is
a factor or a subsequence having the same shape, and in which the relative order of the letters is the
same as in the pattern. For example, on the alphabet {a,b} with a < b, the word u = abaaabab contains
an occurrence of the pattern 2111 (the factor baaa) but not of the pattern 1222 (abbd is not a factor of
u). However, the word u contains an occurrence of the pattern with gaps 1#2#2#2 because abbb is a
subsequence of u (here # means that the letters corresponding to 1 and 2 may be not consecutive). To
avoid confusion with previous notions we call these patterns ordered patterns (with gaps if there is at
least one #, with no gaps if there is no #).

In Kitaev, Mansour and Séébold, 2004 [18] we computed the number of occurrences of a lot of ordered
patterns in the Peano words (words corresponding to finite approximations of the Peano space filling
curve). An interesting property of these words is that they are generated by a tag-system, i.e., by
applying two morphisms. A motivation for this choice is the interest in studying classes of words defined
by iterative schemes, in particular with morphisms that are a fundamental tool of formal languages
[2, 22, 27].

In the present paper we start a general study of counting the number of occurrences of ordered patterns
in words generated by morphisms. After some preliminaries (Section 2), we give in Section 3 some general
results (recurrence formulas) on counting elementary ordered patterns with gaps ((non-)inversions and p-
repetitions) in words generated by morphisms, and applications to two well known binary words. Section
4 is dedicated to more precise results (exact formulas) in the case of a particular family of morphisms,
and in Section 5 we give many examples of morphisms belonging to this family. Section 6 is dedicated to
counting elementary ordered patterns with no gaps (rises, descents, and squares) in words generated by
morphisms and giving some examples.

2 Preliminaries

2.1 Definitions and notations

The terminology and notations are mainly those of Lothaire, 2002 [22].

Let A be a finite set called alphabet and A* the free monoid generated by A. The elements of A are
called letters and those of A* are called words. The empty word ¢ is the neutral element of A* for the
concatenation of words (the concatenation of two words u and v is the word uv), and we denote by A
the semigroup A* \ {e}.

The length of a word w, denoted by |u|, is the number of occurrences of letters in w. In particular
le] = 0. If n is a nonnegative integer, u™ is the word obtained by concatenating n occurrences of the word
u. Of course, [u™| =n - |u|. The cases n = 2, and n = 3 deserve a particular attention in what follows. A
word u? (resp. u?), with u # ¢, is called a square (resp. a cube).

A word w is called a factor (resp. a prefix) of u if there exist words z,y such that u = zwy (resp.
u = wy). The factor (resp. the prefix) is proper if xy # € (resp. y # £). The number of distinct



occurrences of w in u is denoted by |u|,. A word u is a subsequence of the word v if there exist words
Uy vvy Upy V1, -« oy Uny Upg1 SUch that u = ug - - uy, and v = viuvoug - - - VR URVp41-

An infinite word (or sequence) over A is an application a : IN — A. It is written a = apay -+ a; -+ ,i €
N, aq; € A.

The notion of factor is extended to infinite words as follows: a (finite) word u is a factor (resp. prefiz)
of an infinite word a over A if there exist n € IN (resp. n = 0) and m € IN (m = |u]) such that
U= Gy Apem—1 (Dy convention a, - a,—1 = €).

In what follows, we will consider morphisms on A. Let B be an alphabet (often, B = A).

A morphism on A is an application f : A* — B* such that f(uwv) = f(u)f(v) for all u,v € A*.
It is uniquely determined by its value on the alphabet A. A morphism f on A is a literal morphism if
|f(a)] =1 for all a € A.

Now A = B. Let n be a non-negative integer. The incidence matriz of f™ is the k x k matrix

M(f") = (Mnij)i<ij<k

where my, ; ; is the number of occurrences of the letter a; in the word f"(a;), i.e., Mmyni; = [f™(a;)]a;-
For details on the incidence matrix of a morphism see, e.g., [2], chapter 8, in which is given the following.

Property 1 For every n € IN, M(f)" = M(f™).

A morphism is nonerasing if f(a) # ¢ for all a € A. Such a morphism is prolongable on xg, To € AT,
if there exists u € A" such that f(zg) = zou. In this case, for all n € IN the word f"(xg) is a proper
prefix of the word f™*!(z0) and this defines a unique infinite word

x = wouf (u)f*(u) - f*(u) -

which is the limit of the sequence (f™(zo))n>0. We write x = f¥(z¢) and say that x is generated by f.

A (finite or infinite) word u over A is square-free (resp. cube-free) if none of its factors is a square (resp.
a cube). A morphism f on A is square-free if the word f(u) is square-free whenever u is a square-free
word. The morphism f is weakly square-free if f generates a square-free infinite word.

A tag-system is a quintuple T' = (A, u, f, g, B) where A and B are alphabets, u € AT, f is a nonerasing
morphism on A, prolongable on u, and ¢ is a morphism from A onto B. An infinite word y is generated
by G if y = g((f*)*(u)) for some k € IN.

Remark that what we call here a tag-system is sometimes called a HDOL-system. The terminology of
tag-system comes from the fundamental study of Cobham [12]. Chapter 5 of [26] is dedicated to a deep
study of DOL-systems.

2.2 Ordered patterns

Let A be a totally ordered alphabet and let X be the ordered alphabet whose letters are the first n positive
integers in the usual order (thus ® = {1,2,...,n}).

An ordered pattern is any word! over RU{#}, # ¢ XN, without two consecutive #. If a pattern contains
at least one #, not at the very beginning or at the very end, it is an ordered pattern with gaps; otherwise
it is an ordered pattern with no gaps®>. Moreover, in this paper the ordered patterns u, #u, u#, and
#u# are considered to be the same. In particular, if  is a word over X, we will write (z#)¢ or (#x) to
represent the ordered pattern x#x# - - - #x containing | occurrences of the word z.

A word v over A contains an occurrence of the ordered pattern u = uy#us# - - - #u,, u; € XT and n >
1, (or, equivalently the ordered pattern u occurs in v) if v = woviwiVawWs - -+ Wp—1V, W, and there exists
a literal morphism f : R* — A* such that f(u;) =v;, 1 <i<n,andif z,y e N, z <y = f(z) < f(y).
Thus the word v contains an occurrence of the ordered pattern u if v contains a subsequence v’ which
is equal to f(u’) where u' is obtained from u by deleting all the occurrences of #, with the additional
condition that two adjacent (not separated by #) letters in u must be adjacent in v. The number of
different occurrences of u as an ordered pattern in v is denoted by |v|, (this is coherent with the classical

n algebraic combinatorics when defining a pattern it is claimed that each letter from the interval [k] must occur at
least once. This requirement is not useful here, what is important is the relative value of each letter because this gives the
order. However it will be often implicit that these letters (which are only formal representations of the pattern) are taken
in the order from 1.

20ur choice here is to use terminology of combinatorics on words. For example, our notion of pattern with no gaps is
often referred to as pattern without internal dashes or consecutive pattern in the literature about algebraic combinatorics
(see, e.g., Kitaev, 2003 [17]). However this terminology does not seem to be solid since Burstein and Mansour used subword
pattern without hyphens [10], and segmented pattern is also encountered.



notation because if v is a single letter then |v|, is just the number of occurrences of the letter u in the
word v).

