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1. IlpeaucJioBue

Ota KkHUra — 1po anredpy. Asredpa — Hayka JPEBHSIS, U OT HOBCEAHEBHOTO
yToTpedJIeHnsT €€ COKpPOBMINA TOOJIEKIA. MBI CTapaiiCh BEPHYTh UM TIPEKHUIA
OJIeCK.

OCHOBHYIO 4acThb KHWTY COCTABJISIIOT 33/1a4d. MBI COBETYeM Takoil IOPSIOK
JICUCTBUMIL: PEIINTH 33/1a9y; CPABHUTH CBOE pellleHre ¢ IPUBEICHHBIM B KHUTE (ec-
JI OHO TaM €CTh); MEPEHTH K creqyloueil 3agade. Ecim Bam He yaa€rcst penmrs
3aady (a cpei HUX €CTh M TPY/HBIE), MOXHO IMOCMOTPETh yKa3zaHWE WU TIPO-
4ecTh pelieHue. Ecu pelenust HeT, TO MOYKHO CMEJIO YUTATh JaJIbIle M BEPHYThCS
K DTOM 3aJa4ye B JPYrod pas.

Knura cocront w3 pasziesioB, TOCBSIIEHHBIX CAaMBIM PasHBIM TemaM. Hekoro-
pBIC 3 HUX COBCEM KOPOTKHE, €CTh U ITOJIMHHEE.

Bbl, KOHEUHO, MPEKPACHO 3HAeTe ApU(PMETHKY, HO OCBEXKUTh €€ B IAMITU HE
roMenraeT. HaanéM ¢ caMbIx IpOCTHIX BEIIEH.

2. IlepemeHa MecCT cJjlaraembix

Cjioxum 3 u 5:
3+5=8.
A Terieph MepecTaBUM CliaraeMbie:
54+3=8.

Otser He m3MeHWICS. JlIOOUTEb DJIEKTPOHUKY, ISl KOTOPOIO CJIOKEHHAE — HE
OoJiee YeM KJIAaBUIIA «+» Ha KaJbKyJaTope, OyaeT yauBaEH. Benp B mepBblit pas
OH HOXUMaJI KJIABHIIM B TAKOM IIOPSIIKeE:

3 + 5 =

a BO BTOPOI1 pa3 — COBCEM B JIPyIOM:

5 + 3 =

Hoquy 7K€ Ha BKpPaHC IOSABUJIOCHh OJTHO U TO XKC€ YHCJIO 8?



4 3. Iepemena mecm comuoducumeneii

Ms1 ¢ Bamu 3HaeM, B 4éM 37ech jesto. [losyunTts cHavama 3 s0710Ka, a MOTOM
5 — TO K€ caMoe, 4TO IIOJIyYUTh CHaYaJIa 5, a IOTOM 3 — U TaK, U dTak Oyzer 8:
Om nepemenbl MeCm CnazaemvlXx CyMMa He MEeHSIemcsl.

00000 000
000 OO0

5+3 = 3+5

3. IlepemeHa meCT COMHOXKHTEJIEH

AHAJOTMYHBIM CBOMCTBOM 00J1aacT yMHOXeHMe. Ho mpexsie oroBopuMmcs
00 00o3HaYeHUSIX. B apupmeTrke yMHOXKEHIE 0DO3HAYAIOT KOCBIM KPECTOM &« X ».
B anreOpe 3TOT 3HAK ynoTpedsioT peaxko. OOBIYHO €ro 3aMEHSIOT TOUKOM «-».
Bynem tak geJiath U MBI

Cpasaum 3 -5 u 5- 3. O6a npomsseaeHns pasael 15. Ho moyemy oxm opmHa-
KOBBI, OOBSICHATH Y>K€ HE TaK JIerko. Benp gaTe TPEM MasibuMKaM II0 ISITh SI0JIOK
U JaTh MATEePbIM MaJIbUMKaM 10 TPU SI0JI0Ka — STO BOBCcE HE OJHO U TO Xe.

OnuH U3 aBTOPOB KaK-TO CIPOCUJI IIEPBOKJIACCHUILY, CKOJIBKO OyJIeT JBAXIbI
YeThIpe.

— Bocemp, — cpasy ke OTBETIUIa OHA.

— A 9eTHIpeX /bl 1Ba?

Tyt aeBouka 3agymanack, ckjajgemas B yme 2 + 2 + 2 4 2. Ilpouaér rox,
OHA TBEP/O 3AIIOMHUT, YTO OT IEPEMEHBI MECT COMHOXUTEJICH MPOU3BECHUE HE
MeHsIeTCsl, 1 3a0y/IeT, 9TO KOT/Ia-TO 3TO OBUIO BOBCE HE TaK YX U SICHO.

[Tporie Bcero paBeHCTBO 5-3=3-5 00BACHUTH HA KAPTUHKE: SIOJIOKU B IIPSIMO-
YTOJIBHIUIKE MO>KHO CUMTATh I10 PsIaM (TPH psA/ia U3 ISATH SOJI0K) WM TI0 KOJIOHKaM
(TATH KOJIOHOK IT0 TPHU SI0JI0KA).

00000
OOOOO wwwnsmm
00000

IISAThIO TPpU




4. Cnoocenue cmonbuxom 5

4. CloxeHne CTOJIONKOM

Uro0Onl y3HaTh, CKOJIBKO OyaeT 7 + 9, MOXHO HapucoBaTh 7 SIOJIOK, psigoM 9
s10JIOK ¥ COCUMTATh, CKOJIBKO BCErO SIOJIOK: OZIHO, [1BA, TPHU, YETHIPE, ..., ISTHA-
Jath, mecTHaaarey. [Hoayunm: 7 + 9 =16.

OOO0000 OOOOOOOOO

16

TakuM cIrocodoM MOXHO CKJIaIbIBATh JIIOObIE 4rcjia. Ho 4TOoOBI TakuM cIHo-
coDoM CJIOXKUTh, K mpuMmepy, 137 u 268, moHamooutcs mpsaHoe TepreHue. U
MaTeMaTHKU M300pesm ipyrue cnocoosl. OauH U3 HAX — CJIOXKEHHE CTOJIOMKOM.

B Pa3HOC BpPpEMA U B PA3HBIX CTPAHAX JIIOJAU 3AITMChIBAJIN YMCJIA ITO-PA3HOMY, U
00 DTOM HAITMCAHBI 1IeJIbIe KHUTH. MBI Tak TIPUBBIKJIN C JAC€TCTBA K 3alMICH YNCEJT

B JECATHYHOM cucteme ¢ omouipio udp 0, 1, 2, ..., 8, 9, 4To ¢ TpyJOM MOKEM
MIPEJCTaBUTH ce0e, HACKOIBKO €€ M300PETeHNE OOJICTYIIIO BBIYMCJICHUS.
Jlaxke caMa BO3MOXKHOCTD 3alMCHIBATH CKOJIb YTOJHO OOJIBIIME YHCIa — U

IIPA TOM JIOCTaTOYHO KOPOTKO — [UIsl IPEBHUX ObLIa BOBCcE HE OUYECBHMIHOM. Be-
JIMKWI JIPEBHEIPEYECKUII MaTeMaTWK ApxuMmen Hammcasu kHury «llcammur, nm
WCUMCJICHHE TIECKa» O TOM, YTO MOYKHO 3aIMCATh YKMCJIO0, OOJIBIICE YMCJIA MEeCU-
HOK, 3aIIOJIHSIIOIMX LIEJMKOM c(epy C PaliyCoM, PaBHBIM PACCTOSHUIO OT 3eMJIA
JI0 HETIONBMKHBIX 3BE3.

Ceityac JecsATUYHAsE CUCTEMA BHE KOHKYPCHILIMM, €CJIA HE CYMTaTh JBOMYHON
CHCTEMBI, KOTOpas pacIpoCTpaHeHa He CPeIy JIOJEH, a CPeJid KOMIIbIOTepoB. B
JIBOMYHOI crcTeMe Bcero aBe mmdpel (0 m 1), uncia 3amicHBAIOTCS JUIMHHEE.
Kommeiorepy 510 He cTpamHo — Jmib OBl TpaBUjIa ApU(PMETHUCCKIX ACHCTBUIIA
OBbL/IM TIPOCTHIMU.

O 1BoMYHOI cHCTeMe MBI €IIE IOrOBOPHM, a IIOKA BEPHEMCS K CJIOKEHHUIO
quceJl, 3allUCAHHBIX B JECATHYHON cucTeMe. VIX CKJIaIbIBAaIOT «B CTOJIOUK». MBI
He Oy/ieM OOBSICHSITh BaM, KaK ITO JICJIAETCSl — BHI OTO 3HaeTe camu. [lompodyiite
PEIINTh TAKYIO 3aady.

B cTpoky HammcaHO HECKOJIbKO BOCBMEPOK. Koe-rae mexay HuMuM BCTa-
BJICHBI 3HAKH «+», IpUYEM rojrydeHHast cymma passa 1000. Kak Tak moxet ObITh?
[NpuBenuTe npUMep ¢ MUHUMAJILHBIM BO3MOXHBIM 4ucjIoM ciaraeMsix. (Hampu-
Mep, pacctaHoBka 88 + 88 + 8 + 8 + 88 He moAXoaUT, Tak Kak IMOJIydaeTcsl He
1000, a Bcero b 280.)



6 4. Cnooicenue cmonouxom

Pewenue. 3ammmuem cioxeHrue B CTOJIOWK:

.8

... 8

1000
M&I He 3HaeM, CKOJIBKO CJIAraeMbIX M CKOJIBKO BOCBMEPOK B KaXK/IOM CJIAracMOM.
M3BeCcTHO, O/IHAKO, YTO KaXK/0€ CJIAraeéMoe€ KOHYAeTCs Ha 8 M 4TO B paspsje

equHMI] CyMMBI cToUT 0. UTOOBI BOCBMEPKM Najd HyJb, HY>KHO KaKk MUHUMYM 5
CJIAracMBbIX:

0 0 O ©

... 8
1000
ITpu >ToM B yme octaéres 4, Tak Kak 8 + 8 + 8 + 8 4+ 8 =40. UroOwl B paspsae

JecATKoB MoyauTh O, K 9Toil 4eTBEPKE HYXKHO /T00aBUTH JIBE BOCHMEpKU: 4 +
+8+8=20.

8
8
8
.. 88

.. 88
1000

B yme octaércs 2, Tak 4TO B paspsiic COTEH Hy)KHa OJJHa BOCbMEpKa:

8
8

8

88
888
1000

Omeem. 8 4+ 8 + 8 4+ 88 + 888 = 1000.

Kakue umdper obo3nauensr Oyksamu A, b 1 B B npumepe Ha ciiokeHue
CTOJIOMKOM

AAA
bbb
AAAB




5. Tabnuya ymnooicenus. Ymuooicenue cmonouxom 7

(Bce OykBBI A 0003HAYAIOT OfHY U Ty e Hudpy, OykBsl b — apyryio, OykBbl
B — rtpernio)?

Pewenue. luppa A paBHA eMHUIIC — TOJBKO CIVHUIIA MOXXET TTOSIBUTHCS
TP TIepeHoCce W3 pa3psijia COTeH B paspsn Toicsd. UToOB ompeneanutsh 1udpy
B, 3amammM cebe Takoil BOMPOC: TIPOVICXOAWT JIM TIEPEHOC W3 paspsjia ¢/IVHHII
B pa3psa AecsaTkoB (mpu cioxennmu A ¢ b)? Ecim Ob OH HE MPOMCXOIWII, TO B
pa3psaax €AuHUL], AECATKOB M COTEH Y CYMMEI CTOslIa OBl O/THA U Ta ke 1mdppa —
a 3TO He TaK. 3HAuuT, nepeHoc npoucxout. [lockosbky A =1, 3TO BO3MOXKHO
Jaib B ciayvae b=9. Tlonyyaem otBer: A=1, b=9, B=0.

111
999
1110

5. TabGumia yMHOXKeHMS.
YMHOXK€EHNE CTOJIONKOM

UroOsl YMHOXWTH, K TIpuMepy, 17 Ha 38, MOXXHO HapuicOBaTh KapTHHKY W3
17 psinoB o 38 Touek U cocuuTaTh Bce TOYKU. HO Tak, KOHEUHO, HE JeJaloT, a
YMHOXAIOT B CTOJIOWK.

Crnocob yMHOXEHHUSI B CTOJIOMK (IT0-YIEHOMY «QJITOPUTM YMHOXEHUS B CTOJI-
OVK») OCHOBAH HAa TOM, YTO Y Bac B I'0JIOBE €CTh I'OTOBas TabJMIia YMHOXEHUsI
OJTHO3HAYHBIX 4rices. Tabiviry STy Hago — YBBI — BBI3YOpPHTH, M €CJIM Ha 3a-
JIaHHBIH [TOCpe/i HO9M BOITPOC «CKOJIBKO OY/IET CEMBIO BOCEMB?» BBl HE OTBEYAETE
HemeTeHHO «IIaThaecsT mecTs!», a CKJIaIbIBacTE CITPOCOHbST CEMb BOCBMEPOK WIIH
BOCEMb CEMEPOK, AEJIO TUIOXO.

A Bot nnpomsseicHue 17 - 38 3a110MUHATD YK€ HE HAJI0, €I0 MOXKHO BBIYMCJIUTH
B CTOJIOMK (OTHMM U3 JIBYX CIIOCOOOB):

17 38
38 17
136 266
51 38
646 646

He ynuBisier jim BaC — XOThb HEMHOXKKO — UTO PE3YJIbTAThl COBHANAIOT (XOTSI
MIPOMEKYTOUHBIC 3HAYCHUS Pa3HEIE)?

BoT HECKOJIBKO 327124 HA YMHOXCHHUE CTOJOMKOM.

YMHOXXbTE HECKOJIbKO TPEX3HA4HBIX unces Ha 1001. OObscaure HaOMO-
J1aEMYIO 3aKOHOMEPHOCTb.

[4] Ysmoxste 101010101 ma 57.



8 6. Jlenenue «yeonxom»

Ymuoxpre 10001 ma 1020304050.
[6] Yamoxsre 11111 ma 1111.

[ecTr3HAYHOE YMCJIO, TTEPBast I(Ppa KOTOPOTO — EAVHUIIA, YBEIAIUTCS
B TPH paza, €CJIM 3Ty MepBylo IM(py repecTaBuTh B KoHell. Haitmure grco.
Pewenue. 3armmneM yMHOKEHHE B CTOJIOVIK:

1ABBT/]
3
ABBT/I1

(A, b, B, T', [l obo3HaYaroT HemM3BeCTHBIE NU(PHI; TTOKA MBI HE 3HAEM, €CTh JIU

cpeau Hux oauHakoBble). Ludpa [I paBHa 7, IOCKOJIbKY U3 IIPOU3BEICHUI
3x0=0, 3x1=3, 3x2=6, 3x3=9, Ix4=12,
3x5=15, 3x6=18, 3x7=21, 3x8=24, 3x9=27

Jnib 3 X 7 =21 xkonwaercs Ha 1. Ilosyyaem:

1ABBI'7
3
ABBI'71

[Ipu ymuoxenuu 3 X 7 B yMe ocTa€rcs 2, modToMy 3 X I' JTO/DKHO KOHUAThCS Ha
5. OTto BO3MOXHO, Jimmis ecau [ =5:

1ABB57
3
ABB571

Awnanormuno HaxoquM B=8, b=2, A =4.
Omeem.

142857
3
428571

6. /leneHue «yrojkom»

Camoe ciioxkHOEe M3 apupMETHICCKUX JEUCTBUIT — esieHne. UToOB mouys-
CTBOBaTh ccOSl YBEPEHHO, PEIIUTE TAKKE 3a/Ia4u.

Pazpenure 123123123 na 123. (IlpoBepbsTe OTBET YMHOKEHUEM!)

E Hemurcs jm mcso 111...1 (100 eauuuir) Ha umcio 1111111 6e3 ocraTka?



7. Hdeouunasa cucmema cyucnexus 9

Kakoii ocraTok nostyuurcsi, eciau paszaeutd yucio 1000...0 (20 nyJeit)
Ha 7?

Pemas npeapiayiylo 3a1ady, Bbl MOIVIA 3aMETUTh, YTO LUQPHI B YACTHOM
(¥ OCTaTKM) HAUMHAIOT IIOBTOPSITHCSL:

100000000... |7
1

7 4285714
30
28
20
14
60
56
40
35
50
49
10
7
30
28
2...

Byner sm Taxk mpogo/KaThCS M JANIBIIE — JUIA 3TO CIIYYaitHOCTH?

Paytesmure ma 7 wncita 2000....000 (20 mysrei), 3000...000 (20 mysreit),
4000...000 (20 nyJieir) u 1. 1. CpaBHUATE HOJYYECHHBIE OTBETHI.

YmHoxbTe uncio 142 857 na 1, 2, 3, 4, 5, 6, 7 1 CpaBHUTE PE3yJIbTATHL
3arnmoMHuB 4ucyio 142 857, MOKHO YIUBJISITH CBOUX 3HAKOMBIX (DOKYCOM: MTHO-
BEHHO YMHOXKaTh €ro Ha JIo0oe 4ucjo oT 2 1o 7.

MorpoOyiite m300pectu aHajgormuHbie (Gokycsl, noaeams 1000...0 Ha
Jpyrue uncia (3aMeHuB 7 Ha JIPyroe 4Yucio).

7. JIBouuHas cucreMa CUMCJICHUS

Yrapgaiite 3aKOHOMEPHOCTD U TIPOJIOJDKUTE TAOJIMITY Ha CJIeTYIONIe CTpa-
HUIIE, HAINCAB €IIE IIATh — ICCATH CTPOK.



10 7. Jlsouunas cucmema cuucnenus

10
11
100
101
110
111
1000
1001
1010
1011
1100

Wmerorcst tupu B 11, 21, 41, 81 1 16T (110 OZHON INTyKE KaXk/I0TO
Beca). YOeaurecs, 9TO W3 HUX MOXHO HAOpaTh Jio0oit Bec oT 0 10 31 rpaMmoB,
TIPOTOJIKUB TAOIMITy («+» O3HAYACT «THPS UCIIOJIB3YETCS», «—» O3HAYaeT «HE
HCHOJIB3YETCSY) .

16 8 4 2 1
o - - - - — 00000 0
1 - - - -+ 00001 1
2 - - - + - 00010 10
3 - - - + 4+ 00011 11
4 - - + - - 00100 100
5 - - + - + 00101 101
6 - — + + - 00110 110
7 - - + + + 00111 111
8§ - + — — — 01000 1000
9 - + - — + 01001 1001
00 - + - + - 01010 1010
mnm - + - + + 01011 1011

B mpeapimytieit 3aave Mo CyIecTBY WCHOJIB3YETCs Ta e camas Tadsma (0
7 1 cooTBeTCTBYIOT — U +). OTa TabJmMIIa U 33a1aT MEPEBOJ] IMCETT U3 JICCATHHON
CHICTEMBI CUHCJICHVSI B JIBOMYHYIO.



7. Hdeouunasa cucmema cyucnexus 11

JIeCSITUYHAsL | JBOMYHAS
0 0
1 1
2 10
3 11
4 100
5 101
6 110
7 111
8 1000
9 1001

10 1010
11 1011
12 1100

Y JBOMYHOI CUCTEMBI €CTh MIPEUMYIIIECTBO: HE HA/I0 3aIIOMUHATH JACCATHh (P,
JocraTo4Ho /Byx. Ho ectb 1 HejrocraTok: yucia cimukom JimHeele. (Hapumep,
guciio 1024 samuceBaeTcs B aBonuHou cucreMe Tak: 10000000000.)

Horamaiitech, Kak 3alMCBIBACTCS B JBOMYHON CHCTEME CYUMCJICHUS YU-
cio 45.

Kakoe umciio 3ammceBaercd kak 10101101 B aBOMYHOM CHUCTEME CUM-
cJaeHud?

CJ103KUTE «CTOJIOMKOM» 4KCJIA, 3AIMCAHHBIC B JIBOMYHON CUCTEME:

1010+ 101 =?
1111+1=7?
1011+1=7?

1111+ 1111 =7

HpOBCpLTC OTBETHI, IMEPEBOJSA CJIAra€MbI€ 1 CYMMY B JIECATUYHYIO CUCTEMY CUYU-
CJICHUAA.

BrImmostHITE BHIYMTAHME YKICET B JIBOMYHOI CHCTEME «B CTOJIOUKY. HpO-
BCPHTC PE3YJIbTATHI, IIEPEBCASA BCEC UYMCJIA B JACCATUYHYIO CUCTEMY.

1101 -101="?
110-1=7?
1000 —-1=7?

YMHOXBTE 3alMcaHHble B JABOMYHON cucreMe urciaa 1101 u 1010 «B



12 8. Kommymamuenocme

CTOJIOMK»:

» 1101
1010

2227

[TpoBepbTe pe3ysIbTaT, TIEPEH/I B JECATUUHYIO CHCTEMY .
Ykaszanue. Bot nBa obOpasua:

1011 . 1011
11 101
1011 1011
1011 1011
100001 110111

Pazgenmure 11011 nHa 101 (aBonvHas 3amuch) yrosikom. [IpoBephre pe-
3YJIBTAT, IEPE/IS B ICCATUYHYIO CHCTEMY.

Ykaszanue. Bot odpaserr:
11001 | 100
100 110 < ygacTtHOE

100
100
- 01
0
T(— 0OCTaTOK

B necsaruanoit cucreme 1poos 1/3 3ammceBaercs kak 0,333... A kak
ATa e APOOh 3anMIeTCs B IBOMIHON cHCTeMe?

Ipunymaiite, kak 3armcate uncna 0, 1, 2, 3, 4,5,6,7,8,9, 10, 11 B
TPOMYHOU CHCTEME CUNCJICHUS.

8. KoMMyTaTHBHOCTH

BepHéMCH TCIICPDh K IIPABUJIY «OT IIECPEMCHBI MECT CJIAraCMbIX CyMMa HE MC-
HsaeTCa». Ero MOKHO 3ammcath Tak:

TEpBOE CJIaracéMoe + BTOPOE CJIara€Moe =

= BTOPOE CJIAraeMoe + IIEPBOE CJIaraeMoe
WJIV, COKPAIIEHHO,

MEPB.CJI. + BTOP.CJI. = BTOP.CJI. + NEPB.CJI.



9. Accoyuamusrocms 13

Ho m 5Ta 3armch KaXeTCs MaTEMATUKAM CJIMIIKOM [IIMHHOWM, M OHM BMECTO
«UEPB.CJL.» U «BTOP.CJL.» IHMUIYT IIPOCTO OYKBbI — HAlpumep, Oyksol a u b.

[Tosnyyaetcs:
a+b=b+a

HpaBI/IJIO «OT MEPEMEHBI MECT COMHOXUTEJIEN IIPpOMU3BE/ICHUE HE MCHACTCI»

3aIMIIEeTCS TOTAA TaK:
a-b=b-a

Harromanm, uto Touka — 3HaK yMHOXCHUS. VIHOTAA €€ OmyCKaloT M MUIIYT Ipo-
CTO

CaoiictBo a + b = b+ a maremaryky Ha3bIBAIOT KKOMMYTATUBHOCTBIO CJIOXKEHHUSIY,
a CBOUCTBO ab = ba — «KOMMYTATHBHOCTBIO YMHOXCHUSY.

