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Abstract-We propose to use combinarorial maps as a non-geometric computer representation of convex 

polyhedral and polygonal stereogenic entities. ‘This model is simple, uniform, and general. Ir allows to represent 
any relative spatial arrangement of atoms (stereogenic entities, molecular shapes, etc.). 0 Acadtmie des Sciences/ 
Elsevier, Paris. 

computer chemistry I stereochemistry,/ structure representation / combinatorial maps 

R&urn4 - Reprkentation de la stCrCochimie fondle sur la topologie. NOUS proposons une 
reprtsenration informatique des emit& st&ogtniques polykdriques et polygonales convexes fond& sur les cartes 

combinatoires. (I’esr un modkle simplr, uniforme et g6n6ral. I1 permet de rep&enter tout arrangement spatial 
relatif d’atomes (entitts sttrPog&iques, formes des mokules, etc.). 0 Academic des Sciences/Elsevier, Paris. 

informatique chimique / stCrCochimie / reprbentation de structures / cartes combinatoires 

Version frarqaise ab&gCe 

Le traitement informatique des structures chimiques nkessite une representation informatique de 
la sttrkochimie qui soit adtquate B chaque domaine d’application. Lorsque des coordonnPes atomi- 
ques prkises ne sont pas nkcessaires, on peut utiliser une reprtsentation non gkomktrigue. Une telle 
reprtsentation devrait avoir un pouvoir d’expression de I’ordre de celui des formules structurales, les- 
quelles dkrivent I’arrangement spatial relrltif‘des atomes d’une moltcule [ 11. 

La plupart des reprCsentations non gComCtriques de la stkrkochimie proposkes pour la nomenclature 
ou le traitement informatiqut des structures chimiques {par exemple [2-51) utilisent des mod&s 
polyedriques ou polygonaux convexes, i partir desquels sont dtduits des st&Codescripteurs reprtsen- 
tant les entitks stkkogtniques. Par exemple, pour reprkenter la configuration d’un carbone asymi- 
trique, on place ses quatre atomes voisins sur les sommets d’un modtle tetraidrique et I’on en dtduit 
un descripteur de configuration. La grande majorit des entitks st&kogCniques peuvent &tre rep+ 
sent&es ainsi. 

Ces reprtsentations ont ktP consues pour le traitement de structures entikres et ne se pr&ent pas B 
celui des sous-structures. Un st&rCodescripteur est attribuable B une entitk st&Pogknique si l’on dispose 
d’un ordre canonique sur I’ensemble des substituants impliqu&. Cette p&condition n’kant pas rem- 
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plie dans le cas @n&al des sous-structures chimiques, il est impossible de rep&enter la st&rPochimie 
de celles-ci et d’inclure I’aspect st&Cochimique dans une recherche par sous-structure dans une base de 

mokcules ou de r&actions. Un autre inconvtnienr de ces reprtsentations est qu’il faut associer manuel- 
lement B chaque modtle un groupe de permutations (41 ou un ensemble de rkgles de nomenclature 
[2, 31 ad hoc afin de tenir compte des permutations d’atomes n’affectant pas l’arrangement spatial 
relatif de ces derniers sur les somrnets du mod&. De plus, la plupart de ces mkthodes on-c 6~6 d&e- 
lopptes pour la chimie organique et leurs extensions en chitnie inorganique ou organomkallique sont 
limit&s aux modtles les plus courants tels que l’octakdre. 

Ces difficult& son1 kvitkes lorsqu’on reprkente explicitement l’arrangement spatial relatif des ato- 
mes d’une entitt sttrtog&ique. Nous l’avons montrC prCc6demment en proposant une solution gPnt- 
rale pour les configurations des atomes et les conformations des liaisons [ 11. Cependant, le pro&me 
des entitis St&-togtniques non locales n’avait pas encore et6 pris en compte (par exemple les ada- 
mantanes asymktriquement substituks). 

L3ans cette note, nous proposons une approche plus simple et plus g&&ale. Elle est fondle sur le 
modkle bien formalis des cartes combinatoires [7,8]. C es d ernikres sont utilistes habituellement dans 
la conception assist&e par ordinatcur (CAO), oh l’on compose des objets gkomktriques complexes (par 
exemple une carrosserie) B partir de simple5 celltlrles (sommets, a&es, faces, volumes). Nous utilisons 
de telles cartes pour construire des entitts stkrkogkniques polykdriques ou polygonales. 