Ezample. Let A = {a,b,c,d,e, f} with a < b < ¢ < d < e < f. The word v = eafdbc contains
one occurrence of the ordered pattern 2#31, namely the subsequence efd (leafdbclogsi = 1). In v,
the ordered pattern 2#3#1 occurs in three occurrences: efd, ef b, and efc (leafdbc|ogsgr = 3); the
ordered pattern 231 does not occur in v (leafdbc|agr = 0).

3 Ordered patterns with gaps and morphisms

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a1 < az < --- < ax}.
Let f be any morphism on A: for 1 < i < k, f(a;) = a;, ...a;, with p; > 0 (p; = 0 if and only if

flai) =€)

Pi

3.1 Inversions, non-inversions, and repetitions with gaps of f”

In what follows we are interested in some particular forms of ordered patterns. In accordance with
permutations theory, an inversion (resp. non-inversion) is an occurrence of the ordered pattern 2#1
(resp. 1#2). Repetitions with gaps of one letter are occurrences of the ordered patterns (1#)?, p > 1.

3.1.1 Inversions and non-inversions

Let n be a non-negative integer.
The vector® of non-inversions (denoted by RG for "rises with gaps”) of f" is the k vector whose i-th
entry is the number of occurrences of the ordered pattern 1#2 in the word f™(a;), i.e.,

RG(f") = (1" (ai)lig2)1<i<k

The vector of inversions (denoted by DG for ”descents with gaps”) of f™ is the k vector whose i-th
entry is the number of occurrences of the ordered pattern 2#1 in the word f™(a;), i.e.,

DG(f") = (|f"(ai)l2g1)1<i<k-

Our goal is to obtain recurrence formulas giving the entries of RG(f"*!) and DG(f"*!). Since f"+! =
fo f=fof" we have two different ways to compute RG(f"*!) and DG(f"+1).

Let ¢ be an integer, 1 < ¢ < k. Either |f"™!(as)|142 (resp. |f""!(ar)|241) will be obtained from the
value of f(ay) and the entries of RG(f™) (resp. DG(f™)) (see 1. below), or it will be computed from the
values of RG(f) (resp. DG(f)) and f™(as) (see 2. below).

1. From f*"t! = f"o f.

Since f(ar) = ag, ...ay,,, the number of occurrences of the ordered pattern 1#2 in i (ap) =
f(f(ae)) = f*(ae, - - a,,) is obtained by adding two values:

e the number of occurrences of the ordered pattern 1#2 in each f"(ay,), 1 < i < p,. Since the
¢-th column of the incidence matrix of f indicates which letters appear in f(as) (and how
many times), this number is obtained by multiplying the vector RG(f™) by the ¢-th column
of M(f), i.e., it is equal to Zle | (ae)|1g2 - mae ,

e the number of occurrences of the ordered pattern 1#2 in each of the f"(agag;), 1 <i < j < py,
where the letter corresponding to 1is in f"(as,) and the letter corresponding to 2 is in f"(ay, ).
In what follows we will call such an occurrence of 1#2 in f"(as,ae,) an external occurrence of
the ordered pattern 142 in f"(as,as,), and denote it | (ar, ae;)|5%,-

The value of |f"(ag,ar,)|{%, is obtained by adding, for all the integers r, 1 < r < k — 1, the

1#2
product of the number of occurrences of the letter a, in f™(ag,) (|f™(a¢,)|a,.) by the number

3The computation of the number of ordered patterns in words is related to so-called Parikh matrices. For example
the number of occurrences of the ordered pattern 1#2 in a word w over a three-letter alphabet is equal to M1,3 + M2 4
where M is the Parikh matrix of w (for more informations on Parikh matrices see, e.g., Mateescu et al., 2001 [23] or Fossé
and Richomme, 2004 [14]). However Parikh matrices are not well adapted to compute the number of most of the ordered
patterns (for example in the case of ordered patterns as 1#2#1 or 1#23) which explains that here we use another more
convenient representation with vectors.



of occurrences of all the letters of f™(ay;) greater than a, (|f"(a¢,)|a,, 7+1 < s < k). This

. k—1 k
gives ZT-:1 (M, - Zs:r+1 mn,S,éj)-
The number of external occurrences of 142 in all the f"(ag,ae,), 1 < i < j < py, is thus given

k—1 k
by Zlgz‘qgm ‘fn(aéiafj)ﬁﬁz = Zl§i<j§pg(2r:1 (M, - Zs:r+1 Min,s,0,))-

2. From fn+1 f fn
Let go = |f™(ae)| : [T (ae) = f(f"(ae)) = f(ag ...a%). Here the number of occurrences of the
ordered pattern 1#2 in f"*!(ay) is obtained by adding

e the number of occurrences of the ordered pattern 1#2 in each f(ag;), 1 < < gg. Since the
£-th column of the incidence matrix of f™ indicates which letters appear in f™(as) (and how
many times), this number is obtained by multiplying the vector RG(f) by the ¢-th column of
M(f™), i.e., it is equal to Zle |f(ae)|iga - Mn e s

e the number of external occurrences of the ordered pattern 1#2 in each of the f (agé ag;_), 1<
i < j < qg. This number is obtained by adding, for all the integers r, 1 < r < k — 1, the
product of the number of occurrences of the letter a, in f(ae) (|f(ar)ls,.) by the number of
occurrences of all the letters of f(ag;) greater than a, (|f(a4;) a.y T+ 1 < s <k). This gives

k—1 k
Zr:l (mlﬂ”,fg : Zs:r+1 ml,S,e; )

The number of external occurrences of 142 in all the f(ay ag;), 1 <4< j<q,is thus given
k-1 k
by Zl§i<j§qe \f(ae;ae;)ﬁﬁ,fz = Z1gi<]‘ng (=1 (ml,r,ég ’ Zs:r+1 ml,s,é}))-

The same reasoning applies for calculating the entries of DG(f"*1), replacing 1#2 by 2#1 and
“greater” by “smaller”.

Thus we have the following.

Proposition 1 For each letter ay € A, let p; and qo be such that f(ag) = ag, ...ag,, and fag) =
ag, - .- ag, - Then, for alln € IN,

k—1 k
T ahgz = Y O (Mg, - me )+ D 1 (@) ligz M (1)
t=1

1<i<j<p, r=1 s=r+1

k-1 k
= Z (Zmlrz mez +Z\f(at)|1#2-mn,t,e7 (2)

1<i<j<qe r=1 s=r+1 t=1
k

k
Z Z Mp,re; Zmnsé +;|fn(at)|2#l Ml , (3)

1<i<j<p; r=2

‘fn+1(az)\2#1

k

r—1 k
Z (Z(ml,r,ég ) Z ml,s,é;)) + Z |f(ae)l2g1 - mae (4)
s=1 t=1

1<i<j<qe 7=2

Of course, the analysis we have done above could be realized to compute more complex ordered
patterns with gaps, such as 1#23, 1#2#3, - -+ The only difficulty is to adapt the computation of external
inversions and non-inversions.

3.1.2 Repetitions of one letter

Let n be a non-negative integer and p a positive integer. The vector of p-repetitions with gaps of one
letter of f™ is the k vector whose i-th entry is the number of occurrences of the ordered pattern (1#)? in
the word f"(a;), i.e.,

RyG(f™) = (11" (as)lgyr )1<is-

The following is obvious.

