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Abstract. We start a general study of counting the number of occur-
rences of ordered patterns in words generated by morphisms. We consider
certain patterns with gaps (classical patterns) and that with no gaps
(consecutive patterns). Occurrences of the patterns are known, in the
literature, as rises, descents, (non-)inversions, squares and p-repetitions.
We give recurrence formulas in the general case, then deducing exact
formulas for particular families of morphisms. Many (classical or new)
examples are given illustrating the techniques and showing their interest.
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1 Introduction

In algebraic combinatorics, an occurrence of a pattern p in a permutation 7 is a
subsequence of 7 (of the same length as that of p) whose elements are in the same
relative order as those in p. For example, the permutation m = 536241 contains
an occurrence of the pattern p = 2431. Babson and Steingrimsson introduced
generalized patterns where two adjacent elements of a pattern must also be
adjacent in the permutation [2].

In combinatorics on words, an occurrence of a pattern p in a word u is a
factor of u having the same shape as p. For example the word v = abaabaaabab
contains an occurrence of the pattern p = aafBaas.

Burstein [4] realized a “mixing” of these two notions by considering ordered
alphabets. An occurrence of an (ordered) pattern in a word is a factor or a
subsequence having the same shape, and in which the relative order of the letters
is the same as that in the pattern. In [5] one computed the number of occurrences
of many of ordered patterns in the Peano words. In the present paper we start
a general study of counting the number of occurrences of ordered patterns in
words generated by morphisms.



2 Preliminaries

2.1 Definitions and notations

We refer to [7] for standard definitions in combinatorics on words.

Let n be a non-negative integer. The incidence matriz of f™ is the k x k
matrix M(f") = (Mn,;)1<ij<k Where my ; ; is the number of occurrences of
the letter a; in the word f"(a;), i.e., my,,; = |f"(a;)

aij -

Property 1 For every n € IN, M(f)™ = M(f").

2.2 Ordered patterns

Let A be a totally ordered alphabet and let R be the ordered alphabet whose
letters are the first n positive integers in the usual order (thus X = {1,2,...,n}).

An ordered pattern is any word over RU{#}, # ¢ R, without two consecutive
#. If a pattern contains at least one #, not at the very beginning or at the very
end, it is an ordered pattern with gaps; otherwise it is an ordered pattern with no
gaps. Moreover, in this paper the four ordered patterns u, #u, u#, and #u# are
considered to be the same (but of course u#tu is not the same pattern as uu). In
particular, if x is a word over R, we will write (z#)¢ or (#2)° to represent the
ordered pattern x#x# - - - #x containing [ occurrences of the word x.

A word v over A contains an occurrence of the ordered pattern

= uiH#Hus# - H#un,

u; € Nt and n > 1, if v = woviwiv2wWs - - - Wp_1V, W, and there exists a literal
morphism f : X* — A* such that f(u;) =v;, 1 <i<n,andifz,y eN, z <y =
f(z) < f(y). Thus the word v contains an occurrence of the ordered pattern u
if v contains a subsequence v" which is equal to f(u’) where «’ is obtained from
u by deleting all the occurrences of #, with the additional condition that two
adjacent (not separated by #) letters in u must be adjacent in v. The number
of different occurrences of u as an ordered pattern in v is denoted by |v],,.
Ezample. Let A = {a,b,c,d,e, f} with a < b < ¢ < d < e < f. The word
v = eafdbc contains one occurrence of the ordered pattern 2#31, namely the
subsequence efd (leafdbc|agsz1 = 1). In v, the ordered pattern 2#3#1 occurs in
three occurrences: efd, ef b, and efc (Jeafdbc|ags#1 = 3); the ordered pattern
231 does not occur in v (leafdbc|agr = 0).

3 Ordered patterns with gaps and morphisms

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a1 < az <
-+ < ay}. Let f be any morphism on A: for 1 <i <k, f(a;) = a;, ...a;, with
p; >0 (p; =0 if and only if f(a;) = €).



3.1 Inversions, non-inversions, and repetitions with gaps of f™

In what follows we are interested in some particular forms of ordered patterns.
In accordance with permutations theory, an inversion (resp. non-inversion) is
an occurrence of the ordered pattern 241 (resp. 1#2). Repetitions with gaps of
one letter are occurrences of the ordered patterns (1#)?, p > 1.

Inversions and non-inversions Let n be a non-negative integer.

