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Synthesis of optimal electrical stimulation patterns for functional 
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the maximal isometric force in the model to account for 

time-varying behavior, which improved the average rms 

errors from 31.4 to 13.9 % for all subjects.
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1 Introduction

Functional electrical stimulation (FES) is generally used to 

activate the paralyzed muscles in spinal cord-injured sub-

jects. This pulse-train stimulation produces muscular forces 

that can be controlled in a way similar to that normally 

occurring in the central nervous system of healthy subjects. 

FES can be applied directly to muscle, through the motor 

nerve or through the spinal cord [19]. In the first two cases, 

the electrodes are implanted or placed over the skin. FES 

can thus be used to restore functional tasks like standing 

or locomotion. However, the functional task needs to be 

clearly specified in terms of the joint trajectories to follow, 

the position to reach, and/or the level of torque to achieve.

In order to restore a given functional task, it is important 

to synthesize the best FES patterns in terms of energetic or 

other criteria so that the appropriate electrical stimulation 

patterns to restore the desired task are generated. The syn-

thesis results can be applied in an open loop or used as part 

of a model-based control strategy [9]. Certainly, it should 

be the first step in FES-based rehabilitation for spinal cord 

injured subjects.

Synthesizing FES patterns is a difficult process because 

of the relative lack of knowledge on muscle behavior under 

FES, especially regarding its complexity and high nonlin-

earity, and very few works have focused on this issue. In 

Abstract We investigated the synthesis of electrical 

stimulation patterns for functional movement restoration 

in human paralyzed limbs. We considered the knee joint 

system, co-activated by the stimulated quadriceps and ham-

string muscles. This synthesis is based on optimized func-

tional electrical stimulation (FES) patterns to minimize 

muscular energy consumption and movement efficiency 

criteria. This two-part work includes a multi-scale physi-

ological muscle model, based on Huxley’s formulation. 

In the simulation, three synthesis strategies were investi-

gated and compared in terms of muscular energy consump-

tion and co-contraction levels. In the experimental valida-

tion, the synthesized FES patterns were carried out on the 

quadriceps-knee joint system of four complete spinal cord 

injured subjects. Surface stimulation was applied to all sub-

jects, except for one FES-implanted subject who received 

neural stimulation. In each experimental validation, the 

model was adapted to the subject through a parameter 

identification procedure. Simulation results were success-

ful and showed high co-contraction levels when reference 

trajectories were tracked. Experimental validation results 

were encouraging, as the desired and measured trajectories 

showed good agreement, with an 8.4 % rms error in a sub-

ject without substantial time-varying behavior. We updated 
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[6, 19, 30], FES patterns were obtained empirically based 

only on the clinicians’ experience. This intuitive solution 

restricts the number of activated muscles and does not 

ensure the best choice of patterns, which accelerate the 

muscle fatigue.

Functional electrical stimulation patterns were obtained 

in [9, 25, 28] using an analytical inversion of a musculo-

skeletal model, although this model-based synthesis dealt 

with the activation of a single muscle only. It solved the 

redundancy problem by excluding any co-contraction 

phenomena, which is a great advantage for joint stabil-

ity [24]. However, analytical inversion is usually impos-

sible for more realistic models with high complexity and 

nonlinearity.

In [24], an optimization technique for FES pattern syn-

thesis was tested in simulation. An appropriate criterion 

was chosen for minimization, and the method solved the 

redundancy problem by taking into account muscular co-

contraction. However, in this work, the optimization cri-

terion was chosen to cancel the co-contraction and exclu-

sively solved a numerical inverse problem.

Another method for synthesis was proposed in [7] as an 

alternative to optimization methods. It solved the redun-

dancy problem by partitioning the muscular actuators into 

two functional groupings, referred to as gravity compensa-

tors and movement generators.

This strategy required more than one muscle to perform 

any task, which can often be difficult to ensure in spinal 

cord-injured subjects. In addition, the level of co-contrac-

tion could not be explicitly controlled.

In the current work, the optimization strategy was cho-

sen to synthesize the optimal FES patterns for movement 

restoration while taking into account muscular co-contrac-

tion, thus solving the redundancy problem. The main aim 

of this synthesis strategy is to minimize fatigue by limiting 

energetic consumption.

To illustrate this approach, we consider a biomechani-

cal knee joint model and its antagonistic muscles: the 

quadriceps and hamstring muscle groups. In the first part 

of this work, several methods with different optimiza-

tion criteria were explored in simulation and compared 

in terms of energetic and co-contraction criteria. In the 

second part, the synthesized FES patterns were experi-

mentally validated on subjects with spinal cord injury. In 

this work, only quadriceps muscle was considered for the 

validation.

In the next section, the musculoskeletal model of the 

knee joint (Sect. 2.1), the strategies for FES pattern syn-

thesis (Sect. 2.2) and the experimental validation (Sect. 

2.3) are described. Results of the simulation study and the 

experimental validation are presented in Sect. 3 and dis-

cussed in Sect. 4. The conclusion and perspectives are pre-

sented in Sect. 5.

2  Methods

2.1  Musculoskeletal modeling of the knee joint

The knee joint is controlled by two antagonistic groups of 

electrically stimulated muscle: the quadriceps and the ham-

strings. The model of this system consists of two parts [3]:

• a dynamic model of the controlled knee joint,

• a model of electrically stimulated muscle.

2.1.1  Dynamic model of the controlled knee joint

The knee joint is modeled in 2D in the sagittal plane as 

one degree of freedom θ, as illustrated in Fig. 1a. It is con-

trolled by quadriceps and hamstring muscular forces Fq and 

Fh, through constant moment arms r1 and r2, respectively. 

The full knee extension is at 0◦ and the rest position is at θ0

, which will depend on the subject. By assuming the rela-

tive foot movement with respect to the leg is very small, 

the shank-foot group was considered as a single rigid body. 