Notre reprkentation stCrCochimique se calcule B partir des coordonrkes tridimensionnelles plus ou 
moins prtcises des atomes participant B une entitr! st&+ogtnique. Celles-ci peuvent @tre obtenues, par 
exemple B partir d’une formule structurale par un calcul utilisant des longueurs et angles de liaison 
standard. Dans une premitre ttape la fermeture convexe [9] de cet ensemble de points est calcuke. L.a 
deuxikme &tape consiste :I reprksenter l’arrangement spatial relatif des sommets de ce polyPdru (poly- 
gone) convexe par une carte combinatoire (lesJ&res I et 2 montrent l’exemple d’un tktrakdre t et la 
carte correspondante m). I)ans ce but, I:1 convention suivante impose une orientation sur les fk~s du 
polykdre (un polygone est considCrC comme un polytdre dPgtntre sans intkrieur) : I’orientation d’une 
face est la skquence circulaire des sommcts que l’on rencontre en parcourant le bord de la fke dans le 
sens des aiguilles d’une montre, we de l’exttrieur du polykdre. Ensuite, on dkoupe le polykdre le long 
de scs ar@tes, Cclatant ainsi chaque a&e en deux !v+z~ (demi-a&es orientees, symbolikes par des tlP- 
ches sur lajgwe 2). Une permutation cyclique :.ur l’ensetnble des brins reprtsente l’orientation des 
faces du polykdre. Une involution (perrnutation qui est son propre inverse, symbolike par lrs ligncs 
hachurtes sur lafiguw2) relic entre elles les faces orienttes. Pour construire un polykdre convexe ZI par- 
tir d’une carte, celle-ci est plongPe dans I’espace tridimensionnel en respectant la convention d’orien- 
tation des faces. Ainsi, on obtient un polytdre ayant le mcme arrangement spatial relatif des sommets 
que celui qui est B l’origine de crtte carte. 

Puisque notre reprksentation st&!ochimique dkrit explicitement l’arrangement spatial relatif des 
atomes d’une entite stCrCog&ique, elle pertnet dkffectuer des recherches dans des bases de mokcules 
ou de reactions, tant par structure entikre que par sous-structure. Des algorithmes pour tester l’equi- 
valence d’entitks stkreogkniques, engendrer l’image dans un miroir d’une telle entitt et dCterminer si 
deux entitts sont tnantiomorphes, ont CtB implCment&. On peut raffiner la reprksentation en Cti- 
quetant les brins avec de l’information sur la longueur relative des a&es et la taille relative des angles 
du polytdre. Cela permet de disdnguer les polytdres rkguliers des irreguliers correspondants, ces der- 
niers devant ktre employ& pour rep&enter des entitCs stCrCog&iques telles que celles relatives :I l’atro- 
pisom&isme des biphknyles ou de type alltniqur:, par exemple. 

La reprksentation par cartes combinatoires n’est pas limitke aux entitks stkrkogkniques polykdriques 
ou polygonales convexes. Elle s’applique a priori il tout anangenient spatial relatif d’atomes. On peut 
kgalement envisager lcur utilisation pour rep&enter la forme des moltcules. Des applications poten- 
tielles de cette repr&entation non gtomCtrique de la structure tridimensionnelle des molecules existent 
dans tous les domaines qui nkcessitent un traitetnent informatique des structures chimiques. 
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Topology-based stereochemistry representation 

The above problems can be avoided if one 
explicitly represents the relative spatial arrange- 
ment of the atoms involved in a stereogenic 
entity. We have proposed a general solution for 
the representation of atomic configurations and 
bond conformations which is based on this idea 
[ 111. However, non-local stereogenic entities 

have not yet been accounted for. 

In this Note, we propose a simpler and more 
general approach to represent stereogenic enti- 
ties. It is based on the mathematically well-for- 
malized model of combinatorial maps [7, 81. 
The latter are used in computer aided design 
(CAD) where simple cells (vertices, edges, faces 
and volumes) are assembled to form complex 
geometric objects, e.g., a car body. We use them 
to assemble convex polyhedral and polygonal 
stereogenic entities, but this topology-based 
approach is capable of representing more com- 
plex stereogenic entities and molecular shapes. 
It has potential applications in every domain 
that relies on rhe computer processing of chem- 
ical structural information. 