The vector RG(f™) of non-inversions (resp. vector DG(f™) of inversions) of
f™ is the k vector whose i-th entry is the number of occurrences of the ordered
pattern 1#2 (resp. 2#1) in the word f™(a;), i.e.,

RG(f") = (If"(ai)lig2)i<i<e  DG(f") = ([f"(@)l241)1<i<k-

Our goal is to obtain recurrence formulas giving the entries of RG(f"*1) and
DG(f™*1). Since fmt! = fmo f = fo f™, we have two different ways to compute
RG(f"t1) and DG(f™+1).

Let £ be an integer, 1 < ¢ < k. Either [f" ™! (a¢)|142 (vesp. |f" " (ae)|2z1)
will be obtained from the word f(a,) and the entries of RG(f™) (resp. DG(f™))
(see 1. below), or it will be computed from the values of RG(f) (resp. DG(f))
and f™(ae¢) (see 2. below).

1. From f"*t! = f"o f:
Since f(ar) = ay, ... ae,,, the number of occurrences of the ordered pattern 142
in "t (ag) = f*(f(ar)) = f"(ar, ... ag,,) is obtained by adding two values:

e The number of occurrences of the ordered pattern 1#2 in each f™(ay,),
1 <4 < pyg. Since the ¢-th column of the incidence matrix of f indicates which
letters appear in f(a;) (and how many times), this number is obtained by mul-
tiplying the vector RG(f™) by the £-th column of M(f), i.e., it is equal to
i " (@)l e

e The number of occurrences of the ordered pattern 1#2 in each of the
J™M(ag,ag;), 1 < i < j < pg, where the letter corresponding to 1 is in f"(ay,) and
the letter corresponding to 2 is in f"(ae,). In what follows we will call such an
occurrence of 1#2 in f"(ae,ar;) an external occurrence of the ordered pattern
142 in f™(ag,ae;), and denote it | f™(as,ar; )|5%s-

The value of |f"(ar,ae;)|5%, is obtained by adding, for all the integers r,
1 < r < k —1, the product of the number of occurrences of the letter a, in
f™(ag,) (|f"(ae;)|a,) by the number of occurrences of all the letters of f"(ay,)
greater than a, (|f™(ag;)la,, 7+ 1 < s < k). This gives

k—1 k
E (mﬂﬂ“li : E mmsxfj)'
r=1 s=r—+1

The number of external occurrences of 1#2 in all the f™(agar;), 1 <i < j <
Pe, is thus given by

k—1

- k
S Mana) S = > O (M Y M)

1<i<j<pe 1<i<j<pg r=1 s=r+1



2. From f"*! = fo f".
Let go = [f™(ar)] = f"(ae) = f(f™(ar)) = f(agy ...a%l). Here the number of
occurrences of the ordered pattern 1#2 in f"*1(a,) is obtained by adding:

e The number of occurrences of the ordered pattern 1#2 in each f"(as),
1 <7 < gp. As above it is equal to Zle |f(ae)|ig2 - M-

e The number of external occurrences of the ordered pattern 1#2 in each of
the f(aggag;), 1 <i < j<qe As above, this number is given by

k—1
Z |f(ae;ae;)|§;f2: Z (Z myrel - Z m152'

1<i<j<qe 1<i<j<qe r=1 s=r+1

The same reasoning applies for calculating the entries of DG(f™*1), replacing
1#2 by 2#1 and “greater” by “smaller”. Thus we have the following.

Proposition 1. For each letter ay € A, let py and q¢ be such that f(ay) =

ag, ... ag,, and f(ag) = ag, ... agp, . Then, for alln € IN,

k—1
|fn+1(af)|1#2: Z (Z my,re.: Z mlsl’ +Z|f a |1#2 Mnte, (1)

1<i<j<qe r=1 s=r+1

k r—1 k
P @)l = Y O (mase Y mase)+ I (@)|apr M. (2)
s=1 t=1

1<i<j<qe =2

Of course, the analysis we have done above could be realized to compute
more complex ordered patterns with gaps, such as 1#23, 1#2#3, --- The only
difficulty is to adapt the computation of external inversions and non-inversions.

Repetitions of one letter Let n be a non-negative integer and p a positive
integer. The vector of p-repetitions with gaps of one letter of f™ is the k vector
whose i-th entry is the number of occurrences of the ordered pattern (1#)? in
the word f"(a;), i.e., R,G(f™) = (|f"(ai)|(12)»)1<i<k- The following is obvious.