The geometrical formulations of quadriceps and hamstring 

muscle-tendon lengths are:

where Lqext
 and Lhext

 are the quadriceps and hamstring 

lengths at the maximal extension (i.e., θ = 0
◦). The knee 

joint dynamics around the rest position is given by the fol-

lowing second-order nonlinear equation [3, 27]:

where θr = θ0 − θ is the knee angle from the rest position 

in a counterclockwise direction. Tq = Fq r1 and Th = Fh r2 

are the active quadriceps and hamstring torques; B and J 

are the viscosity coefficients and the shank inertia around 

the center of rotation O, respectively; K is the parameter of 

the static torque that we considered in [3] as combining the 

gravity and elasticity torques.

2.1.2  Electrically stimulated muscle model

The muscle model highlights the multi-scale aspect of mus-

cle as a combination of macroscopic [15] and microscopic 

[17] model properties by describing its dynamics from the 

level of fiber to the entire muscle, as detailed in a previous 

work [8]. The overview of this model is shown in Fig. 1b 

and consists of two parts:

1. The activation model, which describes the generation 

of action potentials and the initialization of contrac-

tions from the stimulation input. It includes two sub-

parts:

(1)

{

Lq(θ) = Lqext
+ r1θ

Lh(θ) = Lhext
− r2θ

(2)Tq − Th = J θ̈r + Bθ̇r + K sin(θr)



• The fiber recruitment model describes the spatial 

summation of activated fibers. It represents the rela-

tion between the electrical current applied to the 

motor point and the rate of the activated fibers α. It is 

described by a sigmoid function [20] and modulated 

here by the electrical stimulation pulse width PW as 

follows: 

where c1, c2 and c3 are the parameters that represent 

the plateau level, maximum slope and inflexion point, 

respectively.

• The calcium dynamics model represents the electro-

chemical phenomena responsible for the force trigger-

ing within one fiber and the temporal summation of 

these forces [12, 26]. This model is controlled by the 

stimulation frequency and generates a chemical pulse 

train u. It is composed of three phases: muscle contrac-

tion, muscle relaxation and the transition between these 

two states. It is defined by the following function [8]: 

where Uc, Ur are constants related to the actin–myo-

sin cycle during the contraction, and Πc is a function 

defined as follows: 

where tr is the relative time position from the begin-

ning of the transition phase.

2. The mechanical muscle model, which represents the 

contractile properties of the muscle-tendon structure. 

It is a Hill-type lumped element model [29] adapted 

for FES application. Figure 1c illustrates this model, 

which includes a contractile element (CE) in series 

with an elastic element (SE), whose stiffness is ks, and 

a viscoelastic parallel element (PE). In this work, the 

PE effect is moved to the joint as a part of the passive 

effects, as was done in [3]. Therefore, the model of 

the muscle-tendon structure becomes equivalent to the 

active part (Fig. 1c). The specific model of CE, which 

describes the contraction under FES, is based on Hux-

ley’s sliding filament theory [17]. It is represented by 

the dynamic equations of the contractile element force 

Fc and stiffness Kc, detailed in [8]: 

where Fcm and Kcm correspond to maximal isometric 

force and stiffness, respectively. Flc is the CE force–

length relationship, which relates the maximal normalized 

isometric force to the CE strain εc as follows [13, 25]: 

where b is the so-called shape parameter, which 

describes the overlapping level of filaments in 

(3)α(PW) =
c1

1+ exp{c2(c3 − PW/PWmax)}

(4)u(t) = Πc(t)Uc + (1−Πc(t))Ur

(5)Πc =







1 during the contraction phase τc
τr−tr

τr
during the transition phase τr

0 otherwise

(6)

{

K̇c = −(u+ |ε̇c|)Kc + αKcmFlc(εc)ΠcUc

Ḟc = −(u+ |ε̇c|)Fc + αFcmFlc(εc)ΠcUc + KcLc0ε̇c

(7)Flc(εc) = exp

[

−

(εc

b

)

2
]

Fig. 1  Physiological model parts of the knee joint activated by two 

antagonistic stimulated muscles. a Biomechanical model of the knee 

joint, where quadriceps force (Fq) and hamstring force (Fh) control 

the knee joint angle θ through moment arms r1 and r2, respectively; 

m.g is the gravity torque of the leg, where m is its mass and g the 

gravity acceleration; b overview of one muscle model. By modulat-

ing the stimulation frequency f , the stimulation amplitude I, and the 

pulse width PW, the activation model modulates the recruitment rate 

α and the chemical pulse train u. The stimulated muscle applies a 

force on the skeletal system. The joint position has feedback on the 

muscle length and thus on the contractile element length; c mechani-

cal muscle model, which includes an elastic serial element (SE), 

whose stiffness is ks and length is Ls, a viscoelastic parallel element 

(PE), and a contractile element (CE), which generates the force Fc 

and is controlled by the recruitment rate α and the chemical pulse 

train u and is modulated by it length Lc



sarcomeres, and εc =
Lc−Lc0

Lc0
, with Lc being the CE 

length and Lc0 its rest length. The mechanical interac-

tion between CE and SE allows us to formulate the CE 

deformation velocity [8]: 

where: 

and ε = L−L0

L0
 is the strain of the whole muscle-tendon 

structure, with L0 being the muscle-tendon rest length 

and L = Lc + Ls its current length, where Ls being the 

SE length.

