IMmK2 IBM; i?2 2/;2@+QHQmM BM;b M/ iQi I
"2:mH " T?
aidT? M2 "2bbv-6"0/0 B+ > p2i

hQ +Bi2 i?Bb p2°bBQM,

aiaT? M2 "2bbv- 6 0/0°B+ > p2iX 1MmK2  iBM; i?2 2/:2@+QHQm BM:b
> T?2X kyRKk gqQ Fb?QT QM :~ T? h?2Q v M/ *QK#BM iQ B+b- m; kyRk- L
bBiv-E Q?bBmM;-h Br MX kyRk- 12iiT,ffrrrXK i?XMbvbmX2/mXirf + QK#

> G A/, HB'KK@yy3RR8dR
2iiTh,ff? H@HB KKX++b/X+M bX7 fHB ' KK@yy3F
am#KBii2/ QM Ry T  kyRj

> G Bb KmHiB@/Bb+BTHBM v GOT24WB p2 Dmbp2 "i2 THm B/BbBIBTHBN
"+?Bp2 7Q i?72 /2TQbBi M/ /Bbb2KIBEBMBR MNQ@T™+B2® " H /BzmbBQM /2 /
2MiB}+ "2b2 "+?2 /Q+mK2Mib- r?2i?@+B2MMiB}2mM2b#/@ MBp2 m "2+?22 +?22- T
HBb?2/ Q° MQiX h?2 /IQ+mK2Mib MK VW+RK2Z2EF IQKHBbb2K2Mib /62Mb2B;M
i2 +?BM; M/ "2b2 "+? BMbiBimiBQWER BM?8 7M#M2I @b Qm (i~ M;2 b- /2b H
#Q /-Q 7 QK Tm#HB+ Q T ' Bp i2T2HRAB+B @2MT2BIpXib X



Enumerating the edge-colourings of a regular graph

Sephane Bessyand Fecderic Havet

Assistant Professor Researcher
LIRMM, UM2, Montpellier CNRS, Sophia-Antipolis
FRANCE

2012 Workshop on Graph Theory and Combinatorics
Deparment of Applied Mathematics, National Sun Yat-sen Unsit
Kaohsiung, Taiwan.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 1/41



|
Outline

Introduction
Colorings
Algorithmic problems
Our results

Enumerating the 3-edge colorings of a cubic graph
The 3-edge colorings of a 3-regular graph
Turning the proof into algorithm

Extensions:k-edge colorings and the total colorings
k-edge colorings
A more precise bounds for the 3-edge coloring
Total coloring

Conclusion

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012

2/41



Introduction

Introduction
Colorings
Algorithmic problems
Our results

S. Bessy and F.Havet () Enumerating the edge-colourings

WGTC, Kaohsiung, 2012

3/41



Soloting
Vertex Coloring

De nition ( k-vertex coloring)

A k-vertex coloringof a (non oriented) graphG = (V;E) is a function

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 441



Soloting
Vertex Coloring

De nition ( k-vertex coloring)

A k-vertex coloringof a (non oriented) graphG = (V;E) is a function
c:V If 1;:::;kg such thatuv 2 E impliesc(u) 6 c(v).

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 4141



Soloting
Vertex Coloring

De nition ( k-vertex coloring)

A k-vertex coloringof a (non oriented) graphG = (V;E) is a function

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 4141



Soloting
Vertex Coloring

De nition ( k-vertex coloring)

A k-vertex coloringof a (non oriented) graphG = (V;E) is a function
c:V If 1;:::;kg such thatuv 2 E impliesc(u) 6 c(v).

De nition (chromatic number)
(G) is the minimumk such thatG admits ak-vertex coloring.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 4141



Soloting
Edge Coloring

De nition ( k-edge coloring)

such thatuv 2 E anduw 2 E, with v 6 w impliesc(uv) 6 c(uw).

