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Abstract. We study the asymptotic behavior of a new type of maxi-
mization recurrence, defined as follows. Let k be a positive integer and
pr(z) a polynomial of degree k satisfying pi(0) = 0. Define Ag = 0 and for
n>1,let A, = maxo<icn{A; +n" p(, )} We prove that limp,—c0 2? =
sup{ f’iﬁ”,g :0 <z < 1}. We also consider two closely related maximiza-
tion recurrences S, and Sy, defined as Sy = S = 0, and for n > 1,
Sp = maxo<i<n{Si + Z<"ﬂ)<2"7171)} and S;, = maxo<i<n{S; + ("3°) +
22’(";) + (n—1) (;)} We prove that limy,—, o i’; = 2‘/2_3 ~ 0.077350...

S, _ 2(v3-1)
3

and lims,_— e s(h) = =~ 0.488033..., resolving an open problem

from Bioinformatics about rooted triplets consistency in phylogenetic
networks.

1 Introduction

A recurrence relation (or recurrence, for short) is an equation of the form T,, =
f(Th-1, Tn—2,...,To,n), where f is a specified function and n is an unspecified
positive integer, along with the values Ty, T1, . . . , T}, for some finite, non-negative
integer m. Intuitively, a recurrence describes how the value of T, for any n
depends on n and the values of the elements in the sequence Ty, 11, ..., T, 1.
Recurrences are central to the analysis of algorithms [3]. In particular, when
recursion is involved, the worst-case running time 7, of an algorithm for an
input of size n can often be expressed in terms of T,,, T),, ..., Tp,, where
ni,na,...,N, < n, which naturally yields a recurrence. It can be argued that re-
currences are as important to Theoretical Computer Science as differential equa-
tions are to Physics. Over the years, elegant techniques for solving various types
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of linear recurrences (i.e., recurrences for which the function f mentioned above
is a linear function) have been developed, and are now part of most standard
undergraduate and graduate algorithm theory courses [3]. However, much less is
known about how to solve nonlinear recurrences, and no general technique that
works for all types of nonlinear recurrences exists. Instead, people have focused
on asymptotically bounding the values of T}, as n — oo for various special cases
such as minimization recurrences of the form T, = miny<;<,{T; +Tn—i} + g(n),
where ¢ is some auxiliary function, and maximization recurrences that use the
max-function [BIOIT2IT3ITH]. Interestingly, such recurrences have shown up in
many different problems concerning random trees, Huffman coding, binomial
group testing, dynamic programming, dichotomous search problems, the design
of electrical circuits, binary search trees, quicksort, parallel divide-and-conquer
algorithms, computational geometry, and tree-drawing.

In this paper, we contribute to the existing repertoire of tools for analyzing
nonlinear recurrences. To be precise, we develop a technique for bounding the
asymptotic behavior of a new type of maximization recurrence, defined as follows.
Let k be a positive integer and pi(x) a polynomial of degree k satisfying px(0) =
0. Define Ag = 0 and for n > 1, let

An = max {A; + 0" pi(;)}
We also consider two closely related maximization recurrences S,, and S}, defined
as So = Sy = 0, and for n > 1,

— i(n—i)(n—i—1)
S AL

and

S, = max { ]+ ("37) +2i(";") + (n =) (3) }

0<i<n

where (Z) = 0if x < y. (At this point, the reader may like to verify that some
consecutive values of S}, are: Sj; =0, 5] =0,5,=0, 55 =2, 5, =7, S} =16,
S = 32, S, =55, S§ = 87, S5 =130, S}, = 184, ..., and this sequence does
not appear to follow any regular pattern.)

Below, we derive non-trivial, constant values of the expressions HILH;O A, /nk,
lim S,,/n3, and nh_{rgo 51/3(%).

n—oo

1.1 Motivation

Our motivation for studying the maximization recurrences in this paper orig-
inates from a combinatorial problem in Bioinformatics related to phylogenetic
networks and rooted triplets consistency. This subsection describes the back-
ground; for further technical details, see [2] and [I1].