3ameyanue. 3HAK YMHOKEHUSI MOKHO OIyCKaTh He Beerpa: 3 -7 pasHo 21,
a BoBce He 37. OTMETHM, UTO HMOMHMO TPEX YXKE M3BECTHBIX HaM OOO3HAYCHHUI
axb, a-bwu ab nns npoussenenus @ Ha b MMPOKO PaCIPOCTPAHEHO YETBEPTOE:
axb (B KOMIIBIOTEPHBIX IIPOIrPaMMaXx).

9. AcCcoOIMaTHUBHOCTD

Ci1o%¥M Tereph He JBa 9YKCTA, a TPU:
345+11=8+11=19.
Ho moxHO cienars v nHave:
3454+11=3+16=19.
INopsimox nefcTBUiT 0003HAYAIOT CKOOKAMU:
B+5+11
O3HAYAET, YTO CHAYa/Ia HAJI0 CJIOXKUTH 3 U 5, a
3+ (5+11)
TpedyeT caoXuTh cHavaya 5 u 11.

PesyanaT HE 3aBUCUT OT MNOpAIKa JICCTBUIA. MaremMaTUKI Ha3BIBAIOT STO
CBOMCTBO «aCCOIMATUBHOCTD CJIOKECHUS» Y 3aIIUCHIBAIOT €r0 TaK:

(a+b)+c=a+(b+c)

Ecau BBl 3aX0TUTE OOBACHUTD HarJissIHO KOMy-HI/I6yZ[I), YTO TAKO€ aCCOLMaTUB-
HOCTH, MOYXHO CKa3aTh TAK: CJIAQJIKUAI KOCI)C C MOJIOKOM MOXKHO IIOJIY4YUTh, ,E[O63BI/IB
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MOJIOKO B KO(pe C IIpeJBapUTEJILHO PA3MEIIAHHBIM CAXapOM — a MOXHO JI00ABUTh
caxap B Kode ¢ MOJIOKOM. B 00oux cilydasix MOJIy9uTCs OJJHO U TO € — ITO U
€CTh aCCOIMATHBHOCTb:

(caxap + xode) + MoJioko = caxap + (kode + MOJIOKO).

[MponenaiiTe ONMCAHHBIA TOJBKO YTO DKCHEPHMEHT C Koge.

Boruncimre B yme 357 +17 999 + 1.
Pewenue. Cnoxurs 357 u 17 999 B ymMe He Tak JIETKO. 3aTO €C/IU CJIOXUTD
cHavana 17 999 + 1, nonyuurcs 18 000 u npudasuth 357 HUYETO HE CTOWT:

357+ (17 999 + 1) =357 + 18 000 = 18357.
Cnoxwure B yme 357 + 17 999.

Pewenue. 357 +17 999 = (356 + 1) + 17 999 = 356 + (1 + 17 999) = 356 +
+ 18 000 =18 356.

Croknre 899 + 1 343 +101.
Ykaszanue. Bocrosi3yiiTeCh KOMMYTATUBHOCTBIO CJIOXKCHUSL.

CBoliCTBOM ACCOITMATUBHOCTU 06naz[aeT 1 YMHOXKCEHUE:

’(a~b)~c:a~(b~c)‘

WM, COKPAIIEHHO:
(ab)c = a(bc)

Ilepemuoxste 37 - 25 - 4.
[lepemuoxsbre 125-37 - 8.

10. PaccTaHOBKH CKOOOK

[NeganT ckazam ObI — C MOJIHBIM IPAaBOM — YTO 3aIICh BPOJE
2-3-4-5

HE MMCCET CMBICJIA, TIOKa HE CKA3aHO, B KAKOM MOPAAKE BBIIIOJHATL YMHOXKEHUE.
):[axe €CJIM HE NEPECTABJIATL COMHOXKUTCJIIN, BO3MOXXHOCTEN MHOI'O:

((2-3)-4)-5=(6-4)-5=24-5=120,
(2-(3-4))-5=(2-12)-5=24-5=120,
(2-3)-(4-5)=6-20=120,
2-((3-4)-5)=2-(12-5)=2-60=120,
2:(3:-(4-5))=2-(3-20)=2-60=120.
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PaBeHCTBa
2-3)-(4-5)=((2-3)-4)-5=(2-(3-4))-5=2-((3-4)-5)=2-(3-(4-5)

MOXKHO OO'BSICHUTH C TIOMOIIBIO 3aKOHa accoumaruBHocTu a(bc) = (ab)c. Harpu-
Mep, IIEPBOE U3 YETHIPEX PABEHCTB Hosiyyaercs 1pu a =2-3, b =4, ¢=5. Kakue
HAJ0 B3STh @, D, ¢, 4T0ObBl OOBSACHUTH OCTAJIbHBIE PABEHCTBA?

PaccraBrTe Bcemu CHOCO63MI/I CKO6KI/I B ITPOM3BC/ICHUA
2:3-4.5-6,

HE MEHsIsl OPSIIOK COMHOKUTEJIEH (aHAJIOTMYHO TOJIBKO YTO IMPUBEIEHHOMY IIpU-
mepy). Ilocrapaiirech nepeOupaTh BCE BapUMAHTBI CUCTEMATUYECKU, YTOOBI YEro-
HUOYIb He TporycTuth. ( Ykasanue. lomkHo noaydutses 14 criocoOoB.)

CKOJIBKO HYXHO HCIOJIb30BATh JIEBBIX U MPABBIX CKOOOK, YTOOBI TOJIHO-
CTBIO YKa3aTh IOPSAJOK JCHCTBUI B IPOU3BEACHUN

2:3-4-5-6-...-99-100?

IMockosibKy pe3yJIbTaT YMHOKEHHSI HE 3aBUCUT OT TIOPsIAKA JEHUCTBHI, CKOOKH
YacTO OIMyCKAIOT, MPEANOJaras, 4T0 YATATeNb JOMBICJIUT UX CaM — BCE PaBHO
KaK.

Crenmylomasi 3a/1a4a TIOKA3BIBACT BO3MOXHOCTH, JABAaEMbIC YMEJION TepecTa-
HOBKO¥M ¥ I'PYNIIMPOBKOM CJIAraéMbIX.

Haitmure cymmy 1+2+3+4+...+98 4+ 99 +100.

Pewenue. Crpymmpyem 100 cmaraempix B 50 map: 1+2+3+44...+98+
+99+100=(1+100)+ (24+99) + (3+98) +... + (49 +52) + (50+51). B
Kax 106 nape cymma 101, Bcero map 50, tak uto nosydaercs 50 - 101 =5050.

o mpemanmo, mkoasauk Kapa layce (BrocieCTBUMM BEIMKMI HEMEIKMI Ma-
TEMaTHK) LIOKAPOBAI CBOETO YUUTEJs, PEIIMB ATy 33/1ady B yMe — B TO BpeMs
KaK TOT HA/IESIJICS 9aCOK OT/IOXHYTD, ITOKA YICHUKY 3aHSATH CIOXEHIEM CTa Jrce!

11. IucTpuOyTUBHOCTH

EcTp emé ofHO CBOMCTBO CIIOXKEHVSI I YMHOXCHHSI, Ha3bIBACMOE «IUCTPHOY-
TUBHOCTH». ECam 2 MajbuMKaMm M 3 JEBOYKAM JAaTh 10 7 SI0JIOK, TO MAJIbUMKUA
nosydar 2 -7 =14 50510k, neBouky nostyvar 3 -7 =21 a0J10Ko, a BCero si0yIoK
oynmet

2-74+3-7=14+21=35.

ToT ke OTBET MOXHO ITOJIyYUTh MHAYE: KAXIBIL M3 2 4+ 3 =5 pedsAT MmoJTydri
7 S0JI0K, TTOPTOMY BCETO SIOIOK OyAeT

(2+3)-7=5-7=35.
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Taxum o0Opazom,
2+3)-7=2-7+3-7

WIN, B OOIEM BUIE,

’(a—l—b)-c:a-c—l—b'c‘

DTO CBOMCTBO HAa3BIBACTCS ((Z[I/ICTpI/IGyTI/IBHOCT])]O». HepeCTaBI/IB COMHOXUTEJIA,
MOXHO 3armmcaTh €ro u Tak:

’c~(a+b):c~a+c~b‘

Boruncimre B yme 1001 - 20.
Pewenue. 1001 -20 = (1000 + 1) - 20 =1000-20 + 1 -20 =20 000 + 20 =

=20 020.
Boruucsure B yme 1001 - 102.

Pewenue. 1001 -102=(1000+1)-102=1000-102+1-102 =102 000 +
+102=102 102.

CBoiiCTBO AUCTPUOYTUBHOCTH — STO MPABIJIO PACKPHITHsI CKOOOK. Packpoem
C €ro HOMOIIBIO CKOOKHM B IIPOM3BECHUM JIByX CYyMM

(a+b)(m+n).

3a0yneM Ha MUHYTY, 4YTO 3ammch (m + n) — 2TO CyMMa m U 1, U OyAEM CuM-
TaTh €€ «ueporudoMy, 0003HAYAIOIMM HEKoe — HEBAXHO Kakoe — 4ucio. [To
MIPaBUJTY JTUCTPUOY TUBHOCTU

(a+b)~’m+n‘:a"m+n‘+b-’m+n‘

Ter[epb BCIIOMHUM, 4YTO — DOTO CyMMa m "1 n. CHoBa BOCIIOJIB3YEMCS
,ZII/ICTpI/I6yTI/IBHOCTI)}O U IIPOJIOJI’KMM PaBCHCTBO:

...=a-(m+n)+b-(m+n)=am+ an+ bn+ bm.
Obuwee npasuio: YTOOH IEPEMHOKHUTD JTBE CYMMBI, HaJI0 YMHOKWTD KasK/Iblii
YJICH TIEPBOM CYMMBI Ha KaK/IBIi1 WICH BTOPOM CYMMBI ¥ IIOTOM BCE DTO CJIOXKHTb.
CKOJIBKO CJIaraeMbix OyJeT B IMPOU3BEICHUN
(a+b+c+d+e)x+y+2z)
HOCJIE TOTO, KaK MBI PaCKpOeM CKOOKu?
CKOJIBKO CJIaraeMbiX Oy/eT B ITPOU3BE/ICHUI
(a+b+o)d+e)x+y+2)

IIOCJIE TOTO, KaK MBI PACKPOEM CKOOKuU?
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12. BykBbl B ajreope

IMocTerneHHo MBI BCE GOJTBIIIE U OOJIBIIIE WCITOJIB3YeM OYKBEHHBIE OOO3HAYCHVIS
(a, b, c, ..., x, ¥, z). [lo TpamuIM UCNOJIBb30BaHUE OYKBEHHBIX 00O3HAYCHUIA
(KMKCOBY) CUMTAETCS OHON U3 HanOoJIee TPYAHBIX TeM LIKOJBHOTO Kypca MaTeMa-
TUKU. PaHblile B HAYQJILHOM 1IKOJIE M3yYasach «apudMeTrKay, I HUKAKUX NKCOB
He OBLTIO0, a B CpeAHei mkosie (C 5-To Kjacca) MEepPEexOIIUIN K «auredpe» — T7e
yke Obliin UKChl. [loToM «apudmMeTrKy» 11IepeMMEHOBAIA B «KMATEMATUKY» U BBEJIN
VIKCBHI B HAYQJIBHBIX KJIACCAX — YeM OKOHYATEJIBHO 3aITyTaIv O€/JHBIX IKOJIHHIKOB
(KaK YTBEP)KJAIOT CKEIITUKH).

Mpi Hajeemcs, 4To y Bac, JOPOroil 4uTaTesib, He OBbLJIO TPYIHOCTEH C IO-
HUMaHHMEM CMbIC/Ia OYKBEHHBIX 0DO3HAuYeHMIT. TeM He MEHee Mbl XOTHM JIaTh BaM
COBET — Ha CJIy4aid, eI IpUAETCS OOBSICHITD TO CBOUM OIHOKJIACCHUKAM, Opa-
Ty WIA CECTPe, POTUTENSIM WM — B OyaynieM — aeTsaM. CMBICa OyKB Tporie
BCEro OOBSICHUTD, CKA3aB, YTO OYKBBI — DTO COKpaujeHust Onsi Cos.

[Tosichum »10. B paBeHCTBE

a+b=b+a

OykBbl @ U b OBUIM COKpAIICHUSAMH ISl CJIOB «IIEPBOE CJIAraeMoe» M «BTOPOE
cyaraeMoey. 3amuchiBast a + b = b + a, Mbl UMeeM B BUAY, 4TO BMECTO a U b
MOKHO TIO/ICTaBUTB JIIOOBIE YFICTIA ¥ TIOJIYyYATh BEPHOE PAaBEHCTBO. TakuM oOpazom,
a+ b= Db+ a MOXHO cUMTaTh €IMHOI COKPALIEHHOI 3aIUChIO PaBeHCTB 1 47 =
=7+1, 1028 +17 =17 4+ 1028 — TaK K€ Kak ¥ OCCUMCJIEHHOIO MHOXECTBA
JIPYTHX PaBEHCTB TOTO € BH/A.

Jlpyroii mpuMep MCHOIB30BAHMS OYKB:

Mauterit 6WI0H M OOJIBINION OWTOH BMECTE BMEUIAIOT 5 JIUTPOB; B JBYX
MaJTBIX OMJJOHAX W TPEX DOJIBIIMX TToMeraeTcs Bcero 13 smrpoB. KakoBa éMkocTh
Ou10HOB?

Pewenue. («Apudpmernueckoe.) EMKOCTD MaJIOr0 GUIOHA M EMKOCTH GOJIb-
1Ioro 6UJ0Ha B CyMMe paBHBI 5 uTpaM. [ToaTomy 2 Maibix OU0HA U 2 OOJIBIINX
BMeraoT 10 mutpoB (10=2-5). KpoMme Toro, Mel 3HaeM, 9T0 2 MTBIX U 3 00JIb-
nmx outoHa BMenmaoT 13 smtpoB. TakuM 00pa3oMm, /100aBJIeHHE OTHOTO JIAIIHETO
OOJIBIIOTO OWIOHA YBEJIMUMBACT CyMMapHyIO éMkocTh ¢ 10 mo 13 smrpos. Cue-
JI0BaTEJIbHO, EMKOCTB 00JIbIIOr0 OngoHa paBHa 13 — 10 =3 smrpa. 3Has EMKOCTH
00J1bLIOT0 OMJIOHA, JIETKO HANTH E€MKOCTb MAJIOrO, TaK KaK B CyMME OHM [AIOT
5 mutpoB: 5 —3=2.

Omeem. EMxocTb Masioro 6umona — 2 JuTpa, EMKOCTH OOJIBIIOrO — 3 JIATpA.

JTO e PelIeHre MOXHO 3alvcaTh KOpode, COKPATHAB CJIOBA «EMKOCTh MaJIOTO
ounona» 10 «M.B.», a «émkocTts Oosbiroro omaoHa» 10 «b.B.». Bor uro momy-
YUTCS: TI0 YCJIOBUIO,

M.B. +B.b. =5,
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TIODTOMY
2-M.b. +2-b.b. =10.

Ilo ycaosuio,
2-M.B.+3-b.b.=13.

Boruts U3 TOrO paBeHcTBa mpepayllee, HaxoauM, urto b.b. =3, teneps u3 nep-
BOT'O paBeHCTBA HaxoquM, yTo M.B. =2.

Ocrasnoch 3aMeHUTH pycckue oooszHaueHus «M.B.» u «b.b.» Ha TpagmwonmHbie
X ¥ y, YTOOBI TIOJIyYUTh CTAHAAPTHOE «aJIreOpanvecKoe» pemieHune 3a1aund. Bor
OHO.

O0603HaYMM EMKOCTh MaJIOTO OMIOHA Yepe3 X, a EMKOCTh OOJIBIIOro — Yepes
y. INosmygaeM cucteMy ypaBHEHMIL:

X+y=5,
{ 2x + 3y =13.
YMHOXas IepBOe ypaBHEHHE HA 2, MOJyYacM, YTO
2x +2y =10.
Beraurast 5T0 paBEeHCTBO U3 BTOPOTO YPaBHEHMSI CUCTEMBI, HAXOM, YTO
y=13-10=3.
Tenepp U3 MepBOro ypaBHEHUS
xX=5—y=5-3=2.
Omeem. x =2, y =3.

Emgé onuH npuMep, WITIOCTPUPYIONIMI MCIOIb30BaHIE OYKBEHHBIX 0003HAYE-
HUIA.

®oxkyc. 3axymaiire unciio. [Ipubassre kK HEMy 3. YMHOXKbTE pe3yJbTaT Ha 2.
Otaumure 3aymManHoe uuciao. OtauMute 4. OTHUMUTE ené pa3 3aAyMaHHOE Y-
cjo. Y Bac MOJIy4WsIoch 2, He Tak Jiu?

Oo0mwsicHUTE, TIOUEMY ATOT (DOKYC Bcerma ymaéres.
Pewienue. JlaBaiire ipocsieuM 10 Tad/IULIe, YTO IIPOUCXOAUT C 3ayMAHHBIM
4uc/IoM (MBI 0003HAYAEM €ro yepes X).

3asymaiTe 4muciio X
[Tpubaspre Kk HEMY 3 x+3
YMHOXbTE pe3yJIbTaT Ha 2 2-(x+3)=2x+6
OTHMMUTE 32/lyMAaHHOE YHCJIO 2x+6)—x=x+6
Otanmure 4 (x+6)—4=x+2
OTHUMHTE 33lyMaHHOE YUCIO €IIE x+2)—x=2
pas. Hoayumnocs 2
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13. Cui0eHHne OTpULATEJIbHBIX YHCeJ

B toM, uTo 3 + 5 =8, MOXXHO yOeUThCS, B3SIB TPU S0JI0KA, JOOABMB K HUM
IIATh S0JIOK ¥ COCUMTAB TOJIYUUBIIYIOCS Ky4y SIOJIOK: «pas3, JBa, TPU, YETHIPE, ... ,
ceMb, BoceMby. Ho kak npoBeputsb, 4yto (—3) + (—5) =(—8) wm yro 3+ (—5) =
= (—2)? OOBIYHO PTO OOBICHSIOT HA MIPUMEPAX:

3+45=8 Buepa Obput0 3 Tpamyca TerUia, CEroHS
TEeMITepaTypa IMOBBICHIACh HA 5 TPajycoB
U cTaja § rpaaycos.

(=3)+5=2 Buepa Ov0 —3 Tpamyca, cerofgHs Ha 5
IpajlycoB Teruiee, T.e. +2 rpaayca.

34+ (=5)=(-2) Buepa Owput0 +3 rpamyca, cerogHs Ha 5
I'Pa/lycoB X0JIOJIHEE, T. €. —2 Ipajyca.

(=3) 4+ (—5)=(—8) | Buepa Oput0 —3 Tpamyca, ceromHs Ha 5
TPajlyCoB XOJIOJHEE, T. €. —8 IpaycoB.

Bor emé oqun npumep:

3+5=8 TPU IIPOTOHA + IIATh IPOTOHOB = BOCEMb
MIPOTOHOB
(=3)+5=2 TP aHTAIIPOTOHA + IIATH IIPOTOHOB — JBa

NpOTOHA (HE CUMTAst ~Y-M3JTydeHus' )

34+ (=5)=(-2) TPpY IPOTOHA + IATh AaHTUIIPOTOHOB = JBa
AQHTUTIPOTOHA (HE CUUTasl 7y-U3JIy9eHUsI)

(=3)+(=5)=(—8) | Tpu aHTUIIPOTOHA -+ IISITb AHTUIIPOTO-
HOB = BOCEMb aHTHIIPOTOHOB

14. YMHoOXeHHe OTpHULIATEJIbHBIX 4YHCeJl

Yrto0Ont TIOACYNTATH, YEMY PABHO TPIMXK/IBI IIATh, HAZO CJIOXKUTH TPU Cjarac-
MBIX, KaXXJI0€ N3 KOTOPBIX PABHO ITATU:

5+5+5=15.

C HEKOTOPOII HATSDKKOIM TO ke OOBSICHEHWE TOJUTCS U IS IpomsBeaeHus 1 -5,
€CJI CUUTaTh, 9TO KCYMMa» U3 OJHOTO-CAMHCTBEHHOIO CJIaraeMoOro paBHA TOMY
ciaraemomy. Ho mpomssenenue O -5 wmm (—3) -5 Tak He OOBSICHUIIL: UTO O3HAYACT
CyMMa U3 HyJIsI WIM U3 MUHYC TPEX CJIaraeMpix?

MpoTon 7 aHTHMPOTOR — BJleMEHTApHHE YACTHITH; TIPW BCTpPEYe TIPOTOHA C AHTHTIPOTOHOM OHW
AQHHUTUIMPYIOT, T. €. UCYE3AI0T, IPEBPAILAAC B Y-U3j1ydeHHe.
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MO)KHO, OZTHAKO, NMECPECTAaBUTh COMHOXUTCJIN:

5:0 =0+0+0+0+0 = 0,
5:(=3) = (=3)+(=3)+(=3) +(=3) +(-3) = —15.

Ecmu Mot XO0TUM, YTOOBI IIPOMU3BE/ICHUEC HE U3MCHSJIOCH IIPpU IIECPECTAHOBKEC COMHO-
SKUTEJIE — KaK DTO ObLIO JJIS TIOJIOKUTECJIBHBIX YMCECJI — TO TEM CaMBbIM JIOJI’KHBI
cyuTarb, 4To

0-5=0, (-3)-5=-15.

Teneps nepeinaém k npomseeHuto (—3) - (—5). Yemy oHo paBHO: —15 wimn
+15? O6a BapuanTa umMeloT pe3oH. C O1HON CTOPOHBI, MUHYC B OJJHOM COMHOXH-
TEJIe yXKe /IeIaeT MPOM3BE/ICHAE OTPUIIATEIBHBIM — TeM 00JIe€ OHO J0JKHO OBITh
OTPUIIATEJIFHBIM, €CJT OTPHUIIATEJIFHB 00a cOMHOKUTeNsE. C IPyroii CTOPOHEL, B
Ta0JINIIE

3-5=+15 3-(=5)=-15
(=3):5=—-15| (=3)-(-=5)=?

y>K€ €CTb [JBa MUHYCA, HO TOJIKO OJIUH ILIIOC, U 110 ClIpaBeymBocTuy (—3) - (—5)
J0JIKHO ObITh paBHO +15. Tak 4ro ke npeanovecTs?

Bac, KOHEYHO, TaKMMK Pa3sTOBOPAMU HE 3aIlyTaclllb: M3 IIKOJBHOIO Kypca Ma-
TEMAaTHKU BBl TBEPAO yCBOWIHM, YTO MHUHYC Ha MuUHYC Aa€T mmoc. Ho npencrasp-
Te cede, 4To Ball MM OpaT WJIM CEeCTpa CHpAIIMBACT Bac: a mnodemy? Yro
9TO — KAallpU3 YYUTECJIbHULIBI, YKA3aHAE BBICHIETO HAYAJILCTBA WJIA TEOPEMA, KO-
TOPYIO MOXHO JTIOKa3aTh?