Proposition 2. For each letter ag € A and for all n € IN,

gy =3 (™). 3)

t=1 p

3.2 Some examples in the binary case

The Thue-Morse morphism The Thue-Morse morphism p ([10],[9],[8]) is
defined by u(a1) = ajas, plaz) = azai. It generates the famous Thue-Morse
sequence t = p¥(aq) which has been widely studied.



For every positive integers n, the incidence matrix of p” is

n 2n—1 2n—1
M(:u ) = |:2n—1 2n—1:|

Thus, from equations (1), (2), and (3) we obtain

| (an) gz = [ (a2) gz = 22070 + [ (an) gz + 07 (a2) e,
[ (@) |2 = [+ (@)l = 22070 4 [ (a1) o + |17 (a2) o,
1™ (@)l gy = ™ (@2)|apye =2- (3, )

Since RG(u) = [10] and DG(p) = [0 1], Proposition 1 gives the following
well known result.

Corollary 1. For any integer n > 2,

RG(u™) = DG(p™) = [2*"72 22" 73] and R,G(u") = {2, " 2. (2"71)} _

p p

The Fibonacci morphism The Fibonacci morphism ¢ is defined by ¢(aq)
araz, p(az) = ai. It generates the well known Fibonacci sequence f = ¢¥(a
which is the prototype of a Sturmian word (see, e.g., [7]).

Let (F,)n>—1 be the sequence of Fibonacci numbers: F_; = 0, Fy = 1,
F, =F,_1+ F,_5 for n > 1. The following property of Fibonacci numbers will
be useful below.

)

1if n is even,

Property 2 For every positive integer n, Fy,-F,,_o = F2_, —|—{ 1 ifn is odd

An easy computation gives that, for every positive integer n, the incidence

matrix of ¢™ is M (™) = {?” ?"71 ]
n—1 4'n—-2

The vector of non-inversions of ¢ is RG(p) = [1 0] . Moreover equation (1)
(see Property 2) gives, for n > 1

lp" T (an) g = Min11 - Mn22 4 |9™ (a1)|12 + [0 (a2) 142
= Fy - Fua +[9"(a1)lig2 + @™ (a2)|142

1if n is even,
= 7%—1 +|¢n(a1)|1#2+|</)n(a2)|1#2+ —1ifnis odd

The vector of inversions of ¢ is DG(p) = [0 0] . Moreover, equation (2) gives,
forn>1

" an) a1 = Min2a - maa2 + 9" (@121 + 0™ (a2) 241

= F2 @™ (a1)]21 + 9" (a2)]241-

I

Now, [¢""(az)l1z2 = [¢"(a1)hx2 and [@" " (az)l2p1 = [¢"(a1)|241 because
plaz) = ai.

From this we obtain formulas to compute, for every n > 0, [¢"2(a1)|142
and "2 (a1)|241 from the sequence of Fibonacci numbers.



Corollary 2. For every integer n > 0,

"2 (an) |2g1 = 2o po FpFi—p

if n is odd,
lp" 2 (an) ig2 = l@" T2 (a1)agr + F + { f

1if n is even.

Regarding repetitions of one letter, R,G (¢ {(117) ( ) (11))} and, for n > 0,

the vector R,G(¢"?) is obtained from equation (3).

Corollary 3. For any integern > 0, R,G(¢"1?) = {(F”;“) + (F7;+1) (F7;+1) + (IZ‘)} .

4 A particular family of morphisms

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a1 < az <
- < ag}. In this section we are interested in morphisms f having the following
particularities:

1. there exists a positive integer m such that |f(a1)ls, =m, 1 <i <k,

2. there exists a positive integer d such that |f(as...ag)|s, =d, 1 <i <k,

3. for every 4,7, 1 < i,j <k, |f(aia;)|{%, = | f(a;a:)|{%,-

(Conditions 1. and 2. are particular cases of the more general situation, consid-
ered in Theorem 1 below, in which the alphabet A is partitioned in sets A, As,

.., A, such that, for each A;, the sum of the number of occurrences of each
letter in the images of letters of A; is the same.) In this case we are able to give
direct formulas to compute |f™"!(a1)|142 and others from m, d, and n.

Proposition 3. For every positive integer n,
[f+ (an) 12

k
=m(d+m)"! Z I/
=
1<
2

(ai)l1g2 + [m(d+m)n71_21]m(d+m)nil f:l|f(aj@j)|§ﬂ2
wAd e mP S )l -
|/ (ag ... an)|14
= dld -+ ) 3 [0 SN |0, 5,
P

+612(Cl+m)2"2 Z If(aiaj)li”#z-
<i<j

Now the same reasoning can be applied for
[f*H(a1)|2gr and |f* (a2 .. ak)|ag,
because of the following obvious property.