1. Introduction 

The computer processing of chemical struc- 
tural information requires a computer repre- 
sentation of stereochemistry which is adequate 
for a given application domain. When no exact 
atomic coordinates are needed, a non-geometric 
representation can be used. This one should be 

as expressive as the structural formulae which 
represent the relative spatial arrangement of 
atoms in a molecule [ 11. 

In the large majority of stereogenic entities, 
the involved atoms occupy the vertices of a con- 
vex polyhedron or polygon. Therefore, most of 
the non-geometric representations of molecular 
stereochemistry which have been proposed for 
the purpose of systematic nomenclature or the 
computer processing of chemical structures 
(e.g., [2-51) use convex polyhedral and poly- 
gonal templates in order to derive stereode- 
scriptors for stereogenic entities. The configu- 
ration of an asymmetric carbon atom, e.g., is 
represented by placing its four neighbor atoms 
onto the vertices of a tetrahedral template and 
deriving a configurational descriptor. Analo- 
gously, templates are used to represent the con- 
formation of a bond or la.rger stereogenic 
entities which may encompass a whole mole- 
cule, e.g., an asymmetrically substituted ada- 
mantane. One approach [6] represents 
polyhedral clusters via linear notations derived 
from the corresponding canonically labeled 
molecular graphs which are embedded in R’ 
using polyhedral templates. 

These approaches have been devised for the 
treatment of full structures. Attribution of a 
stereodescriptor to a stereogenic entity (or a lin- 
ear notation to a polyhedral cluster ]6]) requires 
a canonical order of the involved atoms. lHow- 
ever, substructures in general (do not meet this 
precondition, so that stereochemical substruc- 
ture search in a chemical database is impossible. 
.4nother inconvenience of the stereodescriptor- 
based approaches is that a template-specific 
permutation group [4] or set of nomenclature 
rules [2, 31 must be manually determined for 
each template to account for those permuta- 
tions redistributing the atoms on the template 
vertices without affecting the relative spatial 
arrangement of the atoms. Moreover, most of 
these methods have been devised for organic 
chemistry and their extensions for inorganic 
and organometallic chemistry cover only the 
most common templates, e.g.. the octahetlron. 

2. Representing stereochemistry 
using combinatorial maps 

Tetrahedral configurations are the mo:jt 
common ones encountered in organic mole- 
cules. We therefore use the enantiomorphic tet- 
rahedra t and t’ (fgtire I) to illustrate how L?- 

dimensional maps (2-maps) allow to represent 
the relative spatial arrangement of the atoms 
forming a stereogenic entity (a mathematically 
rigorous presentation of combinatorial maps 
[7, X] is beyond th e scope of this article). We 
shall see how the corresponding 2-maps allow 
both to distinguish t from t’ and to determine 
their enantiomorphism relationship. 

The computer generation of our stereochem- 
ical representation starts from the set of (more 
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t 

Figure 1. Enantiomorphic tetrahedra. 

Figure 1. T&ra&dres 6nantiomorphc. 

t’ 
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or less precise) Sdimensional coordinates of 
the atoms forming a stereogenic entity. For 
example, the coordinates can be computed 
from a structural formula using standard bond 
lengths and angles. First, we compute the con- 
vex hull [9] of this set of points in order to 
obtain the corresponding polyhedron. Second, 
we generate the combinatorial map represent- 
ing the relative spatial arrangement of the ver- 
tices of this polyhedron. 

2.1. How to obtain a 2-mapfiom apoly- 
hedron (and vice versa) 

The second step can be informally described 
as follows (e.g., the transition from the tetra- 
hedron t infigure 1 to the corresponding 2-map 
m in figure 2). 

In order to represent the relative spatial 
arrangement of the vertices of a polyhedron, it 
is necessary to impose an orientation on its 
faces. We adopt the convention to view each 
face along an axis which is perpendicular to that 
face and directed from the exterior to the inte- 
rior of the polyhedron. Traversing the bound- 
ary of the face in clockwise direction (when 
viewed along the axis) yields a circular sequence 
of vertices defining the orientation of that face. 
For example, the circular sequence (a, 6, C) 
defines the orientation of the ‘front face’ of the 
tetrahedron t. 