OOBIYHO NIPABIIIO YMHOXEHHUS OTPHIIATEIBHBIX YHCEJT ITOSICHSIOT Ha IIPIMEpax:

3:5=15 TPH pa3a MOJIyIUTh MO MATh pyoseit —
STO MSATHAALATH PyOieit 1oxona

3-(—5)=—15 | Tpu paza zarutatuth mTpad B OATH pyOseint —
MIATHAIIATH PyOJieit yObITKa

(=3):5=—15 | Tpm pa3a HEJONOIY4UTH IO MSATH PyOsIeit —
MIATHAIATH PyOJieit yObITKA

(=3)-(=5)=15 | Tpu paza He 3aIaTUTH TP IO MATH PyOJICH —
MATHAIIATh PyOJIei 1oxo1a

MoskHO 00BACHATHh U UHadYe. Hamem noapsa 4ucjia
1, 2, 3, 4, 5,
Ter[epb HaIMIIEM TE K€ 4YMCJjia, YMHOKEHHBIE Ha 3:

3, 6, 9, 12, 15,
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Jlerko 3amMeTUTh, 9TO KAKAOE YMCJIO OOoJIblLe Mpeablayniero Ha 3. Teneps Hamu-
LIEM T€ K€ YKCJIa B 0OOPATHOM Mopsi/ike (HavyaB, Harpumep, ¢ 5 u 15):

57 4’ 37 2’ 17
15, 12, 9, 6, 3,

IIponossxkum fasbuie:

5, 4, 3,2 1 0 -1, -2, -3, -4, -5,
15, 12, 9, 6, 3, 0, -3, -6, -9, -—-12, -15,

[Ipu sTOM 1O YKCIOM —5 OKazajoch yncjo —15, tak yto 3 - (—5) = —15: wnoc
Ha MUHYC Ja€T MUHYC. Tereps MOBTOPUM Ty K€ TIPOLIeTypy, YMHOXas uncia 1,
2,3,4,5, ... Ha —3 (MBI yXe€ 3HaEM, UTO ILTIOC HA MUHYC JaéT MUHYC):

1, 2, 3, 4, 5,
-3, —6, -9, -—-12, -15,

Kaxgoe ciesyionee 9nciio HIDKHETO Psijia MEHbIIE IpeABIyLIero Ha 3. 3armmneM
4rcjia B 0OPATHOM TOPSIJIKE

5, 4, 3, 2, 1
-15, -12, -9, -6, -3

" TIPOJIOJIKUM:

57 4, 37 27 1, 07 _11 _2, _37 _47 _5,
—-15, -12, -9, -6, -3, O, 3, 6, 9, 12, 15,

Ilox umcaom —5 okazanoch 15, Tak uro (—3) - (—5)=15.

B03MOXHO, 9T OOBSICHEHMSI U yJOBJICTBOPIUIM OBI Balllero MJAJIIEro Opara
wi cectpy. Ho BBI BopaBe CIIpocHTh, Kak ke OOCTOST Jejia HA CaMOM JieJie U
MOHO JIM JI0Ka3aTh, 410 (—3) - (=5) =15?

OTBeT 37eCh TaKOB: MOXHO JI0Ka3aTh, 4T0 (—3) - (—5) donxcHo pasHsamucs
15, ecnu monvko mvl Xomum, ymoOvl 0ObIYHBIE CEOUCMEA CNONCEHUs!, BbIYUMA-
HUsl U YMHOJCEHUs1 OCMABAIUCL 8EPHbIMU O/l 8CeX YuUces, 8KoYasi ompuya-
menvHble. CxemMa TOro J10Ka3aTe/ibCTBa TaKOBa.

HokaxeM cHavasna, 4ro 3 - (—5) = —15. Uro takoe —15? 1o uncio, NpoTu-
BOIMOJIOHOE 15, T.e. unciio, kotopoe B cymme ¢ 15 maér 0. Tak 4ro HaM HaIO0
JTOKA3aTh, 4TO

3-(=5)+15=0.
B camom nedte,
3.(=5)4+15=3-(-5+3-5=3-(-54+5)=3-0=0.

(BemHOCS 4ncio 3 3a CKOOKY, MBI BOCITOJIB30BAJIACH 3aKOHOM JIUCTPUOYTUBHOCTU
ab+ac=a(b+ c) npu a=3, b=-5, c =5 — Be/lb MbI IPETIOIATAEM, UTO OH
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OCTa€TCsl BEPHBIM /IS BCEX UMCEJI, BKJIIOYAsl oTpuiareiasueie.) Wrak, 3 - (—5) =
= —15. (JlorommHblil uuTaTesh CIPOCUT HAC, o4eMy 3 -0 =0. YecTHO npusHaem-
CSI: TOKA3aTeJILCTBO ATOTO (PakTa — Kak U BOOOIE 00CYX/IeHHUE TOTO, UTO TaKOe
HOJIb — MBI IIPOITYCKAEM. )

HokaxeM teneps, 4ro (—3) - (=5) =15. lus 31010 3anMemM

(=3)+3=0
U YMHOXXUM 00€ YacTd paBeHCTBa Ha —5:
((=3)+3)-(=5)=0-(=5)=0.
Packpoem ckoOku B J1eBOIT YacTH:
(=3)-(=5)+3-(=5)=0,

T.e. (—3)-(—=5) 4+ (—15) = 0. Takum odpazoM, gucio (—3) - (—5) mpoTuBoIIO-
JIOXKHO 4ncity —15, T. e. paBHO 15. (B Takom pacCy/IeHIM TaKXKe eCTh ITPOOEIIHI:
caenoBaio ObI moka3ath, 9T0 O (—5) =0 u 9TO CYIIECTBYET TOJBKO OHO YHCJIO,
IIPOTUBOIIOJIOKHOE unciy —15.)

15. [leiicTBus ¢ aApo0AMH

Ecym Bac monpocsIT CpaBHATH JPOOH

3 9
2on =,
5 15
TO, KOHEYHO, BbI Cpasy CKaXETe, 4YTO OHU paBHbI:
9 3.3 3
15~ 3.5 5°

Ha pucyHke 3T0 MOXXHO IOKa3aTh Tak:

A 4ro CKAXETE O JAPO0 21 408 ?
YTO BBI T AX — U ——/
/P 301 7 713
Eciut ObI BRI MOMHWIN HAM3YCTh TAOJIMIYY YMHOKEHUS IBY3HAYHBIX UHUCENT, TO
cpasy Obl CKa3ajid, YTO OHU PAaBHbIL:
221 17-13 13 31-13 _ 403

391 17-23 23 31.-23 713"
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Ho kax OBITH, eciii MBI HE TTIOMHMM 3TOi TaOsuipl? Torma Hag0 HpUBECTH
JIpoOM K 00ILIEeMy 3HAMEHATEJIIO:
221  221-713 403  403-391
L _ el oy 2RO
391 391-713 713 713-391
¥ CPaBHUThH UMCJIVTEJIN:

713 391
221 403
713 1173

1426 1564

1426 157573

157573

Tak Mbl yOequMcst, 9TO APOOM PaBHBI — HO TAaK U HE Y3HACM, YTO HA CaAMOM
Jesie od6e oHu paBHBI 13/23!

Yro Gospite: 1/3 wim 2/7?
Pewenue. 1/3=7/21,2/7=6/21, t.e. 1/3>2/7.

bBrrroBast popmyspoBka 1ol 3anaun («HTo Gosiblie: OyThIIKAa HA TPOUX WA
JIBE Ha CEMEPBIX?») MO/ICKA3BIBACT JIPYroe pelleHue: OYThIJIKa HA TPOUX — 3TO
JIBe OYTHUIKM Ha INECTEpPHIX, a HE Ha CeMephX, T.e. 1/3 Oosmmie 2/7. ToBops
HAyYHO, MBI IIPABEJIM APOOU K OAMHAKOBOMY UHCJIHTETION:

1 2 2

376 7

10001 100001
. 2
Yro 0oJIbLIE: 10002 ™™ 100002 - (Ykazanue. O6e npodu mensine 1.
Ha ckoJipko?)

12345 12346
. 2
Yro 0oJIblLIE: S1301 Wi 51322

INpuBeneHme k 00LIEMy 3HAMEHATEIIO — TPAVIIIOHHAS TPODJIeMa TTPH M3yde-
Hrm apudmeruku. Kiaccrdaecknit Bonpoc: «CKOIBKO TOPTa OCTAHETCS MHE, €CJIA
Opar CbhecT IOJIOBMHY TOPTa, a cecTpa — TpeTh Topra?» OTBeT (0gHA LIECTas)
BH/ICH Ha PHCYHKE.

1/3
1/2

1/6
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Mb1 yBepeHBI, 9TO HAKTO M3 HAIMX YUTATEJICH HE CKJIAQABIBACT JPOOH, CKJIa-
ObIBAS. OTAEC/IbHO YKC/IMTE/IA M 3HAMEHATE/IN:

2.5 2+5 7
3777357 " 10
Bmecto cymmbr sTa omeparms 1aét Heuro cpeanee: 7/10 = 0,7 Haxomurcs
Mexay 2/3=0,666... u 5/7=0,714285... D10 Jlerko MOHATH: €CJIU B OIHOMN
KOMITAaHWY ObLIO JB€ OYTHUIKM Ha Tpoux (110 2/3 Ha 4esioBeKa), a B APYroil KOM-
HaHuK ObUTO ISTH OYTHUIOK HA CeMEpHIX (10 5/7 Ha 4esIoBEKa), TO MOCJIE BCTPEUH
BCE BBIPOBHSETCS, U OyJeT ceMb OyTBUIOK Ha aecsrepbix 7/10 Ha uesioBeka).

. a ¢
Hasosém podu 5 u 7 (a, b, ¢, d — 1enble NOMOKUTEILHBIE YUCIIA)

«COoCCIHUMUNY», €CJIN UX paBHOCTb
ad — bc = +£1.

1. Jlokaxxurte, 94TO B OTOM CJydae o0c ApOOU HECOKPATHIMEL.

2. Jlokaxxute, 9TO €CJIx a u ¢ coceHre, TO Ipodb ate
' ’ p 11 g COCCHHE, TOAPOOE Ty

HUMU U SIBJISICTCS COCEHEH C 00EMMU TPOOSIMI

a
“od uMeeT yucjimresb =1, To ecrb eciu

HAXOIUTCA MEXKIY

a c

b’ d e

3. JlokakuTe, 4TO B TOM CJIyYae HUKAKasi JpoOb 7 C HATYpaJIbHBIMHU € U f,
u .

. c
y KoTopoil f< b+ d, He HAXOUTCS MEXTY 3 u 7

MeTpoBEIi CTEPKEHDb PA3ACIMIN HA 7 PABHBIX YaCTEH KPACHBIMU ITIOMET-
KamMy 1 Ha 13 paBHBIX 4acCTEl CMHMMM IOMETKaMH. 3aTeM €ro pacmwium Ha 20
paBHbIX yacreil. JlOKaxure, 4yTO Ha BCEX ATUX 4acTsX (KpoMe KpaiHuMX) Oyler
POBHO OJIHA IIOMETKA — CHHSS WM KpacHas).

1 1
Pewenue. Ha kpaifHuX 4acTsIX IIOMETOK He OyZeT, TaK Kak 50 MEHbIIE, YeM >

1 . . i
H 13- Ocraéres 18 wacreit. JloctaTouHO /10Ka3aTh, YTO HA KAXK/OM W3 HUX Oy/eT

He DoJiee omHOM TIomMeTkH. (Bcero momeTok Takxe 18, mo3ToMy HM OfHA YaCTh HE

k
ocTaHeTcs 0e3 HOMGTKI/I.) KpaCHaH IIOMETKAa COOTBCTCTBYCT YUCITY ?, CUHAA —

YUCITY %;apo&;
k+1 _ k+1

7413 20
HaxouTCs Mexay Humu. ClemoBaTesbHO, B HEll Oy/ieT MpOBEACH paspes, pasie-

k [
JISTIOIIMIA 7 M 73 TO PasHbIM HaCTAM.

UYto 00JIbIIIE: IIATDH IIPOLEHTOB OT CEMU MWIJIMOHOB NI CEMb IIPOLICHTOB

OT TISITH MUJLTMOHOBZ?

2 — Bompoc Moit TipocT  kpaTok, — / Tpomomsua Hocopor,/ — YTo dywime: cOpok MATOK/
Wi a6k copdk?» (A. A. Muis. Bunnu-Ilyx u Bce-Bce-Bce. Ilepeckas b. 3axonepa.)
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Kak orpesats ot mmHypa B 2/3 M Kycok B 1/2 M, He uMest MeTpa?
Pewenue. Kycok B 1/2 M COCTaBJIIET TPH YETBEPTH OT BCETO IIHYpa:

32 2 1

2372

TaK 4YTO OT LIHypa HA/I0 OTPE3aTh YETBEPTH (/IBA pa3a CJIOXKUB €ro IOIMOJIAM).

16. Crenenn

B nocnenoBarensHOCTH UnCES
2, 4, 8, 16, ...
Ka)X/I0€ CJIe/TyIollee YKCIIO BBOE OOJIBbIIIE MPE/IBLIyIIEeTo:
4=2-2
8§=4.2=2.2-2 (3 paza)
16=8.2=2-2-2-2 (4 pa3a)

MaremaTtuku TIPUMCHSAIOT TAaKUC TIOJIE3HBIC 0003HAYECHMS:

2.2=22
2.2.2=23
2.2.2.2=2*

TaK 4TO, HAIIpUMeED, 26=2.2.2.2-2.2=64.

[ocuiesioBatesibHOCTD 2, 4, 8, 16, ... MOKHO Telephb 3ammcath Tak: 2, 22, 23,
24, ... 3ammch a® YMTAIOT «a B CTETeHU n» («a B CTEMEHU DHY») WA «N-as CTe-
IIeHb YUCJIa @» («PHHAsS CTEIeHb Yrcia a»). [Ipyr 3ToM a HasBIBAIOT OCHOBaHUEM
CTEreHu, N — NnoKazamenem CTETIeHU.

Jlis a® u a® ecrh crielmasibHbie HA3BAHMS: KBA/JpaT uucjia @, Ky0 uucia da.
Ouu 00BACHSIOTCS TEM, YTO ILIONIA/Ib KBA/IPaTa CO CTOPOHOI @ paBHa a2, a 00bEM

Ky0a CO CTOPOHOI a paBeH a’.

Yemy pasnni: (a) 21%; (6) 105 () 1072
CkoJpko (P B ACCATHYHON 3AIMCH YMCJIA 1010009

ACTpOHOMEI MCTIOJIB3YIOT cTerienn 10 st 3armicy ooJibimx yncest. Hampumep,
CKOPOCThH CBETAa IIPUMEPHO PaBHA

300000 km/c=3-10° km/c=3-10% m/c=3-10"" cm/c.
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B actpoHoMum ceemogvim 2000M HA3BIBAIOT PACCTOSHUE, KOTOPOE CBET
MIPOXOAWT 3a rof. YeMy NMPUMEpPHO PaBHO PACcCTOSIHHE /10 Ommkaiimei k CoJHIy
3BE3/IbI B METPAX, €CJIM OHO COCTABJISIET OKOJIO 4 CBETOBBIX JICT?

B ciemytomeit Tabimiie IPUBEAECHO HECKOJIBKO «OOJIBIIX» 4YvCes (3HAK ~ B
Hell 03HA4YaeT «IIPHMEPHO PABHOY).

Yucsio MOJIEKY]T B TPaMMe BOJIBL ~3.10%2
Pajmyc 3emsm ~6-105 m
Paccrosinue 1o Jlynst ~4.10% m
Paccrosinve 10 CoJHIa («acTpOHOMUYECKAs! ~1,5-101 m
CIMHULIA JIJIMHBI»)

Pasmep JocTynHON COBpEeMEHHBIM ~10% M
HA0IIOATE IAM YacTu BeesieHHoi

Macca 3emmu ~6-10** kr
Bospacr 3emim ~5-10° ser
Bospacr Bcesennoit ~1,5-101° jer
Yuciio Joaeit Ha 3emiie ~6-10°
CpenHsist IPOAOJDKUTEIBHOCTD )KU3HU 4EJIOBEKA ~2.10% cex

3ameyanue. Tpanniia MeX/y «OOJIBIIAMY» M «MAJIHIM» YCJIOBHA M 3aBHCHUT OT
€/TMHUII M3MEPEHUS: Harpumep, paccrosare 10 CostHIa, M3MEPEHHOE B CBETOBBIX
rojax, upumepHo pasHo 0,000015.

B nasmpHeiimeM MBI yBAIM, YTO HE TOJIBKO OYCHB OOJIBINE, HO U OYCHb MaJIbie
9riciIa yJJ0OHO 3aIWCHIBATh C IIOMOIIBIO CTEIICHE.

[IporpaMMuCTHI PEIIOUUTAIOT UMETH JI€JI0 CO CTEHEHSIMH JIBOMKH, a HE Jie-
catku. Oxasanoch, uto 2'° = 1024 npumepno papso 1000 = 10° u mpucrabka
«KWJI0Y», 00bI9HO obo3Havatomass 1000 (kuorpamm paseH 1000 rpamMMoB, KujIo-
metp paseH 1000 MeTpoB), B mporpammupoBanny o3HadaeT 1024: 1 kwiodut =
=1024 oura. (but — eauHMIIA M3MEPEHUSI «KOJIIMYECTBA MH(POPMALIAIY». )

Ckoustbko 1P B ACCATUYHON 3aIMICU YMCIIA 2209
Tor e Borpoc sl yuciaa 2100

Hapucyiite rpaduk 3aBucMMOCTH 4uciia 1dp B ECATHYHON 3armcy 2"
OT BEJIMYUHEL 1.

Ipn mepecuére cTemeHel ABOMKM B CTETICHM JECSITKM HYXHO YMHOXATh IT0-
KasaTeJib CTENeHU npuMepHo Ha 0,3:

210 ~ 100,3-10 2]1 ~ 100,34!.
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(bosiee ToyHO OBLIO OB yMHOXATh HE Ha 0,3, a Ha umnciao 0,30102..., koTopoe
HA3BIBAETCS JIOTapu(MOM JIBYX M0 OocHOBaHmiO 10.)

MHorue MUKpOKAJIbKYJ/ISITOPBI, YMHOKasi OOJIBLIME YKCJ/IA, BBIJAIOT OTBET, CO-
Jepxallinil CTeNeHN:

370 000 -2 100 000 =7,77 - 10!,

Ha OKpaHE TP 5DTOM HE IMUIIETCA 3HAK YMHOXKEHUS U YUCJIO 10 (a BMECTO 3aISTON
CTaBUTCA TOYKA, KaK IIPHUHATO 3a FpaHPILICfI):

7.77 11
3aMETUM, YTO B OOBIYHOM 3aIIUCHU
777 000 000 000

OTBET MOI' OBl HE TIOMECTUThCS HA DKPaHE KaJIbKYJIATOpPA.

17. OrpuuaTe/ibHbIE CTENEeHH

Mpbl BBIIMCHIBAJIM CTEIICHU YUCHIA 2:
2, 4, 8, 16, 32, 64, 128, ...

INonpoOyem, HaUMHAS C KaKOro-amodo uncaa (ckaxewm, 128), 3armcaTs 3Ty Tocie-
JIOBATEJIBHOCTh B OOPATHOM IOPSIIKE:

128, 64, 32, 16, 8, 4, 2.
Panpiie kaxkmoe umcsio OBUIO BJBOE OOJIBIIE MPEABIAYLIErO, TEHEPh — BBOE
MeHblIe. [IpogomkuM 3Ty Mocie10BaTeIbHOCTS:

128, 64, 32, 16, 8, 4, 2, 1, L, 1 1 1

Y 1ocJje0BaTeIbHOCTU

2, 4, 8, 16, 32, 64, 128, ...
OBLIO yOOHOE KpaTKOe 0O03HAYCHUE:

2, 22, 2%, 24, 25, 25, 27, ..
B oOparaOM mopsizike:

128, 64, 32, 16, 8, 4, 2

27, 26, 25, 2%, 2%, 22, 2
[Mpososkast 0 AHAJIOTHH, MOXKHO HAITHCATE:

1 1 1 1
2° 47 8 16
27,26 925 04 23 92 91 90 9-1 9-2 93 o4

128, 64, 32, 16, 8, 4, 2, 1,



28 17. Ompuyamensnsie cmenenu

DT 0003HAYCHNS IMIMPOKO MCHOJB3YIOTCs. Takum o0pasom,
22=8, 2'=2, 2°=1, 27'=-, 27%=—, 27%=_, wurn

Panblie, ToBOPS O CTEMEHAX, MBI MOHUMAMK 2° Kak «2, TOBTOPEHHOE COMHOMKM-
TejeM 3 pasay, a 2% — Kkak «2, MOBTOPEHHOE COMHOXHUTEJIEM 5 pasd». Eciu emé
MOKHO, ¢ HEKOTOPOI HATSXKKOM, CKa3aTh, uro 2! ecTb /BOfiKa, IIOBTOPEHHAS CO-

_ 1
MHOKUTEJIEM O/IuH pa3, T 1po 20 =1 wm 27% = g Taxoe obbscHenme GrI0 Gbt
cMelHbIM. [IpOCTO MaTeMaTUKU JIOTOBOPHIJIMCH CYMTATh, 4TO (TIPU TIOJOKUTE -

1
HBIX LIEJIBIX 1) 2~ " moHMMaeTcs Kak T
MEl HafieeMCsl, 9TO DTO COIVIAIIEHHE HE TI0KAa3aJI0Ch BaM UCKYCCTBEHHBIM. Brio-
CJIE/ICTBUM MBI YBU/IVIM, HACKOJIBKO OHO YTIOOHO U JJaKe — B ONPE/CJIEHHOM CMBI-

cJie — Hem30eXHO.

3amamre B BUAe JeCATUYHBIX apobeit (a) 10715 (6) 1072; (8) 1073,

BoT HeckoJIbKO «MaJIBIX» drce)T BOKPYT Hac:

1cm =102 M
1 Mm =103 M
1 mMuxpon =10"%wm
1 HaHOMETp =10"° M
1 anrcrpem =101 wm
Macca MOJIEKyJIBI BOZIBI ~3.1073 r
Pasmep KUBOIA KJIETKU ~15-350-10"° m
I'panuiia NpuMEeHNMOCTY U3BECTHBIX 3aKOHOB ~1073! cm
v3iKn («3JIeMEHTapHAs JUIMHAY, KaK TOBOPST

(pm3vkm)

JlmHa cBETOBOI BOJIHBI (KPAcHBI CBET) ~7-1077 m

Jlestenue umcet Ha GOJIbIIME U MAJTBIE, KAK MBI ye TOBOPWIM, yCIIoBHO. [Ipu
eJIAHUU MOXHO ObLIO Obl BKJIIOUMTH B Ty TaOJIMILy BEJIMUMHBI W3 TPE/IbTyIei:
HanpuMep, pammyc 3emimm ~ 6 -10° kM~ 4 - 1073 acTPOHOMUYECKUX €/TMHMII.

3a Kkakoe BpeMsl KPACHBI CBET IPOXOJUT PACCTOSHVE, PaBHOE JIJIVIHE
BOJTHBI? (DTO BpeMs HA3BIBAIOT nepuodom KoneOaHuil Ui KPacHOro CBETa.)