Proposition 2 For each letter ag € A and for all n € IN,

el =3 (™). 5)

t=1

ot



3.2 Some examples in the binary case

Since equations (1) to (5) are recurrence formulas they are not always suitable to produce exact formulas
giving the entries of RG(f™), DG(f™), and R,G(f™). However, in some particular cases we obtained such
exact formulas. This is in particular the case for the following two classical morphisms on the two-letter
ordered alphabet {a; < as}.

3.2.1 The Thue-Morse morphism

The Thue-Morse morphism p was introduced in 1912 by Thue [31], although it was hinted at sixty years

earlier by Prouhet [25]. It was discovered independently in 1921 by Morse [24]. This morphism is defined

by u(a1) = aras, pu(az) = asas. It generates the famous Thue-Morse sequence t = p*(aq) which has been

widely studied (see, e.g., Lothaire, 1983 [21], or Allouche and Shallit, 2003 [2], and references therein).
For every positive integers n, the incidence matrix of u™ is

2n71 27171
M(un) = |: 277,71 2n71 :|

Thus, from equations (1), (3), and (5) we obtain

it a)ige = (e (a2)lige = 22070 4 ut (@) ige + 0" (a2)] 12,
i alegr = T (aa)lap = 22070t @n)lag + 1" (@2)log,
@) gy = M@)oy = 2-()).

Since RG(u) = [ 1 0 } and DG(u) = [ 0 1 ], we obtain from Proposition 1 the following trivial
result.

Corollary 1 For any integer n > 2,

RG(u") = DG(u") = [ 2272 22773 ] and RyGu™) = | 2+ (") 2- (%)) |-

3.2.2 The Fibonacci morphism

The Fibonacci morphism ¢ is defined by p(a1) = ajas, ¢(az) = a1. It generates the well known Fibonacci
sequence £ = ¢*(a1) which has numerous remarkable properties and is the prototype of a Sturmian word
(see, e.g., Chapter 2 of Lothaire, 2002 [22]).

Let (F,)n>—1 be the sequence of Fibonacci numbers: F_1 =0, Fy =1, F,, = F,,_1 + F,,_o for n > 1.
The following property of Fibonacci numbers will be useful below.

Property 2 For every positive integer n,

1 ifn is even
_ 2 s
Fnebng=Fyq + { —1 ifn is odd.

An easy computation gives that, for every positive integer n, the incidence matrix of " is

F, Fr_q
M n — n n .
(SD ) |: Fn—l Fn—2 :|

The vector of non-inversions of ¢ is RG(p) = [ 1 0 |. Moreover, from equation (1), we obtain for
n>1
Ha)lige = maanmaze + e (an)lige + 0" (02)1s2

B Frog + 9" (a1) |12 + [@" (a2) 142
1 if n is even,

F2 1 @)l + 19" @2 +9 | o bon (see Property 2).

lp

The vector of inversions of ¢ is DG(¢) = [ 0 0 | . Moreover, from equation (3), we obtain for n > 1

lp"tHa)agr = M2 ma2 4 9" (a1)l2g1 + 0" (a2) 241
= F2 +1e™(an)]ag + @ (a2)l2p1.
Now, [¢" T (az) |12 = [¢"(a1)142 and [@" ! (a2)|241 = [¢™(a1)|241 because p(az) = a;.

From this we obtain direct formulas to compute, for every n > 0, |¢"2(a1)|142 and |¢"2(a1)|2x1
from the sequence of Fibonacci numbers.



Corollary 2 For every integer n > 0,

lp" 2 (ar)legr = Yo FpFr_y,
1 ifn is odd,
e ahps =l e+ Bk { g o
Proof. Since Fy = 1 and ¢?(a;) = ajazay, the result is obviously true if n = 0.
Also, since Fy =1, F; = 1, and <p3(a1) = aiasaiaias, the result is true for n = 1.

Now suppose n > 2 and the assertions are true for all m < n. We prove they are true for n.

e We first compute |[¢""2(ay)|241.

"2 (ar)logr = F7 + 9" (an) g + @™ (a1) 24
= P24 Y0 FF2 . Y R E,
But Y0 0 FF2 = Sl FpaFr, )
= ZZ;lF P P
Thus |¢""2(a1)l2pr = F7 + FFy; 1+Z V(B + Fp)F L,
= F24FR 430 erlF (ot
= FR+F_ +3,-

= Zp:() FpFn_p (because FO = Fl = 1)

e For |¢""2(ay)|142, we remark that if n is even then n — 2 is even, and n — 1, n+ 1 are odd. And if
n is odd then n — 2 is odd, and n — 1, n 4+ 1 are even. Consequently,

1 ifn+1iseven (n odd)
n+2 — F2 |t n ’
lo" ™ (ar)lige = FF+ 9" (a1)|lige + @™ (a2) 142 + { ~1 ifn+1isodd (n even)
B , - ) "o B 1 if nis odd,
= Fo 4+ o Byt P 1+ F o+ Fro 1+{—1 if n is even
1 ifnisodd
o n 2 ?
= szo FpFn—p + Fn-1t+ Fr2+ —1 ifniseven
1 if nis odd,

_ oy 2
- Zp:OFpFn—p+Fn+{ —1 ifniseven. M

Regarding repetitions of one letter, R,G(y¢) = [ (1) + (1)

P p

(11)) } and, for n > 0, the vector R,G(p"1?)

is obtained from equation (5).

Corollary 3 For any integer n > 0,

B,Gle™) = [ (B + () () + () ]

p p p p

4 A particular family of morphisms

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a; < ag < --- < ay}. In this section
we are interested in morphisms f having the following particularities:

1. there exists a positive integer m such that |f(a1)

w=m, 1 <<k,
2. there exists a positive integer d such that |f(ag...ag)|e, =d, 1 <i <k,
3. for every i?ja 1< Z;J < ka |f(a1(lj)|(i3ﬁ2 = ‘f(ajaz)ﬁ%;

(Conditions 1. and 2. are particular cases of the more general situation, considered in Theorem 1 below,
in which the alphabet A is partitioned in sets Ay, As, ..., A, such that, for each A;, the sum of the
number of occurrences of each letter in the images of letters of A; is the same.)

In this case we are able to give direct formulas to compute |f"*1(a1)|142 and others from m, d, and n.



Proposition 3 For every positive integer n,

n n— k m(d+m)" t—1]m(d+m)" ! k ex
|f +1(a1)|1#2: m(d +m) 1Zi:1|f(ai)‘1#2+[ (dtm) 21] e Zj:1|f(ajaj)|1#t2

+m?(d +m)>" 2 Zl§i<j§k |f(aiaj)‘(f;f2 )

n n— k m n—1__ m n—1 k ex
1 anan) g = d(d+m) SR | f(ag) |+ A ST AR a6,
+d?(d +m)*? Do1<icj<k |f(aia;)|5%, -

Proof. Let n > 1. As in Proposition 1, let ¢1 = |f™(a1)| so that f"(a1) = ay; ... a1, . Equation (2) gives

q1

k—1 k k
|fn+1(a1)|1#2 = Z1§i<qu1 (i (ml,r,l,’i ) Zs:r-i-l ml,S,lg)) + i1 [f(an)lig2 - M

ex k n
Zl§i<j§q1 ‘f(algal_’j)h#fz + 2 i (@) |ige - [f™(a1)]a, -

Now, conditions 1. to 3. above imply that the incidence matrix of f™ is rather special. From 1. and
2., [f™(a1)]a, = m(d +m)"~! for each ¢, 1 <t < k.