One of the many objectives of Bioinformatics is to develop new concepts
and tools that can help researchers visualize the evolutionary history of a set
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of species. Traditionally, phylogenetic trees (rooted, unordered, distinctly leaf-
labeled trees in which every internal node has at least two children) have been
used for this purpose [4]. As might be expected, it is computationally prohibitive
in general to infer a reliable phylogenetic tree for a large set of species directly.
A promising alternative is the supertree approach [1I§] which first infers highly
accurate phylogenetic trees for many small, overlapping subsets of the species
and then applies a combinatorial algorithm to merge them into a single phyloge-
netic tree. One variant of the supertree approach takes as input a set R of rooted
triplets (binary phylogenetic trees with exactly three leaves each) whose leaf la-
bel sets overlap, and tries to construct a phylogenetic tree that is consistent with
the maximum possible number of rooted triplets from R, where a rooted triplet ¢
is said to be consistent with a phylogenetic tree T if ¢ is an embedded subtree
of T. Gasieniec et al. [0] presented a polynomial-time algorithm that outputs a
phylogenetic tree which is consistent with at least 1/3 of the rooted triplets in
any input set R, and also showed that for a particular set R of rooted triplets,
no phylogenetic tree can be consistent with more than 1/3 of its elements (to
see this, just take the set R, of all 3(?) rooted triplets over a fixed leaf label
set of cardinality n, for any n > 3). In this sense, the algorithm of Gasieniec et
al. [6] is worst-case optimal for phylogenetic trees.

Due to certain evolutionary events such as hybridization that sometimes occur
in nature, not all evolution is treelike. Therefore, the phylogenetic tree model
was recently extended to phylogenetic networks that permit nodes to have more
than one parent (see, e.g., the surveys in [I0/14]). One important special type of
phylogenetic network, introduced by Wang et al. [I6] and later termed “galled-
tree” by Gusfield et al. [7], requires all cycles in the underlying undirected graph
to be node-disjoint. (Galled-trees are also known in the literature as “level-1
networks” [L0/11/14].) Obviously, galled-trees can express more complicated evo-
lutionary relationships than phylogenetic trees. To measure how much more
powerful galled-trees really are, we can compare the optimal 1/3 bound stated
above for phylogenetic trees to the corresponding bound for galled-trees, and
this leads to the recurrence S), studied in the present paper. More precisely,
Jansson et al. [I1] proved that for any n > 3, no galled-tree can be consistent
with more than a fraction of S}, /3 (g) of the elements in the set R,, of all rooted
triplets over a fixed leaf label set of cardinality n. Later, Byrka et al. [2] gave a
polynomial-time algorithm that constructs a galled-tree consistent with at least
Sl /3 (g) of the rooted triplets in any input set R.

Jansson et al. [I1] showed that for large enough values of n, it holds that
S7/3(3) < 0.4883. On the other hand, Byrka et al. [2] proved that S.,/3(3) >
0.4800 for all n. However, both groups of authors were unable to derive tight
asymptotic bounds on S},/3(%), and this has been one of the remaining open
problems for galled-trees. Computations have suggested that S}, /3(%) is closer
to the upper bound 0.4883 than the lower bound 0.4800, and indeed, we settle the

issue in Section [l by proving that lim 3?;) = 2(‘/3_1) ~ 0.488033... Observe
n—oo 3

that this improves the 5/12-ratio mentioned on p. 311 of [10] and the 48%-ratio
mentioned on p. 135 of [14].
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The other two recurrences introduced in this paper, S,, and A,,, were studied
because of their connections to S/. As shown in Lemma [ in Section 2l below,
the bound for S, /3(%) follows immediately from the bound for S, /n®, which is
slightly easier to compute. A,, is a special case of a generalization of S,,.