I/ITaK, 3aIIOMHUTC:
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—n

Onpeoenenue. J1iist 1IEJbIX TOJIOXUTEIILHBIX N

a"=a-ax...xa (npa3),

1 .
Bepro ym paBencTBo @~ " = — JuIA OTpUIATEBHBIX 1 ¥ At n = 07
a

1

MoxkHo 1 dokaszame, 4t0 a~ " = —? HeJjp3s, MOCKOJIBKY 3armch d
n
a

C moMolp0 0003HAYCHUH [JIs1 CTEMEHEH IJIMHHOE BBIPAXKCHUE

2-a-a-a-a-b-b-b-c-c-d

MOXHO 3a1mcath Kopoue — kak 2a*b3c?d, a

2-a-a-a-a-c-c
b-b-b-d

Kak 2a*b3c2d 1.

3anmimre ¢ MCII0JIb30BAHMEM IIOKA3aTEJIEN CTEIEHM:
2-a-a-a

@Qa-a-a-a-a-a-a-a-a-a-b-b-b-b; (0) "

Omeem. (2) a'°b*; (6) 2a°h 2.

ca-

Ma 1o cebe, /10 IPUHATHS HAIIETo COIVIAUIeHUs (WUIH, KaKk TOBOPSIT MAaTeMaTHKH,

OTIpE/ICJICHNsI) CMBIC/IAa He MMeeT. Eci BApYyr Bce MaTeMaTHKM MHPA TOYEMY-JIv-

00 JOTrOBODPSATCS MOHMMATH a" KAaK-TO MHAYE, TO C DTOTO0 MOMEHTAa PABEHCTBO

= — TIEPECTaHeT OBITh BEPHBIM. ONHAKO 3TOTO HE MPOM3OU/IET — 3a4eM Me-
a

HSTh IPUBBIYHOE U y/100HOE corsamenue?! Hapyums ero, Mbl 4pe3BBIYAHO BCE
YCJIOKHUM (CM. CJIeTyIONIMI pa3fedt).

HCpCl'H/I]JII/ITe, HCIIOJIb3Ysl JIMIIb ITOJIOXKUTEJIbHBIC TI0Ka3aTCJIN CTEIICHEN:

@) a®*b3; (6) a 2b77.

a® 1

Omaem. (a) ﬁ; (0) R

18. Kak ymuoxurts a™ Ha a", wum
MOYEMYy Halle orpejesieHue y100HO

YMHOKUTE a™ Ha a® coBceM IpoCTO, €CJIX M 1 N IOJIOKUTCJIbHDBI. HaHpI/IMCp,

a5~a3:(a-a~a~a~a)~(a~a~a):a5+3:a8.
——— ~——

5 pas 3 pasa
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Boobue, a™ - a” = a™t". JleiictBurensHo, a™ — 3T0 @, NOBTOPEHHOE MHOXU-
TeJIeM m pas, a @’ — 210 a, HOBTOPEHHOE 1 Pa3. AHAJIOIMYHBIM 00pPa3oM, JUIsi
n =1 nmeem:

TlokazaTesm creneHei MOr'yT OBITh U OTpULIATCJIbHBIMU. Hare MIpaBUJIO To-

JUTCS U B OToM cJiydae! Hanpumep, npu m =5, n = —3 0OHO rj1acur:
@ -ad=aTV =4
I[TpoBepuM: a® - a3 10 OIIPEIEIEHMIO €CTh
oL _waaaa_
a a-a-a

BoJiee 1OTOIMIHBINA YATATEIIb OIPOCUT IIPOBEPUTD CIIE M TAKOE PABEHCTBO:

ad-d=a =02

[Moxanyiicra. Tlo onpenesienuio,

Emgé 6osee moTonrHpe BCIIOMHAT, 9TO 002 YMCJIA M W 1 MOTYT OBITh OTPHIIA-

TEJIbHBIMU U IIOIIPOCAT IIPOBEPUTH, YTO
a’ al=a"ItD =478,

JleiicTBUTEIBHO,

He nmymaiite, 4To MBI y*e pa3oOpasm Bce ciiydaw. Mel 3a0bLM, YTO OAMH
W3 TIOKasaTesiell (WM Jaxke o0a) MoxkeT OBTh paseH 0, a a® Mbl onpenessm
OT/ICJIbHBIM COTJIaleHueM. Pa30epéM U 3TOT ciIydail: IpOBEpHM, YTO

JleficTBUTEbHO, 110 ompeesenmo a® =1, Tak 4o

a™-a®=a"-1=a™.

Hano sm ripu 3Tom otaessHO pazdupats ciydan m< 0, m =0 u m> 0?

m
a « 0
Yemy paBHo —-? Ilpu Beex JM 1IeJIBIX m U 1 Balll OTBET TOJUTCA?
a
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19. IlpaBnjio yMHOXKEHHs CTEIICHEMH

Ipu ymnoowcenuu cmeneneii ¢ 00UHAKOBbIM OCHOBAHUEM NoKazameiu CKia-
OblBaIOMCsL:

OTO MpaBMJIO TO3BOJIIET yJOOHO PadOTAaTh C OOJIBIIMMUA W MAJIBIMH UHCIAMMU:
Hanpumep, juisi ymuoxkenus 2 - 107 wa 3- 107! jocrarouno ymuoxuts 2 Ha 3 u
cjoxurs 7 u —11:

(2-107)-3-100MH=(2-3)- (107 - 107 =610V =¢.107%.

[TomoOHBIM 00pa30M OOBIYHO BEITIOIHSIETCS YMHOXEHME B KOMIIBIOTEPAX (TOJIBKO
Bmecto 10 ucrnosbsyerca 2).

21001 . on — 92000 Yeny papuo n?
21001 o1 — % Yemy pasHO n?

Yro Gosbine: 1073 wm 27102
51000

— =21, Yemy pasmo n?

212000 1
TS Yemy paBHO n?

4190 =2 Yemy pasno n?
21003100 — ;100 Yemy pasro a?

(219)15 =27 Uemy pasuo n?

MbI rOBOPWIIM, YTO HPHUHATOE ONpPE/esIeHe OTPUIATETbHBIX CTEHEeHEN HEeus-
OEXKHO M UTO OTKA3 OT HEro npuBeaeT kK nytaduiie. Ceiiyac Mbl MOSICHUM, 4TO
UMeJIoch B BUJY. [Ipe/IosIoKuM, YTO MBI XOTHM OIIPE/ICJIUTh OTPHULIATEJIbHBIC
CTEIEHM KaK-TO MHA4e, HO TaK, 4YTOObI IO-IIPEKHEMY BBHIIOJHSJIOCH PABEHCTBO
a™t" = g™ . q" pu Bcex m u n. OKa3LIBaeTCA, YTO 3TO HEBO3MOXKHO. B caMoM
nene, ipu n =0 g0JkHO 6HITH a™ - a® = a™ 0, 1.e. a™ - a® = a™. CnegoBaTeins-
Ho, a®°=1. Iilo tormam a"-a " =a" " = 4% =1 ¢ HeM3BEKHOCTHIO BHITEKAET,

yro @ "=

ar’
UTo MOJIydnTCsi, €CJI CTENEHb BHOBb BO3BECTH B cTerneHs? Hampumep,
(®¥=a’d*> a*=(a-a)-(a-a) (a-a)=db.
——
3 pasa
AnHanorudto,

(am)ll — am»n
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JUTST JIIOOBIX TTOJIOXKUTEJIBHBIX LIEBIX M, N. V1 BHOBb HAIM COTJIAIICHUSI 00 OTpU-
LIATEJIBHBIX CTETICHSIX «/JyMAIOT 32 HAC»: OKA3BIBAETCS, UTO 3Ta K€ (popMysIa BepHa
U /I OTpULIATeIbHBIX m U n. Hampumep,

1\3 1 1 1 1
2,3 6 (-2)3
(a )—(*2) =S s s T e =a =4 .

[TpoBepsTe ATy opMysTy sl APYTHX KOMOMHAIWIA 3HAKOB (ecsm m > 0,
n< 0; ecnu oba yncsia m ¥ N OTPULATEJIBHBL; €CIIM OTHO U3 HUX PAaBHO HYJIIO).
Emé onmma, mocneusist, ¢popmysia Takosa:
(ab)" =a™ - b"

[TpoBepsTe 3Ty HOPMYyITy TSI OTOKHUTEIBHBIX ¥ OTPHLIATEIBHBIX TIEJIBIX
qurcen n.

Yemy pasno (—a)’’5: 6ymer ;m sto a’”® um —a’’>?
n
Yemy paBHO (%) ? Bepna s Bamma ¢opmysia IS OTPHULIATEIIBHEIX 117

Ml OIpeaC/INIA CTCIICHU C IIOJIOKUTCJIbHBIM W OTPULIATCJIBHBIM IIE€JIBIM I10-
Ka3aTCJICM. O,Z[HaKO Ha 5TOM HalllM IIPUKJIIOYCHUSA C OIIPEACJICHUEM CTCIICHU HE
KOHYATCsI: BCIIOMHUTE, YTO IIOMHMO IICJIBIX YHUCEJI OBIBAIOT U Z[pO6HLIe.

Kak BB aymaeTe, ueMmy paBHO 4'/22 A 27'/39 MoxeTe T BB Kak-TO
000CHOBAThH CBOE MpEIOI0KEHHE?

BriocsieicTBIM MBI y3HAEM, KaK BO3BECTH YMCJIO B JPOOHYIO CTEIICHb.

20. ®opmyJjbl COKPAIEHHOTO YMHOMXEHMS.
Ksaapar cymmbl

Mpbl yske CTAJIKUBAIUCH € (HOpPMYJIOin
(a+b)(m+n)=am+an+ bm + bn

(4TOOBI IEPEMHOXUTH JBE CYMMBI, HY’KHO KaX/I0€ CJIaraeMoe NePBOil YMHOXUTD
Ha KaX/I0€ CJIaracMoe BTOPOM, a IIOTOM BCE CJI0KUTh). [lepemMuokum Teneps e
OJIMHAKOBBIE CKOOKH:

(a+ b)(a+ b)=aa+ ab + ba + bb.

Bcnomunast, uto ab = ba v uro st aa u bb y nHac ectb yno0HbBIE 0003HAYECHUS
a® u b?, nonmyuaem

(a+ b)(a+b)=a’>+2ab+ b,



21. Kax obvacnume gopmyny (a + b)? = a® +2ab + b? maadwemy 6pamy unu cecmpe 33

njin

(a+ b)?=a®+2ab + b?

Boruuciare B yme: (a) 101%; (6) 10022,

Kaxapiit 13 1Byx comHoxkuresieil ypesmuwm Ha 10 mpouenros. Ha
CKOJIBKO TIPOLICHTOB YBEJIMUUTCS MX IIPOU3BeIcHUE?

CiioBecHast GOPMYJIMPOBKA: K8AOpam Cymmbl pageH cymme Keaopamog niioc
y0eoeHHOe npousgedeHue cia2aemyix.

OOpatuTe BHMMaHME HA TO, YTO IOXOXXUE BBIPAKCHUS «KBAJpPaT CyMMBI» U
«CyMMa KBa/J[paToB» 0DO3HAYAIOT pasHOe: KBaJpaT CyMMbl — 5710 (a + b)?, a
CyMMa KBajipaToB — 5T0 a’ + b2,

«CBIH OTLIA» M «OTEL] CBIHA» — DTO OJHO U TO K€ WM HET?

21. Kak o0bsicHUTD (popmy.Ty
(a+ b)?>=a’®+2ab+ b?
MJIaemMy Opary uJm cecrpe

JloOpEIil BOIIEOHVK JaprJT TPUXOJUBIINAM K HeMY J1eTssM KoH(eTsl. OH moomt
JIPY>KHBIX JIETE U 1aBaJI KQKIOMY CTOJIBKO KOH(ET, CKOJIBKO JETEeN MPHXO/IIIIO.
(Ilpunsa B OMHOYKY, MOSKHO OBLTO TIOJTYYUTh OTHY KOH(ETY, a IPU/IS BIBOEM —
10 JIB€ KaXK]IOMY.)

Kak-To pa3 k HeMy NpUIUTO g MATBYMKOB. Ka)kplii M3 HUX MOJYYWT @ KOH-
der — Bcero a? xouder. Tosbko onu ynum, npunum b nesovek. Kakas 1o-
gayumna o b xouder — Bcero b2. Bcero B 2TOT JieHh MAIBYMKU U JIEBOYKA
nostyunwiu a’ + b* xouder.

Ha crenyroniuit IeHb @ MaTbuMKOB U D JIeBOUEK MpUILTA BMecTe. Kasktplit u3
a+ b pebsar nosnyumnt a + b xouder — Beero (a + b)? xonder. B kaxoit geHb —
TIEPBBIN WA BTOPOI — MAJIbYMKA M JEBOYKM BMECTE TMOJIyIMIM OOJIBIE KOH(ET
Y Ha CKOJIBKO?

UroOB! OTBETUTh HAa 3TOT BOIIPOC, MOXHO PAcCy>KJaTb Tak. Bo BTOpoii JeHb
KaOX/IBIl U3 @ MaJbUUKOB MOMyd1 b jvmmHmx koHGeT (32 HpHLIEHX JEBO-
yek). Beero maspuvku nostyunm jmumux ab xonger. Kaxnas nesouka mody-
YuJIa JIMIIHUAX @ KOH(ET 32 MaJbuMKOB — BCero JmuHux ba xonder. B obueit
CJIO’KHOCTH MAJTHUVIKY U JIEBOUKU Monywu ab 4+ ba = 2ab mmmux xoHdeT Bo
BTOpOIl JIEHb 110 CPAaBHEHMIO ¢ TepBbiM. 3Haunt (a + b)? Gombme a® + b? na
sestuuny 2ab. Taxum obpasoM, (a + b)? = a? + b? + 2ab.
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PaspexxpTe kBajgpar co CTOpoHOII a + b Ha KBajgpaT co CTOpPOHOIl a,
KBAJpaT CO CTOPOHOI b M JBa NPSIMOYTOJIHUKA CO CTOPOHAMH a U b.

Pewenue.
a b
a a’ ab
b ba b?

22. Ksaapat pa3HoCTH

®opmyna (a+ b)?2 = a? +2ab + b? spasercsa COKpAEHHOI 3aMUCHI0 Oecur-
CJICHHOTO MHOKECTBA PaBEHCTB BPOJIE

5+7)2=5*+2-57+72

NN
N 1 /132
(13+§)_13 +2-13 3+(3) ,

KOTOpbIE TIOJIy9aloTCsI, €CTM BMECTO @ M b IO/ICTaBUTh KOHKPETHEIC YHC/Ia. DTH
4ucia MOTYT ObITh M OTpHuaTeabHbMU. [TogcraBum, Hanpumep, a =7, b= —5:

T+ (=5)2=7242-7-(=5) + (-5

BcnomuHast, 9To IUIOC Ha MEMHYC /1aéT MMHYC, a MAHYC Ha MHHYC JaéT ILTIOC,
MOXXHO 3aIcaTthb
(7-52%=7>-2.7-5+52

AHajormaHoe PaBEHCTBO BEPHO W JIA APYTUX YHCEJI, TaK YTO B O6U_ICM BUJIC
MOXXHO 3aImcaTh

(a—b)?=a*—-2ab+ b*

CroBamu: K8adpam pazHOCMu paseH CyMMe K8aopamos MUHYC YOBOEHHOe
npousgedenue cnacaemyix.

Boruuciure B yme: (a) 992; (5) 9982.

Bo uro npespamaiorcs popmysint (a+ b)?>=a?+2ab+ b? u (a—b)? =
=a?—2ab+ b? upu (a) a=b; (6) a=2h?
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23. Pa3HOCTbH KBaJpaToB

Ilepemuoxbre a + b n a — b.

Pewenue. Packpoem CKOOKM B DTOM [IPOM3BE/ICHUM:
(a+b)a—b)=ala—b)+bla—b)=a’>—ab+ab—b>*=d>—D?

(ab n ba B3aMMHO yHMYTOXAIOTCS).
[Mosryuaem (HoOpMyJIy «Pa3HOCTH KBAPATOBY:

a?—b*=(a+b)a—-b)

Ilepemuoxsre B yme 101 u 99.

W3 kBajspara €O CTOPOHOIT @ BHIPE3aH KBAAPAT CO CTOPOHOI b. Pas-
PEXbTE TOJIyUMBIIYIOCS. (PUIYPY HA YaCTU U CJIOKHUTE U3 HUX NPSIMOYTOJIbHUK CO
cropoHamu a — b n a + b.

IMpuBenénnpie HaMu GopMyJIbI (KBaJpaT CyMMBI, KBAaJpaT PasHOCTH U Pas-
HOCTDH KBA/IPATOB) HA3BIBAIOT (POPMYNAMU COKPAUEHHO20 YMHONCCHUSI.

JIBa I1eJIBIX 9MCiIa, OJTHO U3 KOTOPHIX Ha 2 OOJIBLIE /IPYToro, IIEPEeMHOKH-
JIM Y1 K TIPOM3Be/IeHIIO ITprbaBmwiy 1. JIoKaXuTe, 9TO MOy IMICs TOYHBIA KBaJpaT
(xBazgpar ueJioro uucia). Hanpumep,

3.5+1=16=42,
13-154+1=196 = 142.

Ilepsoe pewenue. O603HAYNM MEHBIIICE YUCIIO Yepes 71. Toraa boJibiliee paBHO
n + 2. Vx npousBeleHue paBHO n(n + 2) = n? + 2n. [TpudasuB 1, mosyunm
n?+2n+1=m+1)>2 (popmyJia KBaipaTa CyMMBI).

Bmopoe pewenue. O603HaunM Gostsliiee uucio yepes n. Torga MeHsliee pas-
Ho n — 2. Ilpowssenenve pasuo n(n — 2) = n? — 2n. llpuGasus 1, nosyuum
n? —2n+1=(n—1)? (GpopMyna KBagpaTa Pa3HOCTH).

Tpemve pewerue. Eciiv MBI He XOTUM OTIaBaTh IIPEIIOYTEHUE OOJIBIIIEMY LTI
MCHBIIEMY W3 YFICEJI, 00O3HAYMM Yepe3 N 9KCIO MEeXAy HUMHU. Torja MeHbliee
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9nCcI0 paBHO N — 1, GoJiblee YMCIO PaBHO 11 + 1, TIPOMB3BEJCHUE YMCET PABHO
(n+1)(n—1)=n>-1 (¢popmysia pa3sHOCTH KBA/IPATOB), T. €. HA €/JHUILY MECHBIIE
TOYHOTO KBaJIparTa.

Hammiem xBajgparsl umcen 1, 2, 3, ...
1, 4, 9, 16, 25, 36, 49, ...,
Y IO/ KOKBIMU JIByMsI KBAQ/IpaTaMy HAIMIIEM KX Pa3HOCTb:

1 4 9 16 25 36 49
3 5 7 9 11 13

B HIDKHEM psily KaX10€ 4rciio Oostblie rpeapiaynero Ha 2. ITouemy?
Pewenue. Cocemmme wncia n u n + 1 umetor ksaaparel n2 u (n+ 1)2 =
=n?+2n+ 1. PasHua KBagpaToB paBHa 2n + 1, ¥ TIpK yBeTvdennn n Ha 1 oHa
yBEJIMIMBACTCS HA 2.
3ameuanue. TlocnenoBaTeIbHOCTY YKCES, B KOTOPBIX KXI0€ CJCAYIOLIEe Yn-
€10 OOJIBINE TIPEIBITYNIETO HA OJTHY M Ty K€ BeqmumHy (kak B 3, 5, 7, 9, ...),
HA3BIBAIOT apughmemuueckumu npoepeccusimu. C HAMU MBI €IIE BCTPETAMCSL.

Ectp npaBmito, no3poJisiioliee HAXOAUTh KBaJIpaT YKCJIA, KOHYAIOIErOCs
Ha 5: «0TOpOChTE HOCJIEAHION LGPy 5, OCTaHETCS YUCIO N; YMHOXBTE N Ha
n+1 1 X MOJIy4eHHOMY YMCJIy JONMIIMTE CripaBa 25». Hampumep:

352 otOpackiBaeM 5, octaéres 3; 3-4=12,
npurckBaeM 25, odydaem 352 = 1225.
1152: 11-12=132, Tak uro 1152 = 13225.

OOBsICHUTE ATO IPABUIIO.

Boruucimre (a + b + ¢)?.

Pewenue. (a+b+c)>=@+b+c)a+b+c)=a’>+ab+ ac+ ba+
+ b2+ bc+ca+ch+c?2=a®+ b*+ c? +2ab+2ac+2bc:

a b c
a a? ab | ac
b ba b? bc
c ca ch | ¢

Berauciure (a + b — c)?.

Ykasanue. Bocriosp3yiiTech pe3yJIbTaTOM MPEABIAYIIECH 3a/1a9u.
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Boruncsiure (a + b + ¢)(a+ b — ¢).

Ykaszanue. Bocriosis3yiitech (popMyJIoit pa3HOCTH KBA/IPATOB.

Borunciare (a + b+ c)(a— b —c¢)

Ykaszanue. W 3nech monesHa ¢opMyiia pasHOCTH KBaJpaToB.

Beruncyure (a + b —c¢)(a— b + ¢).

Ykaszanue. Jaxe 3z1ech nosiesna (opmysia pasHOCTH KBa/(PaToB.

Borauciure (a? —2ab + b?)(a? +2ab + b?).
Ilepeoe pewenue. ITo paBHO

(a— b)Y (a+ b)?=a—b)a+ b))’ =(a®>—b>)?=a*—24°b* + b*.
Bmopoe pewenue.

(a® —2ab + b*)(a® + 2ab + b?) = ((a® + b?) — 2ab)((a® + b?) + 2ab) =
=(a® 4+ b»)? —4a’h? = a* + 2a°b* + b* — 4d®ad® = o* + b* — 24°D2.

24. Ky6 cymmbl

Haitiém dopmyaty s (a + b)3. Tlo onpejenenmio
(a+b)=(a+b)a+b)a+D),

¥ MO>KHO OBLITIO OBl PAaCKPHITh CKOOKM MpsiMO Tak. Ho MBI OMAEM aApyruM myTém,
3aMeTUB, YTO

(a+b)P=(a+b)*(a+b)=(a®>+2ab+ b*>)(a+ D).

PackpriBast CKOOKM, MBI JTOJDKHBI KasK/IO€ CJIAraeMoe TIEPBOM CKOOKM YMHOXKUTh
HA @, a 3aT€M HA b U MOTOM BCE CJIOXKUTD:

(@®+2ab+b>)(a+b)=d*> - a+2ab-a+b*-a+ada*>-b+2ab-b+ b*-b.

Bcuomunas mpasuio x™ - x" = xmtn

a, a 3ateM b, mosyunm

1 3aIMCbIBasi B KX/ I0M CJlaracMOM CHa4vaJia

a®+2a%b+ab?> +
+a’b +2ab?*+ b3.
B 57001 cyMMe ecTh Moo0HbIe WieHb (OTIMYAIONMecs JIHIIb YICTOBBIM MHOMKH-

TeseM). JIJ1st HarIIAHOCTM OHM HAIMICAaHHI ApyT 1o ApyroM. Codmpast ux BMecTe,
TIOJIyYaeM

(a+ b)) =a®+3a%b+3ab* + b®

Borumcsare B yme 113,
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Ykazanue. 11=10+1.

Boiuuciure B yme 1013,
Yemy pasHo (a — b)3?