Property 3 Let f be a morphism on A. For every non-negative integer n, and
for every integers i,5, 1 < i,5 <k, |f"(a;a;) ﬁ;&tz = |f"(ajai)|§§;1.



Thus, using equation (2), we have the following.
Proposition 4. For every positive integer n,
[f+ (a1) ]2

k
=m(d+m)" " 3 |f
;:1
1<
1
k

(0o + L2t )3
wid e m)P S fa)lh -
|f" (ag .. . ar)|24
= -+ m) 3 (o)l + Y S )

+612(€l+m)2"2 Z If(aiaj)lé”#l-
<i<j

The previous reasoning can of course be applied if conditions 1. and 2. are
verified for any partition of the alphabet (in Propositions 3 and 4 the partition is
in two sets A = {a1}U{az...ax}). Then we obtain the following general result.

Theorem 1. Let k be an integer (k > 2), and A the k-letter ordered alphabet
A={a; <ag <...<ar}t. Let f be a morphism on A fulfilling the following
conditions:

— there exist a positive integer p and a set of p positive integers {mq,...,my}
such that A can be partitioned into p subsets A, ..., Ap with 3, 4, |f(a)]a, =
my, 1 < { < k;

- for every i7j7 1 S Za] S k7 |f(aia])|i/?¢t2 - |f(a/ja/i)|i/?¢t2'

Let M =mq + ...+ my and let uw = 192 or u = 2#1. For every integer n > 1
and for each Ay, 1 <€ <p,

m n=1_1Yym n—1 k ex
S 17 (@) = meM™ 1E|f(az)lu+( S e 5 1f(ager)l

a€Ay
+m2M2n 2 Z |f(ala]) emt'
1<i<j<k

5 Examples

In this section we give a series of examples of application of Theorem 1.

5.1 The Thue-Morse morphism

The Thue-Morse morphism (see Section 3.2) is the simplest example of a mor-
phism fulfilling conditions 1. to 3. above. Indeed m =d =1, and

lu(aras)|5%s = larazazar|7%, = 1 = |asararaz|5%s = |p(azar)|{%s,

ext

l(ara1)|5%, = |u(aza2)|5%, = 1. Since |pu(ai)lige = |u(az)|agr = 1, and
[(a1) |21 = |u(az)|1x2 = 0, we obtain from Propositions 3 and 4 that

n+1 n+1 n+1 o 227171

[T (an) 12 = (0" (@1) 21 = [T (a2) lige = [T (a2)]21 =



5.2 The Prouhet morphisms

Let k > 2, and let A be the k-letter ordered alphabet A = {a1 < --- < ax}. The
Prouhet morphism y, ([9]) is defined on A by 7 (a;) = a;ai41 ... akay ... a;—1,1 <
1 < k. As above we obtain a corollary of Theorem 1.

Corollary 4. For every i, 1 <1i <k, and for every positive integer n,

k—1)k"

|7TZ+1(ai)|l#2 — % (3kn+1 +k— 2) ,
k—1)k"

|771?+1(ai)|2#1 — % (3kn+1 —k+ 2) )

5.3 The Arshon morphisms

Let k be any even positive integer. The morphism £ ([1]) is defined, for every
r, 1 <r<k/2 by

A2r—1 ¥ G2y —102¢ ... Ak —1ALQ1G2 . . . A2r 30272,
a2y 7 02r—-102r—-2...02010EAk—1 - . . Q294102

Corollary 5. Let k be any even positive integer. For every i, 1 < i < k, and
for every positive integer n,

knfl

1B (as) |12 = 55 - (k"2 (k—1) +2k]
1B (ai)|ager = K= [k"F2 - (k — 1) — 2] .

Ezxample. For every i, 1 < i <k, and for every n > 1,

185 (ai) e = 6"71 - (456" +3), |65 (ai) g1 = 6" - (456" — 3).

5.4 Three other examples

1. Let A be the four-letter ordered alphabet A = {a; < as < a3z < a4}. Define the
morphism f on A by f(a1) = a1asasas, f(az2) =¢, f(az) = ar1a4, f(as) = asas.

The morphism f fulfills the conditions of Theorem 1. Here we choose p = 3,
A=A1UAUA3 with A; = {al}, Ay = {az}, Az = {ag,a4}, and m; =mg3 =1,
mg = 0, thus M = 2.