We cut the polyhedron along its edges, thus 
obtaining the set of its oriented faces. In the 
case of the tetrahedron t we obtain {(a, L, c), (a, 
c, d), (a, d, 6), (6, d, c)}. ECach edge is thereby 
split up into two akra. A dart can be thought of 
as a ‘directed half-edge’ whose starting point 

(symbolized by a disc) and end point (symbol- 
ized by an arrowhead) coincide with polyhde- 
dron vertices. A dart is identified by a natural 
number and labeled with the polyhedron vertex 
at its start point. For example, vertex c is the 
label of dart 0 in m. 

The oriented polyhedron faces are repre- 
sented by a permutation 0, on the set of darts. 
This permutation is symbolized by the circular 
dart sequences, where the end point of a dart x 
touches the start point of a dart y if and only if 
p1 maps x onto y. We note a mapping p: X + 1 
as a subset of the Cartesian product XX Y In VZ, 
p, = {(O, l), (1, 2), (2, O), (3,4), (4, 5), (5, 3), 
(6 7), (7, 8), (8, 6), (9, lo)> (110, .11), (11, 9)) 
induces the four circular dart sequences (0, 1, 
2), (3, 4, 5), (6, 7, 8), and (9, 10, 11) as well as 
the corresponding circular label sequences 
(c, a, b), (a, c, d), (6, a, d), and (c, LJ, d), thus 
representing the oriented faces oft. 

The oriented faces are held together by an 
involution p2 on the set of darts (symbolized by 
thick dashed lines infigzlrf i?). An involution is 
a permutatlon that IS ldentlcal with llts inverse. 
Two darts that are connected via p, tort-espond 
to a polyhedron edge. In m, pZ = {(0,3), (1, G), 
(2, 91, (3, O), (4, 111, (5, 7), (6, I), (7, 5)> (8, 
lo), (9, 2), (IO, 8), (11, 4)} maps, e.g., dart 0 
onto dart 3 and vice versa. Thus, the dart st’t {0, 
3} corresponds to the polyhedron edge ac. 

The inverse process of (re)constructing a 
polyhedron from a 2-map may be iinformally 
described as follows. The involution /3? (thick 
dashed lines) might b e viewed as a set of flexible 
connections between the oriented faces (circu- 
lar dart sequences) of the Z-map. The latter are 
embedded into R” by shrinking these connec- 

m 

c 

m’ 

d 

im 

Figure 2. 2-maps representing the tettahcdra in figure 1. 

Figure 2. 2.cartes repr&entant Irs t&raPdres SLIT la&m 1. 
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tions such that the starting point of each dart 
coincides with the end point of its image under 
p2 and that the circular dart sequences are ori- 
ented clockwise, when viewed from the exterior 
of the resulting convex polyhedron. Thus, if we 
embed the oriented face (0, 1, 2) of the %-map 
m in the paper plane as drawn in Jigure 2, the 
remaining faces must be folded into the half 
space below the paper plane in order to give the 
tetrahedron t. 

Dejhition: 2-dimensional map (2-map). A 
2-dimensional map (2-map) is a quintuple M = 
(U, p,, &, L, h) such that D is a finite non- 
empty set of darts, p, a permutation of D, p2 an 
involution of D, L a set of dart labels, and 3L a 
surjection from D onto L. 

2.2. Comparingpolyhedra via their cor- 
responding hnaps 

Let VP and VQ be the vertex sets of two poly- 
hedra P and Q and let RV c (VP u If& x 

(V,u VQ) be an equivalence relation. By 
default, R, is the identity relation {(v, V) ( z, E 
V,, u V,}, i.e., the vertices of the polyhedra are 
distinguishable from each other. The equiva- 
lence relation may be redefined, e.g., consider- 
ing vertices as equivalent if the corresponding 
atoms belong to the same chemical element. 

Let the 2-maps M, and M represent P and 
Q, respectively. Because each 8 art of the corre- 
sponding dart sets D, and DQ is labeled with a 
polyhedron vertex from VI, and VQ, respec- 
tively, R, is the natural equivalence relation on 
the union of the sets of dart labels. 