Pewenue. MoxxHo ObliI0 Obl JIefiCTBOBaTh KaK paHbliie, 3armcaB (a — b)? =
=(a—b)*(a— b)=(a’? —2ab+ b?)(a — b) u packpuB ckobku. OHAKO TIPOLIE
no/IcTaBuTh B (hopmysty uist (@ + b)* Beipaxkenue —b BMecto b:

(a+ (=b)Y’ =a*+3a® - (—b) +3a(—b)*> + (—b)°,

nwin

’((Jt—b)3:a3—3azb+301b3—b3

(Tosib3yeMCsT TEM, YTO MHHYC HAa MHHYC JaéT IUTIOC, a IUTIOC HA MUHYC JaéT
MUHYC).

25. Yersépras creneHb CyMMbl

Ipexne yeM Beruucaats (a + b)*, mombitaeMcs yragats oTser. JlJsl, TOro
BBIIIVIIIEM YK€ W3BECTHBIE (DOPMYJIBL:

(a+ b)Y =d?+2ab+ b?
(a+b)* =a*+3a’b+3ab?+ b*
UToOBI TOIMOJHUTH HAIl «IKCIICPUMEHTATBHBI MATePHAT», MOKHO TO0aBUTH K
HAM
(a+b)=a+b.
WTak, BOT 4TO MHI YK€ MIMeeM:
(a+b)' =a+b.
(a +b)?=da®+2ab + b?
(a+b)*=a®+3a%b+3ab® + b®
(a+ b=
[Nompodyem otragate, uto OyaeT gampine. CKoJbKo OyneT ciaraeMerx? KoHeuro,
math. KakoBo Oyaer mepBoe ciaraemoe? Koneuro, at. A caenyiomiee? 910 yxe
cioxnee. PazoObEéM Bormpoc Ha jBa:
(1) xakue Oynyt crenenu a u b?
(2) xakue OyayT IIpY HUX YMCJIOBBIE KO(DPULIMEHTHI?
[epBriit Borpoc mpoiie. Mbl 3HaeM, 4To
B (a + b)! Bxonsar a u b,

B (a + b)? Bxonar a?, ab u b?,
B (a + b)? Bxomsr a*, a’b, ab® u b>,
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TI0TOMY TeTeph €CTh BCE OCHOBAHMS MPEITIOJIOKHUTh, UTO
B (a + b)* Bxomsr a*, a’*b, a’>b?, ab® u b*.

Teneps HarmeM K03 OULIMEHTH — IPU STOM IS €JMHOOOPA3HsI HAITKIIIEM MHO-
&uteJib 1 TaMm, 171e ero 0ObIYHO OITyCKAIOT:

(a+b)!'=1a+1b.
(a+b)?=1a%+2ab+1b*
(a+b)?=1a®+3a>b+3ab®> +1b*

Camm k0> PULIIECHTHI:

—

1
2 1
3
?2 2 ?2 2 2?

[epBbiit U3 HeW3BECTHBIX KOX(PPUIMEHTOB, KOHEUHO, paBeH 1. Bropoii, BeposTHO,
4 (TIOCKOJIbKY HaJ HUM CTOAT 1, 2, 3)

—

1
2
3
4

N L
—

?

Emé sa koddduimenta MoxHo yragath. Tak kak B (a + b)* Gyksa b nuuem He
xysxe OyKBbl @, TO Ko3(duiment npu b* takoii xe, uro u npu a*, a kodPpduiment
upu ab® rakoii xe, Kak 1pu a*b:

—
AN =
o~ o

1
4 1
Yro sxe KacaeTcs koddduimenta npu a>h?, To Tak IPOCTO €ro He yraaelh —

HaJ0 BRIUMCIIATh. CliejlaeM 5TO, CHOBA 3allUCHIBAsl IIOJOOHBIC WIEHBI JPYT IO/
Jpyrom:

(a+b)*=(a+b)(a+b)=(a®>+3a*bh+3ab>+ b*)(a+b) =
=da-a+ 3d’b-a+ 3ab* a+ b-a+

+ a*b + 3a*b-b + 3ab>- b+ b* b =
=a-a+ 3a°b+ 3d°b*+ ab® +

+ @b+ 3a’h*> + 3ab® + bt

O0peauussa (MK, KaK TOBOPSAT, KIIPUBOJS») ITOJJOOHBIC WICHBI, IT0JTy9acM
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(a+ b)Y =a* +4a’b + 64>b* + 4ab® + b*

Bce Hamm 0rajiku HOATBEP/MIIMCH; KPOME TOTO, MBI HAIUIH KO3()ULEHT
npu a’b?, okazaBumiics paBHBIM 6.

26. ®opmy.abl s (a + b)>, (a+ b)°
H TPEYIroJIbHUK Ilackansa
B popmyne nis (a + b)> OKUIAIOTCS WICHBI
a a*b a*b®> a*b® ab* b
1 K03(pprrmeHTs
15 2?2 ?2 5 1.

Uro0s! y3HATH ABA CpeAHUX K0d((UIMEeHTa — HAIO0 MoJaraTh, OHU OyAyT OAU-
HAKOBBIMU — IIOCTYIIMM KaK OOBIYHO:

(a+ b)Y’ =(a*+4a*b+6a’b> + 4ab> + b (a+ b) =
=a*a+ 4d’b-a+ 6d*b*-a+ 4ab®-a + bta +
+ a* b+ 4a°b-b+ 6a*b*>- b+ 4ab®>- b+ b*-b =
=a + 5¢°b + 10a°b* +  104%b° + Sab* + b°.

Wrak, Hamra Tadbmia ko3GhQUIIMEHTOR MOMOJIHMIIACH CIIE OHUM PSIIOM:

1 1

1 2 1

1 3 3 1

1 4 6 41
1 5 10 10 5 1

BEITh MOXET, BB YK€ 3aMETIJIM 3aKOHOMEPHOCTb B JTOI TaOJMIe: B KaXKIOI
CIIEAYIOMIEN CTPOKe KOI((PUIIMEHT ITOIydaeTCsl CJA0XKEHUEM /IBYX DJIEMEHTOB IIpe-
JBITYIIE — CTOSIIEro HaJl HUM U CTOSIIETo cJieBa BRepxy: 1 +4=5,4+6=10,
64+4=10,4+1=5.

I[TpyuKHA STOro CTAHET ACHOM, eC/IM B HaueM Bbruucien (o + b)® octaButs
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TOJIBKO KOD((DULIMCHTHI:

1... +4... +6... +4... +1... +
+1... +4... +6... +4... +1... =
=1... +5... +10... +10... +5... +1...

JLJ1s1 KpacoTel TaOJIHIy KO3(D(PULIIEHTOB MOXKHO 3aIlCaTh CUMMETPUYHO U e1lé
normcath ceepxy 1, Tak kak (a + b)° = 1. TNosyuaercs TpeyroJibHuUK

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

KOTOPBIA MOXKHO IIPOJOJIKATh BHU3 110 IIPABUJLY: KaX/I0€ UMCJIO PAaBHO CyMME JIBYX
yuceJ1 HaJl HUM (KpoMe KpaiHux, KoTopsle paBHbl 1). Hanpumep, ciieytommii psig
oymet

1 6 15 20 15 6 1,

1 3T0 Ja€T dopmyy

[(a+b)°=a®+6a°h+15a* b +20a°b* + 15a°b* + 6ab® + b°

[TocTpoeHHbII HAMU TPEYTOJIbHUK HasbiBaeTcst mpeyeonvhukom Ilackans (bies
[Mackaip (1623 —1662] — dpaniy3ckuii MaTeMaTik U pustocod).

UYemy pasmst 113, 114, 11%, 1162
Harmmre opmyay st (a + b).
Harinre opmyiist juist (a — b)*, (a—b)3, (a—b)°.

Croxure ymciaa B KaX/I01 U3 CTPOK TpPEYyroJIbHUKa ITackansa: He 3ame-
4acTe JIM BBI SaKOHOMCpHOCTI/I?

Yro jaior Gopmyist (a + b)2, (a + b)3, (a+ b)*, (a+ b)®,... upu
b=a?

Her s cBsi3m Mex1y BYMsI PEIBLTYIIMMU 33/ adaMu?

Yro paor dopmysl (a + b)2, (a+ b)3, (a+ b)*, (a+ b)>,... npu
b=—-a?
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27. MHoOrou4jieHsl

MHno20unerHom Ha3BIBAIOT BHIPAXKEHUE, COCTABJICHHOE M3 OYKB U UHCEJI C TO-
MOIIIBIO OTIEPAIINil CJIOKEHVISI, BRIYUTAHUS U YMHOXKEHUs. Bxo/isiie B Hero OYKBBI
Ha3BIBAIOT nepemeHHbiMu. [IpuMepbl MHOTOWICHOB:

a*+a*b+ ab® + b*,
S-7x)(x—1)(x-3)+11,
(a+ b)(a® + b*),
(a+ b)(a+2b) + ab,
x+E=—y) =@ -0y +x),
O’
100
(x+y) .
B sTHx mIpuMepax, MOMMMO CJIOXCHUS, BRIYUTAHVS U YMHOXEHUS, UCIIOJIB3YeTCS
BO3BE/ICHHE B IIEJYIO IOJIOXUTEJIBHYIO CTEleHb. JTO JIOIYCTHMO, TaK KaK OHO
cBO/MTCS K yMHOMeHMIo (a*, Harpumep, ecTh cokpaiienue Juist a - a - a - a). Ho,
CKaxxeM, @~ wi X — HE MHOIOWICHEL
O0HoujieHoM HA3BIBACTCS MHOI'OUWICH, HE COJICPKAILMI CJIOXKEHUSI Y BblYMTA-
HUS, T. €. SIBJISIONIMAICS TIPOM3Be/ICHAEM OYKB U urices1. [IpuMepsl OJHOWICHOB:
5-a-7-b-a,
127a'?,
(—2)a?b.
(B TIOCTIE/THEM TIpUMEpE 3HAK MUHYC — 3TO HE BRIYMTAHVE, a 9aCTh 0OO3HAYCHUS
quciia «—2»).

3anucpBas OTHOWIEH, OOBIYHO IPYIIUPYIOT BMECTE YHC/IA M OJMHAKOBBIE OY-
KBHI: BMECTO 5-a-7 - b -a mamyt 35a2b.

OOpaTtuTe BHUMAHKE, YTO OJHOUIEH — DTO TOXXE MHOTOWIEH: B MAaTEMAaTUKE
YacTO OJMH — DTO y’K€ MHOIo. (MareMaTuKu roBopsT O «KMHOKECTBE PELICHUI»
KaKoOIo-TO YPaBHEHHUsI, JaKe€ €CJHM Y HEro TOJIbKO OJHO pElIcHHE WM PEeLICHUA
BooOIIe HeT.) PackpbiBast CKOOKM, JIOOOM MHOIOWIEH MOXXHO IIPEoOpa3’oBaTh B
CymMMy ofHO4JIeHOB. Harrpumep,

(a + b)(a®+ b*)=aa® + ab® + ba® + bb> = a* + &®b + ab® + b*,
(a + b)(a +2b)=a®+2ab + ba +2b°.
Ipu 5TOM MOTYT BOBHHMKHYTh NOOODHbIE WICHB — COJCPKAINe OIHU U TE Ke
OyKBBI B OJIMHAKOBBIX CTereHsx. Harpumep, BO BTOPOM M3 TOJIBKO YTO IPUBE/CH-

HBIX TIPUMEPOB ofiHOWIeHb 2ab u ba moao00Hb. [T0100HBE OTHOUIEHB MOXHO
00 BEIUHUTD:

(a+ b)(a+2b)=a*+2ab + ba +2b* = a®>+ 3ab + 2b>.
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3Ty OIICPALMIO HA3BIBAIOT «IIPUBCACHUCM HOI[06HLIX YJICHOB».

[Mpeodpasyiire MHOrowaeH (1+x +y)(12 —zx —y) B cyMMy OHOWIe-
HOB Y IIPUBEAUTE MOIOOHbBIC WICHBIL.
Pewenue.

(1+xfy)(1272xfy):12fzxfz+12xfxzxfxyfg+yzx+y2=
=12 —zx — 13y +12x — zx% — xy + yzx + y*.

(TI07100HBIE YJICHBI TOTYEPKHYTEI).
Crporo roBopsi, 310 €€ He BCE: 110 YCJIOBUIO [JOJDKHA ObITh CyMMa OJJHOUJIC-
HOB, a y HAC ecTb BBIYUTaHKE. JTO JIETKO HCIIPABUTD, 3aIMCaB

124 (=Dzx + (=13)y + 12x + (=D zx® + (= 1)xy + lyzx + 1y°.
(ny1s emuHOOOpA3Us MBI JOOABIIIA MHOXKUTENHA 1).

CmaHnoapmHbiM 6UOOM MHOTOWICHA HA3BIBAIOT €r0 3alKCh B BUJE CYMMBI
O/THOWICHOB, B KOTOPOM KaX/Iplil OZIHOWJICH €CThb IpoM3BeAcHUe yuciia (kodhdu-
LIMEHTA) U CTeNeHel pa3IM9HbIX OYKB, IPIUYEM IT0JOOHBIE UIEHB YK€ IPUBE/ICHEL.
Pemas npeapiayniyio 3amady, Mbl puBesid MHOrowieH (14 x +y)(12 —zx —y)
K CTaH/apTHOMY BUJY.

UToOHI CJI0KUTH BA MHOTOYIEHA B CTAH/IAPTHOM BHE, JOCTATOYHO CJIOKUTH
K02((PULIMEHTH TIPH TOI00HBIX WieHaX. [Ipr 3TOM HEKOTOpBIC WIEHBI MOTYT CO-
KPaTUThCSL:

Mx+ (—Dyl+ 1y +(—2x)+1z]=
=A+EE2Dx+ (D +Dy+1z=(—Dx+0y +1z=(—1)x + 1z

HpI/I YMHOXKEHNM HAaZ10 YMHOXHWTH Ka)KJO0€ CJIAracMo€ Ha KaxKJI0e€. YMmHOXKas
JABa O/THOYJICHA, MbI CKJIQ/IbIBACM CTCIICHU IIpU KaX/1011 HCpCMCHHOﬂI

(@b’¢)- (a®bd*) = 3" ed* = a®béed?.
TocJie HTOro Hajlo HpUBECTH NoioGHEEe. Harpumep,
=Py +p) =+ xly +p? -’ -yt =t R

(ITonoGHbIe WICHB! TOAIEPKHYTH OJJMHAKOBO; TOTOLIHBIA YUTATEb OTMETHT, YTO
MBI HAPYILIWIY IPABIJIA 3AIKCH MHOTOWICHOB B CTAHJAPTHOM BH[E, OIyCTUB KO-
a¢pPurmentsr —1 u 1.)

TMepemnoxksre (14 x)(1 + x2).
Tepemuoxbre (14 x)(1+x2) (14 x*)(1 + x%).
MepemuoxbTe (1 — x)(1 4+ x)(1+x2)(1+ x*)(1 + x¥).

Haiimure (1 4+ x + x2 4+ x%)2.
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Haiiure (1+x +x2 +x% + ... +x° +x19)2,
Haitre xodpuiment npu x*° u x?° B Muorousiene

(1+x+x2+ 23+ 420 +x10)%,

Mepemuoxknre (1 —x)(1+x +x2+ x> +... + x% + x10).

epemnoxnre (a + b)(a®? — ab + b?).

MepemuoxksTe (1 — x +x2 — x5 4+ x* — x5 + x6 — x7 + x8 — x? + x10)
u(1+x+x2+x3+ x4+ x5 +x8 + x7 + x8 +x° + x19).

28. OrcrynuieHHe: KaKMe MHOI'OYJ/ICHbI
CUHTATh PAaBHBIMH?

INonsTHEe «paBHBI» 7151 MHOTOWICHOB MOXKET OIIPEAEISIThCS M0-pasHoMy. [lep-
BBEII BAPMAHT: MHOTOWICHBI CUMTAIOTCS PABHBIMH, €CJIV OJIH M3 HIX MOXET OBITh
1peoOpa3oBaH B JPYroi 1o rpasujiaM ajreOpsl (PacKpbITUEM CKOOOK, IIpUBE/E-
HHEM TTOJIOOHBIX, BRIHECEHHEM 32 CKOOKY M T.II1.). BTOpOIii BapuaHT: MHOTOYIECHHI
CUHMTAIOTCS] PaBHBIMH, €CJIM TP IO/ICTAHOBKE JIIOOBIX YMCE] BMECTO OYKB OHH
IIPUHUMAIOT OJTHO M TO )K€ YHC/I0BOE 3HaYeHre. OKasbpIBaeTCsl, YTO STH /IBA BapU-
AHTa DKBUBAJICHTHBI: MHOTOWICHHI, PABHBIC B OJJHOM CMBICJIC, PAaBHBI 1 BO BTOPOM.
B camoMm jeJie, ecim OAMH MHOTOWIEH IIPeo0pas3yeTcs B IPyroi o MpaBmIaM ajl-
reOpel, TO TU NPEOOPA3ZOBAHMS COXPAHSIOT CWJIy U II0CJIE IOJCTAHOBKM 4MCEJI
BMecTo OykB. OOpaTHOE yTBEepK/eHHE («ECIIH /IBA MHOTOWICHA ITPUHMMAIOT O/IH-
HAKOBBIE 3HAYCHHUSI TP TTOJICTAHOBKE JIIOOBIX YKICEJI BMECTO OYKB, TO OJMH M3 HHX
MOXET OBITh NTPEOOPA30BaH B JIPYTOii») /I0Ka3aTh HE TaK MPOCTO, ¥ MBI IIPUMEM
€ro Ha Bepy 0e3 /10Ka3aTesIbCTBa.

Ec/m Mp1 X0THM yO€1UTh KOrO-TO, YTO /IBA MHOI'OY/ICHA PaBHBI, Y/I00€H Iep-
BBIIl BAPHMAHT OTIPE/EIICHUS: JOCTATOYHO TIOKa3aTh, KaK O/IMH MHOTOWIEH Ipeodpa-
3yeTcs B ipyroi. HampoTus, eciim MBI XOTHM YOEIUTh KOTO-TO, YTO MHOTOUWICHBI
He paBHBI, yAOOHEH BTOPOI BApHWAHT: /IOCTATOYHO YKA3aTh YKCJIOBBIC 3HAYCHWS
OyKB, TIPM KOTOPHIX MHOTOWICHBI IPUHAMAIOT PA3/IMYHBIC YMCJIOBBIC 3HAYCHHUSI.

He packpriBast ckoOOK, yOeauTech, 4To
xX=DXx=-2)(x=3)Nx—-DA#X+1D)x+2)(x+3)(x+4).

Pewenue. Ipu moscranoBke x =1 jeBast 9acTh oOpalaeTcs B HyJIb, a IIpaBast
HeT.

B BepHOM paBeHCTBE MHOTOYJIEHOB
(=D +.)=x—Dx+3)x+...)
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JIBa 4MC/Ia CTEPJY, 3AMEHMUB TOYKaMU. UTO 7TO OBLM 3a umcia?
Ykaszanue. Tlojcraspre x =—1 u x = —3.

ITycts Teneps HaM JaHHI [Ba MHOTOYJICHA, IIPO KOTOPHIE HEM3BECTHO 3apaHee,
paBHbl OHU mn HeT. Kak 3710 y3Hats? MOKHO HOJACTaBUTH HA IIPOOY KAKHE-TO
4ucIa, U cAesaTh HeCKOJIbKO Ipo0. Ecii XoTh pas mostydyaTcs pasHble pesysIbTaThl,
TO MHOTOY/IEHB He paBHBL. Ecjm >xe HeT, To eCTb OCHOBaHUS IOAO3PEBATh, 4TO
OHU PABHBL

Bamst noacrasm B muorowienst (X +1)2 — (x —1)% u x2 +4x — 1 uncia
1 1 —1 BMecTO X M yTBEpXJaeT, YTO STU MHOTOWIEHHI paBHHI. [IpaB jm on?

Pewenue. Het: nocrarouno noacrasuts x = 0.

Tak 4TO0 MOI03PEHNsT — HE JJOKA3aTeJILCTBO (XOTS BIIOCIEACTBUM MBI yBUIUM,
YTO MHOTJ]a KOHEYHOT'O UHCJIa TIPOBEPOK OBIBACT JOCTATOUHO).

UT00BI [IPOBEPUTH, PABHBI JIM J[BA MHOTOWIEHA, UX MOXHO [PUBECTH K CTAH-
JapTHOMY BHLy. ECJIM [OCIIE STOTO OHM OTIIMYAIOTCS JIMITh [OPSIKOM OTHOUIEHOB
WM TIOPSIJIKOM COMHOKHUTEJIEN B OJHOWIEHAX, TO OHHM, OYEBMIHO, PaBHbL. Ecim
e HET, TO MOXHO /I0Ka3aTh, HO Mbl I[PUMEM DTO HA BEPY — MHOI'OWIEHBI HE
PABHBI.

WHor1a paBHble MHOTOWICHB! HA3BIBAIOT «TOMKIECTBEHHO PABHBIMUY, TOTUED-
KUBasi, YTO UMEETCS B BUJly PABEHCTBO /Ul BCEX UMCIIOBBIX 3HAYeHUt OykB. Tak,
Harpumep, MHOrouwIeH a2 — h? Tok 1ecTBeHHO paseH MHorowieny (a — b)(a+ b).

29. CKoOJIbKO O/THOYJIEHOB OCTaHeTcA?

Kakoe mMakcumasbHOE KOJIMYECTBO OHOWJICHOB MOXET OBITH B ITPOM3-
BEJICHUM [IByX MHOI'OYJICHOB, KQ)X/bIif U3 KOTOPBIX COAEPXKUT 4 OHOWIEHA?

3ameuanue. Ko BCSIKOMY MHOIOUWICHY MOYKHO /100aBUTh (PUKTUBHBIE O/[HOYJIC-
HHI ¢ Kod(durmenTom O:

X 4+4=x>+0x2+0x +4.
TaKI/Ie OJHOYJICHBI MBI HC y‘II/ITLIBaeM.

Pewenue. TlepemHoxum muorowienst (a +b+c+d) v (x+y+z+u):

(a+b+c+d)x+y+z+u)=ax+ay+az+au+
+bx+by+bz+ bu+cx+cy+cz+cu+dx+dy+dz+ du.
Bcero 16 uneHoB. SIcHO, uTO GoJible 16 OBITH HE MOXKET (KaX/BIA W3 YETBIPEX

OTHOYICHOB IICPBOI'0 MHOI'OYJICHA YMHOXACTCA HA YETHIPE OJHOYJICHA BTOpOFO).

MoskeT JI IPOM3BEICHIE IBYX MHOTOYICHOB, KaX/IbIil M3 KOTOPHIX CO-
JCPXKUT 4 OTHOWICHA, COCTOSATh MEHBIIE 4eM U3 16 0qHOYIEHOB?
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Pewenue. Jla: cpean 16 ojHOUWIEHOB MOT'YT OKa3aThCsi 110/100HbIe. Hanpumep,
T+ x+x2+ )0 +x+ 27 +x°) =14 2x + 3x +4x% + 3x* + 2x° + x5,
1 13 16 4ICHOB NOCJIE NIPUBEACHUS TTIOJOOHBIX OCTAETCsSl BCETO 7.