Corollary 6. For every positive integer n,

|fn+1(a1)|1#2 = |f"+1(a3a4)|1#2 —=3.9n-1. (2n+1 +1),
|fn+1(a1)|2#1 = |fn+l(a3a4)|2#l =3. 2n—1 . (2n+1 _ 1),
|f"  (a2) 12 = [/ az)|2gn = 0.



2. Let A be the five-letter ordered alphabet A = {a1 < a2 < ag < a4 < as}.
Define the morphism g on A by g(a1) = arasasaqas, g(az) = asasas, glas) =
asal, g(as) = aras, g(as) = azasay.

The morphism g¢ fulfills the conditions of Theorem 1. Here we choose p = 3,
A= Ay U Ay U Az with A7 = {al}, Ay = {ag,a4}, Az = {a3,a5}, and m; =
me = mg = 1, thus M = 3.

Corollary 7. For every positive integer n,

lg" T (a1) 142 = |9"+1(aza4)|1#2 = |g" " (agas)lige = 3" - (53" +2),

lg" T (a1)]21 = |9" T (a2aa) 241 = 9" (agas)|agpr = 3" - (53" —2).

3. Let A be the three-letter ordered alphabet A = {a < b < ¢}. Define the
morphism h on A by h(a) = aba cab cacbab cba cbe, h(b) = aba cab cacbea beb abe,
h(c) = aba cab cba cbe ach abe.

This morphism was proved square-free by Brandenburg in [3]. It fulfills the
conditions of Theorem 1 with p =3, A = Ay UA;U A3 with 4y = {a}, A2 = {b},
As = {c}, and m; = ma = mgz = 6, thus M = 18.

Corollary 8. For every x € A and for every positive integer n,

|R" T (2) 142 = 618771 (9 - 187! + 40),
|R" L (z)]ag1 = 618771 (9. 18" F1 — 40).

6 Ordered patterns with no gaps and morphisms

6.1 Rises, descents, and squares of f"

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a1 < az <
- < ay}. Let f be any morphism on A: for 1 <i <k, f(a;) = a;, ...a;, with
p; >0 (p; =0 if and only if f(a;) = ¢).
The vector of rises (resp. vector of descents, resp. vector of squares of one
letter) of f™ is the k vector whose i-th entry is the number of occurrences of the
ordered pattern 12 (resp. 21, resp. 11) in the word f"(a;), i.e.,

( ") = (1f"(a)h2)i<i<k,  D(f") = (1f"(ai)|21)1<i<k,
Rao(f") = (If"(ai)l11)1<i<k-

We define two sequences of k vectors, (F(f"))new and (L(f™))new, where
F(f™)[é] is the first letter of f™(a;) and L(f™)[i] is the last letter of f™(a;) if
f™(a;) # €, and F(f™)[i] = L(f™)[i] = 0 if f™(a;) = e. Of course these two
sequences take their values in a finite set: they are ultimately periodic. Thus
they can be computed a priori from f.

Given a non-negative integer n, let X’ be the subset of N such that, for each
i €N, f"(a;) # ¢ if and only if i € X'. We associate to the two vectors F'(f")
and L(f™) an application C}? : X x X' — {0, 1} defined by

i L(f™)[E] < F(f™)[5]
60 = i L > L)



Similarly we define

SELOM > PG oane o [ L L] = F(P)]
Ca'(0,) = { 0.if L(/")li] < F()) C}ll“’”‘{o, it L(F")[i] £ F(f)[j]

For any morphism f on A, there exists a least integer My (My < k and
M/ depends only on f) such that, for every positive integer n and every a € A,
f™(a) = ¢ if and only if M7 (a) = . By convention, if f is a nonerasing morphism
then My = 0. The integer My is known in the literature about L-systems as the
mortality exponent of f ([6]).

Now let £ be an integer, 1 < ¢ < k. One has f(a,) = ay, ... ay,, and we denote
by #;...4}, the subsequence of (y...4y, such that [ ae) = f(ag ...a%%)
for every n > My. This means that, for every n > My, a letter a,, appears in
ag, ... ag,, but not in ag cap, if and only if f"(ay,) = €. Of course p;, < py,
and if My = 0 then p} = p for each 1 < ¢ < k.