1.2 Related Work

The appearance of nonlinear recurrence relations eluding exact solutions in di-
verse fields of study has motivated many previous papers, including [SI9T2/T3IT5],
to investigate their asymptotic properties on a case-by-case basis. For exam-
ple, Fredman and Knuth [5] considered minimization recurrences of the form
Tn = miny<jen{a-T; +b-Tp_;} + g(n), and Kapoor and Reingold [I2] extended
their results and also studied analogous maximization recurrences. In [13], Li
and Reingold considered exact solutions and upper bounds for a special type
of recurrence of the form 7,, = maxi<jcn{T; + Tn—; + min{g(i),g(n — i)}}
involving minimization and maximization simultaneously, and in [9], Hwang
and Tsai derived asymptotic approximations of this recurrence for more gen-
eral auxiliary functions g. Saha and Wagh [15] studied a recurrence of the form
T, = mini<;<,{max{T; + a - i, T,—;} + b}. Nevertheless, due to the irregular
and often unpredictable behavior of nonlinear recurrences, general techniques
for analyzing them still seem far from reach.

1.3 Main Results and Organization of the Paper

We establish the relationships among the three recurrences A,, Sy, and S;, in

Section[2l Then, in Section[3] we prove that lim ig = 2‘/2_3 ~ 0.077350... and
n— oo

that lim SS;) = 2(‘/271) ~ 0.488033... Next, in Section ]l we consider the ratio

n—oo (3
A, /n*. We show that lim ﬁg = sup{ ’f’“_(;c,z : 0 < z < 1}. Finally, Section
n—oo

discusses generalizations of our techniques and an open problem.

2 Preliminaries

The two recurrences S,, and S, are related as follows.

Lemma 1. For all n >0, it holds that S, = S}, — (g)

Proof. By induction on n. For n = 0, we have Sy = S = 0.

Next, suppose that S, = S}, — (]3“) for all k < n. Then, since () = ”;Z) +
i(";) + (n—1d)(4) + () for every 0 < i < n, we can rewrite S/, as Sl, = () +
max {z("z_z) +S— (;) }. By the induction hypothesis: S, — () = max {z(";z) +

O

0si<n , 0<i<n
517 () = g 65 + 5 = i
Lemma 2. lim S; = lim 253;” + ;}

n— 00 (3) n— 00
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Proof. From Lemmalll we have lim 3% = lim S") —|—§ = lim Qns" +3 O

n—00 3) T Do 3(3 n— o0

Next, we consider the relationship between the recurrences S,, and A,,. Another
(equivalent) way to write S,, is:

S, = max {S; + n® pg( )+n P2(i)}v

0<i<n
where p3(z) = I(IEI)Q and po(z) = . Looking at S,, defined in this way,
we are tempted to extend it to a more general type of recurrence as follows. Let
k be a positive integer and let po(x), p1(z),...,pr(x) be polynomials such that
pa(x) is a polynomial of degree d for every d € {0,1,...,k}. Set Go = pp(0), and
for n > 1, define:

{L’(l z)

G, = maX{G +Zn pd

0<i<n

Now, if we restrict the recurrence G, to the special case where py(z) = 0 for all
de{0,1,...,k— 1} and px(0) = 0, we obtain precisely the recurrence A,.

3 The Asymptotic Behavior of S,, and S,

In order to analyze the asymptotic behavior of S,,/n?, we define s, = S, /n3
and rewrite S, in terms of s,. This gives sg = 0, and for n > 1:

7 1 7 7.
Sp = Oréllaxn{snz} where s, ; = pg(n) + " -pz(n) + 8- (n)‘3
. _ z(1-x)? _ —z(l-=)
Here, ps and py are the polynomials ps(z) = 9 and po(z) = 5

introduced in Section [2 Consider the function 1;3_( 2) 1t has a unique maximum

value on the interval [0, 1). Call this value « and let 8 be the point where « is

obtained, i.e., ]l)i(gg = «. By straightforward calculations, we have a = 2\/2—3’

