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Abstract

Given a graph with edge-costs, searching for a minimum ¢osttsire that connects a subset of
vertices is a classic problem. We examine the spanning @mblnder constraints on the vertex
degrees. Spanning tree solutions were generally invéstiga solve them. However, for some
applications the solution is not necessarily a sub-grapsufing that the degree constraint is
due to the limited instantaneous capacity of the vertex hatthe only other constraint on the
spanning structure is its connectivity, we propose a refibation of some spanning problems.
To find the optimal coverage of the concerned vertices, aneian of the tree concept has been
proposed. A hierarchy is obtained by a graph homomorphigmed®n a tree and a target graph.
Since this spanning structure may refer vertices (and ¢addése target graph several times, it is
more flexible to satisfy constraints and neverthelessmpntifor network applications. Hierar-
chies correspond to the optimal solutions of the new problénere we resume our first promis-
ing results on the degree-constrained spanning hiera.chieey can solve network related cases
where trees meeting the constraints do not exist. In othegs;ehierarchies outperform trees.
Furthermore, the degree constrained spanning hieraraftgm can be approximated within a
constant ratio (while it is not possible with trees).

Keywords: Degree-constrained spanning problems, minimum spannéngrichies, networks

1. Motivation

They are network applications as broadcasting and muiticaging that several inspired
spanning problems in graphs. When a set of more than 2 vestiitegd be connected and there
is no further constraint, the minimum cost spanning stmacfthe optimal route) is a sub-graph:
a tree. In this paper, we focus on degree-constrained mmispanning problems, where the
degree of vertices participating in the span is limited.

The degree-constrained minimum spanning tree (DCMST)lpmolwvas introduced in [2].
The vertex seV of a graphG = (V, E) must be covered by a tree in which the maximal degree
of any vertices is limited by an integer constéant- 1. The problem is NP-hard. (Solving the
DCMST problem with the degree bouridl = 2 is equivalent to find the minimum Hamilto-
nian path. By reducing the DCMST problem from an equivalgntirsetric traveling salesman
problem (TSP), Garey and Johnson [3] showed that this proideNP-hard for any fixed con-
stant 2< D < |V - 1].) The NP-hard degree-constrained Steiner tree (DCST)lgmolvas
first extensively studied by Vof3 in [11]. In [1] the authorg@ment the particular interest of
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this problem with the limited capacity of switches in higtesd networks (where switches can
duplicate packets only for a limited outgoing links) to merh multicast routing. To solve the
problems, spanning trees or sets of trees are supposediasumircost solutions. Unfortunately,
considering only trees as potential solutions implies tveomarawbacks.

The degree-constrained minimum spanning tree problem#®Tand DCST) may not al-
ways have a feasible solutiofor instance, witth = 2, the DCMST problem can be solved if
and only if the grapl& has a Hamiltonian path.

The degree-constrained minimum spanning problems are pbaimable.n [9], the au-
thors present the problems in the frame of a generic bir@itgptimization A, B, S) where the
first objectiveA corresponds to the respect of a budget (degree) consttamsecond B) is
the objective (minimization of the cost) af®ldescribes the class of sub-graphs candidates to
solve the problem. The investigated classes in the papers(asly) are spanning trees, Steiner
trees and generalized Steiner trees. Hence, the solutiawiys supposed to be a tree. The
authors prove the hardness of the approximability in thestigated optimizations. The degree-
constrained minimum spanning tree problem is not polyntdynapproximable within a con-
stant factorp: for all p > 1, there is no polynomial timg-approximation algorithm regarding
cost when respecting the degree constraint even when thee gaper bound is given for all the
vertices.

However, network related applications (as routing) do natgs necessitate a sub-graph
as solution. Indeed, the route must always be connected thiensource to the destination(s)
but it can follow a scheme fierent from a simple sub-graph. We suppose that the route can
return to vertices several times and the degree constmantiecns each passage in the spanning
structure. For example, in optical routing, an optical stvitan be traversed several times by
the same wavelength but for each passage, the splittingecditimal is limited [12]. In order to
efficiently solve the routing, we try to find a connected minimwstspanning structure without
the hypothesis that it is a sub-graph. For this, we refortautae problems and we solve them
using a hierarchical structure related to graphs (cdiiedarchy) which can refer vertices and
edges in the topology graph several times.

In the following, we propose a fast overview of degree-caised spanning hierarchies
(Section 2). Section 3 resumes our most important resuligahese problems. The paper is
closed by some perspectives.

2. Hierarchiesand degree-constrained spanning structuresin graphs

Let us examine a simple analogy. éflementary walksertices (and thus edges) are not re-
peated buhon-elementary walksan contain vertices and edges several times.BLet(W, F)
andG = (V, E) be two (undirected) graphs. Remember, that an applicatioW — V associat-
ing a vertex inV to each vertex iW is a homomorphism if the mapping preserves the adjacency:
(u,v) € F implies ((u), h(v)) € E. A triplet (B, h, G) using a homomorphic mappirtgcan be
applied to define spanning structuresdn In [4], both elementary and non elementary walks
have been defined with the help of a homomorphic mapping ofiehary paths to graphs. The
homomorphic mapping between a tre@nd a grapl may be used to spda.