This implies that 37 [ f(ar)|1z2 - |f™(a1)la, = m(d+m)" 1 30 [ £(ai) 142 -
This also implies that ¢; = km(d +m)"~ L.

But, from 3., the computation of Z1<i<j<km(d+m)n*1 |f(a1;a1;)|ﬁf2, realized from the word f"(a1)

which contains m(d + m)"~! occurrences of each letter, can be equivalently realized from the word

R

Then the first letter a; (i = 1) gives [m(d+m)”*171]o|f(a1a1)|§;f2+25=2 m(d+m)" "t f(ara;)|§%s-

The second letter a; (i = 2) gives [m(d-+m)" "' —2]-|f(a1a1)[5%, —&—2522 m(d+m)" | f(ara;)|5%s-

The last but one letter a; (i = m(d+m)"~1—1) gives 1-| f(aia;) fﬂz—i—Z?:Q m(d+m)" " f(ara;)|%s-
The last letter a1 (i = m(d +m)"~') gives 0 |f(a1a1)|5%; + Z?:z m(d+m)" " f(ara;)|§%y.

The first letter ag (i = m(d +m)" ™" + 1) gives [m(d +m)" " — 1] - | f(aza2)[{%, + Zﬁzgm(d +

m)" 1 f(aza;)[§%s-
And so on.
Consequently > <;j<pm(dsm)n—1 \f(a1;a13)|§ﬁ2
d+m)" "t -1 . k _ k—1 <k _
= S 1 F(aga)55 + mld+m)n VS S md + ) faiag) |55

m(d+m)" " —1]m(d+m)" "t k ex n— ex
= [m(ctm) 2] ( ) Ej:l \f(ajaj)h#tz—&—mZ(d—i—m)Q 221§i<j§k|f(aiaj)|1#f2 .

n n—1xk m(d+m)" ! —1]m(d+m)" " 5~k e
Thus | £ (a1) 12 = mld +m) "~ S [f(aq) |1 + LB AT 538 | f(a0,) (5, +
mQ(d + m)2n_2 Zl§i<j§/€ |f(a’iaj)|§:z#f2 .

Now, for [f"™!(ay...ax)|142, equation (2) gives

F7  azar)lime = Seo(Crcicjeq [Flaan) 55y + S0y 1)l - |f™(ar)la,)

k k k
D2 Zl§i<j§q£ |f(aegae;)|f§¢t2 + D i1 2p=a | f(ar) 12 - [f7 (ae)la, -

Again from 1. and 2., 25:2 |f™(a)]a, = d(d+m)"~! for each t, 1 <t < k.

. k
In particular, Ze:g Z1gi<quz |f(a€§a£;.)|i§,f2 = El§i<j§kd(d+m)"*1 |f(aé;aé;)‘(1iﬁ2 :



n—1 n—1 n—1
As above, the computation can be realized from the word a(li([Hm) ag(d+m) e az(der) .

This gives Zl§i<j§kd(d+m)”*1 |f(a4ag;)\§ﬁ2
d(d+m)" 11 . k ex n— k—1 —k n— ex
= Ziio ) - Zj:l |f(ajaj)‘1#t2 +d(d+m)" 3T Zj:iJrl d(d +m) 1|f(aiaj)|1#f2

d(d+m)" ' —=1]d(d+m)" 1t k ex n— ex
= )T Hddm)™ Sk fagag) 55y + d2(d +m)> 2 oo | f(aiag) |55,

Now the same reasoning can be applied for |f"*(a1)|2x1 and [f" ™ (as...ax)|2x1, because of the
following obvious property.

Property 3 Let f be a morphism on A. For every non-negative integer n, and for every integers i,j,
1 S 7’7.] S k; |fn(a7a’1)|‘i;iyf2 - |fn(a’jai)|§;':tl'

Thus, using equation (4), we have the following.

Proposition 4 For every positive integer n,

n n— k m(d4+m)"~* —1]m(d+m)"~* k ex
|F 4 (a) o = m(d+m) 1S [ f(aq) age + Bt SHmEmT s E (g a) |55,

+m?(d +m)*" 2 Drcicj<k | flaiag)|5%,

—_ k m)" - n—1 k
7 az )z = d(d+m) TS | fai) | + SRS ST £ (aja5)|5%,
+d*(d 4 m)**—? Zl§i<j§k |f(aiaj)|§f;1 :

The previous reasoning can of course be applied if conditions 1. and 2. are verified for any partition
of the alphabet (in Propositions 3 and 4 the partition is in two sets A = {a1} U {az...axr}). Then we
obtain the following general result.

Theorem 1 Let k be an integer (k > 2), and A the k-letter ordered alphabet A = {a1 < az < ... < ay}.
Let f be a morphism on A fulfilling the following conditions:

e there exist a positive integer p and a set of p positive integers {m1,...,mp} such that A can be
partitioned into p subsets Aq, ..., Ap with 3 c 4, |f(@)]a; =me, 1 <i <k,

o foreveryi,j, 1<i,j <k, |f(aia;)|i3s = |f(a;a:)|{%s-

Let M =mq+...+my and let u = 1#2 or u = 2#1. Then, for every positive integer n and for each Ay,
1<i<p,

n n— k my M 1)ym, M1t k X
Saen, @) = meM T YE @)y + e S Fagag)[cr

+mg M2 Zlgiqgk |f(aiay)|5

5 Examples

In this section we give a series of examples of application of Theorem 1. The first ones (5.1 to 5.4) are
related to the well known Thue-Morse morphism and they give results that of course can be found with
some other techniques, but they are presented in order to make the results more comprehensible. The
last ones are original; they illustrate some general representative situations.

5.1 The Thue-Morse morphism

The Thue-Morse morphism (see Section 3.2) is the simplest example of a morphism fulfilling conditions 1.

to 3. above. Indeed m = d = 1, and \,u(alag)\‘f;% = |a1a2a2a1|‘f§ﬁt2 =1= |a2a1a1a2|§2§2 = |u(a2a1)|ﬁ£2,
ext ext

ln(aran)[7%, = [n(azaz)|%, = 1. Since |u(a1)|ig2 = [plaz)l241 = 1, and [u(ar)|241 = [u(az)|ig2 = 0, we
obtain from Propositions 3 and 4 that |1 (a1)|142 = [T (a1) |24 = [T (a2) 142 = [T (a2)]2p1 =
22n=1 (see Corollary 1 above).



5.2 The Istrail morphism

In Istrail, 1977 [15] is given the following well known example of a weakly square-free morphism. The
morphism & is defined on the three-letter ordered alphabet A = {a; < as < ag} by

h(al) = aj1a2as, h(az) = aias, h(ag) = a2

(remark that h generates a square-free infinite word, h* (a1 ), but is not a square-free morphism: h(ajasai) =
a1a2a3a1030102a03 contains the square agalagal).