2.2  FES pattern synthesis

2.2.1  Optimization-based synthesis principle

The optimal FES pattern synthesis consists of a model-

based optimization of the stimulation PW vectors applied 

to the two antagonistic muscles simultaneously. This opti-

mization is based on the minimization of a cost function 

Fcost under a set of physiological and mechanical con-

straints. It takes into account the entire movement duration 

and is stated as:

where PW
q
=

[

pw
q

1
,...,pw

q
n

]

, PW
h
=

[

pwh
1
,...,pwh

n

]

 are the pulse width 

vectors of the stimulation applied during the whole move-

ment on the quadriceps and hamstrings, respectively. These 

vectors represent a discretization of continuous stimula-

tion into n samples. The choice of n value was discussed 

in our previous work [1, 2] and was fixed at n = 20 in this 

work, which is enough to ensure the current desired tasks. 

C and Ceq are the vectors including equality and inequality 

constraints such as the ranges of stimulation, joint angles, 

velocities and accelerations. The optimization cost function 

Fcost defines the strategy of the synthesis. This choice is 

thoroughly discussed in the next Sect. 2.2.2.

To solve the nonlinear programming problem of optimi-

zation, the quasi-Newton algorithm was used. The stimula-

tion vectors PW
q
, PW

h were initialized to 10 % of their 

maximal value PWmax. The simulation and optimization 

algorithms were performed using MAtLAB 7.0.0 on a PC 

platform (Pentium-IV 3-GHz, 1-GB RAM). The numerical 

integration of the model dynamics was performed through 

the MATLAB solver “ODE113” with a variable step-size.

(8)ε̇c =
ksL0ε̇ + Fcu− αFcmFlc(εc)ΠcUc

ksLc0 + KcLc0 − svFc

(9)sv = sign(ksL0ε̇ + Fcu− αFcmFlc(εc)ΠcUc)

(10)



















min

PW
q

,PW
i
Fcost(PW

q
,PW

i
)

s. t.

C(PW
q

,PW
h
) ≤ 0

Ceq(PW
q

,PW
h
) = 0

The optimal FES patterns were synthesized off-line and 

then applied, as stimulation input, to the model for simula-

tion (Sect. 3.1) and then to a real subject for experimental 

validation (Sect. 3.2).

2.2.2  Optimization-based synthesis strategies

In this simulation study, we investigated different cost 

function choices and their effects on movement efficiency, 

energy consumption and the co-contraction phenomenon, 

as in our previous work [2]. For this study, the hamstring 

muscle parameters were taken from the literature, whereas 

the quadriceps and knee joint parameters were identified 

experimentally [3], as presented below (Sect. 2.3.3). In 

addition, the rest position of the leg was to be assumed ver-

tical, i.e., θ0 = 90
◦. The following three synthesis strategies 

were thus applied:

• The first synthesis strategy generated FES patterns that 

allowed tracking a fifth-order polynomial trajectory 

by the knee joint. This trajectory is generally usually 

used in robotics to perform a movement from an initial 

to a final joint state [18]. Therefore, the quadratic cost 

function includes one part related to trajectory tracking 

errors and another part related to muscular activations. 

It was assessed throughout the movement duration from 

0 to tend: 

 where θref and θs represent the polynomial reference tra-

jectory and the simulated knee joint trajectory. αq and αh 

are the recruitment fiber rates in the quadriceps and the 

hamstring muscles, which correspond to each muscular 

activation. wq, wh and werr are the weight coefficients 

that affect the tracking accuracy and the co-contraction 

rate, as will be discussed further on (Sect. 4).

• In the second synthesis strategy, instead of using a pre-

defined polynomial joint reference trajectory, it was 

optimized based on the energetic criterion of knee joint 

torque and defined as: 

 where Γa is the resultant of the antagonistic muscular 

torques. Thereafter, the FES patterns were synthesized 

using the same optimization as in the first strategy (Eq. 

11) by considering the optimal trajectory as reference 

one (θref ).

(11)

Fcost =

∫ tend

t=0

werr (θs(t)− θref(t))
2 dt

+

∫ tend

t=0

wq α2

q(t)+ wh α2

h(t) dt

(12)Ftraj =

∫ tend

t=0

|Γa(t)× θ̇ref(t)| dt



• In the third strategy, we avoided using a reference tra-

jectory as for several functional tasks, only certain joint 

situations need to be reached. Therefore, this synthesis 

generated FES patterns to perform a movement from an 

initial to a final joint state. In this case, the cost function 

included muscular activities only: 

 As no reference trajectory had to be tracked, we 

defined a set of constraints in order to reach the desired 

final situation and with respect to the angle and veloc-

ity boundaries. These constraints can be summarized 

below: 

 where θ
f
s , θ

f

d are the simulated and desired final angles 

and θ̇
f
s , θ̇

f

d are the simulated and desired final veloci-

ties. [θmin, θmax] are the angular boundaries, θ̇max is the 

maximal velocity, and θ i is the initial angular position. 

The last constraint was added to define only one direc-

tion of movement and avoid any oscillation, where sign 

represents the sign function.

2.2.3  Energetic criteria and co-contraction rate

To compare these three strategies, we defined two energetic 

criteria and one co-contraction level criterion, which were 

evaluated throughout the entire duration of movement. 

For the first energetic criterion Eart, the resultant of the 

antagonistic muscular torques around the knee joint was 

considered:

The second energetic criterion Emus included the quadratic 

sum of the antagonistic muscle contributions:

To perform a more complete comparison, we had to evalu-

ate the co-contraction rate Rco for each strategy. Therefore, 

we defined a criterion based on the comparison between the 

antagonistic muscular torque (Th, Tq) contributions:

For this criterion, close torques indicated high co-con-

traction rates, while a distant torque indicated a low 

(13)Fcost =

∫ tend

t=0

(wq α2

q(t) + wh α2

h(t)) dt

(14)



















[

θ
f
s , θ̇

f
s

]

=

[

θ
f

d , θ̇
f

d

]

θmin < θs < θmax

|θ̇s| ≤ θ̇max

sign(θ̇s) = sign(θ
f

d − θ i)

(15)Eart =

1

tend

∫ tend

t=0

|(Fh(t)× r2 − Fq(t)× r1)× θ̇ (t)| dt

(16)Emus =

1

tend

∫ tend

t=0

αq(t)
2
+ αh(t)

2
dt

(17)Rco(t) = 1−
|Th − Tq|

Th + Tq

co-contraction rate. This criterion was normalized for the 

amount of torque, such that 1 corresponded to the maximal 

co-contraction rate and 0 corresponded to the minimal rate.