Here also, as in Section 3, the number of occurrences of the ordered pattern
12 in f"(ar) = f™(ae, - -ar,,) = f*(ag ...ag;z) (n > My) is obtained by
adding two values: (1) the number of occurrences of the ordered pattern 12
in each f"(as,), 1 < i < pg. As in the previous case, this number is equal to
Zle | ™ (at)]12-m1.1.¢, and (2) the number of external occurrences of the ordered
pattern 12 in f"(ag;ag/j) for each subsequence ag ag of flag), 1 <i < j < pj.
But the only possibility for 12 to be an external occurrence in f"(ag/ ags) is that
j =i+ 1 and the last letter of f"(as) is smaller than the first letter of f"(ag/ ).
Thus, the number of occurrences of such patterns is only the number of times

(f")[ | < F(f™)[i+1] with i+1 < p), i.e., the number of times C}*(¢;, ¢/, ) =1
for 1 <i<p,—1.

We proceed similarly with the patterns 21 and 11. Consequently we have the
following proposition.

Proposition 5. For each letter ap € A, f(a¢) = ay, . ar,, ; and for alln > My,
let 0] .. '472 be the subsequence of {1 ... Ly, such that f"+1(ag) = f"(ag .. .G/g/pz)

and f™(ay) # e, 1 <i < p). Then

Pel

" @) e = Z|f (a)hz - maee+ > Ch2(l, 0 ), (4)

i=1

Pg_l

[ @) ]or = Z|f at)l21 - maee + Z Cat (6, ly), (5)

=1

Pg_l

k
" a0k =D 1™ @)hn - muge+ Y Chl (G Gy)- (6)
t=1

=1



6.2 Some examples

No external rises, no external descents, no external squares Let us
suppose that the morphism f is such that, for all ¢ and j, L(f)[7]] > F(f)[J]
(there are no external rises). According to equation (4), in this case, for each
letter ap € A, f(as) = ay, .. .ag,,, and for all n > My,

k
|F" T (ae)|12 = Z [ (as)|12 - M1 te.

t=1
Moreover, if the above inequality is strict then, according to equation (5),

k

P (@)l = 1™ (an)lor - mage +p) — 1.
=1

Now if we suppose that, conversely to the previous case, the morphism f is
such that, for all ¢ and j, L(f)[i] < F(f)[j] (there are no external descents) then
we obtain the same result by switching 12 and 21 in the above formulas.

To end, if we suppose that the morphism f is such that, for all ¢ and 7,
L(f)[i] # F(f)[j] then, according to equation (6), for each letter a, € A, f(as) =
ag, .. ag,,, and for all n > My,

|JmJrl Ge |11 Z|f Gt |11 mizt.e-

The Thue-Morse morphism Since R(p) = [10], D(p) = [01] and Ry(p) =
[0 O} we obtain again a well known result.

Corollary 9. For any integer n > 0,

R(ILLQn) _ [4" 1 4"3—1} — D(IUQn) _ RQ(,UQ")
p2n [2(4"—1) 11 2(4"—1)}
2ty [2 4” n 1]
p2n [ 204" — 1)}

The Fibonacci morphism Since R(p) = [10] and D(¢) = Ra(p) = [00]
we have again a well known result.

Corollary 10. For any integer n > 1,
R(Qpn) = [anl Fn72]
D(p*) = [Fon—1 Fon_a — 1] = Ro(p*" 1)
Ro(¢*) = [Fon—2 — 1 Fop_3| = D(¢*" 7).



Erasing morphisms Let A be the four-letter ordered alphabet A = {a; <
as < agz < a4}.

1. Here we consider the erasing morphism f, given in Section 5.4, defined on A

by f(a1) = a1azazas, f(a2) =€, f(as) = aras, f(as) = azas. One has My = 1.
Starting from R(f) = [201 1], we obtain the following corollary of Propo-
sition 5.

Corollary 11. For any integer n > 1, Ro(f") = [0000] and

3

n)y _ | on ontl_g gn_4
D(f") = [2 —1OTT}7

R(fm) = [2m0 2 2t ]

if n is even 3
ny — |gn 2" T-1 2741

R(1") = {2 0 =— TJF}

D(f") = [271_ 10 2= %]

if n is odd

2. Now we consider the erasing morphism ¢ defined on A by g(a1) = a1a2a4as,
g(a2) = as, glas) = ¢, g(as) = a1a2a4. Here we have My = 2.

Corollary 12. R(g) = [2002], D(g) = [1000], Ra(g) = [0000], and,
for any integer n > 2,

R(g™)=[2"002"], D(g")=[2"'4+2"2-1002""1 422 —1]
Ry(g™) = [2"72002"72].
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