LetT = (W.F) be a tree. Leh : W — V be a homomorphism which associates a vertex
v € V to each vertexv € W. The applicationT, h, G) defines ierarchyin G.

It corresponds to a "non-elementary tree” in the gr&phwhich can return to some vertices
and edges. Unlike walks, in hierarchies some vertices aneteslly branching vertices (there are
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the vertex occurrences corresponding to the branchingesrdf the tred’). Figure 1 illustrates
a hierarchy.

Regarding the mapping of vertices fr@rto the original tred’, a hierarchy can also be given
by two multi-sets:H = (U, D) whereU is the multi-set of the concerned vertices dhds the
multi-set of edges it using the labels fron®. More details can be found in [7].

In the above mentioned routing problems, the route may benaested spanning structure
different from a tree. Messages must follow the route (which eadifferent from a sub-graph)
from the source to the destinations. For this, the problembeareformulated. We are looking
at connected minimum cost spanning structures coveringebieed vertex sd¥l C V s.t. each
vertex occurrence in the structure respects a degree aon&dr> 1.

3. First results

Analysing and solving the new problem, the following impat results are obtained.

A. The minimum cost connected structure spanning M and césgethe constraints is al-
ways a hierarchy(cf. the proofin [7]).

B. A first ILP-based formulation of the optimal spanning hiehy for homogeneous degree
bound was proposed i6]. Since the optimal hierarchy can return to vertices asiges several
times, its computation is not trivial. Similarly to the grapG = (V, 2E) discussed in [10], we
solved a first flow problem in the graphG = (V, mE), wherem s the maximum number of the
edge repetitions in the optimal hierarchy. Then a seconddyréecision permits to obtain the
optimal hierarchy from the flow obtained mG. We compared the spanning tree and spanning
hierarchy solutions. In randomly generated sparse grajthsl% < |V| < 50 and with density 2
the following results have been obtained.

C. Spanning hierarchies satisfying the constraints caregsuccessfully solve the routing
even if spanning trees do not exish the sparse random graphs, the failure rate for spanning
trees varies between 45% and 90% witk= 2 and between 4% and 46% with= 3.

D. Spanning hierarchies may be cheaper than the existingripg trees satisfying the con-
straints. Comparing the costs of the minimum spanning trees and mimispanning hierarchies
in random graphs (if both solutions exist), we found a cleiaatage for hierarchies. The aver-
age percentage of improvement of the cost using hierarghrésd between 18% and 30% when
D = 2 and between 8% and 22% whBn= 3. The improvement increases with the graph size.
The same results have been found in a similar spanning pndble

E. The DCMSH problem is in APX while the DCMST is WM& proposed an approximation
offering a guarantee 05?—1 in [8]. The outline of the approximation is as follows. Sinte
MST corresponds to a lower bound of the optimal cost, we spav&T with a hierarchy. This
hierarchy respects the degree constraints by returningne $ranching vertices of the MST if
needed. To compute the overhead of returns, the MST is demsedpnto a set of stars and cost
efficient (cost limited) edge repetitions are decided to cdvesstars. An example of this kind of
span of a tree (of an MST) is illustrated in Figure 1. Sincettiedegree constrained minimum
cost spanning hierarchy may be significantlffelient from the MST, the approximation is not
the best but spanning an MST, it is the best possible.

4. Conclusions and Per spectives

The newly proposed hierarchy concept is advantageousye defree-constrained spanning
problems. Trees do not permit the repetition of graph elémbut hierarchies, obtained from
3



Figure 1: Mapping of vertices for a hierarchy spanning an MST

trees by homomaorphism, allow it. In degree bounded spanmiolglems, we demonstrated that
spanning hierarchies exist even if spanning trees can net the constraints and hierarchies
provide better solutions even when spanning trees exist. spanning hierarchy problem is in
APX (while DCMST and DCST are not) and has a direct appliceitiovWDM multicast routing.
The analysis of minimum cost spanning problems under cainssrpromises further inter-
esting challenges. Generally, these constrained corthepemning problems are NP-hard and
the solutions are spanning hierarchies. By reformulatiegconstrained spanning problems and
proposing hierarchies instead of trees new conditionslatamed and new problems can be met.
In future works, the dferent spanning hierarchy problems should be analyzed fhenpoint
of view of their computational hardness, complexity, apirability, etc. In some applications,
the computation of optimal hierarchies can be expensivecandot be tolerated. Important re-
search work should investigate the fast computation of @idggeous spanning hierarchies for
constrained spanning problems and related applications.
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