MosxeT JI IpA NEPEMHOXXEHUH /IByX HEHYJICBBIX MHOTOYJICHOB ITOJIy-
YUTHCS TAK, YTO BOOOIIE BCE WICHBI COKPATATCS APYr C Apyrom?

Omeem. Her.

3ameuanue. BeposiTHO, dTa 3a/1a4a KAKETCsl BaM OECCMBICJICHHOM, BE/[b U TaK
SICHO, YTO TaKOro OBITh HE MOXeET. B 3TOM cilydae coBeTyeM BEpHYThCS K Heil
TI03/THEE.

MoxeT 1 Tpy IEPEMHOXEHUH JIBYX MHOTOWICHOB U ITOCJIETYIOIEM
[IPUBE/ICHUM 110I00HBIX OCTAThCs €IMHCTBEHHbIN ojHowieH? (Ciyyai, Korja Ka-
KBl 13 MHOTOWICHOB COCTOSUT M3 OJJTHOTO OJJHOYJICHA, HAC HE MHTEpecyeT.)

MoerT JIi 1IpA TIEPEMHOXXEHUH JIByX MHOI'OYJICHOB ITOJIyYUTHCSI MHO-
I'OYIEH, B KOTOPOM MEHBIIIE OJHOYWICHOB, YeM B KAXK/JOM U3 COMHOXUTEJICH?
Pewenue. [a:

(% 4 2xy + 2p?) (6 — 2xy + 2p?) = ((x% +29) + 2xp) ((x? + 2y%) — 2xp) =
— (XZ +2y2)2 _ (zxy)z :x4 +4x2y2 +4y2 _ 4x2y2 :x4 +4y4

30. Koa¢pdpumentsl u 3Ha4eHU

Bcromuum tpeyrosphauk [lackans

u dopmyuiet st (a + b)":

(a+b)° = 1

(a+b)! = la+1b

(a+b)? = 1a? 4+ 2ab +1b2
(a+b)?* = 1a® +3a%b + 3ab® + 1b*
(a+b)* = la*+4a’bh+6a*b? + 4ab® + 1b*

Kaxnas m3 tux GopmyJ1 SIBJISETCS PABEHCTBOM JBYX MHOTrOWIEHOB. M3 sToro
PABEHCTBA MOXHO IOJIyYUTh MHOXECTBO UYKCJIOBBIX PABEHCTB, IIOJCTaBUB BMECTO
@ 1 b KOHKpETHBIEC YKCIIA.

Uro nostyuurcsi, eciu moactasuth a =1, b=1?
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Pewenue.
(1+1)°=1
A+1D'=1+1
A+12=1+2+1
A+1)P°=1+34+3+1
A+ =1+44+6+4+1

IMockoseky 1+ 1=2, MBI JOKa3aaM, 9TO CyMMa YKCEJ B JIOOOW CTPOKE Tpe-
yrojpHuKa [Tackasis SBISETCS CTENEHbIO ABOVKH.

CJl0XuB 4MCJIa B CTPOKAX Tpeyrosibhuka Iackaiis ¢ yepeylommmMucs
3HAKAMM, TOJTyJaeM HYJIH:
1-1=0
1-2+1=0
1-3+3-1=0
1-4+6-44+1=0

[Touemy Tak moJiyvaetcs?
Ykaszanue. Tlopcraspre a =1, b=—1.

B muorowtene (1+ 2x)2% packpbum Bee ckOOKM, PUBE/IS €T0 K CTaH-
JapTHOMY BUIy (CcyMMa cTeneHent x ¢ koddduimeHtamu). YeMy paBHa cyMMma
k03hPULIEHTOB?

Ykazanue. Tlopcrassre X = 1.

Tort e Bopoc, 4To u B 3afade 122, Ho s Muorownena (1 — 2x)209,

Muorowien (1 + x — ) npuBeJu K cTan apTHOMy BUjly. UeMy paBHa
cymma k0d((PUIMEHTOB BO BCEX OJHOUJICHAX?

(ITpomoskenue.) Yemy paBHa cymMa KO3Gh(PUIIMEHTOB IIPUA TEX OIHO-
WwieHaX, KOTOpBIE He cofiepxkar y?

(ITponosrkenue.) Yemy paBHa cymma KO3(PHULIMEHTOB IIPU TEX OJHO-
4jieHaxX, KOTOpblE cojepxar x?

31. PasjoxxeHue HaAa MHOKHUTEJIH

YMHOXKEHIe MHOTOYJICHOB — orepanus rnoja4dac prI[OéMKaH, HO HE Tpe6y}0-
rasa COO6pa3I/ITCJII>HOCTI/I, Ha0 JIMIIb dKKYPATHO CJIEAOBATDh IIPpABUJIAM. O6paTHa§I
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orepalyss — PA3IOKECHUE MHOTOWICHA B IPOM3BE/ICHME HECKOJIBKAX MHOXKHTE-
Jieit — Tpedyer OoJiblIel M300pEeTaTe/IbHOCTU (A MHOIA 1 BOOOILE HEBBIIIOJ/IHU-
Ma). Mbl pa3oepéM ceifuac HECKOJIbKO TPUEMOB.

Pazjiokure Ha MHOKUTEIU MHOrowieH ac + ad + be + bd .
Pewenue. ac+ ad + bc+ bd =a(c+d)+ b(c+d)=(a+ b)(c+d).

PasJjio)knTe HA MHOXKUTEIM MHOTOWIEH ac + bc — ad — bd.
Passoxure Ha MHOXHTeIN MHorowieH 1 + a + a? + a®.

Pasnoskute Ha MHOKXUTEIH MHOTOWIeH 1+ a + a® + ...+ a'> + a'.
Pasjio)uTe HA MHOXUTEM MHOrOWIeH x* — x> + 2x — 2.

WHoraa okaspIBaeTCsl HEOOXOMIMBIM PA30OUTh OAMH WIEH HA JBa, IPEXK/EC IeM
yIACTCsl CTPYMITMPOBATh WICHH TIOAXO/SIIM 00Pa3oM:

PasyioskuTe Ha MHOXKUTEIN MHOTOWIEH a2 + 3ab + 2b2.

Pewenue. a®> +3ab+2b*>=a?>+ab+2ab+2b*=a(a+ b)+2b(a+ b)=
=(a+2b)(a+Db).

Pasyiokute Ha MHOXUTEIM MHOTOWIEH a> — 3ab + 2b2.
PasJioxuTe HA MHOXKUTEIM MHOrOWIeH a2 + 3a + 2.

@opmyJry KBajpaTa CyMMBI MOXKHO TIPOYECTh «CIIPaBa HAJICBO», PacCMaTpu-
Bad €€ Kak pasiokeHue MHOrowiena a’ + 2ab + b? ma muoxuremu. 1o Ke
Pa3JIOKEHUE MOXHO IIOJIyYHUTh TaK:

a?+2ab+b*=da*+ab+ab+b*=ala+b)+ b(a+b)=(a+b)(a+b).

PasJioxuTe HAa MHOKUTEIM MHOrOWIeH a2 + 4ab + 4b2.
Pasnoxure Ha MHO)UTe MHorowten at + 2a2bh? + b4,
Pasiioxure Ha MHOKUATEIM MHOrowieH a? — 2a + 1.

MHorga 1oJie3Ho 100aBUTh W BBHIYECTh HEKOTOPHIE OJHOWICHBL. DTOT NPUEM
MBI TIPOJIEMOHCTPUPYEM Ha MIPUMePE MHOTOUIeHa a” — h? (XOTs ero pasioxeHue
HaM ¥ TaK U3BECTHO):

a?—b=a’>—ab+ab—b =a(a—b)+ bla—b)=(a+b)(a—D).

PasioskuTe HA MHOXUTETH X° + X + 1.
Pewenue.
Ctx+l=x+ x4+ - PP+ 1=
=2 +Hx+D X +Hx+ D+ P Hx+1) =
==+ D7+ x+1).
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Bo3moxHO, 2TO peuicHne 06€CKypa)KI/IJIO BAaC — HCIOHATHO, KaK 10 HEro jaora-
J1aTbCsl. ABTOpaM OTO TOXKEC HCIIOHSITHO.

[ocmotpum Ha pasioxenue a’ — b2 = (a — b)(a + b) emé ¢ oHOl TOUKM
spenusi. Ecim a = b, 10 a — b =0 u npasast yacrtb oOpaiaercss B Hysb (OAUH
COMHOXMWTETh PaBeH HyJTI0). 3HAYUT, U JieBast Toxe. ITO U HOHATHO: eclid a = b,
10 a? = b%. Amanoruuno, eciu a + b =0, to a? = b? (B oroM ciaydae a = —b
u a? = b%: oT U3MeHeHUs 3HAKA UMCJIA €r0 KBAAPAT He MEHSAETCs).

Jokaxwure, uto ecm a®> = b?, 10 a = b wm a = —b.

Taxkum 00pa3oM, pacK/IaJbIBasi BEIPAXKEHIE HA MHOXHTEJIM, TOJIE3HO MOMHTE-
pecoBaThes, KOIa OHO PAaBHO HYJIO — DTO MOXKET IOJCKA3aTh COMHOKUTEJIIH.

Pasnoskure Ha MHOXUTeU a® — b3.

Pewenue. Boipaxenue a® — b* obpamaercs B Hynb, ecmm a = b. Tlostomy
MOXHO IIPE/TIOIOKHUTD, 9TO OJHIM W3 MHOXWTesel Oyaet a — b. Ilocme storo
HAATH PA3JIOKEHNE HE TaK CJIOXKHO:

a—b=a>—a’b+d®b—ab® + ab*— b’ =
=da*(a—b)+ ab(a— b) + b*>(a — b) =(a®* + ab + b*)(a — b).

Pasjioxkure Ha MHOXUTE M a° + b3.
Pewenue.

a+b=a*+d?b—a*b—ab*+ ab*+ b=
=da*(a+b)—abla+b)+ b*(a+ b)=(a®*—ab+ b*)(a+ b).

DTO e PasIOKEHVE MOXKHO TIOJYYUTh U3 IMPEIbIAYNIEro, MmojacTaBuB (—b)
BMeCTO b.

Pasnoxure Ha MHOXuUTeH a* — b,

Pewenue.
a*—b*=a*—a’b+a*b—a’b* + a’b* — ab’ + ab® — b* =

=a*(a—b)+a*b(a—b)+ab*(a—b) +b*(a—b)=
=(a—b)(a® +a’b+ ab*+ b*).
3aMeTHM, YTO MOKHO PA3JIOKUTh U MHAYE:
a* — b* = (a® — b*)(a® + b?).
O0a pa3IoXkeHNsI MOTy9aI0TCS U3 PA3JIOKECHUS
a‘ — b*=(a—b)(a+b)(a®+b)

pa3/IMYHOM I'PYIIIMPOBKOM COMHOXUTEICH.
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Paznoskure Ha MHOXUTEU a° — b>.
Passoxure Ha muoxuresm a'® — b0,

Pasznoskure Ha mMuOXUTE M @ — 1.

Paznoskute Ha MHOXUTETU a> — 4b2.
Pewenue. Bocrons30BaBImch TeM, uto 4 = 22, sammieM

a?—4b?=a> - 22> =a*>— 2b)?’ = (a —2b)(a +2D).

[MompITaeMes IIPUMEHUTDh TOT Ke HPUEM K MHorowieHy a’ — 2b2. 31ech Ham
MOHAZOOMTCS YHMCTI0, HA3BIBAEMOE «KBAJPATHBIN KOPEHb M3 JABYX», 0003HAYAEMOE
/2 u pasHoe ipumepHO 1,4142... — €ro IJIaBHOE CBOWCTBO COCTOUT B TOM, UTO
€ro KBaJipaT paBeH 2, T.e€. (V2)2=2.

(BooOmie kBagpaTHBIM KOPHEM K3 HEOTPHUIIATEJIBHOIO YMCIA @ Ha3hIBACTCS
HEOTPHILIATEIFHOE YHCJIO, KBAJPAaT KOTOPOTO PaBeH d. JTO YHCJIO 0DO3HAYaeT-
ca y/a. Takoe umMCIIO BCET/Ia CyMIECTBYET, TPUYEM TOJIBKO OHO; K BOMPOCY O
KBA/IPATHBIX KOPHSIX MBI €IIE BEPHEMCSI. )

C 1noMOoLIBIO KBAJPAaTHOIO KOPHSI U3 2 MBI MOXKEM 3aIlCaTh:

a® —2b* = a® — (V2b)? = (a — V2b)(a + V2b).

Takum 00pa3soM, HaM yIajJoch pasiokuTh a’ — 2b% Ha MHOXKUTENM, TIPaB/a, B
KauecTne kK0d(PUIIMEHTa IPHIILIOCH UCIIOJIB30BATh /2.
3ameuanue. 3anmiuem

a—b=(va)' = (VB)' = (Va—Vb) (Va+ )

3HAUUT JIK 5TO, YTO HaM YJaI0Ch PasIoXUTh @ — b Ha MHOxuTen? Koneuro, Her,
Tak Kak \/a —+/b — He MHOTOWIEH (ONepalys M3BJIEUeHUs KBaJPATHOTO KOPHS
HE JIOMyCKAeTCSI B MHOTOWICHAX — TOJIBKO CJIOXKEHUE, BEIYUTAHUC 1 YMHOXCHHE).
A Kak e @ —+/2b? [loueMy MBI CUMTAEM DTO BHIPAKEHHE MHOTOUsIeHOM? Jleso B
TOM, YTO MHOI'OYIEH — I10 HAIIEMY OIIPE/IEJICHUIO — CTPOUTCS U3 OYKB M umCeJl
C TIOMOIIBIO OTIEPAIMIl CJIOXKEHHS, BRUUTAHUS U yMHO)eHHA. A /2 — camoe
HACTosIee YUCJIO (XOTS U PaBHOE KBAIPAaTHOMY KODHIO M3 Jpyroro uucia). Tak
9TO BCE B MOPSKE.

Passoxure Ha MHOXUTeTH a’ — 2.

Pasmoxure Ha MHOXHTeH a’ — 3b2.
Pasnoxure Ha Muoxurenun a’ + 2ab + b2 — 2.
Pasnoskure Ha MHON)UTEH a2 + 4ab + 3b2.

Paznoskure Ha MuOXuTeu a* + b?.
(M3BecTHOE HAM pasJIoKeHHUe /Ui a — b TyT He 1oMoraeT, Tak Kak IO/ICTABUB B
Hero (—b) BMecTo b, MBI HUYETO HOBOTO HE IOJIyYaeM. )
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Pewenue. TlpumMennum xutpocth: 100aBuM U BhiuteM 2a’b?:
a* + b*=a* +2a°b* + b* — 2a*b* = (a> + b*)? — (V2ab)? =
= (a® + b* +V2ab)(a® + b? —V2ab).

IMoiBe1€M HexoTOPbIE UTOrM. MBI HAayYMJIMCh PasjiaraTh HA MHOXUTEJIM MHO-
rowieH a" — b" npu mobom n (oavH U3 MHOXKUTeJel paBeH a — b). Tlpu He-
YETHOM 1 W3 STOTO PABIONKEHUS MOXHO TOJYYUTh pasjioxkenue it a" + b"
(nofcranoBka —b BMecTo b; ouH U3 MHOXUTesel paBed a + b). Ocraotces eme
mHorowtenst a2 + b2, a* + b*, a®+ b u 1. 1. [l BTOPOTO W3 HUX MBI HANLIMA
Pa3JIOKEHME HAa MHOXKHUTEJIH.

Kakue emé MHOrowIeHs Buga a" + b?* MOXHO pa3/oXUTh HAa MHO-
KUTEJIN?

Vkaszanue. a® + b® = (a?)* + (b?)*. AHAIOTVYHBII IPUEM MOSKHO TIPUMEHHUTE
B Cﬂyqaﬂx, Korjga n uMceCT HG‘IéTHbIﬂ JACJIUTCJIb, 60J_H)H_H/H‘/’I 1, WJIN JCJINTCS HA 4 —
MBI HAY9UMIACH PasiaraTh HA MHOXUTETH BCe MHOTOWIEHHI BUIa a” + b", kpome
a’?+ b2.

Pasoxurs a> + b? MOXHO ObUIO OBI TAK:
a4+ b*=da®>—(V-1-b)’=(a—v/—1-b)(a++/—1-Db),

Jia BOT Oefa — KBA/IPaTHOTO KOpHS m3 —1 (T. €. 9mcia, KBapaT KOTOPOro PaBeH
—1) He cymecTByeT, Tak KaK KBa/Ipar JIOOOI0 HEHYJIEBOIO UMCJIA T10JIOKUTEJICH.
Hy uro k, pelmmm MareMaTuky, €CJIM TaKOI'0 YMCJIAa HET, TO €ro HAJ0 BbLYyMaTb.
U BeIAyMay — U HOJIYYMIIACH YKCJIa, KOTOPBIE Ha3BaKd KoMIUlekcHbIMU. Ho 310
yXe Jipyras UCTOpHUSL.

Kak Bbl Jymaere, yeMy PaBHO IIPOU3BEJICHUE /IBYX «KOMILICKCHBIX UM~
ces» (24 3y/—1) u (2—3/—1)?

B 3akioueHre — HECKOJIBKO 3a/1a4 [IOTPY/IHEE.

Pasjioxkure Ha MHOKuTe M x* + 1.

Pasnoxure Ha Muoxutema x(y2 — z2) + y(z2 — x2) + z(x% — y?).

Pasnoxure Ha Muoxuresm a'® + a® + 1.

Pasnoxute Ha MHO)UTeM a° + b® + ¢> — 3abc.

Passtoxxure Ha muoxkuresm (a + b+ ¢)® —a® — b — 3.

Paznoskure Ha Muoxuteu (a — b)® + (b —¢)® + (¢ — a)’.

Hokaxwure, uyto ecm @, b>1, to a + b< 1+ ab.
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Ykasanue. Pazyioxure na muoxureau (14 ab) — (a + b).

Jlokaxure, uto ecim a’+ ab +b*=0, 10 a=0u b=0.
Ykasanue. Beriomuure pasiioxkenue juist a® — b, (Jlpyroe pelenue Mbl yBu-
M JTAJTbIIE, KOT/IA Pedb TOMIET O KBaJPATHBIX yPABHEHUSIX.)

Joxaxwure, 9To ecit @ + b + ¢ =0, 10 a® + b> + ¢ =3abc.
Jlokaxxure, 4To ecim

LN BAR B

a+b+c a b ¢’
TO Cpe uncest d, b, ¢ ecTh paBHBIE 110 BEJIMYMHE W IIPOTUBOIIOJIOXKHbIE IT0 3HAKY
(r.e.a=—-b, a=—cwm b=—c).

32. PanuoHaJIbHbIE BBIPaKEeHUs

B MHOrowieHax He paspelacrcst JeJIeHUE (TOJIBKO CJIOKCHUE, BHIUMTAHUC U
yMHOXeHIE). Ecimm nesienre pa3pemmrs, MOMyIUTCST TO, YTO HA3BIBAIOT «PaIyo-
HaJIbHBIMU BbIpaKeHUssMW». (EMHCTBEHHOE OrpaHMYeHMe: TO, HA YTO JEJIAT, HE
JOJDKHO TOX/IECTBEHHO paBHATHCS 0.)

[IpuMepsl paliMOHAIBHBIX BBHIPAKCHUIL:

ab a/b 1 1
@-— O 66— O —F:
¢ b/e 1+ 1+ ——
1
X
1+ —
14—
Xy z
—t-+ - 3. .2
X +x +x+1 1
(P25 +1; e —————— OK) ———
Xy oz a b
x2—x2
Ho, ckaxewm, v, ¢ PAVOHAIBHOC BEIPKCHHUE, TAK KaK BLIPKCHHUC

B 3HAMCHATCJIC TOXACCTBCHHO PABHO 0.

33MCTI/IM, YTO pa3peuIcHUE HUCIIOJIb30BaTh JCJICHUC HE OOS3BIBAET €TI0 HCIOJIb-
30BaTh — TaK YTO JIIOOOYM MHOTOWIEH SIBJISETCS PalTMOHAJIbHBIM BBIPDAXKCHUCM.
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33. IIpeodpa3oBaHue paLIOHAJILHOIO BBIPAKEHHA
B YaCTHOE [[ByX MHOI'OYJICHOB

PanonaibHOE BBIDQKEGHHE MOXKET BKJIIOYATh B ce0sl HECKOJIBKO OIepalyil Jie-
siennst. OTHAKO €ro MOXKHO MPEeoOPa3OBaTh TaK, YTOOBI ONMEPALVS JCJCHUS OblIa
€/IMHCTBEHHOM, 1 NPUTOM TNOCJIEHEN. J[pyriMm cioBamu, BCAKOE PALIMOHAJILHOE
BBIPQKEHUE MOXKET ObITh IIPEOOPA30BAHO B YACTHOE /[BYX MHOI'OYJICHOB.

Jlenaercs 3T0 C IOMOLIBIO TAKUX IIPUEMOB.

P R
1. Cnooicenue. Tlycrb Mbl XOTMM CJIOXUTH Jipodu — u —, e P, Q, R,

Q S
. P R

S — muorouwiensl. [lpuseném apodu 0 u K o0LieMy 3HaMeHATeJII0 (ec/u He
MIPUYMaeM HUYETo JIy4LIero, MOKHO AoMHOXUTh P u Q Ha S, a R u S Ha Q):

P_R_PS_OQR_PS+OQR

Q S QS 0SS Qs -

2. Bvruumanue ananormdHoO:
P R _PS QR _PS—QR

Q S 05 0s 0s

3. Ymnoowcenue:

P R PR

Q'S 0s
4. Jlenenue:

P /R _PS

6/?‘@

B xone npeoOpa3oBanmit MHOTA YIAETCsl COKPATUTD JPO0b, BHIJCIMB OJUH U TOT
K€ MHOXXUTEJIb B YMCJIUTEJIC W 3HAMCHATEJIC:
PX P
QX Q

ITpeodpasyiite BepaskeHmst (0)— (1) 1 (%) W3 MPUBEICHHBIX HaMH B

KAQueCTBE IIPUMEPOB K YKAa3aHHOMY BUJY (BbIpaskeHUs (a) U (€) y’Ke UMEIOT TaKoi

BU).
Omeempwl u peuwienus.

ac X
(0) ﬁ’ () m,
1 X 1 X 2x+1
ry —=——; 1+ —=1+ = ;
1 1
14— x+1 14— x+1 x+1
X X
1 x+1 1 3x+2
T T~ 2x+1’
1+ 1+
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B pe3yJIbTaTe MoJIydaeM LI
2 :
2§+1 3x+2
0 JrIt+i t1= (z4+y2x+x20) /xz . (Pz+y?x+x2y) - xyz 1=
I+l 3%z + z22x 4+ x2y)/xyz (y2z+ 22x + x2y) - xyz

_ P24yt x%y) {= X224y’ x4+ x2y+y*z+ 2x+x2y
(y2z + 22x + x2y) y2z+z22x 4+ x2y ’

2ab
a+b’

(x)

OrmernM, YTO 11pU HPEOOPAZOBAHMSIX OJHOI'O U TOI'O YKE BBIPAKEHUSI MOKHO
MIOJTyYUTh pasHble oTBeThl. Hampumep, BEIpakeHue

BHx2Hx+1
x2 -1

MO>XXHO OCTaBUTH KaK €CTh, @ MOXXHO PA3JIOXKUTh YNCJIMTEJIb Y 3HAMCHATCJIb HaA
MHOXXUTECJIN 1 COKPATUTh!:

Pl x4+ DD X241
x+Dx-1 x+Dx-1 x—-1"

Bameuanue. CTtporo roBopsi, COKpalieHue — He BIIOJIHE 3aKOHHAs oreparysl,
Belb IIPA HEKOTOPBIX 3HAYEHUAX ITEPEMEHHBIX COKPAILAEMOE BBIPAKEHUE MOXKET
BHx2Fx+1

paBHAThCA Hys0. Hampumep, 71
Y2 —

X241

HE MMeeT CMbICJA Ipu X = —1, a

rmeeT. OOBIYHO Ha 3TOT 2d(EKT He 00palaloT BHIMAHUS, HO UHOTAA OH
X —

CTAaHOBUTCS BAXXHBIM.