The word h*(ay) is closely related to the Thue-Morse word t. Indeed, let B be the two-letter alphabet
B ={a,as}, and consider the morphism

6: A* — B*
aq = aq
a9 = a1a2
as = a1a20a2

Then t = §(h¥(a1)) (see Proposition 2.3.2 in Lothaire, 1983 [21]).

Here again the morphism h fulfills conditions 1. to 3. with m = d = 1. Moreover |h(a1)|142
\h(a1a1)[5%, = 3, [h(a2)l1g2 = [h(az2a2)|i%s = 1, |h(as)ig2 = [h(azas)|{3, = 0, and |h(a1a2)|{%s =
|h(aras)|§%y = |h(azas)|§%, = 1. Then, from Proposition 3, for every integer n > 1, [h"*!(a1)|142
|h”+1(a2a3)|1#2 =3.22n"1 L on,

From Property 3, the values for 2#1 are the same as for 1#2, except for |h(a;)|ag1, 1 < i <
Here |h(a1)|21 = |h(a2)|2g1 = |h(as)|2g1 = 0. Thus, from Proposition 4, for every integer n > 1,
W (a1) |21 = [R7F (a2as)|apr = 3 - 22071 — 2™,

[\

e

5.3 The Prouhet morphisms

In 1851, Prouhet ([25]) gave an algorithm to realize an arithmetic construction. This algorithm produces
intermediate infinite words that are a generalization of the Thue-Morse word (see above). It was proved
in Séébold, 2002 [28] that these words can be generated by morphisms (see also allouche and Shallit, 2000
[1)).
Let k > 2, and let A be the k-letter ordered alphabet A = {a; < --- < ax}. The Prouhet morphism
7, is defined on A by
Wk(ai):aiaiﬂ...akal...ai_l, ].SZS]C

Ezxample. Let k = 6. The morphism 7g is given by

a; = a102a030440506
az 420304050601
a3 +F—  a3a40a5a6010a2
a4 '+ 040506010203
as F  a5agQ102a3Qa4
ag > (1102030405

For every k the morphism 7y, fulfills the conditions of Theorem 1. Since, for every i, 1 < i < k, the
word 7k (a;) contains exactly one occurrence of each letter of A, there are a lot of possibilities to choose
the partition of A. Here we choose p =k and A = Ay U...UAg, A; = {a;}, 1 <4 < k. This implies that
m; = 1,1 < ¢ <k and, of course, M = k.

Also, for every i,7, 1 <i,j <k, |m(aia;)|5%s = [mx(aia;)[5%, = k(k=1)

2

Now it is easy to verify that, due to the particular form of the images of the letters by 7, one has
for every £, 1< £ < k, |mp(ag) iy = B0 4 EUED) and [y (a)lags = (- D[k — (£~ 1)),

Thus we obtain the following corollary of Theorem 1.

Corollary 4 For every i, 1 <i <k, and for every positive integer n,

(k — 1)k"

I @)l = 5 (3K + k- 2),
k= 1)k"
@)l = S e~k 2).

10



Proof. From Theorem 1 and from what precedes,

n+1(

n— k k—(0—1)](k—¢ 0—1)(0—2 Erl o)k ko k(k—1
\771@ -k 1.2 ([ ( 2)]( )_,_( )2( ))+( 2) S (k—1)

ai)|1#2 (=1 j=1 D)

_ k(k—1
+k2n=2. Zl§j<€§k (2 :

_ el {Z'Ll([k“?““) B e [M’;Uﬂ.

Since b [k — (£ — D)](k — ) = £k and Y5 (£ — 1)(£ — 2) = £ (k — 2)(k — 1), we obtain

i e = ke | S — 1)+ SRk — 1)+ Mg — 1)+ E D - 1))

= DR (gpntl g 9),

The proof is the same for |71 (a;)|241, using Zlgzl(f —DEk-(-1)]=5k*-1).m

Ezample (continued).

ITe(a1)lig2 = 15, ITe(a1)[21 = 0,
IT6(az)lig2 = 10, ITe(az)l21 = 5,
ITe(as)ligz = 7, IT6(as)|2g1 = 8,
|T6(aa)|12 = 6, |T6(as)|op1 = 9,
IT6(as)lig2 = 7, |T6(as) o1 = 8,
IT6(ag)ligz = 10, ITe(as)l241 = 5.
Here k = 6 thus for every ¢, 1 < i < k, and for every n > 1,
mgt (a)|ige = 55 (3-6"T14+6—2)
— 6" (456" +10),
|7rg+1(ai)|2#1 = 6" 1. (45 -6 — 10)

5.4 The Arshon morphisms

In a paper written in 1937 [3], Arshon gives an algorithm to construct for each integer n, n > 3, an infinite
square-free word over an n-letter alphabet, and in the case of two letters a cube-free word. It appears
now that this construction is closely connected to the use of Prouhet morphisms. In the case of two
letters the Arshon word is the Thue-Morse word and Arshon’s algorithm gives exactly the Thue-Morse
morphism which is a particular case of Prouhet morphism.

The Arshon words were proved to be, in the odd case, an example of infinite words that can be
generated by a tag-system but not by a morphism (Berstel, 1980 [5], Currie, 2002 [13], Kitaev, 2003 [16]).
In Séébold, 2003 [29] is given a family of morphisms which generates the even case Arshon words (see
also Currie, 2002 [13], Kitaev, 2003 [16]). These morphisms are the following.

Let k be any even positive integer. The morphism Sy, is defined, for every r, 1 <r < k/2, by

a2r—1 > G2p—102r ...0k—-10kA102 ... A2r 30272,
a2y = A2r—102r—2...020100k—1 - . . A2r 4102y

(Remark that, again, though they generate square-free infinite words, the morphisms () are not square-
free morphisms.)
Example. Let k = 6. The morphism g is given by

a; +—  a102a3040506
a2 Q10605040302
a3 +F azaq0506a1a2
ay +F> aza2a1060504
as F  a50601020304
ag > A50443020106

11



Of course, since it is obtained from 7, in an obvious manner, the morphism gy, fulfills the conditions of
Theorem 1 for every even k. Since, for every i, 1 <14 < k, the word i (a;) contains exactly one occurrence
of each letter of A, there are again a lot of possibilities to choose the partition of A. Here we choose also
p=kand A=A, U...UA, A; ={a;}, 1 <i<k. This implies that m; = 1, 1 <4 < k and, of course,
M =k.

Also, for every i,7, 1 <i,j <k, |Br(aia;)|{%y = |Br(aia;)|53 = k(kz_l).

Now, again because ) is directly obtained from 7, one has for every r, 1 < r < %,

[k—(2r—2)][k—(2r—1)] (2r—2)(2r—3)
2 + 2 ’

1Bk (agr—1)|[1#2 =
|ﬂk(a27‘
|ﬁk(a2r—1

|5k(a2r |2#1 =

(2r —1)[k — (2r — 1)],
(2r —2)[k — (2r — 2)],
b= (2r—1))(k—21)

l142

lo1

)
)
)
) +

(2r—1)(2r—2)
3 .

Thus we obtain another corollary of Theorem 1.