2.3  Experimental validation of FES synthesis

2.3.1  Reduced musculoskeletal system

The main problems in experimentally validating the FES 

synthesis were related to the parameter estimations of the 

real musculoskeletal system. These estimations were made 

in our previous work [3] on the quadriceps muscle. There-

fore, only the quadriceps muscle was stimulated for the 

knee extension in the current work, while the hamstring 

muscle was kept passive and the knee flexion was per-

formed by leg gravity.

The synthesis for this experimental validation was simi-

lar to the first strategy (Sect. 2.2.2). However, we defined a 

different, repetitive and more complex reference trajectory 

as an application of the tracking trajectory task. Since the 

optimization was applied to this reduced model (quadri-

ceps-shank system), the optimization cost function ignored 

the hamstring activities αh in Eq. 11 and thus became:

2.3.2  Experimental setup

Experiments were conducted at the PROPARA Rehabili-

tation Center (Montpellier, France) on four male subjects 

having complete spinal cord lesion, with an ASIA A score. 

We obtained approval from the local ethics committee 

and informed, signed consent from the patients before the 

experiments. Details of the patients’ clinical assessments 

are summarized in Table 1.

The subjects were seated in a chair with the hips flexed 

at approximately 90
◦ and the thighs and back held against 

the seat. Therefore, since the hip flexion was fixed, the rec-

tus femoris, which is a biarticular muscle, acted as a mono-

articular muscle of the knee joint within the quadriceps 

group. The right and left quadriceps-shank units were con-

sidered separately, and the test order of quadriceps-shank 

side (right or left) was randomized.

The quadriceps muscle group was stimulated with the 

PROSTIM stimulator (Hardtech, Montpellier, France) 

through surface electrodes. However, neural stimulation 

was performed using an implanted FES system for subject 

10 [11]. PROSTIM stimulator provides 8 stimulation chan-

nels, for which the frequency f , the amplitude I and the 

pulse with PW can be independently controlled. It offers 

the possibility to vary in real time the stimulation param-

eters during the same patterns of stimulation, which is not 

(18)

Fcost =

∫ tend

t=0

werr (θs(t)− θref(t))
2 dt +

∫ tend

t=0

wq α2
q(t)



the case of most of existing stimulator. One of the two sur-

face electrodes for stimulation (10 cm × 5 cm, Cefar Medi-

cal, Lund, Sweden) was placed at the top of the rectus fem-

oris and the other was placed at the bottom of the vastus 

medialis, in order to stimulate the entire quadriceps muscle 

group.

The stimulation frequency was set at 20 Hz for all sub-

jects. This was chosen to induce smooth contractions with 

the lowest fatigue effect possible according to [4]. The 

stimulation amplitude (current intensity) was obtained indi-

vidually for each subject during a pre-experiment by set-

ting the pulse width to 300 µs and increasing the amplitude 

until level 3 of the Medical Research Council scale was 

reached. The quadriceps force was controlled by modulat-

ing the pulse width, which was limited to PWmax = 420 µs 

for the patients safety.

This experimental validation required two succes-

sive parts. The first concerned the estimations of model 

parameters in both isometric and dynamic conditions, as in 

our previous work [3], and is summarized in the next Sect. 

2.3.3. In this first part, the torque was measured in isomet-

ric conditions using the BIODEX dynamometer (Biodex 

3, Shirley Corporation, NY, USA) and recorded on a PC 

through the Biopac MP100 acquisition device (Biopac 

Systems, CA, USA) and the isolation units INISO-Biopac. 

This experimental procedure is thoroughly detailed in [3].

In the second part, the model identified for a specific 

subject was used to optimize the FES patterns according to 

the Eq.18 criterion. These synthesized FES patterns were 

then applied to the quadriceps muscle of the same subject 

through the PROSTIM stimulator (see Fig. 2b) and to its 

identified model to obtain the simulation. This experimen-

tal validation, which was the main purpose of this part 

of our work, was conducted in dynamic leg conditions. 

Thus, the knee joint angles were acquired using an exter-

nally mounted electrogoniometer (BIOMETRICS Ltd, 

Table 1  Subjects’ characteristics

a Number of subjects according to numbering used in [3]
b Subject appellation, corresponds to initial of name
c Subject with FES-implanted system [11]

Numbera Subjectb Age (years) Weight (kg) Height (m) Injury level Post-injury (years)

6 FC 34 50 1.69 T6 5

7 AV 23 54 1.72 C7 2.5

9 PC 22 62.7 1.91 C5 1

10c MM 48 75 1.75 T6 19

Fig. 2  Experimental setup 

for dynamical measurements: 

a Sensor and data acquisition 

system for joint angle measure-

ments. b Muscle stimulation 

devices



VA, USA), as presented in Fig. 2a, and recorded on a PC 

through the DataLINK acquisition system (Fig. 2b).

Thereafter, the knee joint angles and joint torques were 

sampled at 100 Hz and 2 kHz, respectively and then low-

pass filtered at 30 Hz using the fourth-order Butterworth 

filter, as in [10, 27].

2.3.3  Parameter identification procedure

Parameter estimation, which adjusts the model parameters 

that account for subject specificities, was required to obtain 

the most realistic subject-specific behavior. As mentioned 

before, this parameters estimation procedure was detailed 

in our previous work [3] and applied to the reduced mus-

culoskeletal system (Sect. 2.3.1). It includes five successive 

steps, summarized below:

(a) The geometrical parameters Lqext
 and r1 of Eq. 1 were 

estimated without any limb measurement. Indeed, for 

several joint angles, their corresponding quadriceps 

lengths were obtained using Hawkins’ equation [14] 

and subject height.