8= ‘/32*1. In this section, we shall prove that lim s, = a.
n—oo

First, we introduce two sequences l,, u, (n > 0) and show that they provide a
lower bound and an upper bound, respectively, on each term in the sequence s,,.
Let lp = up = 0 and, for n > 1, define:

ln—orgax{lnz} where 1, ; = p3(,, )+ pg( )+a( —}L)?’,

Up = Orélax {tn i}, where wn; = ps(’) + tpa(l) + ()3
In the next four lemmas, we show that the following chain of inequalities holds
for every integer n > 1:

2
=
|
=
IA
3
IA

Sp Sup < a.
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Lemma 3. For alln >0, u, < a.

Proof. By the definition of «, we have ’1’3_(;”3? < a, for 0 < z < 1. This yields

p3(x) + az® < «, for 0 < 2 < 1. Since u,, is defined as [Jnax {ps(})+ tp2(f) +
<i<n

a(i)3} and pa(z) <0 for all 0 < x < 1, we have u, < a. m]

Lemma 4. For alln >0, s, < up.

Proof. By induction on n. For n = 0, ug = so = 0. Next, suppose s,, < uy, for all
m < n. For each integer 0 < i < n, by Lemma [ we have s, ; — uyp; = si(;)?’ -
a(;)3 < si(£)3 — ui(fl)?’ = (s; — uz)(;)3 < 0. Therefore,s,, = 1r£1ia<xn{sn,i} =

1r£¢a<xn{u"’z + (8n,i — Un,i)} < 1r£¢a<xn{u"’z} Un, o

Lemma 5. Foralln>1,1, > a(l — Tll)?’
Proof. For n < 15, the inequality can be verified by computation. For n > 16,
we show that I, > (1 — })?. First note that:

(*1) Since g — ! < Lﬁnnj <p= \/32_1 < 5 and py(w) is decreasing on [0, 3],
we have po( Lﬁnnj) > pa(f).

(*2) We have p3(z) > p3(B) for z € [0.302, 5]. For n > 16, Lﬁnnj >3- }L >
B — 5 >0.302, therefore we have ps( Lﬁnnj) > p3(8).
Then, it follows that:
1 1
ln — a(]- - n)S > ln,[ﬂn] - a(]- - n)S
=p3( LﬂnnJ ):pi‘)(ﬁ) +\?(1 _ B?"‘iﬁ( Lﬁnnj ) + a(( Lﬂnnj o :-L)d _ (1 o :'L)S)
=0
:fd( Lﬁnnj ) 7p3(52+a(( Lﬁnnj _ T];/)d B ﬂd +1— (1 B :'1)3) + :;/pQ( Lﬁnnj)
>0, by (-2
1 2 3—68% 128-3 7 1
za(( wnnj771)37(5771)3Jr nﬂ + 52 n3)+n.€2(mnng
>p2(8), by (x1)
|Bn] 1.4 2.5, « 5 p2AB)  126-3 -7
Za(Sn —n)—(ﬁfn)z+\n(376ﬂ+ o + n +n2/)20~
>0 >0, for n>3
O

Lemma 6. Foralln>1, s, > 1,.

Proof. By induction on n. For n = 0, sg = lp = 0. Next, suppose s, > ln,
for all m < n. For each integer 0 < ¢ < n, by Lemma Bl we have s,,; — ln,; =
Si(;)S —a(, — TIL)S = Si(;)?’ —a(l - 1)3(;)3 > (s — li)(fl)3 > 0. Therefore,
max {sp,;} > max {l,;}, which gives s, > I,,. O
0<i<n 0<i<n



Asymptotic Limits of a New Type of Maximization Recurrence 183

‘We now obtain the main result of this section:

Theorem 1. lim 53 = lim s, = a = 2373 ~ 0.077350...