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 5/41



Introduction Colorings

Edge Coloring

De nition ( k-edge coloring)

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 5/41



Soloting
Edge Coloring

De nition ( k-edge coloring)

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 5/41



Introduction Colorings

Edge Coloring

De nition ( k-edge coloring)

b C d
a
e
f
De nition (chromatic index)
YG) is the minimumk such thatG admits ak-edge coloring.
Enumerating the edge-colourings WGTC, Kaohsiung, 2012 5/41



Soloting
Edge Coloring

m The line graph I(G) of G:
- The vertex set ofL(G) is the edge set ofs
- Two edgese andf of G are adjacent inL(G) if there are
incident inG

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 6/41



Soloting
Edge Coloring

m The line graph I(G) of G:
- The vertex set ofL(G) is the edge set ofs
- Two edgese andf of G are adjacent inL(G) if there are
incident inG

= 16)= (KG))

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012

6/41



Soloting
Total Coloring

De nition (k-total coloring)

- uv 2 E impliesc(u) 6 c(v)
-uv 2 E anduw 2 E, with v 6 w impliesc(uv) 6 c(uw)
- uv 2 E impliesc(uv) 6 c(u)

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 7141



Soloting
Total Coloring

De nition (k-total coloring)

- uv 2 E impliesc(u) 6 c(v)
-uv 2 E anduw 2 E, with v 6 w impliesc(uv) 6 c(uw)
- uv 2 E impliesc(uv) 6 c(u)

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 7141



Soloting
Total Coloring

De nition (k-total coloring)

- uv 2 E impliesc(u) 6 c(v)
-uv 2 E anduw 2 E, with v 6 w impliesc(uv) 6 c(uw)
- uv 2 E impliesc(uv) 6 c(u)

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 7141



Soloting
Total Coloring

De nition (k-total coloring)

- uv 2 E impliesc(u) 6 c(v)
-uv 2 E anduw 2 E, with v 6 w impliesc(uv) 6 c(uw)
- uv 2 E impliesc(uv) 6 c(u)

De nition (total chromatic number)
1 (G) is the minimumk such thatG admits ak-total coloring.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 7141



Colorings
Famous bounds

Let ( G) denotes the maximum degree @.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 8/41



Colorings
Famous bounds

Let ( G) denotes the maximum degree @.

Brook's Theorem (1941): (G) ( G) if G is not a complete graph
or an odd cycle.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 8/41



Colorings
Famous bounds

Let ( G) denotes the maximum degree @.

Brook's Theorem (1941): (G) ( G) if G is not a complete graph
or an odd cycle.

Vizing's Theorem (1964): (G) qG) ( G)+1

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 8/41



Colorings
Famous bounds

Let ( G) denotes the maximum degree @.

Brook's Theorem (1941): (G) ( G) if G is not a complete graph
or an odd cycle.

Vizing's Theorem (1964): (G) qG) ( G)+1

Total coloring conjecture (Behzad, Vizing, 1964):
(G)+1 (G (G)+2

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 8/41



Al iifEns
Algorithmic problems
k-vertex/edge/total coloring:

- Input: a graphG =(V;E)
- Output: DoesG admit a k-vertex/edgeftotal coloring?

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 9/41



Gl
Algorithmic problems

k-vertex/edge/total coloring:
- Input: a graphG =(V;E)
- Output: DoesG admit a k-vertex/edgeftotal coloring?

k-vertex coloring is NP-complete for every xed&k 3
(M.R. Garey and D.S. Johnson, 1979).

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012

9/41



Al iifEns
Algorithmic problems
k-vertex/edge/total coloring:

- Input: a graphG =(V;E)
- Output: DoesG admit a k-vertex/edgeftotal coloring?

k-vertex coloring is NP-complete for every xed&k 3
(M.R. Garey and D.S. Johnson, 1979).

k-edge coloring is NP-complete for every xed& 3 (I. Holyer,
1981).

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 9/41



Gl
Algorithmic problems

k-vertex/edge/total coloring:
- Input: a graphG =(V;E)
- Output: DoesG admit a k-vertex/edgeftotal coloring?

k-vertex coloring is NP-complete for every xed&k 3
(M.R. Garey and D.S. Johnson, 1979).

k-edge coloring is NP-complete for every xed& 3 (I. Holyer,
1981).

k-total coloring is NP-complete for every xe&k 4
(A. Sanchez-Arroyo, 1989).