Corollary 5 Let k be any even positive integer. For every i, 1 < i < k, and for every positive integer n,

k"_l
18 (@)l = == [k (k= 1) + 2K] ,
1 kn—l
18 (@)logn = == [772 - (k= 1) — 2k] .

Proof. As for the proof of Corollary 4, we obtain from Theorem 1 and from what precedes,

n n— k 201 e n+2 o
B @)y = kT |:Z€=1 Bk (ae) 122 — W} + kL. [kf(kl)} _

k _ k/2 _ k(-1 | &k . .
But D,y [Be(ae)lige = D005 [IBe(azr—1)l1g2 + |8k (a2, ) [142] = —5— + 5, and the result follows.

The proof is the same for |8y 1! (a;)|241, using 25:1 1Bk (ae)|2p1 = kz(i_l) —tm

Ezample (continued).

|86 (a1)] 142 15, 1Bs(a1)]eg1 = O,
|Bs(a2)|ig2 = 5, |Bs(a2)|21 = 10,
|Bs(as)ige = 7, |Bs(as)|ox1 = 8,
|Bs(aa)ig2 = 9, |Bs(as)|op1 = 6,
|Bs(as)ig2 = T, |Bs(as)|21 = 8,
|Bs(ag)|ig2 = 5, |Bs(ag)loz1 = 10
For every i, 1 < i < k, and for every n > 1,
85 ai)hge = S (67F2-5+42-6)

— 6" . (456" + 3),
1857 (a;)|agr = 6771 (45-6" —3).

5.5 Three other examples

To end this list of examples, we give three morphisms that fulfill the conditions of Theorem 1, but are not
linked with the Thue-Morse morphism. Moreover they are interesting because the first one is an erasing
morphism, the second gives a non trivial partition of the alphabet when applying Theorem 1, and the
third is an example of a ternary square-free morphism fulfilling the conditions.

12



1. Let A be the four-letter ordered alphabet A = {a; < as < ag < ay4}. Define the morphism f by

f:A — A
ap > 41030204
as £
az = aiaq
a4 +—  a203

The morphism f fulfills the conditions of Theorem 1. Here we choose p =3, A = A; U Ay U A3 with
Ay ={a1}, As = {az}, A3 = {as, a4}, and m; = msg =1, mg =0, thus M = 2.

One has [f(a1)l1g2 = 5, [f(as)lig2 = |flaa)lige = 1, [f(a1)|2g1 = 1, [f(as)l21 = |f(as)l241 = O,
[flara1)§%y = |flara1)l53 = 6, |fazas)|§3y = |flazas)lsy = [flasad)lie = |flasad)lsyh = 1,
|fara3)|3%s = |f(a1as) |55 = [f(arad)[§%s = [f(arad)|53 = 3, [f(azaq)|{%s = [f(azaq)|5y; = 2. All the
values with as are of course 0.

Then we have the following corollary of Theorem 1.

Corollary 6 For every positive integer n,

|fn+1(a/1)‘1#2 = |fn+1(a3a4)|1#2 — 3.271—1 . (2n+1 +1)7
|fn+1(a1)\2#1 = |fn+1(a3a4)|2#1 — g.9n—1. (2n+1 o 1)7
|fn+1(a2)‘1#2 = |f"+1(a2)\2#1 = 0.

2. Let A be the five-letter ordered alphabet A = {a1 < as < a3 < a4 < as}. Define the morphism g by

g:A* — A*
a; = a10305040G2
ag +F> aqG203
az = asai
ay > ajas
as 020304

The morphism g fulfills the conditions of Theorem 1. Here we choose p =3, A = A; U Ay U A3 with
A1 = {al}, A2 = {ag,a4}, A3 = {CL3,CL5}, and mip = Mo = M3 = 1, thus M = 3.

One has [g(a1)|1g2 = 6, [g(az)|ig2 = |g(as)lig2 = 1, [g(as)lig2 = 0, [g(as)|1x2 = 3,

lg(a1)|2g1 =4, |g(az)l2g1 = 2, |g(as)|241 = 1, [g(as)l2z1 = |g9(as)|241 =0,

lg(ara1)|§%y = 10, |g(agaz)|§%s = lg(asas)|§%s = 3, |g(azas)|$%, = |9(asaq)[§%, = 1,

l9(a1a2)|§%y = lg(aras)|f%y = 6, |g(a1a3)|§%y = |9(ar1aq)|$%y = 4, |9(a2a3)|{Yy = |9(azaq)|fy, =
|g(azas)|5%y = |g9(asas)|5%, = |g(asas)|S%, = 3, [g(azaq)|{yy = 1.

To end we recall that, with the second condition of Theorem 1 and property 3, one has for every
integers 4,7, 1 < i,j <k, |g(a:a;)|7%s = [g9(aia;)|55,;-

Then we have the following corollary of Theorem 1.

Corollary 7 For every positive integer n,
9" ()12 = 19" (a2a4) 142 = |97 (azas) 142 = 3771 - (5 3"F! 4 2),

19" (a1)|ow1 = 19" (azas) |2p1 = 19" (azas)|ap = 3771 (53" —2).

3. Let A be the three-letter ordered alphabet A = {a < b < c}. Define the morphism h by

h:A* — A*
a +— aba cab cac bab cba cbe
b +— aba cab cac beca beb abe
¢ +— aba cab cba cbe ach abe

13



This morphism was given to be square-free by Brandenburg in [6]. It fulfills the conditions of Theorem
1 withp =3, A=A, UAyU A3 with 4 = {a}, 43 = {b}, 43 = {c}, and m1 = ma = m3 = 6, thus
M = 18.

One has |h(a)[142 = 70, [h(b)|1x2 = [h(c) 12 = 66, |h(a)[241 = 38, |h(b) |21 = [h(c)|2p1 = 42.

Moreover, due to the particular form of the morphism h (it is uniform, i.e., |h(a)| = |h(b] = |h(c)|,

exrt

and for every x,y € A, [h(x)], = 6), one has |h(xy)|{%; = [h(xy)|5H, = 108 for every z,y € A.
Then we have the following corollary of Theorem 1.
Corollary 8 For every x € A and for every positive integer n,
|W" (@) 140 = 6 - 18" 71 (9- 18" 4 40),

|hn+1(m)|2#1 — 6 . 18'IL—1 . (9 A 187’L+1 _ 40)

6 Ordered patterns with no gaps and morphisms

In this last section we consider the problem of counting consecutive patterns in words generated by
morphisms. Here the things are a little bit more complicated than in Section 3. Indeed the computation
of external occurrences of such a pattern can be distorted by the fact that morphisms are allowed to be
erasing. For example if A = {a; < as < az} and f(a1) = aza1, f(a2) = ¢, f(az) = a3 then the word
f(a1aza3) contains an occurrence of the consecutive pattern 12 while f(ajaz2) and f(asa3) do not contain
such an occurrence. Thus we have a priori to study more than only words of the form f(a;a;) which were
enough in the case of classical patterns. The result of this study is presented in Proposition 5 in which
are given recurrence formulas for rises (occurrences of the ordered pattern 12), descents (occurrences of
21), and squares of one letter (occurrences of 11). We end again with some examples illustrating that
our technique can provide exact formulas when the morphism is given.

