ρ(a 1 , ..., a m ) ✐s ❛ ❝♦♠♣•❡① ❝♦♥❝❡♣t ♠❛❞❡ ♦❢ m ❛ttr✐❜✉t❡s a 1 , ..., a m ❢r♦♠ ❛ ❞❛t❛❜❛s❡ s❝❤❡♠❛✳ ❊❛❝❤ ❛ttr✐❜✉t❡ a i ❞❡✜♥❡s ❛ ❞❛t❛ ♣r♦♣❡rt② ✇❤✐❝❤ ❛ss♦❝✐❛t❡s ❡❛❝❤ ✐♥st❛♥❝❡ ❢r♦♠ ρ ❛ ✈❛•✉❡ ❢r♦♠ t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ a i ✳ ❚❤❡ ❝❛rt❡✲ s✐❛♥ ♣r♦❞✉❝t ♦❢ ❞♦♠❛✐♥s ♦❢ a 1 , ..., a m ❢♦r♠s t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ ρ✳ ❚❤❡ s❡t ♦❢ m✲❛r② r❡•❛t✐♦♥s ✐s ❞❡♥♦t❡❞ ℜ✳ ❊①❛♠♣•❡ ✶ ❲❡ ❝♦♥s✐❞❡r ❛ ❞❛t❛❜❛s❡ ❛❜♦✉t ♣❛❝❦❛❣✐♥❣s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡

m✲❛r② r❡•❛t✐♦♥ P❛❝❦❛❣✐♥❣ ✭✐❞✱ ❝♦•♦r✱ s❤❡•✢✐❢❡✱ ♠❛❝❤✐♥❡✱ •❛❜❡••✐♥❣❚②♣❡✱ ♠❛t❡✲ r✐❛•✱ ❝♦st✮ ♦❢ ❛r✐t② 7✳
❚❤❡ •❛♥❣✉❛❣❡ ❞❡✜♥❡s t❤❡ ♦♣❡r❛t♦rs ♦❢ ♣r♦•❡❝t✐♦♥ ✭π✮✱ r❡str✐❝t✐♦♥ ✭σ✮✱ ❛❜✲ str❛❝t✐♦♥ ✭α✮✱ ❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ✭⊓✮ ❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ❉▲|✲▲✐t❡✳ ■t ✐s ❛•s♦ ❡①t❡♥❞❡❞ t♦ ❛ ♥❡❣❛t✐♦♥ ♦♣❡r❛t♦r✳ ✻ ✸✳✶✳✸ ❉▲|✲▲✐t❡ •❛♥❣✉❛❣❡✿ t❤❡ s❡♠❛♥t✐❝s ■♥ ♦♥t♦•♦❣✐❡s✱ t❤❡ s❡♠❛♥t✐❝s ❛ss♦❝✐❛t❡❞ t♦ ❝♦♥❝❡♣ts ❛♥❞ r♦•❡s ✐s s❡t✲❜❛s❡❞✱ ❛♥❞ ❡❛❝❤ ❝♦♥❝❡♣t ❞❡s❝r✐❜❡s ❛ s❡t ♦❢ ♦❜•❡❝ts s❤❛r✐♥❣ t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❝♦♥•✉♥❝t✐♦♥ ❛♥❞ s✉❜s✉♠♣t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥❝❡♣ts ❛r❡ ✐♥t❡r♣r❡t❡❞ r❡s♣❡❝t✐✈❡•② ❜② t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ t❤❡ ✐♥❝•✉s✐♦♥ ❜❡t✇❡❡♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ s❡ts ♦❢ ♦❜✲ •❡❝ts✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❛ ♣❛✐r (∆ I , . 

I ) ✇❤❡r❡ ∆ I ✐s ❛ ♥♦♥✲❡♠♣t② s❡t ❝❛••❡❞ t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥✱ ❛♥❞ . I ✐s ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ t❤❡ ❝♦♥❝❡♣t ❝♦♥str✉❝t♦rs ✐♥t♦ s✉❜s❡ts ♦❢ ∆ I ✇❤❡r❡✿ • ❚❤❡ s❡♠❛♥t✐❝s ❛tt❛❝❤❡❞ t♦ ♦♣❡r❛t♦rs ♦❢ ♣r♦•❡❝t✐♦♥✱ r❡str✐❝t✐♦♥✱ ❛♥❞ ✐♥✲ t❡rs❡❝t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ r❡•❛t✐♦♥❛• ❛•❣❡❜r❛ ❛♥❞ ✐♥ t❤❡ ❙◗▲ •❛♥✲ ❣✉❛❣❡✱ • ❆♥ m✲❛r② r❡•❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② ✐ts r❡•❛t✐♦♥❛• t❛❜•❡✳ ✸✳✶✳✹ ❊①t❡♥s✐♦♥ ♦❢ t❤❡ •❛♥❣✉❛❣❡ t♦ ❛ r❡str✐❝t❡❞ ♥❡❣❛t✐♦♥ ♦♣❡r❛t♦r ❚❤❡ s❡t✲❜❛s❡❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♥❡❣❛t✐♦♥ ♦♣❡r❛t♦r ✐♥ ❝r✐s♣ ❉▲ ✐s (¬A) I = ∆ I -A I ✳ ❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ♥♦t ❛❞❡q✉❛t❡ ❢♦r ❛♥ ♦♥t♦•♦❣②✲❜❛s❡❞ ❞❛t❛❜❛s❡ q✉❡r②✐♥❣ ♣r♦❝❡ss ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✐♥❝•✉s✐♦♥ s❡t ♣r♦♣❡rt②✿ ✐❢ A ⊆ B t❤❡♥ ¬B ⊆ ¬A✱ ✇❤✐❝❤ ✐s ✐♠♣♦rt❛♥t ✇✳r✳t✳ t❤❡ ✐♥❢❡r❡♥❝❡ r✉•❡s ❛♥❞ t❤❡ r❛t✐♦♥❛•✐t② ♣♦st✉•❛t❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝•♦s✉r❡ ✉♥❞❡r str✐❝t r✉•❡s ✭st✉❞✐❡❞ ❜❡•♦✇✮ ✐♥ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠✳ ❙♦✱ ✇❡ ♣r♦♣♦s❡ ❛ r❡str✐❝t❡❞ ♥❡❣❛t✐♦♥✱ ❞❡♥♦t❡❞ ¬✱ ❤❛✈✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✿ (¬A) I = G I A -A I = G I A ∩ ĀI ✭✶✮ ✇❤❡r❡ G I A ✐s t❤❡ ❝♦♥❝❡♣t ❣❡♥❡r❛t♦r ♦❢ A ✭❞❡✜♥❡❞ ❜❡•♦✇✮✱ ❛♥❞ ĀI ✐s t❤❡ ❝♦♠✲ ♣•❡♠❡♥t ♦❢ A I ✳ ❉❡✜♥✐t✐♦♥ ✷ ✭❈♦♥❝❡♣t ❣❡♥❡r❛t♦r G A ✮✳ ▲❡t A ❜❡ ❛ ❝♦♥❝❡♣t ✐♥ ❛♥ ♦♥t♦•♦❣② ❤✐❡r❛r❝❤②✳ ■ts ❝♦♥❝❡♣t ❣❡♥❡r❛t♦r G A ✐s t❤❡ ❛❜str❛❝t ❝♦♥❝❡♣t T hing ✐❢ T hing ✐s t❤❡ ❞✐r❡❝t ❛♥❝❡st♦r ♦❢ A✳ ❖t❤❡r✇✐s❡✱ G A ✐s t❤❡ ♠♦st ❣❡♥❡r✐❝ ❛♥❝❡st♦r ♦❢ t❤❡ s❛♠❡ ❞♦♠❛✐♥ ♦❢ A ❤❛✈✐♥❣ T hing ❛s ❞✐r❡❝t ❛♥❝❡st♦r✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ❛ ❝♦♥❝❡♣t ❝♦✉•❞ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❝♦♥❝❡♣t ❣❡♥❡r❛t♦r✳ ❚❤✐s ❝❛s❡ ❤❛♣♣❡♥s ✇❤❡♥ ❛ ❝♦♥❝❡♣t A ✐s s✉❜s✉♠❡❞ ✐♥ t❤❡ ♦♥t♦•♦❣② ❜② s❡✈❡r❛• s✉♣❡r✲❝♦♥❝❡♣ts✱ ✇❤✐❝❤ ❛r❡ ✐♥ t❤❡✐r t✉r♥ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♠♦st ❛❜✲ str❛❝t ❝♦♥❝❡♣t ♦❢ t❤❡ ♦♥t♦•♦❣② ✭T hing ✐♥ ❞♦♠❛✐♥ ♦♥t♦•♦❣✐❡s✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G A ✐s t❤❡♥ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s✉♣❡r✲❝♦♥❝❡♣ts t❤❡ ❝♦♥❝❡♣t A ✐s ❞❡r✐✈❡❞ ❢r♦♠✳ ✼ ❉❡✜♥✐t✐♦♥ ✸ ✭•❡♥❡r❛•✐③❡❞ ❝♦♥❝❡♣t ❣❡♥❡r❛t♦r✮✳ ▲❡t A ❛♥❞ S A = {A 1 , ..., A n } ❜❡ r❡s♣❡❝t✐✈❡•② ❛ ❝♦♥❝❡♣t ❢r♦♠ ❛♥ ♦♥t♦•♦❣② ❤✐❡r❛r❝❤② ✐ts ❛♥❝❡st♦rs ❞✐r❡❝t•② ❞❡r✐✈❡❞ ❢r♦♠ T hing✳ ❚❤❡ ❝♦♥❝❡♣t ❣❡♥❡r❛t♦r ♦❢ A ✐s t❤❡♥ G A = i=1,...,n (A i )✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❡str✐❝t❡❞ ♥❡❣❛t✐♦♥ ✐♥ t❤✐s ❝❛s❡ ❜❡❝♦♠❡s t❤❡♥✿ (¬A) I = ( i=1,...,n (A I i )) -A I = ( i=1,...,n (A I i )) ∩ ĀI ✭✷✮ |❡♠❛r❦ ✶ ■❢ S A = {A 1 } t❤❡♥ ❢♦r♠✉•❛ ✭✷✮ ✐s ❡q✉✐✈❛•❡♥t t♦ ❢♦r♠✉•❛ ✭✶✮✳ ✸✳✷ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❛r❣✉♠❡♥t❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✸✳✷✳✶ ❉✉♥❣ ❛r❣✉♠❡♥t❛t✐♦♥ ♣r✐♥❝✐♣•❡s ❉✉♥❣ ❛r❣✉♠❡♥t❛t✐♦♥ ❢r❛♠❡✇♦r❦ ✭AF ✮ ❬✶✸( ✐s ❛ t✉♣•❡ (A, C)✱ ✇❤❡r❡ C ⊆ A×A ✐s ❛ ❜✐♥❛r② ❛tt❛❝❦ r❡•❛t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❛r❣✉♠❡♥ts A✳ ❋♦r ❡❛❝❤ ❛r❣✉♠❡♥t X ∈ A✱ X ✐s ❛❝❝❡♣t❛❜•❡ ✇✳r✳t✳ ❛ s❡t ♦❢ ❛r❣✉♠❡♥ts S ⊆ A ✐✛ ❛♥② ❛r❣✉♠❡♥t ❛tt❛❝❦✐♥❣ X✱ ✐s ❛tt❛❝❦❡❞ ❜② ❛♥ ❛r❣✉♠❡♥t ♦❢ S✳ ❆ s❡t ♦❢ ❛r❣✉♠❡♥ts S ⊆ A ✐s ❝♦♥✢✐❝t ❢r❡❡ ✐✛ ∀X, Y ∈ S, (X, Y ) / ∈ C✳ ❋♦r ❛♥② ❝♦♥✢✐❝t ❢r❡❡ s❡t ♦❢ ❛r❣✉♠❡♥ts S✱ S ✐s ❛♥ ❛❞♠✐ss✐❜•❡ ❡①t❡♥s✐♦♥ ✐✛ X ∈ S ✐♠♣•✐❡s X ✐s ❛❝❝❡♣t❛❜•❡ ✇✳r✳t✳ S❀ S ✐s ❛ ❝♦♠♣•❡t❡ ❡①t❡♥s✐♦♥ ✐✛ X ∈ S ✇❤❡♥❡✈❡r X ✐s ❛❝❝❡♣t❛❜•❡ ✇✳r✳t✳ S❀ S ✐s ❛ ♣r❡❢❡rr❡❞ ❡①t❡♥s✐♦♥ ✐✛ ✐t ✐s ❛ s❡t ✐♥❝•✉s✐♦♥ ♠❛①✐♠❛• ❝♦♠♣•❡t❡ ❡①t❡♥s✐♦♥❀ S ✐s t❤❡ ❣r♦✉♥❞❡❞ ❡①t❡♥s✐♦♥ ✐✛ ✐t ✐s t❤❡ s❡t ✐♥❝•✉s✐♦♥ ♠✐♥✐♠❛• ❝♦♠♣•❡t❡ ❡①t❡♥s✐♦♥❀ S ✐s ❛ st❛❜•❡ ❡①t❡♥s✐♦♥ ✐✛ ✐t ✐s ♣r❡❢❡rr❡❞ ❛♥❞ ∀Y / ∈ S, ∃X ∈ S s✉❝❤ t❤❛t (X, Y ) ∈ C✳ ❋♦r T ∈ {❝♦♠♣•❡t❡✱ ♣r❡❢❡rr❡❞✱ ❣r♦✉♥❞❡❞✱ st❛❜•❡}✱ X ✐s s❦❡♣t✐❝❛••② ✭r❡s♣✳ ❝r❡❞✉•♦✉s•②✮ •✉st✐✜❡❞ ✉♥❞❡r t❤❡ T s❡♠❛♥t✐❝s ✐❢ X ❜❡•♦♥❣s t♦ ❛•• ✭r❡s♣✳ ❛t •❡❛st ♦♥❡✮ T ❡①t❡♥s✐♦♥✳ ❖✉t♣✉t ♦❢ ❛♥ ❡①t❡♥s✐♦♥ E ✐s Concs(E) = {Conc(A), A ∈ E}✱ ✇❤❡r❡ Conc(A) ✐s t❤❡ ❝♦♥❝•✉s✐♦♥ ♦❢ ❛r❣✉♠❡♥t A✳ ❚❤❡ s❦❡♣t✐❝❛• ♦✉t♣✉t ♦❢ AF ✐s Output(AF ) = i=1,...,n Concs(E i ) s✉❝❤ t❤❛t E i ❛r❡ ✐ts T ❡①t❡♥s✐♦♥s✳ ✸✳✷✳✷ ❆❙P■❈ ❦♥♦✇•❡❞❣❡ ❜❛s❡ ❛♥❞ ❛r❣✉♠❡♥ts ■♥ t❤✐s r❡♣♦rt ✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣•❡r ❆❙P■❈ ❛r❣✉♠❡♥t str✉❝t✉r❡ t❤❛♥ t❤❡ ♦♥❡s ♣r❡s❡♥t❡❞ ✐♥ ❬✶✾( ✳ ❚❤❡ s✉❜s❡t ♦❢ ❆❙P■❈✰ ✇❡ ✉s❡ ✐s ❝♦♠♣❛t✐❜•❡ t♦ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✶(✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ❛♥ ❆❙P■❈ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ✐s ❞❡♥♦t❡❞ AS = (L, cf, R, ≥)✱ ✇❤❡r❡✿ • L ✐s ❛ •♦❣✐❝❛• •❛♥❣✉❛❣❡✱ ✽ • cf ✐s ❛ ❝♦♥tr❛r✐♥❡ss ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ ❢♦r♠✉•❛ ♦❢ L ❛ s❡t ♦❢ ✐ts ✐♥❝♦♠♣❛t✐❜•❡ ❢♦r♠✉•❛s ✭✐♥ 2 L ✮✱ • R = R s ∪R d ✐s t❤❡ s❡t ♦❢ str✐❝t ✭R s ✮ ❛♥❞ ❞❡❢❡❛s✐❜•❡ ✭R d ✮ ✐♥❢❡r❡♥❝❡ r✉•❡s ♦❢ t❤❡ ❢♦r♠ ϕ 1 , ..., ϕ m → ϕ ❛♥❞ ϕ 1 , ..., ϕ m ⇒ ϕ r❡s♣❡❝t✐✈❡•②✱ ✇❤❡r❡ ϕ i , ϕ ❛r❡ ✇❡••✲❢♦r♠❡❞ ❢♦r♠✉•❛s ✐♥ L✱ ❛♥❞ R s ∩ R d = ∅✱ • ≥ ✐s ❛ ♣r❡❢❡r❡♥❝❡ ♦r❞❡r✐♥❣ ♦✈❡r ❞❡❢❡❛s✐❜•❡ r✉•❡s✳ ❆ ❦♥♦✇•❡❞❣❡ ❜❛s❡ ✐♥ ❛♥ AS = (L, cf, R, ≥) ✐s K ⊆ L s✉❝❤ t❤❛t K = K a ∪ K p ❛♥❞ K a ∩ K p = ∅✱ K a ❝♦♥t❛✐♥s ❛①✐♦♠s ❛♥❞ K p ❝♦♥t❛✐♥s ♦r❞✐♥❛r② ♣r❡♠✐s❡s✳ ✸✳✷✳✸ ❚❤❡ ❝♦♥tr❛r✐♥❡ss ❢✉♥❝t✐♦♥ ♦♥ L ❚❤❡ ❝♦♥tr❛r✐♥❡ss ❢✉♥❝t✐♦♥ cf : L ′ -→ 2 L ′ ✱ ✇❤❡r❡ L ′ = L\{π, σ, α}✱ ❤❛s t♦ s♣❡❝✐❢② t♦ ❡❛❝❤ ❢♦r♠✉•❛ ♦❢ L ′ ❛t •❡❛st ❛ ❝♦♥tr❛❞✐❝t♦r② ❢♦r♠✉•❛✳ ❲❡ ❞✐s❝❛r❞ ❢r♦♠ L ♦♣❡r❛t♦rs {π, σ, α} s✐♥❝❡ t❤❡② r❡❢❡r t♦ r❡•❛t✐♦♥❛• ♦♣❡r❛t♦rs ✇❤✐❝❤ ❞❡✜♥❡ ❢❛❝ts ❢r♦♠ ❛ ❞❛t❛❜❛s❡ ❛♥❞ ❛r❡ ♥♦t ❞✐r❡❝t•② ✐♥✈♦•✈❡❞ ✐♥ •♦❣✐❝❛• ❢♦r♠✉•❛s✳ ■♥ ♦✉r ❝❛s❡✱ cf = ¬ ✇✐t❤✿ cf (A) = {¬A}✱ cf (¬A) = {A}✱ ❛♥❞ cf (A 1 ⊓ A 2 ) = {¬(A 1 ⊓ A 2 )}✳ ❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ✉♥✐♦♥ ♦♣❡r❛t♦r ✐s ♥♦t ❞❡✜♥❡❞ ✐♥ t❤❡ ❉▲|✲▲✐t❡✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ✐t ✐♥❞✐r❡❝t•② ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ♥❡❣❛t✐♦♥ ❛♥❞ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦♣❡r❛t♦rs✳ ✸✳✷✳✹ ■♥❢❡r❡♥❝❡ r✉•❡s R ❲❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ r✉•❡s✿ • ❙tr✐❝t✴❞❡❢❡❛s✐❜•❡ s✉❜s✉♠♣t✐♦♥✿ ❛ str✐❝t s✉❜s✉♠♣t✐♦♥✱ ❞❡♥♦t❡❞ ⊏✱ ❡①✲ ♣r❡ss❡s ♥❛t✉r❛• ✐♥❝•✉s✐♦♥ ✐♥ t❤❡ ❞♦♠❛✐♥✱ ❛s ✑••✉t❡♥P❛❝❦❛❣✐♥❣ ✐s ❛ P❛❝❦✲ ❛❣✐♥❣✑ ✳ ❆ ❞❡❢❡❛s✐❜•❡ s✉❜s✉♠♣t✐♦♥✱ ❞❡♥♦t❡❞ ⋐✱ ❡①♣r❡ss❡s ❛♥ ✐♥❝•✉s✐♦♥ ✐♥✈♦•✈✐♥❣ ❛ ✉s❡r ❝❤♦✐❝❡✱ ❛s ✑••✉t❡♥P❛❝❦❛❣✐♥❣ ✐s ❛ s✉✐t❡❞ P❛❝❦❛❣✐♥❣✑ ✳ ❙♦✱ R 1 ⊏ / ⋐ R 2 ✇✐t❤ R 1 , R 2 ❛r❡ t✇♦ r❡•❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❛r✐t②✱ ♠❡❛♥s t❤❛t ∀x ∈ R 1 t❤❡♥ x ∈ R 2 ✱ • ■♥t❡rs❡❝t✐♦♥✿ •❡t R 1 , ..., R n ❛♥❞ R n ′ ❜❡ m✲❛r② r❡•❛t✐♦♥s ✭♦❢ t❤❡ s❛♠❡ ❛r✐t②✮✳ ❚❤❡ r✉•❡ R 1 ⊓R 2 ⊓...