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Once the output format decided Q ir .fr / . .

Fixed-point arithmetic numbers

A fixed-point number x is defined by two integers:

X the k -bit integer representation of x f the implicit scaling factor of x

The value of x is given by x =

X 2 f = k -1-f =-f X +f • 2 X 7 X 6 X 5 X 4 X 3 X 2 X 1 X 0 k = 8 M.
A. Najahi (DALI UPVD/LIRMM, UM2, CNRS) Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 7/25

An arithmetic model for fixed-point code synthesis

Fixed-point arithmetic numbers

A fixed-point number x is defined by two integers:

X the k -bit integer representation of x f the implicit scaling factor of x

The value of x is given by x =

X 2 f = k -1-f =-f X +f • 2 X 7 X 6 X 5 X 4 X 3 X 2 X 1 X 0 k = 8 i = 3 f = 5
Notation A fixed-point number with i bits of integer part and f bits of fraction part is in the Q i.f format M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS) Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 7/25

Fixed-point arithmetic numbers A fixed-point number x is defined by two integers:
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Notation A fixed-point number with i bits of integer part and f bits of fraction part is in the Q i.f format Example:

x in Q 3.5 and X = (1001 1000) 2 = (152) 10 -→
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X the k -bit integer representation of x f the implicit scaling factor of x

The value of x is given by x =

X 2 f = k -1-f =-f X +f • 2 1 0 0 1 1 0 0 0 k = 8 i = 3 f = 5

Notation

A fixed-point number with i bits of integer part and f bits of fraction part is in the Q i.f format Example:

x in Q 3.5 and X = (1001 1000) 2 = (152) 10 -→

x = (100.11000) 2 = (4.75) 10

How to compute with fixed-point numbers? 

Val(v ) is the range of v the format Q i.f of v is deduced from Val(v ) = v, v i = log 2 (max( v , v )) + α f = k -i α = 1, if mod log 2 (v),1 = 0,

2, otherwise

Err(v ) encloses the rounding error of computing v a bound on rounding errors is deduced from

Err(v ) = e, e
= max e , e

An interval arithmetic based model

For each coefficient or variable v , we keep track of 2 intervals Val(v ) and Err(v )

Our model assumes a fixed word-length k . .

Val(v ) is the range of v the format Q i.f of v is deduced from Val(v ) = v, v i = log 2 (max( v , v )) + α f = k -i α = 1, if mod log 2 (v),1 = 0,
Val(v ) is the range of v the format Q i.f of v is deduced from Val(v ) = v, v i = log 2 (max( v , v )) + α f = k -i α = 1, if mod log 2 (v),1 = 0,

Fixed-point multiplication

The output format of a

Q i 1 .f 1 × Q i 2 .f 2 is Q i 1 + i 2 .f 1 + f 2 i 1 f 1 i 2 f 2 i 1 + i 2 f 1 + f 2 • • • • • • • • • • • • • • • • × • • • • • • • • • • • • • • • • M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS)
Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 9/25

Fixed-point multiplication

The output format of a

Q i 1 .f 1 × Q i 2 .f 2 is Q i 1 + i 2 .f 1 + f 2 i 1 f 1 i 2 f 2 i 1 + i 2 f 1 + f 2 • • • • • • • • • • • • • • • • × • • • • • • • • • • • • • • • • × . . Val(v ) = Val(v 1 ) × Val(v 2 ) Err(v ) = Val(v 1 ) × Err(v 2 ) +Val(v 2 ) × Err(v 1 ) +Err(v 1 ) × Err(v 2 ) Val(v 1 ) Err(v 1 )
Val(v 2 ) Err(v 2 ) M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS) Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 9/25

Fixed-point multiplication

The output format of a

Q i 1 .f 1 × Q i 2 .f 2 is Q i 1 + i 2 .f 1 + f 2
But, doubling the word-length is costly
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Fixed-point multiplication