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 9/41



Gl
Algorithmic problems

k-vertex/edge/total coloring:
- Input: a graphG =(V;E)
- Output: DoesG admit a k-vertex/edgeftotal coloring?

k-vertex coloring is NP-complete for every xed&k 3
(M.R. Garey and D.S. Johnson, 1979).

k-edge coloring is NP-complete for every xed& 3 (I. Holyer,
1981).

k-total coloring is NP-complete for every xe&k 4
(A. Sanchez-Arroyo, 1989).

Enum- k-vertex/edge/total coloring:
- Input: a graphG =(V;E)
- Output: Enumerate all thek-vertex/edge/total coloring ofG.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 9/41



Gl
Algorithmic problems

k-vertex/edge/total coloring:
- Input: a graphG =(V;E)
- Output: DoesG admit a k-vertex/edgeftotal coloring?

k-vertex coloring is NP-complete for every xed&k 3
(M.R. Garey and D.S. Johnson, 1979).

k-edge coloring is NP-complete for every xed& 3 (I. Holyer,
1981).

k-total coloring is NP-complete for every xe&k 4
(A. Sanchez-Arroyo, 1989).

Enum-k-vertex/ edge/total coloring
- Input: a graphG =(V;E)
- Output: Enumerate all thek-vertex/edge/total coloring ofG.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 9/41



Gl
Algorithmic point of view

What to do with an NP-complete problem?

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 10/ 41



Gl
Algorithmic point of view

What to do with an NP-complete problem?

approximation algorithm nd in poly-time a result which is not worst
than c time the optimal.

randomized algorithm nd a result which is good w.h.p. or/and with
running time correct w.h.p.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 10/ 41



Gl
Algorithmic point of view

What to do with an NP-complete problem?

approximation algorithm nd in poly-time a result which is not worst
than c time the optimal.

randomized algorithm nd a result which is good w.h.p. or/and with
running time correct w.h.p.

parameterized algorithm nd an algorithm with running time
f (k):poly(n) for some parametek.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 10/ 41



Gl
Algorithmic point of view

What to do with an NP-complete problem?

approximation algorithm nd in poly-time a result which is not worst
than c time the optimal.

randomized algorithm nd a result which is good w.h.p. or/and with
running time correct w.h.p.

parameterized algorithm nd an algorithm with running time
f (k):poly(n) for some parametek.

exact (exponential) algorithms : nd an algorithm with running
time O?(c") (= O(P(n)c™)

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 10/ 41



Gl
Examples of exact algorithms

Enum-3-edge coloring:

- Input: a graphG =(V;E) with ( G) 3.
- Output: Enumerate all the 3-vertex/edge/total coloring db.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012

11/41



Gl
Examples of exact algorithms

Enum-3-edge coloring:
- Input: a graphG =(V;E) with ( G) 3.
- Output: Enumerate all the 3-vertex/edge/total coloring db.

The exhaustive algorithm:

- Try every possible colorings of the edge set and
decide which colorings are proper.

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012

11/41



Gl
Examples of exact algorithms

Enum-3-edge coloring:
- Input: a graphG =(V;E) with ( G) 3.
- Output: Enumerate all the 3-vertex/edge/total coloring db.

The exhaustive algorithm:

- Try every possible colorings of the edge set and
decide which colorings are proper.

Time analysis:
0%(3™) = 0?(33") = 0?(5:1962")

S. Bessy and F.Havet () Enumerating the edge-colourings WGTC, Kaohsiung, 2012 11/ 41



Introduction Algorithmic problems

Examples of exact algorithms

Enum-3-edge coloring:
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The exhaustive algorithm:
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Here, we want to computes(G), G being a sub-cubic (multiple) graph.
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We denote bycy (G) the number ofk-edge-colorings of a grapB.

Here, we want to computes(G), G being a sub-cubic (multiple) graph.

We can assume tha6 is connected.

O &

c3(G) = c3(G1) c3(Gp)
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Enum-3-edge coloring

We denote bycy (G) the number ofk-edge-colorings of a grapB.

Here, we want to computes(G), G being a sub-cubic (multiple) graph.

We can assume tha6 is connected.