YacTo mpemsIaraloTcs 3a7add, B KOTOPBIX TPEOYETCs «YMPOCTUTH BBIPAXKE-
HEE» — TPUBECTHU €To K HauOoJiee IPOCTOMY BHUIY. XOTS IIPOCTOTA — 3TO JIEJIO
BKyCa, B TaKHX 3a/la4aX OOBIYHO SICHO, YETO XOTSAT UX aBTOPHI.

YIpocTuTe BRIPAXKEHNE

x—a)x—=b)  (x—a)x—rc) (x=Db)(x—20)
(c—a)(c—=b) (b—a)b—-c) (a—b)(a—c)'

Pewenue. CrnoxxuM /iBe TiepBBIe TpoOU, MPUBEIS UX K 00IIEMY 3HAMEHATEJTIO
(c — a)(c — b)(b — a) (uncnuTesib U 3HAMEHATENH TEPBON JPOOU YMHOXKaeM
Ha b — @, 4yuCiUTEN b W 3HAMEHATEJb BTOPOMl — Ha C — @; WUCIOJIB3YEM, 4TO
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b—c=—(c—Db)):

x—a)x-—b  (x-—a)(x—0c) _
(c—a)(c—b)  (b—a)b—c)
_x-—a)x-bb—-—a)—(x—a)x—c)c—a) _
- (c—a)(c—b)(b—a) o
_x—alx=b(b—-a)—(x—c)(c—a)
(c—a)(c—b)(b—a)
_ (x —a)[xb — xa — b* + ab — xc + xa + ¢ — ac]
o (c—a)(c—Db)(b—a)
_—akx(b=c)+alb—c)—(b—=c)(b+0)]
B (c—a)(c—Db)(b—a)
_x—ab-o)x+a-b—0
- (c—a)c—b)b—a)

CokpartuB Ha (¢ — b) = —(b — c), osy4aemMm
(x—ayb+c—a—x)
(c—a)y(b—a)

[TpubaBuM Temepp TPETHIO Apo0b (3HAMEHATEJIN y HUX O/IMHAKOBBI):

x—a)(b+c—a—x)  (x—-—Dbx—-c) _

(c—a)(h—a) (a—b)a—c)
_xb+xc—xa—x2—ab—ac+a2+ax+x2—xb—xc+bc_
B (c—a)(b—a) B
a>+bc—ab—ac ala—b)—ca—b) (a—c)a—Dh)
T eab-a  (Cc-ob-a (c-ab-a

Wtak, MBI JJOKa3aJIM TOXIECTBO

(x—a)(x—D) (x—a)(x—o) (x—=D)(x—c) _
(c—a)c—Db)  (b—a)b—c) (a—b(a—c)

ITpoReprTe 3TO TOXAECTBO IJIST YACTHBIX CJyYaeB X =a, x=b u x=c.

MBI yBUMIM BIIOCJICJICTBHUM, YTO DTOI MPOBEPKHA HA CAMOM JIeJIe TOCTATOYHO,
9TOOB! yO€TUTHCSI B UICTUHHOCTU TOX/IECTBA. Tak YTO MOXKHO OBLJIO OBI M30€XKAaTh
YTOMUTEJILHBIX BBIYMCJICHUI, KOTOPhIC MBI TIPOBEJIH.

B 3aksmioueHre — HECKOJIBKO 3a/1a49, B KOTOPBIX BCTPECHUAIOTCS PALITMOHAJIbBHBIC
BbBIPDA>KCHUSI. Bpra)KeHI/IC
1

(G+3)/?
a b
(oOpatHoe K cpeHeMy apuMETUUECKOMY YKCes, OOPATHBIX K 4uciaM a u b)

Ha3bIBACTCA Cpet)HllM CAPMOHUYECKUM 4YUCCI a U b. Ono gacro BCTPECYACTCA B
Pa3/IMYHBIX 3a/1a4ax.



56 34. Muozounenst u payuonanshsie Opobu ¢ 00HOU nepemeHHoil

Bacceiin paszesieH Ha /iBe PaBHBIE 4acTd, KaK[as U3 KOTOPBIX HAIOJI-
HsIeTCS CBOEH TPyOOi — O/IHa 3a @ Jacom, Jpyras 3a b gacom. 3a CKOJIbKO Yacon
HAIOJHUTCSI 0ACCEiH, eCM BKJIIOUUTh 00€ TPYObl, yOpaB 1eperoposky?

JlBUrasce 1o TeYeHUIO PEKU, KaTep MPoXouT ImyTh u3 A B b 3a a 4acos,
npotuB TeyeHus (3 b B A) — 3a b vacoB. 3a CKOJIbKO BpeMeHM OH HPOIIEST Obl
myTh 3 A B B, ecrm Ol TeueHnst He 0p10? (CKOPOCTH KaTepa M TEUYCHHS] CUATATh
MOCTOSTHHBIMH) .

IlepBy1o 10JIOBMHY IyTH MAalIMHA €XaJla CO CKOPOCTBIO Vi, BTOPYIO —
CO CKOpOCTBIO V;. KakoBa e€ cpeqHsiss CKOpOCTh?

1 1 1
M3BecTHO, UTO X + o= 7. Berumcmure (a) x2 + oE ©) x>+ =
1 1
Yucio x + L~ lhexoe. Jokaxwure, 4To uucyao x" + Pty JI00OTO
n=1, 2, 3, ... TaKKe SIBJICTCA LIEJbIM.

IIpeoOpazoBbiBast BeIpaskeHUe (T) Ha CTpaHWIle 53, MBI OOHAPYKWIIH,
9TO

1 x 1 _ox+1 1 _ 2x+1
1 ’ 1 > 3x+2 ’
14— x+1 14 : 2x+1 s 3x+2
X 14— X
X
3armicaB B BU/IE OTHOIICHNST MHOTOWICHOB PAlMOHAIBHEIC BHIPAKCHUS
1 1
1 ! ’ 1 ! ’
+ : 1 + : 1
+ ; 1 + ]71
+ -1 + 1
1+ - 14+ ——7F
X 1

1+ -
X

HOIBITATECh OOHAPY>KUTh 3aKOHOMEPHOCTDb, KOTOPOl MOTYMHAIOTCS K03 hUIm-
€HTHI 3TUX MHOro4WIeHOB. (Takoro poga BEIpa)KE€HUA HA3BIBAIOTCS HENpPepbl6HbIMU
Opobsimu; k0d(POUIMEHTH MHOTOYICHOB B HAINEH 33/1aue OKA3hIBAIOTCS TaK Ha-
3pIBacMbIMH 4ncsiaMu PuboHau4m, cM. cTp. 78.)

34. MHOro4/ieHbl U palMOHAJIbHBIE APOOH
C OIHOM IIepPeMEHHOI

Ecii1 MHOrOWICH COAEP)KUT TOJIBKO OJIHY IIEPEMEHHYIO, TO IIPU 3alUCU €I'0
B CTaHJApPTHOM BH/IE€ OJHOWICHH OOBIYHO PACIIOAraloT B TMOPS/IKE YOBIBAHWIS
nokasateJieil creneHu. OJHOWIEH MAaKCHUMAJIbHOM CTENEHU HasBIBAIOT CMApuium
YICHOM, 4 €0 CTelleHb — Cmenexbio MHorouiacHa. (UJeHbl ¢ HyJEBBIMU KO-
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(pdrimeHTaM He yUUTHIBAIOTCS. [[JIT MHOrOWIeHa, PaBHOTO HYJIIO, CTEIECHb HE
onpejiesiena.) Hanpumep, muorowien 7x2 + 3x + 1 umeer crapumii wien 7x2, a
CTEIIeHb ero paBHA 2.

MpuorowieHamu crerieHd 0 cuuTaloT yKcia, He paBHble O.

KakoB crapumii ien y Morowiena (2x + 1)3?

OMH MHOTOWIEH MIMEET CTEIeHb /m, a Apyroii n. KakoBa cremneHs ux
MIpOU3Be/ICHUS?

Pewenue. Tlpy nepeMHOXEHUM CTapLIMX WICHOB MOJYYIUTCS OTHOYIEH CTe-
nern m + n (Tak Kak x™ - x* = x™ "), kod(pPUIMEnHT npu KOTOPOM OYIET PaBeH
poM3BEICHMIO KO3 (GULIMEHTOB 1Ipy X™ 1 X". DTOT OJHOWIEH HU C YEM COKpa-
TUTHCS HE MOXKCT, TaK KaK BCC APYI'YC IIOIIAPHBIC IIPOU3BCACHNS NMCIOT MCHBIITYIO
CTEIEHb.

Kakyio cremenp MoxeT nMeTh (a) cyMMa MHOTOWIeHa CTereHu 7 U
MHOToWwIeHa cTereHr 9? (6) cymMMa JByX MHOTOWICHOB CTETieHU 77
Omeem. (a) 9; (0) moOyI0, He MPEBOCXOIAINYIO 7.

B mHOrowien crenenu 10 ¢ 0(HOM IEPEMEHHON X 1I0ACTAaBUJIA BMECTO
x Boipakenue y’ + S5y? —y — 4. Kaxosa CTelieHb HOJIyUYMBIIEIOCS MHOTOUJIEHA
(ot y)?

35. JlesieHHe MHOT'OYJIEHOB C OCTaTKOM

OOBIKHOBEHHBIE ,Z[pO6I/I, YUCJIUTCJIb U 3HAMCHATEJIb KOTOPBIX — ILIEJIBIC IIO-

JIOXKUTEJIFHBIC YUCJIa, OBIBAIOT npasujibHvle 1 HenpasujibHbvle. HpaBI/IJ'[bHBIe —

1
OTO TC€, Y KOTOPBIX YUCJIUTECJIb MEHBIIC 3HAMCHATEJIA. Hanpmv[ep, ; " E —
11

7 37
TIPaBIJIBHBIC 1pOOH, a 571 Wi - HETIpaBUJIbHEIE.

W3 HerpaBW/IbHOM APOOM MOXKHO BBIJICJIMTH LEJIYIO YaCTb, Pa3Je/IMB C OCTAT-
KOM YHC/IUTENb Ha 3HAMEHATeJIb; OCTAHETCs IPaBIJIbHAS IPOOb:

715
7=1-5+2 7 2
+ 5T 5%

(dactHoe 1, ocTaTtok 2) 5 Z
2
37=5-7+2 3 _g. 2 T
(gacTHOE 5, OCTaTOK 2) 7 7 E 3
2
1=1-1+0 1m_, “F
(wactHoe 1, octatox 0) 11 111

0
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Ceituac MBI Hay9MMCsl BBIIIOJIHATh QHAJIOTMYHBIC TIPEOOPA3OBAHUS ISl /IPO-
Oeil, YnCJINTEJIb U 3HAMEHATEJIb KOTOPBIX — MHOI'OYIEHBI C OJ{HOM IEPEMEHHOM.
Takast 1poOb cUUTACTCS NPABUIbLHOL, €CIIV CTENICHb YVCIIUTEIS] MCHBIIE CTEIICHU

u 10x 1 5 x* x+1
sHamMeHartead. Hampumep, —-, ———— — IpaBWwiIbHBIE JpoOoH, 4 ——, ——,
PHMED, —57 5 P P x—2" x+2
X X341

5x° x+1

— HCIIpABUJIbHBIC.

Besikast HerrpaBrUIbHAST IPOOb MOXKET OBITh TIPEOOPa3OBaHA K BUIY
(MHOTOWIEH) + (IIpaBMIIbHAS JPOOB).

Bot Heckosbko IIPUMEPOB TAKOT'O Hpeo6pa30BaHI/m:

x+3  (x+1)+2 2
(a)x+1_ x+1 _1+x+1'
x _G+-2_ 2
(6)x+2_ x+2 =1 x+2

() _x+/2) 12 1 1/2
2x+1 2x+1 2x+1 2 2x+1°

(Korma mbI roBOpw/IM, 9TO B MHOTOWIEHAX HE MOXET OBITh JCJICHHS, OTO HE
3HAYMJIO, YTO KOX((PUIMEHTE 00SI3aTEIBHO 1IEJIBIC — OHHU MOTYT OBITH JIIOOBIMH,
B TOM 4MC/Ie U ApoOHbIMU. Tak, Hanpumep, uucio 1/2 — BIIOJIHE 3aKOHHBINA
mHorouwieH crerenu 0.)

X (P-4 (D=2 +4 4
(r) x—2 xX—2 o x—2 _(x+2)+x—2'

x4 (x*=16)+16 (X +H(x+2)(x—2)+16

xX—2 x—2 x—2

16
=P+ )+ + —.
CyHICCTByCT CTaHHapTHbeI croco6 BBIJCJICHUA MHOI'OYJICHA W3 HCHpaBHHBHOﬁ
PALMOHAJIBHOW TPOOY, aHAJIOTMYHBI OOBIYHOMY ICJICHUIO IHCEIT «yroJKom». [lo-

Ka)XEM €ro Ha [puMepax:
4
Ipumep. TlpeoOpasyeM HENMPaBIIBHYIO APOOb xx_

x* ‘ x—=2
x*—2x3 | X% +2x7 + 4x + 8 < uactnoe
2x3
2x% — 4x2
4x?
4x% —8x
8x
8x —16

16 < ocraTox
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Ta e mporelypa MoXeT OBITh 3aIMCaHA WHAYE:

x* _x4—2x3+ 2x3 _ag 2x3
x—2  x-=2 x—2 X

a3y 2x3 —4x?2 ax?

_2—x x—=2 x—2

4x2 4x? —8x 8x

=3 4+2%+ =Xt =

x—2 x—2 x—2

8 8x — 16 16

:x3+2x2+4x+—xzx3+2x2+4x+ =
x—2 x—2 x—2

16
=x*+2x° +4x+8+ ——.

x—=2
WTrak, mMbl 1oJryyaem:

=03 +2x2 +4x +8)(x —2) + 16.

S+2
Ilpumep. Teneps mpeodpazyeM 1podh §¢

x2—x+1°
x3 +2x x2—x+1
x> —x2+x x+1
x>+ x
x2—x +1
2x —1
Jlpyrast 3armich Tex e MpeoOpa3OBaHMIA:
x4 2x _x3—x2+x X2 4 x — x4 x2 4 x .
xX2—x+1  xZ—x+1 X2—x+1 X2—x+1 "

2

x“—x+1 2x —1 2x —1
= = (X 1 —_—
x2—x+1 x2—x+1 (e + )+x27

x+1°

Uraxk,

=+ DEEP—x+1D+Q2x—1).

3
Ilpumep (nocnennwit). [Ipeodpazyem 1podb 2xx_ 3
x? [2x -3
x*—(3/2)x? | (1/2)x* + (3/4H)x +(9/8)
(3/2)x?
(3/2)x* — (9/4)x
9/4)x

(9/4)x —(27/8)
(27/8)
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Te sxe mpeoOpa3oBaHusI:

X x}—=3/2)x | (3/2)x2 _1, (3/2)x2—(9/4)x | (9/H)x _

2x—3 2x-3 2x—3 2 2x —3 2x —3
1., 3 (9/4)x — (27/8) 27/8_(1 5 3 9) 27/8
R R P 3 LY T tg) T3
Utaxk,

3_(1o2 3 2) _ 27
x—(zx +ixt )@+

ﬂeﬂeHue MHO204IEHO8 C OCMAMKOM :

(nesmmoe) = (HernoJHoe yacTtHoe) - (jesmredib) + (0OCTATOK)

Cmenenb ocmamka MmeHvule cmeneHu oenumens (unu ocmamoxk pasen 0).

KakoBbI MOTYT OBITH CTEIIEHH OCTAaTKa W HEMOJIHOTO YaCTHOTO IIPH Jie-
JIEHMM MHOTI'OYJIEHA CTENEeHW 7 Ha MHOIOWIEH CreneHu 3?

Omeem. CrerieHb HETIOJHOI'O YaCTHOI'O paBHA 4, CTEIIEHb OCTATKA MOKET ObITh
0, 1 wm 2; KpoMe TOro, OCTaTKA MOXXET He OBITh BOBCE (T.€. OH MOXET OBITH
paseH 0).

Jlokaxkure, 4TO HENOJIHOE YaCTHOE M OCTaTroK (00Jiajaloniye yKazaH-
HBIMU B PaMKe CBOVICTBAMM) BCEI/Ia CYLIECTBYIOT U €/MHCTBEHHBI.

Pewenue. MeToi HAXOK/IEHUS HETIOJIHOTO YAaCTHOTO M OCTATKAa OBLI TPOjie-
MOHCTPHUPOBAH BbIllie HAa TpuMepax. JJis T0Ka3aTesIbCTBa IMHCTBEHHOCTH IPe/i-
TIOJIOKUM, YTO IIpH JiejieHnd P Ha S MOTYT HOJIyYMThCS /IBA HEOJIHBIX YACTHBIX
Q1 v Q, u 1Ba cooTBeTCTBYIONMX OocTatka Ry u R,. Torna mMbl nmeem

P=OiS+ R,
P=0Q,S +R,,
npruéM y 060ux MHOTOWICHOB Ry u R, crenenu Mensire, yeM y S. Torna
OS+R=0S+R,
¥, CJIE/IOBATEIRHO,
Ri— Ry =08 — 1S =(Q— QDS

Ecm nostyunBinmiicss MHorowieH Ry — R, He paBeH HYJIO, TO €ro CTENCHh MEHb-
me, yeM y S (Tak KaK CTeIeHH 0OOMX MHOTOWICHOB R 1 R, MeHblle, 4eM y S).
IMostomy paBeHcTBO Ry — Ry = (@2 — (1)S BO3MOXHO B OJIHOM-EUHCTBEHHOM
ciyvae: ecmt Q; — Q1 =0, Ry — R, =0, t.e. Q1 =0Q,, Ry =K.

YTo cunTath OCTATKOM U YaCTHBIM, €CJIM CTCIIEHb JCJIMMOI0 C CaMOI'0 HavaJia
MCHBIIEC CTCIICHU ,E[CJII/ITCJIH‘.) B stom CJIy4ac moJiararoT, 4TO0 4aCTHOE€ pPaBHO O, a
OCTATOK PaBCH JC/IMMOMY.
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ZLGJIGHI/IC MHOT'OYJICHOB TTOXOE HA OOBIYHOE JICJICHUE:

1234 |11 X3 4+2x24+3x+4|x+1
11 112 X3+ x? X2+ x+2

13 X2 +3x
11 x2 +x
24 2x +4
22 2x 42
2 2
1234=112-11+2 X 4+2x2+3x =2+ x +2)(x + 1) + 2.

B 5ToM mpuMepe aHAIOrHS TOJHAST; YTOOBI YOEIUTHCS B OTOM, JOCTATOYHO
roacTaBuTh 10 BMecTo x. B apyrux citydasx, HanpuMmep,

X422 4+3x+4 |[x—1
x3—x2 X2 4+3x+6

3x% +3x

3x2—x
6x+4
6x —6

10
X34 2x2 43 x+4=(2+3x+6)(x—1)+ 10

QHAJIOTHSI HETIOJIHAS: TIOJCTAaBHMB B TOCJIEAHEE PaBeHCTBO X = 10, mosyumM pa-
BeHCTBO 1234 =136-9 + 10, KoTOpOE, XOTSI M BEPHO, HO HE O3HAYACT, YTO IPH
nenerun 1234 Ha 9 yactHoe paBHO 136, a ocratok paBeH 10 (Ha camom nee
yactHoe paBHO 137, a ocTaTtok paBseH 1).

Paspesmre x* — 1 na x — 1.
Pasgesmre x* — 1 na x — 1.

Pasgesure x1° — 1 ma x — 1.

Paspesre x> + 1 Ha x + 1.
Paspesmre x* 4+ 1 ma x + 1.

O1BETH K TICPBBIM TpéM W3 DTUX IATU 3a1a4 ABJISAIOTCS YaCTHBIM CJIyYaeM
o0wieit hopMy.Jibl
x"—1

— =x" T4 x" 24 X2+ x+1,

KOTOPYIO JIETKO IIPOBEPUTH JICJICHUEM YI'OJIKOM WJIM IIPOCTO IIEPEMHOXUB X — 1 1
X" 14 x" 24 . +x2+x+ 1. Ha o1y (hopmyiry MOKHO CMOTPETh KaK Ha CIIOCOD
CYMMHUPOBAHUS psi/ia TIOCJIETOBATE/IBHBIX CTEMeHEN HEKOTOPOro YKcIa X:

x*—1

14+x+x24+...+x"1=
x—1




62 36. Ocmamok npu Oenenuu Ha X — a

(oHa roaurcs g Beex X, kpome 1). CM. HIDKE O CyMMe TeOMETPHYECKOit Tpo-
Irpeccuu.

CrerneHu IBOMKA

1,2,4,8,16, 32,64, ...

O6I[a£[a]OT TAKNM CBOMCTBOM: CyMMa HCCKOJIBKUX HepBbIX quceJ1 Ton TI10CJICI0BA-
TCJIPHOCTU Ha €AVHUIYY MCHBIIC CJICAYIOLICTO YucCjia:
1+2=3=4-1,
1+24+4=7=8—1,
1+24+44+8=15=16—1

7 T. 1. OOBSICHUTH HAOJIOAAEMYyI0 3aKOHOMEPHOCTb.
Pewienue. TloncraBuM B paBeHCTBO

n
-1
Thxad. gy t=2
x—1
3nayenne x = 2. INoayunm
on _1q
142422+, 427 1= - =2"_1.

Jpyzoe pewenue. Ytods Beraucauts cymmy 1+ 2+ 4 4 8 416, npubasum u
BBIYTEM 1:
1+24+4+84+16=(1+1+2+4+8+16)—-1=
=24+2+4+8+16)-1=
=(4+4+8+16)—-1=
=8+8+16)—1=
=(16+16)—1=
=32—-1.

AHAJIOTWYHO IS IPYTUX CTEIICHE.

36. OcraTok NpH JeJieHHd HA X — d

CymiecTByeT crocod HalWTH OCTaTOK OT JEJICHUS MTPOM3BOJIEHOTO MHOTOUWICHA
HA JIBYWIeH X — @ (TAe @ — /o00e YnCJIo), HE MPOM3BO/S JCICHUS.