The output format of a

Q i 1 .f 1 × Q i 2 .f 2 is Q i 1 + i 2 .f 1 + f 2 But, doubling the word-length is costly i 1 f 1 i 2 f 2 i 1 + i 2 fr • • • • • • • • • • • • • • • • × • • • • • • • • • • • • • • • • Discarded bits × . . Val(v ) = Val(v 1 ) × Val(v 2 ) -Err× Err(v ) = Err× +Val(v 1 ) × Err(v 2 ) +Val(v 2 ) × Err(v 1 ) +Err(v 1 ) × Err(v 2 ) Val(v 1 ) Err(v 1 ) Val(v 2 ) Err(v 2 ) Err × = 0, 2 -f r -2 -(f 1 +f 2 )
This multiplication is available on integer processors and DSPs int32_t mul ( int32_t v1 , int32_t v2 ){ int64_t prod = (( int64_t ) v1 ) * (( int64_t ) v2 ); return ( int32_t ) ( prod >> 32) ; }

Our new fixed-point division

The output integer part of Q i 1 .f 1 /Q i 2 .f 2 may be as large as

i 1 + f 2 i 1 f 1 i 2 f 2 • • • • • • • • • • • • • • • • / M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS)
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An arithmetic model for fixed-point code synthesis

Our new fixed-point division

The output integer part of Q i 1 .f 1 /Q i 2 .f 2 may be as large as i 1 + f 2 But, doubling the word-length is costly How to obtain sharper a error bounds on Err / ? Our new fixed-point division

i 1 f 1 i 2 f 2 i 1 f 1 + k i 2 f 2 • • • • • • • • • • • • • • • • / • • • • • • • • 0 0 0 0 0 0 0 0 • • • • • • • • ÷ ×2 k ir fr • • • • • • • • • • • • • • • • Err / = -2 f r , 2 f r
The output integer part of Q i 1 .f 1 /Q i 2 .f 2 may be as large as i 1 + f 2 But, doubling the word-length is costly How to obtain sharper a error bounds on Err / ? Cramer's rule Cramer's rule Cramer's rule Cramer's rule Cramer's rule Cramer's rule Cramer's rule Cramer's rule The division format trade-off: case of inverting 2 × 2 matrices The division format trade-off: case of inverting 2 × 2 matrices Cramer's rule: if ∆ = adbc = 0 then < dotproduct inf ="0 xb1e91685 " sup ="0 x4e16e97b " integer_width ="6" fraction_width =" 26 " width =" 32 " > < coefficient name =" b0 " value ="0 x65718e3b " integer_width =" -3" fraction_width =" 35 " width =" 32 "/> ... < variable name =" y3 " inf ="0 xb1e91685 " sup ="0 x4e16e97b " integer_width ="6" fraction_width =" 26 " width =" 32 "/> </ dotproduct > -15 

i 1 f 1 i 2 f 2 i 1 f 1 + k i 2 f 2 • • • • • • • • • • • • • • • • / • • • • • • • • 0 0 0 0 0 0 0 0 • • • • • • • • ÷ ×2 k ir fr • • • • • • • • • • • • • • • • Err / = -2 f r , 2 f r
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ Consider A = a b c d with a, b, c, d ∈ [-1,1] in the format Q 2.30 Cramer's rule: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] M. A. Najahi (DALI UPVD/LIRMM, UM2 , 
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] M. A. Najahi (DALI UPVD/LIRMM, UM2 , 
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2]
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36 2 -31 2 -
∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36
: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36
Consider A = a b c d with a, b, c, d ∈ [-1,1] in the format Q 2.30 Cramer's rule: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36
Consider A = a b c d with a, b, c, d ∈ [-1,1] in the format Q 2.30 Cramer's rule: if ∆ = ad -bc = 0 then A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36
A -1 = d ∆ -b ∆ -c ∆ a ∆ / d - × a d × b c [-1,1] [-1,1] [-1,1] Q 2.30 [-2,2] Q 3.29 ? Q - 1 0 .4 2 Q - 8 .4 0 Q - 6 .3 8 Q - 4 .3 6 Q - 2 .3 4 Q 0 .3 2 Q 2 .3 0 Q 4 .2 8 Q 6 .2 6 Q 8 .2 4 Q 1 0 .2 2 2 -36