(b) The knee joint mechanical parameters (Eq. 2), which 

are the inertia J, the viscosity coefficient B, and the 

coefficient of the static torque K, were estimated with-

out any quadriceps activation (i.e., Tq = 0) through 

two successive steps. In the first one, the static leg tor-

ques (i.e., ˙θr = 0) were measured for different knee 

joint angles, from the rest position to full extension 

with steps of 5
◦, using the BIODEX system. From 

these measurements and Eq. 2, K was estimated using 

a linear least square method. In the second step, the 

dynamic leg behavior was acquired during the passive 

pendulum test. As the measured kinematic data of the 

leg oscillations presented second-order system behav-

ior, an analytical analysis of the damping ratio and nat-

ural frequency enabled parameter estimation of J and B 

[21].

(c) To estimate the parameters of the force–length rela-

tionship (Eq. 7), the isometric torques at different 

knee joint angles were measured at the same quadri-

ceps stimulation level. Thus, these Gaussian function 

parameters were identified using a linear least square 

method.

(d) The recruitment function parameters (Eq. 3) were esti-

mated from the measured isometric torques for differ-

ent quadriceps stimulation levels at the same optimal 

knee joint position, which corresponds to the maximal 

force during the force–length estimation.

(e) The mechanical parameters of muscle were estimated 

in dynamical leg conditions, while the quadriceps was 

stimulated with the chosen stimulation-level profile. 

From the stimulation input and the kinematic measure-

ments of the leg, estimation based on the resolution of 

the nonlinear programming problem was applied [3].

3  Results

3.1  Simulation results for the complete system

To appropriately compare the three synthesis strate-

gies (Sect. 2.2.2), the same knee joint conditions (ini-

tial and final angles and velocities) were chosen. In each 

of these simulations, the knee joint starts at the rest posi-

tion (i.e., 90
◦
) and reaches 30

◦ without any initial or final 

velocities. Unless otherwise specified, the weight coeffi-

cients (Eq. 11) were set as wq = wh = werr = 1, called here 

weighting1.

The results of the first synthesis, based on polynomial 

trajectory tracking, are presented in Fig. 3, left column. The 

knee joint angle trajectories (Fig. 3g) show good agree-

ment between the simulated and reference polynomial tra-

jectories. This result required only 20 pulse width samples, 

which were normalized as shown in Fig. 3a. The antago-

nistic muscular torques (Fig. 3d) were close during the 

first, second and then the quadriceps torque became bigger. 

However, the two torques had the same dynamics during 

the entire movement.

Figure 3a–d also indicate the appearance of the co-

contraction phenomenon. We believe that its high level 

is related to trajectory tracking errors in the cost function  

(Eq. 11) and thus to the choice of weight coefficients. 

Therefore, we investigated the weight coefficient effects on 

the co-contraction rate and tracking accuracy. Subsequently, 

this first synthesis strategy was also tested with another 

weight coefficient set, called weighting2 and defined as 

werr = 1, wq = wi = 10. The results with weighting1 

and weighting2 were then compared. Figure 4a shows 

the co-contraction rates (Eq. 17) for each of these weight 

coefficient sets and highlights the lower co-contraction  

rate with weighting2, although its tracking errors are clearly 

bigger, as presented in Fig. 4b.

The second synthesis results are summarized in Fig. 

3, middle column. Similar to the first method, there was 

good agreement (Fig. 3h) between the optimized trajectory  

(Eq. 12) and the simulated one obtained by applying the 

synthesized stimulation pulse widths (Fig. 3b). The antag-

onistic muscular torques, presented in Fig. 3e, show the 

same dynamics for the two torques and the close levels dur-

ing the first 0.5 s.

The third synthesis results are summarized on Fig. 3, 

right column, where the final knee joint conditions (i.e., 

θ = 30
◦ and ˙θ = 0) were reached without tracking any 

explicit trajectory (Fig. 3i). The synthesized stimulation 

pulse widths (Fig. 3c) and the antagonistic muscular torques 



(Fig. 3f) indicate that the contribution of the quadriceps was 

greater than that of the hamstrings, corresponding to the 

direction of movement. This difference highlights a small 

muscular co-contraction, which will be discussed further on.

The three criteria, defined by Eqs. 15–17, were evalu-

ated for each synthesis method. The co-contraction rate 

curves are presented in Fig. 5a, while the joint energetic 

criterion Eart and the muscular energetic criterion Emus are 

quantified, normalized and illustrated on the left and right 

sides of Fig. 5b, respectively.

3.2  Experimental validation results with the reduced 

system

In our previous work on parameter identification [3], 

the validation results indicated the good identification 

performance for most of the subjects. Each successfully 

identified model was then used in the synthesis pro-

cedure (Sect. 2.3) for the subject under consideration, 

and then, the leg that presented acceptable experimen-

tal responses was chosen for the validation. Therefore, 

only one leg was considered for each subject except for 

subject 9, whose two legs were tested. In order to evalu-

ate the synthesis result performance, we defined an error 

criterion, called the normalized root mean square devia-

tion (NRMSD), which quantified the deviation between 

the reference and measured knee joint trajectories, as 

follows:

(19)
NRMSD =

√

1

N

∑N

i=1

(Xm − Xref)
2

|max(Xref)−min(Xref)|

× 100 %

Fig. 3  Results for the three synthesis methods by: tracking a polynomial reference trajectory (a, d, g); tracking an optimized reference trajectory 

(b, e, h) and without tracking any reference trajectory (c, f, i)



where Xm and Xref are the vectors of the measured and ref-

erence knee joint trajectories, respectively, and N the num-

ber of samples within the considered duration.