6.1 Rises, descents, and squares of f”

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a; < ag < -+ < ax}.
Let f be any morphism on A: for 1 < i < k, f(a;) = a4y ...a;, with p; > 0 (p; = 0 if and only if
flai) =€)

The vector of rises of f™ is the k vector whose i-th entry is the number of occurrences of the ordered
pattern 12 in the word f™(a;), i.e.,

Pq

R(f™) = (|f"(ai)li2)1<i<k-

The wvector of descents of f™ is the k vector whose i-th entry is the number of occurrences of the
ordered pattern 21 in the word f™(a;), i.e.,

D(f") = (If"(ai)l21)1<i<k-

The vector of squares of one letter of f™ is the k vector whose i-th entry is the number of occurrences
of the ordered pattern 11 in the word f"(a;), i.e.,

Ro(f") = (|f™(ai)|11)1<i<k-

Here again, as in Section 3, our goal is to obtain recurrence formulas giving the entries of R(f"*1),
D(f™+1), and Ro(f+1).

We define two sequences of k vectors, (F/(f™))nen~ and (L(f™))new, where F(f™)[i] is the first letter
of f™(a;) and L(f™)[d] is the last letter of f™(a;) if f™(a;) # €, and F(f™)[i] = L(f™)[i] = 0if f"(a;) = €.
Of course these two sequences take their values in a finite set: they are ultimately periodic. Thus they
can be computed a priori from f.

Given a non-negative integer n, let X’ be the subset of R such that, for each i € N, f"(a;) # ¢ if and
only if i € X'. We associate to the two vectors F(f™) and L(f™) an application C}? : ¥ x X' — {0, 1}
defined by

m 0, if L™ = F(f™)[]-

14



Similarly we define

czii)={ o Hrimh

and
iy = { b U= E(l
m 0, if L™ # F(f™)]-

For any morphism f on A, there exists a least integer My (M < k and My depends only on f) such
that, for every positive integer n and every a € A, f"(a) = ¢ if and only if fs(a) = . By convention, if
f is a nonerasing morphism then M; = 0. The integer My is known in the literature about L-systems as
the mortality exponent of f (see, e.g., Levé and Richomme, 2005 [20]).

Now let £ be an integer, 1 < ¢ < k. One has f(a;) = ay, ...ar, and we denote by ¢} .. 'E;Z the

subsequence of /; ... £, such that f**'(a;) = f"(ay ...ap ) for every n > My. This means that, for
Py

Pe

every n > My, a letter a,, appears in ay, ...ag, but not in ay ...ap, if and only if f"(as,) = e. Of
p

14

Pe
course p, < py, and if My = 0 then p, = p, for each 1 < ¢ < k.
Here also, as in Section 3, the number of occurrences of the ordered pattern 12 in f"*1(a,) =
fae, - ap,,) = f"(ag ...ap,) (n > My) is obtained by adding two values:
Pe

e the number of occurrences of the ordered pattern 12 in each f™(ay,;), 1 <4 < py. As in the previous
case, this number is equal to Zle [f™(at)|12 - M1,

e the number of external occurrences of the ordered pattern 12 in f"(ag; ag;) for each subsequence
agag of f(ag), 1 < i < j < pj. But the only possibility for 12 to be an external occurrence in
fn(agga[;) is that j =i+ 1 and the last letter of f"(as) is smaller than the first letter of f”(aglj).
Thus, the number of occurrences of such patterns is only the number of times L(f™)[i] < F(f™)[i+1]
with i + 1 < pj, i.e., the number of times C22(¢,0;, ) =1 for 1 <i < pj, — 1.

We proceed similarly with the patterns 21 and 11. Consequently we have the following proposition.

Proposition 5 For each letter a; € A, f(ae) = au, ...aq,,, and for all n > Mg, let 7. 6;} be the
subsequence of {1 ...y, such that f"(a;) = [ (ag, ...ag//) and f*(ap) #¢e, 1 <i<p). Then
Py B :

k pp—1
[ @0)he = D1 @dhe - mae+ Y CR2 (6, 6), (6)
t=1 =1
k Pe 1
11 @) lor = Y 1™ (@n)lor - mae + Z Cal (€ i), (7)
t=1
k py—1
[ ao) i =Y 1@l - mage+ Y CRNEL Gy y). (8)
t=1 =1

6.2 About the repetitions of one letter with no gaps

The case of p-repetitions of one letter is more complicated when no gaps are allowed. Indeed we have
to find blocks of p consecutive equal letters but, generally, this number p is limited by a given value
depending on the morphism itself. For example the Thue-Morse morphism g (see Section 3.2) is such
that p™(a1) and p"(az) do not contain ajaia; nor asasas as factors, whatever be the value of n (u
generates cube-free words). This explains why in the previous section we only provide a formula giving
the number of squares of one letter (the ordered pattern 11) in the words f"(a;), 1 < i < k. If we want
to obtain a formula giving the number of p-powers of one letter (the ordered pattern 1?) for some p > 3
the computation of external repetitions (corresponding to C}! in equation (8)) will become much more
complicated.
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6.3 Some examples

We only give here a little number of examples illustrating Proposition 5 because the involved techniques
are roughly the same as in the case of patterns with gaps. First we give three particular cases of families
of morphisms in which the number of external occurrences of the ordered pattern is trivially obtained.
Then we give examples of exact formulas in the well known cases of the Thue-Morse and the Fibonacci
morphisms in order to compare with the results obtained in Section 3.2. We end by an example of a basic
erasing morphism and one in which the value of the integer My above is 2.

6.3.1 No external rises

Let us suppose that the morphism f is such that, for all ¢ and j, L(f)[i] > F(f)[j]. According to
equation (6), in this case, for each letter a; € A, f(a¢) = ag, ...ay,,, and for all n > My,

k
[ @)l = Y 1™ (@) ha - ma e

t=1
Moreover, if the above inequality is strict then, according to equation (7),

k

[ @)l = Y 1™ (@) |ar - maee +pp — 1.

t=1

6.3.2 No external descents

If, conversely to the previous case, the morphism f is such that, for all ¢ and 7, L(f)[i] < F(f)[j] then,
according to equation (7), for each letter a € A, f(ar) = ay, ... ay,,, and for all n > My,

|JmJrl az |21 Z|f Qg |21 mi.e-

Moreover, if the above inequality is strict then, according to equation (6),

k

[ @0)ha = D 1™ @)z - mae +pp — 1.

t=1

6.3.3 No external squares

Now, if we suppose that the morphism f is such that, for all ¢ and j, L(f)[i] # F(f)[j] then, according
to equation (8), for each letter as € A, f(a¢) = ay, ... ay,,, and for all n > My,

k
[ (@)l = Z |f™ (@) 11 - ma e
=1

6.3.4 The Thue-Morse morphism

For details on this morphism see Section 3.2.