O &

c3(G) = c3(G1) c3(Gp)

We can assume thaG is 2-(vertex) connected.

(D6

c3(G) = & c3(Gr) c3(Gp)
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Number of 3-edge colorings of 3-regular graphs

Lemma
Let G, be the cycle of length n.

_ 2"+2; ifniseven,
¢(Cn)= 2 2 ifnis odd.
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Number of 3-edge colorings of 3-regular graphs

Lemma
Let C, be the cycle of length n.

_ 2"+2; ifniseven,
GC)= > 2 ifnis odd.

Proof: By induction onn. True forn=2 and n = 3.

Vi
v Vi V2
V3 Vn 1 V3 Vo 1
Vn 2 Vh 2

c3(Cr) = 2:¢c3(Cqy 2)+
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Number of 3-edge colorings of 3-regular graphs

Lemma
Let C, be the cycle of length n.

_ 2"+2; ifniseven,
GC)= > 2 ifnis odd.

Proof: By induction onn. True forn=2 and n = 3.

Vi
Vo Vn \A Vi
V3 Vn 1 V3 Vo 1
Vn 2 Vh 2
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Number of 3-edge colorings of 3-regular graphs

We denote byn; the number of vertices of degrdein G.

Theorem
Let G be a2-connected subcubic graph. Then(G) 3 2" 7, |
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The 3-edge colorings of a 3-regular graph
Number of 3-edge colorings of 3-regular graphs

We denote byn; the number of vertices of degrdein G.

Theorem
Let G be a2-connected subcubic graph. Then(G) 3 2" 7, |

Proof: If G is a cycle, it is true.
Otherwise, letv; and v, be two vertices of degree 3 and consider

=]

forall 1< i<n, d(Vi)ivy g 1andd(Vi)iv,, oveg L
(always exists: Lempel et al.,1967)

<N

v Vo V3 V4 Vs Ve
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The 3-edge colorings of a 3-regular graph
Number of 3-edge colorings of 3-regular graphs

Theorem
Let G be a2-connected subcubic graph. Then(G) 3 2" 3.
Proof:

v Vo V3 Vg Vs Ve

Orient from left to right.

A" =fv : d*(v)=2 andd (v)=1g
A =fv :d"(v)=1andd (v)=2g
We havejA*j=jA j=(n3 2)=2
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Number of 3-edge colorings of 3-regular graphs

Theorem
Let G be a2-connected subcubic graph. Then(G) 3 2" 3.

Proof: We havejA*j=jA j=(n3 2)=2
Denote byc; the number of partial 3-edge colorings of arcs with tail in
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Theorem
Let G be a2-connected subcubic graph. Then(G) 3 2" 3.

Proof: We havejA*j=jA j=(n3 2)=2
Denote byc; the number of partial 3-edge colorings of arcs with tail in

c1=6
ifvi 2 A _1Vo'/*ci G 1
if v 2 A* %Ci 2C 1

ifd*(v)=d (v)=1 "o—»0¢ 2¢ 1
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Proof: We havejA*j=jA j=(n3 2)=2
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C1=6

ifvi 2 A _wﬁ G 1

ifvi2 A" T ¢ 2,
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Number of 3-edge colorings of 3-regular graphs

Theorem
Let G be a2-connected subcubic graph. Then(G) 3 2" 3.

Corollary

Let G be a cubic graph, themg¢G) 3 22.

This is sharp for multi-graphs:
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Enumerating the 3-edge colorings of a cubic graph EEIIGIleRGEN]{ele]Mgi(eR=1[sTolg1{aln1]

Enum-3-edge coloring:

Corollary (SolvingEnum-3-edge coloring: )

There exists a branching algorithm with running time’@z) =
07?(1:4143") and polynomial space to solNEnum-3-edge coloring
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Enum-3-edge coloring:

Corollary (SolvingEnum-3-edge coloring: )

There exists a branching algorithm with running time’@z) =
07?(1:4143") and polynomial space to solNEnum-3-edge coloring

Proof:

If 4 answer 0.
If the graph is not connected enough, divide the instance.
Otherwise, run a branching algorithm.
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Enum-3-edge coloring:

XD,

P

v v

X ) ees
Y N\
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Extensions

Extensions:k-edge colorings and the total colorings
k-edge colorings
A more precise bounds for the 3-edge coloring
Total coloring
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Number ofk-edge colorings d€-regular graphs

We denote byc, the number ofk-edge colorings o6.