We consider P and Q as equal if M,, and MQ 
are isomorphic, i.e., if there exists a bijection 
from D, to Dq which respects the adjacency of 
darts (as defined by the permutations p1 and 
p2) and which maps each dart from D, onto an 
equivalently labeled dart of DQ. 

De$nition: isomorpbism of 2-maps. Let A4 
= CD, PI, &, L, A) and M’ = (D’, & ‘, PI,‘, L’, 
h’) be 2-maps and let R c (L u L ‘) x (L u L ‘) 

be an equivalence relation. A bijection CJ: D 4 
D’ is an isomorphism which maps M onto M 
if and only if ‘d d E D: o(P, (dj) = PI ‘(CT(~)) A 
o(P,(d)) = P2’Wl) A O@L h’(Nd))) E R. 

Let us compare the tetrahedra t and t’ 
@gure I) which are represented by the 2-maps 
m and m’ (pgure 2). Accidentally, both poly- 
hedra have the same vertex set V = {a, 6, c, 4, 
and both 2-maps have the same dart set 1) = {0, 
1, 2, 3, 4, 5, 6, 7, 8, 3, 10, I I}. If the natural 
dart label equivalence relation is the identity 

relation R,= {(a V) ( v E VJ, there exists no iso- 
morphism mapping m onto m’, i.e., t and t’ are 
not equal. However, if the natural dart label 
equivalence relation was R, = {(v, v) 1 u E v u 
((c, 4, (d, c)}, the identity mapping on the dart 
set D would be an isomorphism that maps T?Z to 
YFI', i.e., t and t’ would be equal. 

2.3. How to construct the mirror image 
of a polyhedron 

Because of the clockwise convention, invert- 
ing the orientation of the faces of a polyhedron 
amounts to turning the polyhedron boundary 
inside out and therefore leads to its mirrot 
image. 

Definition: inverse of a 2-map. Let M = (D, 
pi, &, L, 3L) be a 2-map. The inverse of 111 is 
Ill-’ = (D, P;‘, p2, L, 3L-‘) with A.?: D + L, 
h--‘Ml = up,m. 

Taking into account this definition and the 
procedure for the (re)construction of polyhedra 
from 2-maps, it should be clear that a 2-map 
M-’ represents the mirror image of the polyhe- 
dron represented by the 2-map M. For exam-- 
ple, im ($gure 2) is the inverse of m and 
therefore represents the mirror image t’ of I 
@gure I). 

2.4. How to determine ;ftwo polyhedra 
are enantiomorphic 

Let the 2-maps MI, and Mq represent the 
polyhedra P and Q, respectively. P and Q are 
en.antiomorphic if and only if there does not 
exist an isomorphism which maps MET’ onto 

M,n (i.e., P is chiral) and if there exists an iso-- 
morphism which maps M,’ onto MQ (i.e., the 
mirror image of P and Q are equal). 

It can thus be shown (using the 2-maps m. 
im and m’ in figure 2) that the tetrahedra t and 
t’ in jgure 1 are enantiomorphic. 

3. Conclusions 

2!-Dimensional maps are a simple topology- 
based model providing a uniform representa- 
tion for convex polyhedral and polygonal ster- 
eogenic entities (a polygon can be considered as 
a degenerate polyhedron which has two faces 
but no interior). Their scope is easily extended 
by including into the dart labels information 
about relative lengths of polyhedron edges 
(‘vertex ti is closer to vertex b than to vertex c’) 



A. Dietz et al. 

and relative sizes of angles (‘Labc is smaller 
than L&-d, but it is approximately the size of 
dab’). This is necessary to distinguish regular 
from irregular polyhedra (e.g., stereogenic enti- 
ties of the allene type or arising from atrop- 
isomerism in biphenyls may be represented 
using an irregular tetrahedron). 

The Z-map representation of stereochemistry 
describes explicitly the relative spatial arrange- 
ment of the atoms of a stereogenic entity and 
therefore allows to perform full structure search 
as well as substructure search in chemical data- 
bases. Algorithms have been implemented 
which determine the equivalence of stereogenic 
entities, construct the mirror image of such an 
entity, and determine if two entities are enan- 
tiomorphic. Recognition of stereochemical 
relationships (&ham, syn-/antiperiplanar, +/- 
synclinal, +/- anticlinal) has also been imple- 
mented. 
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