n—oo n— oo

Proof. By Lemmas[3H6], we have a(1— )3 <'s,, < o. Therefore, « = lim o(1—

n—oo
Y3 < lim s, < o, ie., lim s, = a. O
n n—o0

n—oo

Finally, using Theorem [ together with Lemma [2] gives:

Corollary 1. lim 3?’" _ 2(\/2—1) ~ 0.488033....

n— 00 3)

Remark. Corollary [l gives a strengthening of the inapproximability bound in
Theorem 8 in [I1]; just change the “0.4883” to any real number strictly larger

than 2(\/271), for example “0.488034”. Moreover, we can strengthen Lemma 5
in [2] (which says that S,/3(%) > 0.4800) and the resulting approximation ratio
in Theorem 2 in [2] by observing that S, /3(%;) = Q-i’g'(n_l?(zn_g) +3 > 20" )3

(nfl’)b(znfz) + & by Lemmas [l and [§, and then rewriting it as 2a- ((2:21))2 +3 >

20+ 3 = 2(‘/3_1). In other words, S,/3(%) > 2(\/2_1) ~ 0.488033....

4 The Asymptotic Behavior of A,

The asymptotic behavior of A,, depends on the properties of py(x)/(1—z*). We
define o, = sup{px(z)/(1 — 2*) : 0 < 2 < 1}, when sup{px(z)/(1 — 2*¥) : 0 <
x < 1} < ool There are four possible cases:

(C1) sup{pr(z)/(1 —2*):0<z <1} = .

(C2) sup{pk(z)/(1 —2*): 0 <z <1} = < 00, and lim,_,; - ’l”i(f,z = ayp.
(C3) sup{pr(z)/(1 —2¥):0<x <1} =0, =0, and p’“(gk) =a, =0.

(C4) sup{pr(z)/(1 —2*): 0 <z < 1} = a; < oo, and there exists a 3,, where

0 < Bp < 1, such that pl’“(g’;) = .

The definition of A, is [ax {nFpr(}) + A}, for n > 0. If we substitute A,

(m — 1) times recursively, we get

A, = max {nF pk( )+lek( )+A12}f

OSiQ <i1<n
m—1 i
-k t+1
= max E (. + A; L.
0<1m< <1,1<lo{ tP ( ¢ ) lm}
t=0
! Note that we use “sup” instead of “max” for the following reason. For some py (z),

e.g., k = 3,ps3(z) = —2 + x, there is no maximum value for ?f’i(f,z, 0<z <1

However, there exists an upper bound for ;17,6(12’ 0<z<l1.
—x
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By choosing iy = n — t, we define L,, with Ly = 0, and for n > 1,

n—1
L, = nFpi( . )+ Lp_1.

We substitute L, (m — 1) times, which gives: L, = Y7~ (n — t)Fpp("-121).

n—t
Since A,, is taking the maximum value among all parameters {i;}, we have

A, > L,. For case (C1), we show that lim ﬁk = 00 in Lemmal[7l It follows that
n— oo

lim ﬁk = oo. For case (C2), we show that lim ﬁk = oy, and A, also has an
n— oo n—oo

upper bound «),. Therefore, lim ﬁ; = qy.
n—oo

Lemma 7. Ifsup{ll)’i(f,z :0<z <1} =00, then lim ﬁ,’g = 00.
n—oo

n—t

k
Proof. Assume that pi(z) = > ¢;2'. We observe that (n — ¢)*pp(" 1) is a
i=1

=
polynomial of (n — t) with degree at most k. Furthermore, the coefficient of

k k
(n—t)*in (n— t)kpk(";zl) =Y ci(n—t—1) n—t)""equals Y ¢; = pr(1).
i=1 i=1

pxi(afg = o0, we have pg(1) > 0.