⊓R n ⊏ / ⋐ R n ′ ♠❡❛♥s t❤❛t ✐❢ x ∈ R k,k=1,...,n ✱ t❤❡♥ x ∈ R n ′ ✳ ❚❤✐s r✉•❡ ✐s ❞❡♥♦t❡❞ s✐♠♣•② ❜② R 1 , ..., R n ⊏ / ⋐ R n ′ ✱ • ❚r❛♥s✐t✐✈✐t②✿ •❡t R 1 , R 2 , R 3 ❜❡ t❤r❡❡ r❡•❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❛r✐t②✳ ■❢ (R 1 ⊏ / ⋐ R 2 ) ∧ (R 2 ⊏ / ⋐ R 3 )✱ t❤❡♥ R 1 ⊏ / ⋐ R 3 ✱ ✾ • ❈♦♥tr❛♣♦s✐t✐♦♥✿ ✐❢ (r 1 ⊏ / ⋐ r 2 ) t❤❡♥ ¬r 2 ⊏ / ⋐ ¬r 1 ✳ ✸✳✷✳✺ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❆❙P■❈ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ■♥ ♦✉r ❛♣♣•✐❝❛t✐♦♥ ❝❛s❡✿ • K a ❝♦♥t❛✐♥s t❤❡ ❝♦♥❝❡♣ts ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞♦♠❛✐♥✱ ❛♥❞ K p ❝♦♥t❛✐♥s ✉s❡r ❝❤♦✐❝❡s✱ • L ✐s t❤❡ •❛♥❣✉❛❣❡ ❞❡✜♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✸✳✶✱ • cf ✐s t❤❡ ❝♦♥tr❛r✐♥❡ss ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ¬✱ • R = R s ∪ R d ✱ ✇❤❡r❡ R s ✴ R d ✐s t❤❡ s❡t ♦❢ str✐❝t ✴ ❞❡❢❡❛s✐❜•❡ s✉❜s✉♠♣✲ t✐♦♥s ❛s ❞❡✜♥❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✸✳✷✳✹✱ • ≥ ✐s ❛ ♣r❡♦r❞❡r ♦♥ ❞❡❢❡❛s✐❜•❡ r✉•❡s✱ ♥♦t ❞❡✜♥❡❞✳ ❆ ❉▲|✲▲✐t❡ ❆❙P■❈ ❛r❣✉♠❡♥t A ❝❛♥ ❜❡ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠s✿ ✶✳ ∅ ⊏ / ⋐ c ✇✐t❤ c ∈ K a /K p s✉❝❤ t❤❛t P rem(A) = ∅✱ Conc(A) = c✱ ❙✉❜(A) = {A}✱ Rules(A) = ∅✱ ❚♦♣|✉•❡(A) = undef ined ✇✐t❤ P rem r❡t✉r♥s ♦❢ A✱ Conc r❡t✉r♥s ✐ts ❝♦♥❝•✉s✐♦♥✱ ❙✉❜ r❡t✉r♥s ✐ts s✉❜✲❛r❣✉♠❡♥ts✱ Rules r❡t✉r♥s r✉•❡s ❛♣♣•✐❡❞ ♦♥ A✱ ❚♦♣|✉•❡ r❡t✉r♥s t❤❡ •❛st r✉•❡ ❛♣♣•✐❡❞✱ ✷✳ A 1 , ..., A m ⊏ / ⋐ c✱ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ str✐❝t ✴ ❞❡❢❡❛s✐❜•❡ r✉•❡ ✐♥ R s /R d ♦❢ t❤❡ ❢♦r♠ Conc(A 1 ) ⊓ ... ⊓ Conc(A m ) ⊏ / ⋐ c✱ ❛♥❞ P rem(A) = P rem(A 1 ) ∪ ... ∪ P rem(A m )✱ Conc(A) = c✱ ❙✉❜(A) = ❙✉❜(A 1 ) ∪ ... ∪ ❙✉❜(A m ) ∪ {A}✱ Rules(A) = Rules(A 1 ) ∪ ... ∪ Rules(A m ) ∪ {Conc(A 1 ), ..., Conc(A m ) ⊏ / ⋐ c}✱ ❚♦♣|✉•❡ (A) = Conc(A 1 ), ..., Conc(A m ) ⊏ / ⋐ c✳ ❲❡ ♠❛❦❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ s❡t ♦❢ ❛r❣✉♠❡♥ts ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ✐s ✜♥✐t❡✳ ❆♥ ❛r❣✉♠❡♥t ✐s s❛✐❞ str✐❝t ✐✛ ✐t ❞♦❡s ♥♦t ✐♥✈♦•✈❡ ❛♥② ❞❡❢❡❛s✐❜•❡ r✉•❡s✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s ❝❛••❡❞ ❞❡❢❡❛s✐❜•❡✳ ❚❤❡ s❡t ♦❢ str✐❝t r✉•❡s R s ✐s ❝♦♥s✐st❡♥t ✐✛ ∄A, B s✉❝❤ t❤❛t A, B ❛r❡ str✐❝t ❛r❣✉♠❡♥ts ❛♥❞ Conc(A) = ¬Conc(B)✳ ✶✵ |❡♠❛r❦ ✷ ✭◆♦t❛t✐♦♥✮✳ ❆♥ ❆❙P■❈ ❛r❣✉♠❡♥t ❤❛s ❛ ♥❡st❡❞ ❢♦r♠✳ ❆ s✉❜❛r❣✉✲ ♠❡♥t ✐s ❛•s♦ ❛♥ ❛r❣✉♠❡♥t✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ r❡❛❞❛❜✐•✐t②✱ ❜② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ❛r❣✉♠❡♥t ❛ •❛❜❡• ♠❛❞❡ ♦❢ ❛ ❝❛♣✐t❛• •❡tt❡r ❢♦••♦✇❡❞ ❜② ❛ s✉❜s❝r✐♣t ♥✉♠❜❡r✳ ❚❤❡ •❛❜❡•s ❛r❡ t❤❡♥ ✉s❡❞ ✐♥ ❛♥ ❛r❣✉♠❡♥t t♦ r❡❢❡r t♦ ✐ts s✉❜❛r❣✉♠❡♥ts✳ ■♥ t❤✐s ♥♦t❛t✐♦♥✱ ❛ •❛❜❡• ❢♦••♦✇❡❞ ❜② ❝♦•♦♥ ✐s ♥♦t ❛ ♣❛rt ♦❢ t❤❡ ❛r❣✉♠❡♥t✳ ❊①❛♠♣•❡ ✷ ▲❡t AS ❜❡ ❛♥ ❆❙P■❈ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ❞❡✜♥✐♥❣ t❤❡ r✉•❡s R s = {a ⊓ b ⊏ c} ❛♥❞ t❤❡ ♦r❞✐♥❛r② ♣r❡♠✐s❡s K p = {a, b}✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❜✉✐•t✿ • A 1 : ∅ ⋐ a • A 2 : ∅ ⋐ b • A 3 : A 1 , A 2 ⊏ c✳ ✸✳✷✳✻ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❆❙P■❈ ❛tt❛❝❦s ❛♥❞ ❞❡❢❡❛t ❲❡ ❝♦♥s✐❞❡r❡❞ r❡❜✉tt✐♥❣ ❛♥❞ ✉♥❞❡r❝✉tt✐♥❣ ❛tt❛❝❦s✳ ❆r❣✉♠❡♥t A r❡❜✉ts ❛r✲ ❣✉♠❡♥t B ✐✛ ∃A ′ ∈ ❙✉❜(A) : Conc(A ′ ) = ϕ ❛♥❞ B ′ ∈ ❙✉❜(B) s✉❝❤ t❤❛t B ′ ✐s ♦❢ ❢♦r♠ B ′ 1 , ..., B ′ m ⋐ ¬ϕ✳ ■t ✐s ❞❡✜♥❡❞ ❛s ❛ r❡str✐❝t❡❞ r❡❜✉t ❛tt❛❝❦ ❬✾( t♦ s❛t✐s❢② r❛t✐♦♥❛•✐t② ♣♦st✉•❛t❡s ❛s s❤♦✇♥ ✐♥ ❬✾(✳ ❚❤❡ ✉♥❞❡r♠✐♥✐♥❣ ❛tt❛❝❦ ❬✶✾( ✐s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ t❤❡ r❡❜✉tt✐♥❣ ❛tt❛❝❦ ✭A ✉♥❞❡r♠✐♥❡s B ♦♥ B ′ = ϕ ✐✛ Conc(A) ∈ φ ❛♥❞ ϕ ∈ P rem p (B)✮✳ ❆♥ ♦r❞✐♥❛r② ♣r❡♠✐s❡ ✐s ❛ ❝♦♥❝•✉s✐♦♥ ♦❢ ❛♥ ❛r❣✉♠❡♥t ♦❢ ❢♦r♠ ∅ ⋐ C✱ C ∈ K p ✳ ❆r❣✉♠❡♥t A ✉♥❞❡r❝✉ts ❛r❣✉♠❡♥t B ✐✛ ∃B ′ ∈ ❙✉❜(B) ♦❢ ❢♦r♠ B ′ 1 , ..., B ′ m ⊑ ϕ ❛♥❞ ∃A ′ ∈ ❙✉❜(A) : Conc(A ′ ) = ¬ ⌈Conc(B ′′ 1 ), ..., Conc(B ′′ n ) ⋐ ϕ⌉✱ s✳t✳ ♦♣❡r❛t♦r ⌈.⌉ ❝♦♥✈❡rts ❛ ❞❡❢❡❛s✐❜•❡ r✉•❡ ✐♥t♦ ❛ •✐t❡r❛•✳ ❚❤❡♥✱ A ❞❡❢❡❛t B ✐❢ A r❡❜✉ts ♦r ✉♥❞❡r❝✉ts B✳ ✸✳✷✳✼ |❛t✐♦♥❛•✐t② ♣♦st✉•❛t❡s ■♥ ❬✾(✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ❝•♦s✉r❡ ✉♥❞❡r tr❛♥s♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ str✐❝t r✉•❡s ✭❞❡♥♦t❡❞ Cl tp ✮ ❡♥s✉r❡s t❤❡ ❝•♦s✉r❡ ♦❢ t❤❡ ♦✉t♣✉t✱ ❛♥❞ R s ♠✉st ❜❡ ❝♦♥s✐st❡♥t t♦ ❡♥s✉r❡ ❝♦♥s✐st❡♥❝② ♦❢ ✐ts ♦✉t♣✉t✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ c✲❝♦♥s✐st❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✼(✳ ❙✐♥❝❡ t❤❡ ✐♠♣•✐❝❛t✐♦♥ ♦♣❡r❛t♦r ✐s t❤❡ •♦❣✐❝❛• ❝♦✉♥t❡r♣❛rt ♦❢ s❡t ✐♥❝•✉s✐♦♥ ♦♣❡r❛t♦r✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❆❙ s❛t✐s✜❡s t❤❡ r❛t✐♦♥❛•✐t② ♣♦st✉•❛t❡s ✭❝•♦s✉r❡✱ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ❝♦♥s✐st❡♥❝②✮✳ ❚❤❡ ♣r♦♦❢s ❛r❡ s✐♠✐•❛r t♦ t❤❡ ♦♥❡s ✐♥ ❬✶✾✱ ✾(✳ ❲❡ r❡♠✐♥❞ t❤❡ ♣♦st✉•❛t❡s ❜❡•♦✇✳ ▲❡t AS ❜❡ ❛♥ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠✱ ❛♥❞ E 1 , ..., E n ✐s ✐ts ❡①t❡♥s✐♦♥s ✉♥❞❡r ♦♥❡ ❉✉♥❣✬s s❡♠❛♥t✐❝s✱ ❛♥❞ ✐ts Output = i=1,...,n Concs(E i ) ✭❢♦••♦✇✐♥❣ ❬✾(✱ ❜❡❝❛✉s❡ ❝r❡❞✉•♦✉s ❛tt✐t✉❞❡ ❝❛♥ •❡❛❞ t♦ ✐♥❝♦♥s✐st❡♥❝✐❡s✮✳ ✶✶ • AS ✐s ❝•♦s❡❞ ✉♥❞❡r s✉❜✲❛r❣✉♠❡♥ts ✐✛ ∀A ∈ E i ✱ ❙✉❜(A) ∈ E i ❬✶✾(✱ • AS ✐s ❝•♦s❡❞ ✉♥❞❡r str✐❝t r✉•❡s ✐✛ ✭✐✮ ∀E i,i=1,...,n , Concs(E i ) = Cl Rs (Concs(E i )) ❛♥❞ ✭✐✐✮ Output = Cl Rs (Output)✳ • ❆s ✐♥ ❬✾(✱ AS ✐s ❞✐r❡❝t•② ❝♦♥s✐st❡♥t ✐✛ ∀E i,i=1,...,n , Concs(E i ) ❛♥❞ Output ❛r❡ ❝♦♥s✐st❡♥t✱ • AS ✐s ✐♥❞✐r❡❝t•② ❝♦♥s✐st❡♥t ✐✛ ∀E i,i=1,...,n , Cl Rs (Concs(E i )) ❛♥❞ Cl Rs (Output) ❛r❡ ❝♦♥s✐st❡♥t✳ Pr♦♣❡rt② ✶ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❆❙P■❈ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ✐s ❝•♦s❡❞ ✉♥❞❡r s✉❜✲❛r❣✉♠❡♥ts✱ ❝•♦s❡❞ ✉♥❞❡r str✐❝t r✉•❡s✱ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ❝♦♥s✐st❡♥t✳ ✹ ▼♦❞❡•✐♥❣ r✉•❡s ✐♥ t❤❡ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❛r❣✉✲ ♠❡♥t❛t✐♦♥ s②st❡♠ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✇❛② t♦ ♠♦❞❡• t❤❡ r✉•❡s ✐♥✈♦•✈❡❞ ✐♥ t❤❡ ❛r✲ ❣✉♠❡♥ts✳ ❲❡ r❡❝❛•• t❤❛t r✉•❡s ❝❛♥ ❜❡ ❡✐t❤❡r str✐❝t ♦r ❞❡❢❡❛s✐❜•❡✳ ■t ✐s ✐♥t✉✐t✐✈❡ t♦ ❝♦♥s✐❞❡r ♦♥t♦•♦❣✐❝❛• r✉•❡s s✉❝❤ ❛s ❛ ✇❤❡❛t ❣•✉t❡♥ ❜❛s❡❞ ♣❛❝❦❛❣✐♥❣ ✐s ❛ ♣❛❝❦✲ ❛❣✐♥❣ ♦r ❛ ✇❤❡❛t ❣•✉t❡♥ ❜❛s❡❞ ♣❛❝❦❛❣✐♥❣ ✐s ❛ ♣❛❝❦❛❣✐♥❣ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ❛t♠♦s♣❤❡r❡ ❝♦♥tr♦• ❛s str✐❝t r✉•❡ s✐♥❝❡ t❤❡② r❡♣r❡s❡♥t r❡❛• ❛♥❞ ♠❡❛s✉r❡❞ ❢❛❝ts✱ ❛♥❞ r✉•❡s s✉❝❤ ❛s t❤❡ ✉s❡r ♣r❡❢❡rs ✇❤❡❛t ❣•✉t❡♥ ❜❛s❡❞ ♣❛❝❦❛❣✐♥❣ ♦r ♣❛❝❦❛❣✐♥❣ ♣r♦✈✐❞✐♥❣ ❛ ❣♦♦❞ ❛t♠♦s♣❤❡r❡ ❝♦♥tr♦• ✐s s✉✐t❛❜•❡ ♣❛❝❦❛❣✐♥❣ ❛s ❞❡❢❡❛s✐❜•❡✱ s✐♥❝❡ t❤❡② ❡①♣r❡ss ❝♦♥t❡①t✲❜❛s❡❞ ❛♥❞ q✉❡st✐♦♥❛❜•❡ ✉s❡r ❝❤♦✐❝❡s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ s❤♦✇ t❤r♦✉❣❤ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡ ❛ •✐♠✐t❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡•✐♥❣ ❛♣♣r♦❛❝❤ ❢r♦♠ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ st❛♥❞♣♦✐♥t✱ ✇❤❡♥ t❤❡ ❛r❣✉♠❡♥ts ❛r❡ ❡①♣r❡ss❡❞ ♦♥ t❤❡ s❛♠❡ ♦❜•❡❝ts ❜✉t ❛❝❝♦r❞✐♥❣ t♦ ❞✐✛❡r❡♥t ❛s♣❡❝ts✳ ❊①❛♠♣•❡ ✸ ❲❡ ❝♦♥s✐❞❡r ❛ ❞❛t❛❜❛s❡ ❛❜♦✉t ♣❛❝❦❛❣✐♥❣s ❛♥❞ t✇♦ st❛❦❡❤♦•❞✲ ❡rs✿ r❡s❡❛r❝❤❡rs ❛♥❞ ❝❤❡❡s❡ ♣r♦❞✉❝❡rs ❛r❣✉✐♥❣ ❛❜♦✉t ❝❤❡❡s❡ ♣❛❝❦❛❣✐♥❣s✳ |❡✲ s❡❛r❝❤❡rs s❛②✿ ✧✇❤❡❛t ❣•✉t❡♥ ❜❛s❡❞ ♣❛❝❦❛❣✐♥❣s ❛r❡ s✉✐t❛❜•❡ ❜❡❝❛✉s❡ ❛ ✇❤❡❛t ❣•✉t❡♥ •❛②❡r ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ❛t♠♦s♣❤❡r❡ ❝♦♥tr♦•✧✱ ❛♥❞ ❝❤❡❡s❡ ♣r♦❞✉❝❡rs s❛②✿ ✧❣•✉t❡♥ ❝❛♥♥♦t ❜❡ ♣✉t ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❝❤❡❡s❡ ❜❡❝❛✉s❡ t❤❡ ❜❛❝t❡r✐❛ ✐♥ t❤❡ ❝r✉st ✇♦✉•❞ ❡❛t t❤❡ ❣•✉t❡♥✱ ❞❡❣r❛❞✐♥❣ t❤❡♥ t❤❡ ♣❛❝❦❛❣✐♥❣ •❛②❡r✧✳ |❡s❡❛r❝❤❡rs ♦♥t♦•♦❣② ❞❡✜♥❡s t❤❡ ❢♦••♦✇✐♥❣ ❡•❡♠❡♥ts✿ • AtmControlP ack✱ ❞❡♥♦t❡❞ ACP ✿ ✐s ❛ ❝♦♥❝❡♣t r❡❢❡rr✐♥❣ t♦ ♣❛❝❦❛❣✐♥❣s t❤❛t ❡♥s✉r❡ ❛ ❣♦♦❞ ❛t♠♦s♣❤❡r❡ ❝♦♥tr♦•✱ ✶✷ • SuitedP ack✱ ❞❡♥♦t❡❞ SP ✿ ❛ ❝♦♥❝❡♣t t❤❛t r❡❢❡rs t♦ t❤❡ s❡t ♦❢ ❛❝❝❡♣t❛❜•❡ ♣❛❝❦❛❣✐♥❣s✱ • ACP ⋐ SP ✿ ❛ ❞❡❢❡❛s✐❜•❡ r✉•❡ ❡①♣r❡ss✐♥❣ t❤❛t ❛♥② ✇❡•• ❝♦♥tr♦••❡❞ ❛t♠♦✲ s♣❤❡r❡ ♣❛❝❦❛❣✐♥❣ ✐s ❛ s✉✐t❡❞ ♣❛❝❦❛❣✐♥❣✱ • GlutenP ack✱ ❞❡♥♦t❡❞ GP ✿ ❛ ❝♦♥❝❡♣t ❞❡✜♥❡❞ ❜② t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ r❡•❛t✐♦♥ P❛❝❦❛❣✐♥❣ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♠❛tP❛❝❦ = ✬❲••✉t❡♥✬✳ ❆s ✐t r❡♣r❡s❡♥ts ❛ ✉s❡r ❝❤♦✐❝❡ t❤❡♥ GP ∈ K p ✱ • GP ⊏ ACP ✿ ❛ str✐❝t r✉•❡ ❡①♣r❡ss✐♥❣ t❤❡ ♠❡❛s✉r❛❜•❡ ❦♥♦✇•❡❞❣❡ r❡•❛t✐♥❣ t❤❡ ✇❤❡❛t ❣•✉t❡♥ ❜❛s❡❞ ♠❛t❡r✐❛• ❛♥❞ t❤❡ ♣❛❝❦❛❣✐♥❣ ♣❡r♠❡❛♥❝❡ ♣r♦♣❡rt②✳ ❈❤❡❡s❡ ♣r♦❞✉❝❡rs ♦♥t♦•♦❣② ❞❡✜♥❡s t❤❡ ❢♦••♦✇✐♥❣ ❡•❡♠❡♥ts✿ • SuitedP ack ❛♥❞ GlutenP ack ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✐♥ t❤❡ r❡✲ s❡❛r❝❤❡rs ♦♥t♦•♦❣②✱ • DestructiveP ack✱ ❞❡♥♦t❡❞ DP ✿ t❤✐s ❝♦♥❝❡♣t r❡❢❡rs t♦ ❞❡str✉❝t✐✈❡ ♣❛❝❦✲ ❛❣✐♥❣s✱ • DP ⋐ ¬SP ✿ ❛ ❞❡❢❡❛s✐❜•❡ r✉•❡ ❡①♣r❡ss✐♥❣ t❤❛t ❛♥② ❞❡str✉❝t✐✈❡ ❜❛s❡❞ ♠❛t❡r✐❛• ♣❛❝❦❛❣✐♥❣ ✐s ♥♦t s✉✐t❛❜•❡✱ • GP ⊏ DP ✿ t❤✐s str✐❝t r✉•❡ ❡①♣r❡ss❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ♣❛❝❦❛❣✐♥❣ ♠❛t❡r✐❛• ❛♥❞ t❤❡ ♣❛❝❦❡❞ ❢♦♦❞✳ ❚❤❡s❡ ♦♥t♦•♦❣✐❡s ❛r❡ ♠❡r❣❡❞ t♦ ❞❡✜♥❡ t❤❡ ❦♥♦✇•❡❞❣❡ ❜❛s❡ ♦♥ ✇❤✐❝❤ ✇❡ ✐♥st❛♥t✐❛t❡ t❤❡ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ AS = (L, R, ¬, ≥) s✉❝❤ t❤❛t✿ • ❙tr✐❝t r✉•❡s R s = Cl tp {GP ⊏ ACP, GP ⊏ DP } = {GP ⊏ ACP, ¬ACP ⊏ ¬GP, GP ⊏ DP ✱ ¬DP ⊏ ¬GP } • ❉❡❢❡❛s✐❜•❡ r✉•❡s R d = {ACP ⋐ SP, DP ⋐ ¬SP } • K a = {P ackaging} ❛♥❞ K p = {GP }✳ |❡s❡❛r❝❤❡rs ❛♥❞ ❈❤❡❡s❡ ♣r♦❞✉❝❡r✬s ❛r❣✉♠❡♥ts ❛r❡ t❤❡♥✿ ✶✸ • A 0 : ∅ ⋐ GP • A 1 : A 0 ⊏ ACP • A 2 : A 1 ⋐ SP • A 3 : A 0 ⊏ DP • A 4 : A 3 ⋐ ¬SP ❲❡ ❤❛✈❡ ❛ ♠✉t✉❛• ❛tt❛❝❦ ❜❡t✇❡❡♥ A 2 ❛♥❞ A 4 ✳ ❲❡ ❣❡t t❤❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ t✇♦ ♣r❡❢❡rr❡❞ ❡①t❡♥s✐♦♥s✿ • E 1 = {A 0 , A 1 , A 2 , A 3 } ❛♥❞ Output(E 1 ) = {GP, ACP, DP, SP }✳ • E 2 = {A 0 , A 1 , A 3 , A 4 } ❛♥❞ Output(E 2 ) = {GP, ACP, DP, ¬SP }✳ ❚❤❡ s❦❡♣t✐❝❛• ♦✉t♣✉t ✭t❤✐s ❢♦••♦✇s t❤❡ •✐♥❡ ♦❢ ✇♦r❦ ♦❢ ❬✾(✱ ❜❡❝❛✉s❡ ❝r❡❞✉✲ •♦✉s ❛tt✐t✉❞❡ ❝❛♥ •❡❛❞ t♦ ✐♥❝♦♥s✐st❡♥❝✐❡s✮ ♦❢ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ✐s t❤❡♥ Output = {GP, ACP, DP }✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ❞❡•✐✈❡rs ♥♦ ❞❡❝✐s✐♦♥ ❛❜♦✉t t❤❡ r❡✲ •❡❝t✐♦♥ ❛♥❞ t❤❡ ❛❝❝❡♣t❛♥❝❡ ♦❢ ❛♥ ♦♣t✐♦♥✳ ❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r ♦♥•② ❞❡•✐✈❡r❡❞ ❡①t❡♥s✐♦♥s✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ s②st❡♠ r❡❝♦♠♠❡♥❞s t❤❡ ❛❝❝❡♣t❛♥❝❡ ❛♥❞ t❤❡ r❡•❡❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♦♣t✐♦♥ ✭GP ✮ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ❦♥♦✇•❡❞❣❡ ❛❜♦✉t ✐t ✭{GP, ACP, AP, DP }✮✳ ❖♥❡ ❝❛♥ s✉❣❣❡st t♦ ♠♦❞❡• ❛•• t❤❡ r✉•❡s ❛s ❞❡❢❡❛s✐✲ ❜•❡ ❜✉t ✇❡ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❡①t❡♥s✐♦♥s ✐♥❛s♠✉❝❤ ❛s t❤❡ r✉•❡s ♦❢ ❛❝❝❡♣t❛♥❝❡ ❛♥❞ r❡•❡❝t✐♦♥ ❛r❡ ❞❡❢❡❛s✐❜•❡✳ ❚❤❡ ❜❡❤❛✈✐♦r ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣•❡ ✸ s❤♦✇s t❤❛t t❤❡ ♣r♦❜•❡♠ •✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ s②st❡♠ ✐s ✉♥❛❜•❡ t♦ ❝❛t❝❤ t❤❛t ❛♥ ♦❜•❡❝t ❝❛♥ ❜❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ❛❝❝❡♣t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝r✐t❡r✐♦♥ ❛♥❞ r❡•❡❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛♥♦t❤❡r✳ ❚♦ ♠❛❦❡ t❤❡ s②st❡♠ ❛❜•❡ t♦ ❝❛♣t✉r❡ t❤✐s ✇❛② ♦❢ r❡❛s♦♥✐♥❣✱ ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❡ r✉•❡s ❢r♦♠ ❝r✐t❡r✐❛ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ t❤❡ s②st❡♠ ❛♣♣•✐❡s t❤❡ r✉•❡s ❞❡✜♥❡❞ ♦♥ ❛ ❝r✐t❡r✐♦♥✱ ✐t ♠✉st ❞✐s❝❛r❞ ❛•• t❤❡ r✉•❡s ✭❞❡❢❡❛s✐❜•❡ ❛♥❞ str✐❝t r✉•❡s✮ ❞❡✜♥❡❞ ♦♥ ♦t❤❡r ❝r✐t❡r✐❛✳ ❚❤❡♥✱ ✇❤❡♥ ❛♥ ❛❣❡♥t ❡①♣r❡ss❡s ❛♥ ❛r❣✉♠❡♥t ♦✈❡r ♦♥❡ ❝r✐t❡r✐♦♥ ✭❛❝❝♦r❞✐♥❣ t♦ ✐ts ❦♥♦✇•❡❞❣❡✮✱ ❤❡✴s❤❡ ❞♦❡s ♥♦t ♣r❡s✉♠❡ ❛♥② ❦♥♦✇•❡❞❣❡ r❡•❛t❡❞ t♦ t❤❡ ♦t❤❡r ❝r✐t❡r✐❛✳ ❲❡ ❞❡✜♥❡ t❤❡♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❛ ✈✐❡✇♣♦✐♥t ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ ✐♥ ✇❤✐❝❤ ❛ ✈✐❡✇♣♦✐♥t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❛r❣✉✲ ♠❡♥t❛t✐♦♥ s②st❡♠ •✐♠✐t❡❞ t♦ t❤❡ r✉•❡s ❞❡✜♥❡❞ ♦♥ ♦♥❡ ❛♥❞ ♦♥•② ♦♥❡ ❝r✐t❡r✐♦♥ ✭❛ttr✐❜✉t❡✮ ❞❡s❝r✐❜✐♥❣ t❤❡ ♦❜•❡❝ts ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❞♦♠❛✐♥✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✶✹ ❞❡✜♥❡❞ ♥❡①t ✐s s✐♠✐•❛r ✐♥ s♣✐r✐t t♦ t❤❡ ✐♥t✉✐t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬✷(✳ ❚❤❡

  ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤✐s ✇♦r❦ ✐s t❤❡ •♦❣✐❝❛• •❛♥❣✉❛❣❡ ✉s❡❞ ✭❬✷( ✉s❡s ♣r♦♣♦s✐t✐♦♥❛• •♦❣✐❝✮ ❛♥❞ t❤❡ ♣r❛❝t✐❝❛• s❝❡♥❛r✐♦ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ r❡♣♦rt✳ ✺ ❱✐❡✇♣♦✐♥ts ❉▲|✲▲✐t❡ ❜❛s❡❞ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠ |❛t❤❡r t❤❛♥ ♠❡r❣✐♥❣ t❤❡ ❦♥♦✇•❡❞❣❡ ❡①♣r❡ss❡❞ ❜② t❤❡ ✐♥✈♦•✈❡❞ ♣❛rt ✐♥ t❤❡ ♣r♦•❡❝t✱ ❤❡r❡ ✇❡ s♣•✐t r✉•❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥s✐❞❡r❡❞ ❛s♣❡❝ts✳ ❲❡ t❤❡♥ ✐♥st❛♥t✐❛t❡ ♦♥ ❡❛❝❤ s✉❜s❡t ♦❢ r✉•❡s t❤❡ ❉▲|✲▲✐t❡ ❜❛s❡❞ ❛r❣✉♠❡♥t❛t✐♦♥ s②st❡♠✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡✳ ❊①❛♠♣•❡ ✹ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛r❣✉♠❡♥t ❡①♣r❡ss❡❞ ✐♥ ❊①❛♠♣•❡ ✸✳ ❋r♦♠ t❤❡ r❡s❡❛r❝❤❡rs✬ st❛♥❞♣♦✐♥t✱ t❤❡ ❝r✐t❡r✐♦♥ ❛t♠♦s♣❤❡r❡ ❝♦♥tr♦• ✭❞❡♥♦t❡❞ atm✮ ✐s ❝♦♥s✐❞❡r❡❞✱ ✇❤❡r❡❛s ❝❤❡❡s❡ ♠❛❦❡rs ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ♣r♦❞✉❝t ❝r✐t❡r✐♦♥ ✭❞❡♥♦t❡❞ int✮✳ |❡s❡❛r❝❤❡rs✬ ❛r❣✉♠❡♥ts ❛r❡ ❜❛s❡❞ ♦♥ ✈✐❡✇♣♦✐♥t v 1 = v atm ✿ • R v 1 = (R sv 1 , R dv 1 )✱ ✇✐t❤ R sv 1 = {GP ⊏ ACP, ¬ACP ⊏ ¬GP } ❛♥❞ R dv 1 = {ACP ⋐ SP } ❈❤❡❡s❡ ♠❛❦❡rs✬ ❛r❣✉♠❡♥ts ❛r❡ ❜❛s❡❞ ♦♥ ✈✐❡✇♣♦✐♥t v 2 = v int ✿ • R sv 2 = (R sv 2 , R dv 2 ) ✇✐t❤ R sv 2 = { GP ⊏ DP ✱ ¬DP ⊏ ¬GP } ❛♥❞ R dv 2 = {DP ⋐ ¬SP }✳ |❡s❡❛r❝❤❡rs✬ ❛r❣✉♠❡♥ts ✉♥❞❡r R sv 1 ❛♥❞ R dv 1 ❛r❡✿ • A 1 : ∅ ⋐ GP • A 2 : A 1 ⊏ ACP • A 3 : A 2 ⋐ SP ❚❤❡ s❡t ♦❢ ❛r❣✉♠❡♥ts a = {A 1 , A 2 , A 3 } ❢♦r♠s t❤❡ ♦♥•② ♣r❡❢❡rr❡❞ ❡①t❡♥s✐♦♥ ✐♥ t❤❡ ❞❡✜♥❡❞ ✈✐❡✇ v atm ✱ ❛♥❞ Output(v atm ) = Concs(a) = {GP, ACP, SP }✳ ❚❤❡ ❝❤❡❡s❡ ♠❛❦❡rs✬ ❛r❣✉♠❡♥ts ❛r❡✿ • B 1 : ∅ ⋐ GP • B 2 : B 1 ⊏ DP • B 3 : B 2 ⋐ ¬SP ❚❤❡ s❡t ♦❢ ❛r❣✉♠❡♥ts b = {B 1 , B 2 , B 3 } ❢♦r♠s t❤❡ ♦♥•② ♣r❡❢❡rr❡❞ ❡①t❡♥s✐♦♥ ✐♥ ✈✐❡✇ v san ✱ ❛♥❞ Output(v san ) = Concs(b) = {GP, DP, ¬SP }✳ ✶✺