Impact of the output format of division

Different functions to set the output format of division 

1. f 1 (i 1 , i 2 ) = t, 2. f 2 (i 1 , i 2 ) = min(i 1 , i 2 ) + t, 3. f 3 (i 1 , i 2 ) = max(i 1 , i 2 ) + t, 4. f 4 (i 1 , i 2 ) = (i 1 + i 2 )/2 + t,
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  in fixed-point using S1 Filtered in binary64

  i 1 and i 2 : integer parts of the numerator and denominator and t ∈ [-2,8]

  Triangular 10 × 10.Maximum errors with various functions used to determine the output formats of division. M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS) Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 22/25 Fixed-point code synthesis for linear algebra basic blocks How fast is generating triangular matrix inversion codes? We use f 4 (i 1 , i 2 ) = (i 1 + i 2 )/2 + 1 to set the output format of division Generation time for the inversion of triangular matrices of size 4 to 40. M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS) Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 23/25 Decomposing some well known matrices 2 ill-conditioned matrices: Hilbert and Cauchy 2 well-conditioned matrices: KMS and Lehmer matrices tend to overflow more often similar behaviour in floating-point arithmetic The decompositions of KMS and Lehmer are highly accurate M. A. Najahi (DALI UPVD/LIRMM, UM2, CNRS) Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 24
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Code synthesis for an IIR filter using CGPE Low-pass Butterworth filter with cutoff frequency 0.3 • π:

Code synthesis for an IIR filter using CGPE Low-pass Butterworth filter with cutoff frequency 0.3 • π:

Code synthesis for an IIR filter using CGPE Low-pass Butterworth filter with cutoff frequency 0.3 • π:

The propagation rule and implementation of division

Once the output format decided Q ir .fr / .

.

.

Val(v 2 ) Err(v 2 )

Val(v 2 ) = Val(v 1 )

int32_t div ( int32_t V1 , int32_t V2 , uint16_t eta ) { int64_t t1 = (( int64_t ) V1 ) << eta ; int64_t V = t1 / V2 ; CGPE_ASSERT CGPE_ASSERT return ( int32_t ) V; }

The propagation rule and implementation of division

Once the output format decided Q ir .fr / .

.

.

Val(v 2 ) Err(v 2 )

Val(v 2 ) = Val(v 1 ) Code synthesis for an IIR filter using CGPE Low-pass Butterworth filter with cutoff frequency 0.3 • π:

< dotproduct inf ="0 xb1e91685 " sup ="0 x4e16e97b " integer_width ="6" fraction_width =" 26 " width =" 32 " > < coefficient name =" b0 " value ="0 x65718e3b " integer_width =" -3" fraction_width =" 35 " width =" 32 "/> ... < variable name =" y3 " inf ="0 xb1e91685 " sup ="0 x4e16e97b " integer_width ="6" fraction_width =" 26 " width =" 32 "/> </ dotproduct > -15 A strategy to synthesize code for matrix inversion

Let M be a matrix of fixed-point variables, to generate certified code that inverts M ∈ M a symmetric positive definite, we need to:

1. Generate certified code to compute B a lower triangular s.t.

The basic blocks we need to include in our tool-chain 

Triangular matrix inversion

Synthesis of certified programs in fixed-point arithmetic, and its application to linear algebra basic blocks 20/25

Fixed-point code synthesis for linear algebra basic blocks

Cholesky decomposition and triangular matrix inversion

Cholesky decomposition

Triangular matrix inversion

Dependencies of the coefficient b 4,2 in the decomposition and inversion of a 6 × 6 matrix. We use