The results analysis during the identification and synthe-

sis validation experiments indicated two behavior models, 

depending on the quadriceps-shank system.

3.2.1  Time-invariant model

Initially, the system behavior was considered as having a 

neglected time-variation, and thus, all phenomena like 

fatigue, potentiation and other variations related to elec-

trode placement were neglected. Therefore, the model’s 

identified parameters were considered to be constants, as 

adjusted during the identification protocol [3].

Figure 6, left column, summarizes the FES synthesis 

validation results using the time-invariant model (i.e., with 

a time-invariant identified parameter) on the left quadri-

ceps-shank of subject 6. The synthesized stimulation, 

whose pulse widths are illustrated in Fig. 6a, was applied 

to the left quadriceps of subject 6 and, as an input, to its 

model to simulate the knee joint trajectory. Figure 6c illus-

trates the reference trajectory used for this synthesis, the 

measured knee joint trajectory and the simulated trajectory. 

Figure 6e shows angular errors between the measured and 

the reference knee joint trajectories, with an NRMSD (Eq. 

19) of around 8.4 %.

3.2.2  Time-variant model

For the other experimental cases, time-varying behavior 

was observed between the identification session and the 

synthesis validation session, an example being the right 

quadriceps-shank of subject 9, whose synthesis validation 

results are presented in Fig. 6, right column. In order to 

analyze and quantify this variation, the same stimulation 

profile used to identify the quadriceps mechanical param-

eter (Sect. 2.3.3e) was applied again at the beginning of the 

synthesis validation experiments. Indeed, in the case of the 

right quadriceps-shank of subject 9, a variation in behavior 

Fig. 4  Weight coefficient effects on a the co-contraction rate and b 

the joint angle tracking errors

Fig. 5  Comparison of the three synthesis strategies in terms of a co-

contraction rate and b energetic criteria



was observed under the same stimulation profile, indicat-

ing that the time-invariant model was inadequate to account 

for this system behavior. However, since the stimulation 

patterns were synthesized off-line before the synthesis 

validation session, this model was still used for the FES 

synthesis.

Fig. 6  FES synthesis experimental validation: with a time-invariant 

model (subject 6-left leg) (a, c, e) and with a time-variant model (sub-

ject 9-right leg) (b, d, f). Synthesized stimulation pulse widths (a, 

b); knee joint angle trajectories (reference, simulated and measured) 

(c) or (simulated with two models and measured) (d); angular errors 

between measured and reference trajectories (e) or between measured 

and simulated trajectories (f)



The application of these synthesized FES patterns (see 

Fig. 6b) to the real quadriceps and the time-invariant model 

allowed us to obtain, respectively, the measured knee joint 

trajectory (dashed red line) and the simulated knee joint 

trajectory (with the time-invariant model; dotted black 

line), as shown in Fig 6d, which confirmed the time-var-

iation behavior observed before. This variation appeared 

to be a difference in movement amplitude with, however, 

the same dynamics. From this observation, we assumed 

that the variation was mainly due to the quadriceps maxi-

mal isometric force (Fcm) variation. Therefore, we updated 

this parameter such that the two responses, obtained dur-

ing the two experimental sessions under the same stimu-

lation profile, became as close as possible. This updated 

model was used to simulate the updated knee joint trajec-

tory (solid blue line), which showed better agreement with 

the measured trajectory (Fig. 6d). However, we noted a big-

ger difference at the last motion pattern, as presented by the 

errors between these updated simulated and measured tra-

jectories (Fig. 6f). Taking into account these two behaviors, 

the synthesis result errors (NRMSD) between the desired 

trajectories and those actually measured in all subjects are 

summarized in Table 2. For the quadriceps-shank systems 

that presented time-varying behavior and thus required a 

model update, the errors and maximal isometric force with 

the first-identified model and with the updated one (i.e., 

updated Fcm value) are presented in the same column (see 

Table 2).

4  Discussion

In the first synthesis strategy, the antagonistic muscular 

torques (Fig. 3d) highlighted the expected high quadri-

ceps torque, which corresponded to the direction of move-

ment. However, during the first second of movement, the 

two antagonistic torques were close, while their stimula-

tion pulse widths were different. This is due to the char-

acteristic differences between the quadriceps and the 

hamstring muscles. Besides, these torques had the same 

dynamics with different levels, since the resultant torque 

was smooth and presented no abrupt change. The number 

of control samples n depends on the entire movement dura-

tion and the complexity of the trajectory to track. In this 

first simulation, the choice of 20 samples led to 0.25 s per 

sample, which was satisfactory. Therefore, increasing the 

movement duration or the complexity of the trajectory may 

require increasing the sample number to maintain the same 

accuracy; however, this would increase the calculation 

time. The results for this first strategy highlight the effec-

tiveness of the optimization method and its feasibility for 

synthesizing stimulation patterns. The choice of this refer-

ence trajectory can nevertheless be inappropriate for move-

ment performance from the desired initial joint situation 

to the final joint situation, since it introduces an excessive 

co-contraction ratio. However, this strategy may be used 

for special applications like obstacle avoidance or grasping 

tasks to accurately follow a desired trajectory.

The results on the weight set comparisons (Fig. 4) show 

that the FES synthesis with weighting2 minimized the co-

contraction rate but increased the tracking errors. This was 

due to the importance in the cost function given to mus-

cular activities compared with errors. Therefore, the use 

of this method requires a compromise between the desired 

tracking accuracy and the co-contraction level, which is 

directly related to the muscular energetic consumption, as 

discussed further on.