For the reason that lim 1

r—1—
n—1
Since L,, = t;) (n— t)kpk(”zzl), L, is a polynomial of n with degree k + 1.
Therefore, lim An > Jim L7 = . a
n—oo n—oo
Lemma 8. If sup{]f’i(f,z 0<z<1}=aq, < and zlir?_ ]1%(;13 = ap, then
lim ﬁk = .

n— oo

Proof. The proof of the upper bound of A, is at most «,, is similar to that of
Lemma [4]

k
Assume that p(z) = Y ¢;a’. The coefficient of (n —t) in (n — t)*pe(" ")

equals pg(1). However, for the reason that lim f’i(;,z = ap, we have pi(1) = 0.

x—1—
Hence, L,, is a polynomial with degree at most k.

—t—1\ _
nn—t ) -

-

Furthermore, the coefficient of (n —¢)*=1 in (n — t)*pg( i(n —

=1

. ) k
t—1)f(n—t)""is 3 —ic; = —p).(1). We have the coefficient of n* in L,, equals
i=1

n—1 ,
that in > —p).(1) - (n —t)*~1. Then the coefficient of n* in L, equals _p’];(l).
i=0

Since (x — 1) is a factor of pr(z), let qx(x) = ’;( ) Then g d o (z) = x(qk(;ﬂ)
(x—1)) = qr(z) + (x — 1) [ (qr(x)). Hence, p},(1) = g (1). Moreover,
(z = Dagr(z) _ . —qx(2) —ax(1)

o, = lim Pr(@) = lim = lim =
es1- 1—ak  251-  1—2ak esl- 14z 4 k! k
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: i L(n) _ —pe(l) _ —ae(l) _ i An —
Finally, we have nh_}rgo o= =" = ay. Then, nh_}rgo =ap. O

Lemma 9. Ifsup{ll)’i(f,z :0<z <1} =0, then A, = 0.

Proof. By induction on n. For n = 0, it holds that Ay = 0. Next, suppose that
Ay, = 0 for all m < n. Then, since a;, = 0, we have pg(x) <0, for 0 < z < 1,
therefore

— k (3 ' o
Ap = o%fn{” pr( )+ At < Orgixn{Az} —0 g

To study the asymptotic value of A, /n* in case (C4), we define a,, = A, /n¥,
and rewrite the recurrence for A,, in terms of a,, as follows. Let ag = 0 and, for
n>1,

i i
Gy = orélﬂxn{an’i}’ where a,, ; = pk(n) + ai(n)k.

To find a lower bound of a,,, we rewrite a,, by recursively substituting it (m — 1)
times, for some value of m to be specified later.

_ 11 I _ i1 i1\ i9 PN
an —ogi??n{pk( n) +( n) @i, } Ogglg?f@{pk(n) + (n) (pk(il) + (i1) ai,)}
m—1 i i ;
== k t+1 mik
B Ogim<¥l"'lz<iz{1<’i0:n{(t:0 (TL) pk( it )) +( n ) a'lm}'
m—1 t t+1
By choosing i; = Lﬁf,nj for a,, we define 1, ,, = (> (WZ”J )kpk(UiEtn]LJ)) "
t=0 P

(Lﬁpnnj )*ai,,. For the condition that [85~'n| > [Bin] with ¢ < m to hold, we
need m to satisfy ﬂ;lfln > Byn+1,ie,n> /3””*1(11 5y Since a,, is taking the
P —Pp
maximum value among all parameters {i;}, we have a,, > I m.
To show that I, ,,, converges to o, we replace oy by pi(5p) + apﬁg (m — 1)

times and find an expression for a,, which looks similar to the formula for [, ,,.

ap =pi(Bp) + O‘pﬁk = pr(Bp) + ﬂg(pk(ﬂp) + apﬂ;;) =

m—1
=(>_ B pr(By)) + B o

t=0

In the next lemma, we show that [, ., is close to oy, based on two observations:
(1) B*ay, is very small for sufficiently large m; and (2) when [Bin] is large,

t+1,, tn t+1,
L@’;t nJJ is close to 3, and then we have 5Fpi.(3,) is close to ( Lﬁi . Vepr( Lf}; nJJ ).