Theorem
Let G be a k-regular graph. Then6G) k (k 11)z. I
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Number ofk-edge colorings d€-regular graphs

We denote byc, the number ofk-edge colorings o6.

Theorem
Let G be a k-regular graph. Then6G) k (k 11)z. I

Proof: G is 2-connected,
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Extensions: k-edge colorings and the total colorings [EEE[e[=Neellelflgle[}

Number ofk-edge colorings d€-regular graphs

We denote byc, the number ofk-edge colorings o6.

Theorem
Let G be a k-regular graph. Then6G) k (k 11)z. I
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Extensions: k-edge colorings and the total colorings [EEE[e[=Neellelflgle[}

Number ofk-edge colorings d€-regular graphs

We denote byc, the number ofk-edge colorings o6.

Theorem
Let G be a k-regular graph. Then6G) k (k 11)z. I

A =fv : d*(v)=igandg = jAjjfori=1;:::;k 1
Then, c(G), Q;Llloﬁ(vi)! k!Qk_pl(i!)a*
under  “'a=n 2 and K l'ia=k(n 2)=2

i=1
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Number ofk-edge colorings d€-regular graphs

Also sharp for multi-graphs:
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Extensions: k-edge colorings and the total colorings [EEE[e[=Neellelflgle[}

Enum-k-edge coloring:

Corollary (Solvingenum-3-edge coloring: )

There exists a branching algorithm with running time’@k 1!)%) and
polynomial space to solvEnum-k-edge coloring
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Extensions: k-edge colorings and the total colorings [EEE[e[=Neellelflgle[}

Enum-k-edge coloring:

Corollary (Solvingenum-3-edge coloring: )

There exists a branching algorithm with running time’@k 1!)%) and
polynomial space to solvEnum-k-edge coloring

Proof:
P N
| |
Qn l + (vl = ? | 1
At most dr(vi)l= O°((k 112) leaves
Enumerating the edge-colourings WGTC, Kaohsiung, 2012 28/ 41
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Number of 3-edge colorings for simple graphs

Corollary
Let G be a cubic graph, thenz¢G) 3 22, |

The sharp example for the number of 3-edge coloring of cubic graphs:
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A more precise bounds for the 3-edge coloring
Number of 3-edge colorings for simple graphs

Can we improve a lot?
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Lemma €3 of the ladder graph)
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A more precise bounds for the 3-edge coloring
Number of 3-edge colorings for simple graphs

Can we improve a lot? Not really: lé, be:

Lemma €3 of the M bius ladder graph)

2"=2 + 2 if n=2 is even,

c3(Mp) = 22 4 4 if n=2 is odd.
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A more precise bounds for the 3-edge coloring
Number of 3-edge colorings for simple graphs

So, for simple cubic graphs, we have:

22 < max ¢3(G) : G cubic graph onn vertices g 3:22
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Number of 3-edge colorings for simple graphs
So, for simple cubic graphs, we have:

22 < max ¢3(G) : G cubic graph onn vertices g 3:22

Theorem
Let G be a connected simple cubic graph. Theyi@) f—{ on 7, |

al©
N
NIS

>
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Number of 3-edge colorings for simple graphs

So, for simple cubic graphs, we have:

N
NIS

22 < max ¢3(G) : G cubic graph onn vertices g 3:22

Theorem
Let G be a connected simple cubic graph. Theyi@) f—{ on 7, |
Proof:

\%1 Vi V] Ve

Al ©

>

We havel c3(G i+1)=2 ' 3:22 colorings.
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Let c; (G) be the number of 4-total colorings dB.
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Let c; (G) be the number of 4-total colorings dB.

Theorem

Let G be a -)connected cubic graph. ThenjdG) 3 2%,
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leasoleiig
4-total colorings

Let c; (G) be the number of 4-total colorings dB.