The results for the second synthesis present several 

similarities with those of the first synthesis, in terms of 

co-contraction level. Indeed, even though this strategy 

first minimized the energy at the torque level, it imposed a 

tracking accuracy criterion in the second step of the opti-

mization, thereby making its co-contraction results similar 

to the first strategy results. This finding indicates that tra-

jectory tracking is the reason for the co-contraction level, 

independently of the trajectory type. On the other hand, the 

normalized pulse widths (Fig. 3c) and antagonistic muscu-

lar torques (Fig. 3f) of the third synthesis method illustrate 

Table 2  Maximal isometric force Fcm (originally identified and updated) and its corresponding NRMSD of errors between desired and meas-

ured trajectories of synthesis results in all considered subjects

a S6L: Left quadriceps-shank of subject 6
b S7R: Right quadriceps-shank of subject 7
c Model obtained after the identification procedure, as detailed in [3]
d The update did not change the Fcm value

Model version Synthesis errors and the updated parameter S6La S7L S9Rb S9L S10R NRMSD average

Firstly identified 

modelc
NRMSD (%) 8.46 42.9 55.9 13.5 36.6 31.42

Fcm (N) 270 269 126 500 300

Updated model NRMSD (%) 8.46 21.6 13.2 9.38 17.2 13.96

Fcm (N) 270d 100 400 420 100



a short period and low co-contraction level. Indeed, the 

co-contraction rates (Fig. 5a) illustrate a higher muscular 

co-contraction level in the two first synthesis methods than 

that in the third one. This resulted in a large gap in muscu-

lar activity consumption between the first two methods and 

the third one, as shown by their muscular activation crite-

rion Emus (right side of Fig. 5b), although their values for 

the joint-level energetic criterion Eart are quite close (left 

side of Fig. 5b). This also showed the direct proportion 

between co-contraction levels and the muscular consump-

tion criterion.

These comparisons revealed that the synthesized stimu-

lation patterns of the first and second methods are not opti-

mal in terms of muscular activity consumption. Therefore, 

the FES synthesis based on trajectory tracking, which is 

generally used in robotics, is unsuitable for a musculoskel-

etal antagonistic system, except when trajectory tracking is 

absolutely required. In the case of trajectory tracking, this 

occurs under natural control conditions and the universal 

experience is that high tracking precision requires high-

energy consumption and therefore induces greater muscu-

lar fatigue.

The low co-contraction level in the third method had the 

advantage of low muscular consumption, due to the low co-

contraction rate. However, the co-contraction phenomenon, 

often observed in natural systems, can be very useful for 

increasing active joint stiffness. This stiffness maintains 

joint stability [24] in situation of external perturbation, 

such as ground contact during walking. In future works, a 

compromise must be found between low muscular energy 

consumption and sufficient joint stiffness to ensure stable 

movement. Therefore, active joint stiffness should be eval-

uated and its relation with antagonistic muscle activations 

should be modeled in future work, similar to the explora-

tions of [16, 23].

We note that for a given criterion with a set of weight 

coefficients, the optimization result was not unique, but 

instead could be affected by the initialization. Nevertheless, 

for the same initialization and the same convergence crite-

ria, the optimization result was unique.

During the experimental validation on real subjects, the 

results obtained for subject 6-left leg with a time-invariant 

model (Fig. 6, left column) illustrated the overall satisfac-

toriness of the synthesized FES patterns, with an angular 

tracking error of 8.46 %. In addition, the leg movements 

respected the dynamics of the desired trajectory, which 

is enough for several tasks that do not need very accurate 

tracking.

As we can see in Fig. 6c, even a simulated trajectory 

cannot exactly track the reference trajectory, although the 

simulated one was obtained from the same model used 

in the optimization. This means that the reduced mus-

culoskeletal system (with only one muscle) is limited in 

tracking the chosen reference trajectory, and the use of 

antagonistic muscle may be required. We also noted that 

the greatest errors appeared during the first stimulation 

pattern. This transitory phenomenon at the beginning of 

stimulation was observed for some subjects but did not 

affect the behavior thereafter. We believe that this phe-

nomenon was transitory since, when the same stimulation 

pattern was applied a second time, the measured trajec-

tory was close to the reference one, as expected. In sub-

ject 9-right leg, the time-varying behavior appeared to 

show a higher amplitude of system response than that 

simulated with the time-invariant model. Therefore, this 

behavior variation may be due to unexpected fatigue dur-

ing the identification session or to a variation in electrode 

placement. Comparison results before and after the Fcm 

update showed a better prediction of the knee joint angle 

with the updated model (Fig. 6, right column). Indeed, 

the NRMSD of errors, which was about 55.9 % with the 

first model, became about 13.2 % with the updated one 

(see Table 2). However, a bigger prediction error with the 

updated model appeared at the last motion pattern (Fig. 

6f), probably due to fatigue during the synthesis valida-

tion session.

Table 2 summarizes the errors for all subjects with 

the first-identified model and the updated one, thanks 

to the Fcm parameter update. It indicates the improve-

ment in the synthesis results, with the average of the 

NRMSD errors dropping from 31.42 % with the first 

model to 13.96 % with the updated model. We can also 

note that the updated model of subject 6-left leg did not 

improve the results (see Table 2), since the behavior was 

time-invariant.

These encouraging results are similar to those obtained 

in [9], where an open-loop control was applied to two 

subjects and the normalized RMS error of the knee angle 

was about 15 %. Given that the average range of move-

ment was 40
◦ in our results, the RMS error is about 5.6

◦ 

which is also comparable to the results obtained in other 

works, such as [22], where the average error obtained 

from four subjects was about 4.1
◦, and [5], where the 

RMS errors obtained from two subjects were 5.14
◦ and 

7.14
◦. However, in these last two works, the stimulation 

was manually adjusted in the first work [22] and con-

trolled through a Neuro-PID controller in the second 

work [5], which highlights the originality of our FES 

synthesis method and results.