Lemma 10. If sup{]f’i(;,z 10 <z <1} =a, < oo and there exists a [3,, where
0 < B, <1, such that Pr(Bp) ayp, then lim ﬁk = qp.

-k n—o0
Proof. The proof of oy, being the upper bound of a, is similar to that of
Lemma [l To pave the way for the lower bound of a,, we introduce two no-
tations M7 and Ms.
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Consider the Taylor series expansion for pg(z) in B,: pr(z) = px(Bp) +
Zle 79 (By) (x — Bp)t. For 0 < z < 1, we have

!

pa(a) — pk(ﬁp)|<x—ﬁp2|pk (B) (, _ gy

i=1

<(z—B,) Z|pk &2 (because 0 < z, 8, < 1)

ko)
<(x — Bp)Mi, where M, =Z|pk Z('Bp)| (1)

i=1

Since pg (z) is a polynomial, there exists a maximum value of py(x) on the interval
[0,1]. Let

My = max {pu(@)). (2)

Furthermore, for the reason that 0 < 5 < 1, we have:

t+1 tk 23tk t(k—1)
1By ] B 280 _ 2B, 2

thin _
R

IA

tTL k—1
/3;’“*&5;5 3~ JZ J’“%n- (4)

7

Since M, Ms, o, and 3, are fixed values, for all e > 0, there exists a positive
integer m such that:

Bt (2mMy + kmMa + o) < €. (5)

For n > max{ (Bl,ﬂ [ }, we have

1
’ 5;;&—1(1,5“]

|04p — ay|

<lap —lnm| (because l m < ap < )

— 1Bin] 1B )

< ) - (o senl

D+ 187 = (7 ) ra)

= Byl

= 1By in) 1ByFin] [Bynl,,  1Bytin]
S 6t 6p ﬂ;k Z’t ﬂtk . P ,
|t=0( pi( )\ pi( 1Bin] )v k( i) )= ) i Btn] I

+ B;”kozp
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S L (il 5L
= tkin Lﬁ;*lnj th LByl ), mk

<D UB7(Bp Btn YMi| +108," = (77 )")Mel) + B (by @), @)
t=0 p

< S v ka4 e,y @.@)

t

<BPF(m(2My + kMa) + o) < € (by n> T

Il
=]

1
5’”” and (@) O

Combining Lemmas [ - [0, we obtain the following result.

Theorem 2. lim,_, ﬁg = sup{ ’1”1(;,2 0<z <1}

Remark. When we take k = 3 and p3(z) = =(1- z)(l ?) in A,, we have
lim,, 00 Ap/n3 = (2\/3 — 3)/6, which is equal to limn_mO S, /n3. We can see
that the term p2(x) in S, has no effect on the asymptotic behavior of .S,,.

5 Concluding Remarks

We note that to analyze minimization recurrences analogous to A,, we can apply
our technique from SectionHlas follows. Suppose that B,, = Ogun {n¥ pr(, )+Bi}.

Let A, = —B,,. Then A, = Jnax {n* - (=pr(})) + A}, and Theorem B gives:
<i<n

Corollary 2. lim 7y = inf{ll)’i(f,z :0<z <1},
n—oo

We conclude this paper by mentioning two open problems. First, to derive a
closed-form expression for the exact value of S,, or to determine that such a
formula does not exist is an open problem. Second, for the general case of G,
(see Section ), we can set g, = G, /n* and rewrite the recurrence relation as:

k . .

1 (AN

gn = max {( Q> dpd( ) +ai )}
="

For d < k: the term pq( ') is multiplied by 4. For sufficiently large n, the

part pa(,, ') has a small effect on g,, for d < k Hence we conjecture that the

asymptotic behavior of g, is the same as that of a,,.
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