Theorem
Let G be a -)connected cubic graph. ThenjdG) 3 2%, |
Proof:

Vi Vo V3 Vg Vs Ve

Orient from left to right.

A" =fv : d"(v)=2 andd (v)=1g
A =fv :d*(v)=1andd (v)=2g
We havejA*j= jJA j=(n 2)=2
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Extensions: k-edge colorings and the total colorings [EEEslEIR«e]lel{lls}

4-total colorings

Theorem

Let G be a @-)connected cubic graph. ThenjdG) 3 2%

Proof: We havejA"j=jA j=(n 2)=2
Denote byc; the number of partial 4-total colorings of vertices and arcs
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4-total colorings

Theorem

Let G be a @-)connected cubic graph. ThenjdG) 3 2%

Proof: We havejA"j=jA j=(n 2)=2
Denote byc; the number of partial 4-total colorings of vertices and arcs

C;|_=24
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4-total colorings

Theorem

Let G be a @-)connected cubic graph. ThenjdG) 3 2%

Proof: We havejA"j=jA j=(n 2)=2
Denote byc; the number of partial 4-total colorings of vertices and arcs

C;|_=24
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4-total colorings

Theorem
Let G be a @-)connected cubic graph. ThenjdG) 3 2% |

Proof: We havejA"j=jA j=(n 2)=2
Denote byc; the number of partial 4-total colorings of vertices and arcs
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4-total colorings

Theorem
Let G be a @-)connected cubic graph. ThenjdG) 3 2% |

Proof: We havejA"j=jA j=(n 2)=2
Denote byc; the number of partial 4-total colorings of vertices and arcs

c1=24
ifvi2 A N 26 1
ifv 2 AY T o 4g
Hence:
J(G) 24 2" 4" =3 2%
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Corollary (SolvingEnum-3-edge coloring: )

There exists a branching algorithm with running time?(237”) =
07?(2:8289") and polynomial space to solNenum-4-total coloring
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Enum-4-total coloring:

A lower bound orcj , the nb of 4-total colorings:
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Extensions: k-edge colorings and the total colorings [EEEslEIR«e]lel{lls}

Enum-4-total coloring:

A lower bound orcj , the nb of 4-total colorings:

Lemma

Let T be a binary tree (degree = 1 or 3) on n vertices] €T ) = 3 2%.
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Enum-4-total coloring:

A lower bound orcj , the nb of 4-total colorings:

Lemma

Let T be a binary tree (degree = 1 or 3) on n vertices] €T ) = 3 2%.

Proof: by induction:
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Extensions: k-edge colorings and the total colorings [EEEslEIR«e]lel{lls}

Enum-4-total coloring:

Lemma

Let T,, be a binary tree on n vertices + parallel edges between twin
5n
ci (Tn)= 5 2.

Proof:

n=p 2+p+2p
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Extensions: k-edge colorings and the total colorings [EEEslEIR«e]lel{lls}

Enum-4-total coloring:

Lemma

Let T, be a binary tree on n vertices + parallel edges between twin
5n
ci (Tn)= #%5 23,

Proof:

32p 2)

CI(T():3 277~ 4P =3 250 3=-3 Z%n%
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Conclusion
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Some (hard?) open questions
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Some (hard?) open questions

® Minimum vertex coloring in O?(2") (A. Bpklund, T. Husfeld
and M. Koivisto, 2006)
Is there aO?((2  )") algorithm for some > 0

® Minimum edge coloring in O?(2™)
Is there aO?(2") algorithm

m 3-vertex coloring in 07(1:3289") (R. Beigel and D. Eppstein,
2005)
Is it possible to do better?
Under ETH, there is nd?(2°() algorithm for 3-vertex coloring
(D. Lokshtanov, D. Marx, S. Saurabh, 2012), several scenarios...
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m Enum-3-edge coloring  in O?(1:4142") and a sharp example
(multi-graph).
Is it possible to x
c3(n) = maxfcz(G) : G simple graph onn verticesy
We know that 2 < cg(n) 9 22

Enum-4-total coloring in 0?(2:8289"). Example in (2:3784").
Is it possible to nd the algorithm with best running time for
Enum-4-total coloring
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Conclusion

Thank you for your attention !
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