Table 2 shows that most of the subjects required a model 

update to improve the synthesis results. However, the low 

number of tests does not give us a precise idea about the 

update procedure needed in future tests.

The Fcm values presented in Table 2 show a decrease 

between the first-identified model and the updated one in 

subject 7-left leg, subject 9-left leg and subject 10-right 



leg. This indicates the appearance of fatigue during the 

synthesis session compared with the identification session. 

Conversely, the Fcm value increased in subject 9-right leg 

because of fatigue during the identification session and the 

recovery of muscle capacities during the synthesis session.

The current approach of model updating does not solve 

the problem of time-varying behavior; however, it provides 

some explanations and suggests directions for exploring 

ways to overcome this problem and generalize FES synthe-

sis. This variation required updating the synthesized FES 

patterns, since the current ones were optimized from the 

model identified before the synthesis validation session. 

Therefore, one of the considerable limitations of this work 

is related to the limitation of the open-loop control applica-

tion. Indeed, this control strategy is affected by the accu-

racy of the identification procedure and by the presence of 

time-varying parameters, as it has been pointed out in pre-

vious works [5, 9, 22].

Overall, the current experimental results show that our 

FES synthesis protocol is efficient when the system is 

time-invariant, although it presents limitations when the 

behavior is time-varying. In order to improve the results in 

the presence of these variations, we suggest several direc-

tions for exploration in future works. The first one is to 

find a simple relationship between the parameter variation 

and its effect on the synthesized FES patterns to maintain 

the same behavior. Thus, this variation should be used to 

adjust the FES patterns obtained with the initial model. The 

other option is online synthesis of the FES patterns, which 

requires online adjustment of the varying parameter. This 

requires reducing the time calculation of the identification 

and optimization procedure.

Our experimental validation, for example, focused on 

the knee joint controlled by the quadriceps muscle only. 

Thus, without an antagonistic muscle, there was no redun-

dancy problem to solve. In this case, the synthesis pre-

sented a solution of numerical inversion of a highly non-

linear system. This was the first experimental validation 

of FES synthesis, which will be generalized thereafter. 

Therefore, the synthesis based on tracking of a reference 

trajectory poses no problem of muscular energy consump-

tion, since there is no antagonistic muscle to increase the 

co-contraction level. This can be a solution for track-

ing a trajectory without excessively increasing the co-

contraction level and therefore the energy consumption. 

However, we must acknowledge that in the absence of 

redundancy, the musculoskeletal system loses part of its 

natural capacities for joint stiffness control and stability, 

as discussed above. Therefore, a future research perspec-

tive is to include the antagonistic hamstring muscles in 

the validation procedure in order to experimentally vali-

date the FES synthesis with a co-activated musculoskel-

etal system.

5  Conclusion

This work explored the synthesis of the optimal FES pat-

terns required for restoration of a desired movement in 

subjects with spinal cord injury. It consisted of optimizing 

FES patterns that minimize a criterion and with respect to 

certain physiological and mechanical constraints. In the 

current work, we focused on the knee joint, which is con-

trolled by two antagonistic stimulated muscles, the quadri-

ceps and the hamstrings.

In the first step of the work, we tested the FES synthe-

sis in simulation by exploring three strategies for move-

ment restoration in the leg. Depending on the synthesis 

strategy, we minimized a criterion based on the muscular 

energetic consumption alone or combined with a tracking 

error between a reference movement and the predicted 

movement. The simulation results were successful in that 

they respected the defined tasks and constraints. The results 

were then compared in terms of the co-contraction level and 

energy consumption of torque and muscle activities. The 

comparisons revealed a high level of muscular energy con-

sumption related to a high co-contraction rate when a tra-

jectory is tracked. However, co-contraction increases joint 

stiffness, which may contribute to the stability of the move-

ment against external perturbations like ground contact.

Therefore, a compromise between minimizing muscu-

lar consumption and ensuring joint stability during tasks 

should be explored in future works. With the first simula-

tion method, we explored the effects of the optimization 

criterion weight coefficients. The results showed that a 

higher weight of muscular activities minimizes the co-con-

traction rate, and thus the muscular energy consumption, 

but reduces the accuracy of trajectory tracking. Here also, 

the choice of the weight coefficients requires a compromise 

between energy consumption and accuracy.

In the second step of this work, the FES synthesis was 

experimentally tested on four subjects with complete spinal 

cord injury. This experimental validation used a reduced 

subject-specific model, with parameters identified in our 

previous work on the knee joint controlled with quadriceps 

muscle only. The results of applying the synthesized FES 

patterns to the quadriceps showed good agreement between 

the desired and the measured leg movements. These suc-

cessful results demonstrated the efficiency of our method 

of FES synthesis for movement rehabilitation when no 

time-variation appears in the musculoskeletal system 

behavior. However, the presence of time-varying behav-

ior marked the limit of this off-line FES synthesis, which 

required a model update during the synthesis validation 

process. On the other hand, the simulated behavior with 

the updated model, based on a measured time-variation, 

showed the efficiency of the maximal isometric force Fcm 

update to take into account the time-varying behavior. It 



also provided some explanations and opened perspectives 

for exploring ways to overcome this problem and improve 

the efficiency of FES synthesis in these particular cases.

Therefore, two issues should be explored in future works: 

updating the synthesized FES patterns from the param-

eter variation when time-variation behavior is detected and 

online FES synthesis, which requires online updating of the 

Fcm parameter. This solution requires reducing the calcula-

tion time with respect to real-time constraints.

Future works should also include the antagonistic ham-

string muscles in the experimental procedure. This would 

improve the accuracy of the tracking trajectory and increase 

the stability of the joint against external perturbations. How-

ever, a new experimental identification protocol adapted to the 

hamstring muscles would have to be included and a function 

for co-contraction level would need to be taken into account.
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