Here, k=2 and for all 1 <¢,£ <2, my+¢ = 1. Since p nonerasmg, uw=0.
if n is even
: > 12 21 _ 1
Moreover for any integer n > 0, C;%(1,2) = C21(2,1) { if 1 is odd,
1, 1f n is odd

Orlb2(2’ 1) = 07211(172) =0 and 071L1(172) 011(2 1) = { 0, if nis even

Thus, from equations (6), (7), and (8) we obtain, for every n > 0,

1, if nis even
" a)hz = [u"(a1)lh2 + [p"(az)]i2 + { 0, ifnis odd
\M”f(@)hz = [p"(a1)|1i2 + |p"(az) 12
[ a)|ar = [p"(a1)|er + |1 (a2)]21

1, if nis even
1" (az)l2r = [u"(a1)]ar + 1" (az)lar + { 0, ifnis o‘(lld

1, ifnisodd
n+1 — n+1 — 9. n ’

‘,LL (al)‘ll - ‘,LL (G/Q)‘ll =2 |M (a’1>|11 + { O7 if n is even.
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Since R(u) = [ 1 0], D(u) = [0 1] and Ry(u) = [ 0 0 | we obtain again a rather trivial
result.

Corollary 9 For any integer n > 0,

Ry = [*57 %57 ] = D) = Re(w")
R(p2m+1) [ 2(4’;—1) 1 2(4’;—1) }

D) = [ B 2

Ro(p2m) [ @ 2(4’;—1) }

6.3.5 The Fibonacci morphism

For details on this morphism see Section 3.2.
Here again k =2 and M, = 0.

First we note that for n > 1, since ¢(az) = aj, one has |[p"(az2)|zy = |¢" (a1)|sy for zy = 12,
zy = 21, and zy = 11.

Moreover we are in case 6.3.1 above thus |¢" 1 (a1)l12 = |¢"(a1)]12 - m11.1 + [¢"(az2)|12 - m1 21 for
every n > 1.

1, ifnis odd
o _ oy . . 21 _ )
Now my11 = mi21 = 1 and, for any positive integer n, C;'(1,2) = { 0. ifn is even and
1, if nis even
11 _ )

QJL”_{o,ﬁnmm¢

Thus, from equations (7) and (8) we obtain, for every n > 1,

" (a1)]21

1, if nis odd
el + @l +{ g7 i

, if n is even

1, if nis even

Ww“m“”wmﬂ“+{o,ﬁnEMd

" (a1)]11

Since R(¢) =[ 1 0 | and D(¢) = Ra(¢) = [ 0 0 | we have again a well known result.

Corollary 10 For any integer n > 1,

R(Son) - [ anl Fn72 ]
D(@*) = [ Fano1 Fon—a—1 | = Ry(p* ")
RQ((pZn) = [ Fon_o—1 Fy, 3 } = D(@2n*1).

6.3.6 Erasing morphisms

Let A be the four-letter ordered alphabet A = {a1 < as < a3 < aq}.

1. Here we consider the erasing morphism f, given in Section 5.5, defined on A by

f(al) 41030204
flaz) = €

flaz) = aiaq
flas) = aza3

One has My = 1.

First remark that, for any positive integer n, f"(a2) = € thus |f"(az)|sy = 0 for zy = 12, zy = 21,
and zy = 11.
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Here again we are in case 6.3.1 above thus, for n > 1,

[ a)he = [f™(a1)he + 1" (a2) 2 + [ f"(as)li2 + [f"(aa)]12
= [f"(a1)li2 + [f"(a3)12 + [f"(a4)]12

[P az)iz = [f"(a1)he + /" (aa)]r2

[P ag)ie = [f*(a3)|he-

Moreover the values of the number pj, of Proposition 5 are p} = 3, p5 = 2, p), = 1 and, since the
inequality L(f)[¢] > F(f)[J] is strict for all the values of %, j, one has for every n > 1

|7 (a1)|2 |f™(a1)]21 + [f™(as)|21 + [ f™(as)]2r + 91 — 1

[f™(a1)|21 + | f™(a3)]21 + | f"(a4)]21 + 2

[ (az)lor = [f™(a1)|2r + /™ (a)]2r + 1
|f" T ag)lar = |f™(as)]a1.

But |f(a1)li2 =2, [f(az)li2 = 1, [f(as)l12 = 1 and [f(a1)|2a1 = 1, [f(a3z)|or = 0, [ f(as)|21 = 0.
Thus we deduce easily that |f™(a;)|e1 = |f"(ai)]12 —1fori=1,i=23, and : = 4.

To end, we are also in case 6.3.3 above. Consequently, for every n > 1,

/P )l = [f*(an)in + ™ (a3)lin + | (aa) 12
[P as3)ln = [f™(a1)lin + ™ (aa)ln
/7 )l = [f(as)|u-

But, since |f(a1)lin = |f(asz)li1 = [f(as)lin = 0, this implies that [f"(a1)[1n = |f"(a3)l1 =
|f™(aq)]11 = 0 for any positive integer n.

So it remains to calculate the values of |f"*(a1)|12 and |f" 1 (a3)|12.

Since f(a1) = ajazazas and f(azas) = ajagasas, it is clear that | f™(a1)|,, = 2"~ for each 1 <i < 4
and n > 1.

Thus, since there are no external occurrences of the ordered pattern 12 in a word f™(a;) whatever is
the value of n, one has for every n > 1

[ a)he = 2" ([f(a)he + [ f(as)liz + | f(aa)]12)
= onl.yg
ot
In the same manner, for every positive integer n, |f"(as)lq, = |f"(a3)|a, = 2f—1’ if'nis even
) yp g ) 3)lar — 3)lay — 2”34_1’ if n is odd

2’7l+2 . .

if n is even
d n = n = n3 ’
o (e, = |y = { 2Ty’

)

Consequently if n is even then

| as)he = F5E - (If(a)he + | f(as)li2) + 252 - | f(a3)]12

- C VR LR
—3 T3

2nt2_q

and if n is odd then |fn+1(a3)‘12 _ 3(27;—4-1) + 2n3,2 _ 2n+32+1.

Starting from R(f) = [ 2 0 1 1 ], the above results are summarized in the following
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Corollary 11 For any integer n > 1, Ry(f")=[0 0 0 0] and

S R

if n is even . ‘327&172 3 i
D) = [2n—1 0 24 =,
R(f" _ on ontl g 2”+1]

if n is odd ( n) 32n+1743 oy

2. Now we consider the erasing morphism g defined on A by

gla1) = aiazasa3
fla2) = a3

f(as) = £

f(a4) = @1G204

Here we have My = 2, i.e., we must be careful to the fact that ¢"(az) = € only from n = 2. Thus the
recurrence formulas giving the values for ¢g"*! from those for g” must be given for n > 2, which means
that the particular cases are those for both g and g2.

Let n > 2. Since ¢g"(az) = ¢g"(a3) = € one has, for xzy = 12, zy = 21, and 2y = 11, [¢" " (az)|sy =
9" (a3)|zy = 0 and [g" " (a1)]ay = |9" " (a4)]wy-

We are in case 6.3.1 thus |g" " (a1)|12 = 2 - |g™(a1)|12-

Now, C21(1,4) = 1, hence |¢""(a1)]21 =2 |g"(a1)|21 + 1.

To end, 0%1(1,4) = 0 thus \g”“(al)hl =2- \g”(a1)|11.

Consequently we obtain the following
Corollary 12 R(g)=[2 0 0 2], D(g)=[1 0 0 0], R(9)=[0 0 0 0],

and, for any integer n > 2,

R(g") = [2" 0 0 2" ]
D(g") = [2n7'4+2"2-1 0 0 27 '42n2-1 ]
Ry(g™) = [272 0 0 272 ].
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