[lycth, HAPUMEp, Hy’KHO HAMTH OCTATOK OT JesieHust x* Ha aBywien x — 2.
[Ipexie Bcero 3aMeTM, YTO OCTATOK — STO UYKCJIO (€ro CTEleHb JOJDKHA OBITh
MEHBIIIE CTENeH! X — 2). UTOOB HATH 3TO YWCJIO, B PABEHCTBO

x* = (memosmoe gactHOE) (X — 2) + (0CTAaTOK)
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noacraBuM X = 2. Tlosryunm
2* =(...)- 0 + (ocrarox),

T. €. ocrarok pasen 24 = 16.
Boobue, mycrts P — J11000i1 MHOIOWIEH, KOTOPBIA MBI XOTUM Pa3Je/IMTh Ha
X —a (rae @ — HEKOTOPOe YKCJI0). 3anuieM
P = (uenoJsmoe vyacraoe)(x — a) + (ocrarok)

U nojacraBuM X = a. [loslyyaem takoe IIpaBUjIO:
UroObl HANTH OCTATOK OT JICJICHHS] MHOTOW/ICHA C OJTHOM
IIEPEMEHHOM X HA JIByWIEH X — d, HAJ0 IOACTaBUTb B 3TOT

MHOI'OYWIEH YMCJIO d BMECTO X.
3T0 MpaBMIIO HA3HIBAIOT «TeopeMoit bezy». OHa MO3BOIsET HAXOAUTH OCTATOK

(HO He YacTHOeE), He TIPOM3BOIS JICJICHYIS.
Bot BakHoe ciiencTBue TeopeMbl besy:

YToO0BI y3HATH, JEJIATCS JIA JAHHBIII MHOTOWICH HA JIBYWICH

X — a 06e3 ocTaTKa, JOCTaTOYHO TOCMOTPETh, 0OpAIacTCs

JI1 OH B HYJIb IIPU IIOJICTAHOBKE d BMECTO X.

YucJio, 1py 1OACTAHOBKE KOTOPOI'O MHOI'OWIEH OOpAIAETCs B HYJIb, HA3bl-

BalOT KOpHEM MHO20Y/leHd. Taxkum O6p330M, MHorowien P JECJIUTCS HAICJIO Ha
X —a B TOM U TOJIBKO B TOM CJIy4a€, KOrJa & — KOPEHb MHOI'O4JICHA P.

INpu xakux n muHorowieH x" — 1 gemmrcst Ha x — 1 Ge3 ocraTka?

Ipu xaxkux n mMHOTOWIEH X" + 1 Aermurcs Ha x + 1 6e3 ocraTka?

Haiins kopeHb MHOrousieHa, Mbl IOJIy9aeéM BO3MOXHOCTb Pa3jIOKUTh €r0 Ha
MHOXUTEJTH, BBIJICJIUB MHOXXUTENh X — @ (a — HaliJIeHHbIA KopeHs). [locte 3Toro
MO)KHO TIBITATHCS Pa3jiaraTh STOT MHOTOWICH JTaJIblle, IPUMEHSS 3TOT K€ MPUEM

K 9aCTHOMY.
PasytoxxuTe Ha MHOKUTETM MHOTOWICHBI
(@ x*+5x—6;  (©) x*+3x*+5x+1;  (B) x> —3x—2.
WzeectHo, 9To 1 1 2 — xopHM MHorowreHa P. Jlokaxwure, 4to P

neaurces 0e3 octatka Ha (x — 1)(x —2).

Pewenue. Tlockosbky 1 sBaseTcs kopHeM P, To P jenmrcs Haiesio Ha JBY-
wieH (x — 1), To ectb P=(x—1)- Q. IlojcTaBuB B 3TO PaBEHCTBO X = 2, BU/IUM,
4ro 2 siByisiercst KopHeM (), To ectb QQ gesmrcs Ha x —2, Q= (x—2)- R. Torga

P=(x-1Dkx-2)R.
3ameuanue. Turmmunoe HeBepHOE pellieHre TakoBo: P nesurcs Ha x — 1 (Tak
kak 1 — KxopeHb) 1 Ha X — 2 (TaK Kak 2 — KOpEHb), cJeJoBaTejbHo, P nemmrcs
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Ha (x — 1)(x —2). OumodKa: «Caea0BaTEIBHOY 37eCh He o0ocHOBaHO. Hampumep,
12 nesmrcs Ha 6 ¥ HA 4, HO MBI HE MOXKEM CKa3aTh: «CJIEIOBATEJIbHO, 12 AeuTcs
Ha 6-4 =24y,

AHaJIOTMYHBIM 00Pa30M MOXKHO JIOKA3aTh, YTO

€CIM pa3idHble YWCHA a1, Ay, ..., dp SBISIOTCS KOPHSAMU
mHorowrieHa P, to P npemurca Ha (x —ay) (X —az)...(x —ay).

Kakoe Han0oJIbIIee YMCI0 KOPHEH MOXXET NMETh MHOTOWIEH CTETeH! 57
Pewenue. 5 xopueit. Hanpumep, MHOTOWIeH

x—DEx-=2)(x—=3)(x—-4(x—-5)

umeeT kopau 1, 2, 3, 4, 5. Bospiie 5 xopHeit ObITH He MOXeT. B camom gere,
ecny Obl MHOTOWIEH P creneHu 5 mMes 6 KopHeW ay, @z, a3, Ay, ds, dg, TO OH
JIOJDKEH OBLI OBl JEJINTHCA HA

(x—a))(x —az)...(x — as)

P=(x—-a)(x—a)...(x —as) Q,
49YTO HEBO3MOXHO, TaK KaK CTCIICHb HpaBOﬁ YacTh HE MEHbIIe 6.

BooGle MHO20unen cmenenu n He Modcem uMemv OOnbWe N PA3IUYHBIX
KOpHeil.

3ameuanue. Mbl UCTIOJIB30BAJIA 3/1€Ch BHIPAXKEHUE «PA3IAYHBIE KOPHI», TaK
KaK CJIOBA «4MCJI0 KOPHEI» MOI'YT TIOHUMAThCS 110-pasHoMy. Harpumep, CKoJbko
KOpHelt y MHorowieHa x2 — 2x + 1?2 3amerum, uro x2 — 2x +1=(x — 1), Tak
4T0 X = 1 ABJIAETCA €ro KopHeM, a Juoboe umcio x # 1 — He apagercs. Takum
00pa3oM, MBI MOXKEM CKa3aTh, 4TO TOT MHOTOWIEH MMeET B TOYHOCTH OJIMH KO-
penn. C jipyroit cTOpoHsl, oOmas (GopMysia /Uil MHOTOUJICHA C JIBYMsi KOPHAMM
au b ectp

cx—a)(x—D>b)
Y HAIll MHOT O4JICH
X 2x4+1=x-1>2=x-1Dkx-1)

SIBJISIETCS! CIICLIMAJIBHBIM CJIydaeM 31out ¢opmyJibl juist a =b=1 (u c=1), TaK 4ro
MaTEMaTUKU YacTO T'OBOPSAT, YTO 3TOT MHOTOWIEH MMEET «/IBa PaBHBIX KOPHS».
Mps1 He OyJeM IOJIb30BaThCS ITOM TEPMUHOJIOTHEH, HO BB MOXETE BCTPETHUTh
e¢, HarrpuMep, B (POPMYJIIPOBKE TaK HA3BIBAEMOI «OCHOBHOI TEOPEMEI aJIreOphI»,
[JIACSIIEN, YTO «JII000M MHOIOWIEH CTEIEHU /1 MMEET B TOYHOCTHU /1 KOMILIEKCHBIX
KOPHEM».

Kak 1poBepuTh, JeJIUTCs JId JaHHbIA MHorowied P ma x2 —1?
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Omeem. Hajio BbISICHUTD, SIBJISIIOTCS Ji uncia 1 u —1 KOpHSIMM MHOrouJIe-
Ha P.

Ipu xaxux n mHOrOWIEH X" — 1 meymTCs Ha x2—1?

B zakmouenue >T0ro pasaciia BCpHéMCH K TOXIACCTBY

x—a)x—b) (x—a)x—rc) (x=b)(x—20)

c—ac—b " b-ab-0 waba-o =%

KOTOpOe MBI 00Cyx/1amn Ha c. 54 (Mbl mepeHecau 1 B JeBylo 4actp). Ilycts a,
b, ¢ — paznmunbie ynciia. PaccMOTPUM JIEBYIO YaCTh TOX/IECTBA KaK MHOTOUJICH
or x. Crenens 3TOro MHorowieHa He Bomme 2. [looToMy OH MOXET MMETh He
GoJiee BYX KOpHE# (eciu ToJibko He paBed O ToxaectBeHno). Ho uncna a, b u
C SIBJISIOTCS €T0 KOPHSAMU. 3HAYUT, OH TOXJIECTBEHHO PaBeH HYJIIO!

JIOTOIIHBI YATATESh B OTOM MECTE YKaKET, YTO MBI CMEIIMBAEM PABEHCTBO
PALMOHAJIBHEIX BHIPAXKCHMIT TIPH BCEX YMCJIOBBIX 3HAUYCHHSIX OYKB (Jake He TP
BCEX, CTPOro roBopsi: €cyim @ = b, TO JieBasi YaCTh HE MMEET CMBICJIA) U BOBMOXK-
HOCTH IIPe00Pa30BaTh OHO BEIPAXKEHIE B IPyToe 10 rpasuiaMm aareopsl. Kpuruka
CIpaBe//IABast, ¥ OTBETUTH Ha He€ He TaK MPOCTO — MBI 3TOTO JIejaTh He Oy/eM.

Ocrartok OT gmejieHMs MHOTowieHa P (OT OHOI NEPEeMEHHOH X) Ha

MHOTOWIeH X2 — 1 SIBJISIETCSI MHOTOWICHOM CTEIICHM HE BBIIE 1, T. €. UMEET BUJ
ax + b. Kak naittu a u b, 3Has 3nHadenuss P B toukax x = —1u x =1?
Ykasanue. TlojicraBurbh B paBeHCTBO

P = (x* — 1) (menonnoe vactroe) + (ax + b)

yucaa x=1u x =—1.

[Ipu penenun Ha x2 — 1 muorowren P maét octatok 5x — 7. Kakos
Oy/jer ocraTok npu jejennn P na x —1?

Muorounen P = x* + x2 — 10x + 1 uMeeT Tpu KOpHS (aBTOPHI 32 3TO
PYYIOTCSI), KOTOPBIE MBI 0DO3HAYNM X1, X3, X3. HallMImTe MHOrOWIEH C LIEIbIMA

Kon((puLIMeHTaM1, KOTOPHII OB MMEJT TPU KOPHSI:
@x+1, 0+, 3+1; (©) 2x1, 2x2, 2x3; (8) l, i, i
X1’ % X3
Haitnure xod(uumentst (uuciia) @ u b, eciau U3BECTHO, YTO MHOIO-
wien x* + ax*+ x + b neawrcs 6e3 ocrarka Ha x2 — 3x + 2.

37. MHoOro4jieHbl, 3HAYCHHsI, HHTEPIOJIALIHA

IMycts P — MHOTOWIEH, COAEPXKAIIMI TOJIBKO OTHY TIepeMeHHYI0 (OYKBY) X.
Uro0Bl IOTYEPKHYTH 3TO, OyaeM 0003Ha4aTh ero P(x) (YIUTaeTcs «II> OT HKCY).
[omcTaBuM BMECTO X KaKoe-TMOO YMCJIO, HAIpUMeEp, 6, Y BBHIIOJIHIM BCE BHIYM-
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cstenmsi. TlojiyyeHHOE YnMCI/I0 HA3BIBAIOT 3HAueHueM MHorowieHa P(x) miss x =6
u 0003Ha4al0T P(6) (unraercs «Ird OT LIECTHY).

Hanpumep, ecu P(x) = x2 — x — 4, 10 P(0) =02 — 0 — 4 = —4. Jipyrue
sHadenus: P(1) = —4, P(2)=-2, P(3)=2, P(4)=8, P(5) =16, P(6) =26
T I

Cocrapbre Tabmuny 3Hadenuit P(0), ..., P(6) MHorouseHa
Px)=x3-2.

Bommmmem saavenus P(0), P(1), P(2), ... MHOrouieHa
Px)=x2—x—4:

—4,—-4,-2, 2, 8,16,26, ...
Iox kakIpIMU IByMSI COCEIHUMH YKCJIAMM HAITULIEM UX Pa3HOCTD:

—4 —4 -2 2 8 16 26
0 2 4 6 8 10

uc HOﬂyquHOﬁ TI0CJICAOBATC/IbHOCTBIO «IICPBBIX paBHOCTeﬁ» CacjracM TO XKE Ca-
MO€:

—4 —4 -2 2 8 16 26
0 2 4 6 8 10
2 2 2 2 2

[oJiyyarorcst aBOIKM. JIOKaXKUTE, YTO DTO HE CJIy4aiHO, M 4TO BCE CJICAYIOLIME
YIEHBL B TPETbEN CTPOKE — TOXKE [IBOVKU.

Z[oxam/rre, 41O AJIA JII0OOr0 MHOTOWIEHA CTEIEHU 2 BCe «BTOPBIC pa3-
HOCTHU» OJIVHAKOBBHI.

CdopMympyiiTe U TOKQDKUTE aHAJIOTWIHOE YTBEP)K/CHUE JIIST MHOTO-
WICHOB TPEThEH CTEICHHU.

Haiimre 3Hauenns muorowreHa P(x) = x2 + x + 41 (310T MHOrOWIeH

paccmatpuBan JI. Jitnep) pu x =1, 2, 3, ..., 10. Yoemurech, 9T0 BCe OHU —
MIPOCTHIC Yrcia (He JeJIATCS HalleJIo HU Ha 9TO, KPOME eTUHUIIBI 1 CaMoro ceds).
Mosxet ObITH, Bce uncia P(1), P(2), P(3), ... npoctsie?

IMocMoTpuUM Temeph, 4TO MOXHO CKa3aTh O MHOTOWICHE, €CJIM Yy HAC eCTh
Kakas-To0 UHMOPMALMS O ero 3HAYCHHSIX.

MHOrowIeHOM cmenenu He @vlwie n (C OJHOI MePeMEHHOIT) Oy/IeM Ha3bIBaTh
MHOTOWIEH PaBHBI HYJIIO, a TaKXe JII0ObIe MHOTOWwIeHH ctenenu 0, 1, 2, ..., n.

Hanpumep, MHorouwieH crereHu He Bolie 1 nmeer Buji ax + b. Ilpu a # 0
on umeet creriens 1. Ilpu a =0, b # 0 ou umeer crerers 0. [Ipy a = b =0
MOJTyYaeTcsl HyJIEBOM MHOTOWICH (CTENECHU HEe MMEIOIINIT).

AHAJIOTMYHO MHOTOWIEH CTETIEHM He BbUIE 2 UMeeT BAA ax’ + bx + ¢ u T. 1.
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UsBectHO, uTo P(X) — MHOrowieH crernesu He Boie 1, P(1) =7,
P(2) =5. Haittu P(x).

Pewenue. Tlo ycnosmo P(x) =ax + b, rie a u b — Hexkoropsle yuciia.
IoxcraBum x =1 u x = 2.

Pl)=a+b=7,
P(2)=2a+ b=5.

CpaBHMBast 3TH PaBCHCTRA, BU/VIM, YTO OT AODABJICHUS JIVIIIHETO @ YWCJIO 7 TIpe-
BPaTWIOCh B 5, MOdTOMY @ = —2, b =9. Omeem: P(x)=—2x+9.

Tem ke crmocodoM MOKHO HANTH JIIOOOM MHOTOYJIEH CTEIEHU He BhIIe 1, ecim
3aaHbl €0 3HAYCHUS [1JIs aByx paznmqﬂmx 3HAQUYCHUN X. TC n3 BaC, KTO 3HaACT,
uro rpaduk y = ax + b — npsamas, Jerko 0OBACHAT 3TO TE€OMETPUUECKU: Uepes
JIBC PA3JINYHBIC TOUYKU IPOXOIUT MPsMAsi, IPUIEM TOJIBKO OJTHA.

Mmuorowien P(x) crerenu He Bbie 1 yI0OBJIETBOPSIET JBYM YCJIOBHSIM
P(1)=0wu P(2)=0. Jokaxure, uro P(x) =0 upu Bcex x.

INepeiiném Teneps Kk MHOrOWIEHaM cTereHU He Bble 2. CKOMBKO 3HAYCHUI
HY>KHO 3HaTh, YTOOBI BOCCTAHOBUTh MHOTOWIEH? YOeIuMcs, 4To JIBYX HeIoCTa-
TOYHO.

Muorowien P(x) = 0 crenenm He BhIE 2 TakoB, 4ro P(1) =0 u
P(2) =0. Moxno ym yTBepx/1aTh, 9ro P(x) = 0?
Pewenue. Her: paccMOTpUM MHOTOWJIEH

Px)=(x—1D(x-2)=x*—3x+2.

Mp1 yxe 3HaeM, uro MHorowieH P(x), s koroporo P(1) = P(2) =0, umeer
By P(x)=(x —1)(x —2)Q(x), rae Q(x) — HexoTOpbIi MHOTOWIeH. Ecim k
ToMy ke crenieHb P(x) ue Boiie 2, 10 Q(X) MOXET OBITh TOJIHKO YKCJIOM.

Muorouien P(x) crenenu He Bbile 2 Takos, uro P(1) =0, P(2)=0,
P(3) =4. Haitnure P(x).
Ilepeoe pewenue. Kak mMpr Toapko 9TO Bujeau, P(x) =a(x —1)(x —2) rae
@ — HEKOTOpoe 4ncJyI0. UTOOH! ero HailTH, MO/ICTaBUM X = 3:
PB3)=a(B3-1)(3—-2)=2a =4,

otkyna a =2. Omgem: P(x)=2(x —1)(x —2) = 2x% — 6x + 4.
Bmopoe pewenue. MHorouieH CrerieHy He BbIIE 2 UMEET BU/ ax?+ bx + c.
Iloacrasus x =1, 2, 3, noJiyyaem:
P(1)= a+ b+c=0,
P(2)=4a+2b+c=0,
PB3)=9a+3b+c=0.
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Otciona
3a+b=0,
Sa+b=4.
Hobasnenne 2a npespamaer 0 B 4, mosromy a = 2. Orcioma b = —6, ¢ =4.

Omeem: 2x> — 6x + 4.

JlokaskuTe, 9TO MHOTOWIEH CTEIICHM HE BBIIE 2 OTHO3HAYHO OIpE/c-
JIETCSI TPEMsI CBOMMHU 3HAYCHUAMU. DTO 3HAUWT, uto ecim P(x) u Q(x) — MHO-
rowieHsl crerenu He Boiie 2 u P(x) = Q(xp), P(x) = Q(x), P(x3) = Q(x3)
JUIst TPEX PABJIMYHBIX YKCEJI Xp, X3, X3, TO MHOrowieHsl P(x) u Q(x) paBHbL

Pewenue. Paccmorpum pasHocts MHOrowieHoB P u (Q, muorowieH R (x) =
=P(x) — Q(x). Ilo ycioBuo R (x1) =R (x) =R(x3)=0.

JpyrumMu cJIoBaMH, 9uciia Xy, Xp, X3 — KOpHU MHorowieHa R (x). Ho mHorO-
YJIeH CTEeTeHU He BBIIE 2, KaK MBI BUJICH, HE MOXKET UMETh TPEX KOpHe# (ecym
TOJIPKO OH HE paBeH HYJIIO).

WsBectHO, 4TO

16a+4b+c=0,
49a+7b+c=0,
100a +10b+ c=0.

Hokaxwure, uto a =b=c=0.

JloKaskKTe, YTO MHOTOWIEH CTEIICHU HE BHIIIE 71 OJHO3HAYHO 3a1aETCS
cBorMu n + 1 sHaveHwsmu. ([{ss n =2 31a 3a/1a49a yxe ObLIa.)

Haitjiure MHorowien P(x) crenenu He Bbie 2, JUisi KOTOPOIO:

(a) P(1)=0, P(2)=0, P(3)=4;

() P(1)=0, P(2)=2, P(3)=0;

(®) P(1)=6, P(2)=0, P(3)=0;

(r) P(1)=6, P(2)=2, P(3)=4.

Ilepeoe pewenue. 3aava (a) yxe opuia: orBer 2(x —1)(x —2). AHAJIOrMYHO
pewatorest (6) u (8). Omeemwi: (0) —2(x — 1)(x — 3), (B) 3(x —2)(x — 3).
Tereps MOXHO penmTh (T), CIAOKUB TPU MOJTYIECHHBIX MHOTOWICHA.

Omeem:

2x—-1Dx—-2) —-2x—-Dx—-3)+3(x—-2)(x—-3) =
=2x> —6x+4—2x> +8x —6+3x> —15x + 18 =3x> — 13x + 16.
Bmopoe pewenue (juist nynkra (r)). Haiijém cHavyaiia xakow-HUOY/1b MHO-
rowien () crernenu He Boine 2, st kotoporo Q(1) =6, Q(2) = 2. Hampumep,

rogurcst mHorowren (Q(x) =10 — 4x (crenenu 1). Y mHorowrena () /iBa 3Hade-
uust Q(1) u Q(2) xakue HyxXHO, a TpeTbe (J(3) = —2 — He Takoe. ITO MOXKHO
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WICIIPABUTh, PACCMOTPEB MHOTOUJICH
P(x)=Q(x)+a(x—1)(x—2).

KaxoBo 0bt HU ObLI0 uKcsI0 @, 3HadeHust P (1) u P(2) ne m3mensites. A nogdopom
@ MOXHO czenaTh 3HadeHue P(3) paBHBIM TpedyeMomy:

P(3)=0Q0B)+2a=—-2+2a.

UYrobsr P(3) ObUI0 paBHO 4, 1OJIOXUM a = 3.
Omeem:
P(x)=10—4x+3(x—1D(x—2)=10—4x + 3x> —9x + 6 =3x> — 13x + 16.

Haitiiure muorowien P(x) crenenu He Bbilie 3, 3Hasi YETHIPE €ro 3Ha-
venusa: P(—1)=2, P(0)=1, P(1)=2, P(2)=7.

Ilycrtb X1, ..., X10 — LOIAPHO PA3JIMYHBIC YUCJIA, 1, ..., Y10 — JIHOObIC
grcia. JJokaxure, 4TO CylIeCTByeT POBHO OJTMH MHOTOWICH CTETICHU He BHIIIIE 9,
st kotoporo P(xy) =y, P(x) =2, ..., P(X10) = Y10-

He 1ipou3Bo/ist BBIYMCIIEHUE, YO€/IMTECh, YTO CYLIECTBYIOT TaKUE YMCJ/Ia

a, b u c, uaro
100a +10b + ¢ =18,37
36a +6b+ c=0,05
4a+2b+c=-3

(Mckatp a, b u ¢ He HYXKHO, JOCTATOUHO yOE/UTHCS B UX CYIIECTBOBAHUM. )

Crapumii ko duiment muorowiena P pasen 1, P(1)=0, P(2) =0,
P3)=0, ..., P(9) =0, P(10) = 0. KakoBa HauMEHbLIAs BO3MOKHAs CTECIICHb

MHorowieHa P? Uemy paBHO B 3TOM ciaydae P(11)?
Omeem. Crenenp paua 10; P(11) = 3628800.

38. Apudmernueckmne nporpeccum

B 1iocsie10BaTEJIBHOCTH YKCEJT
3,5,7,9,11, ...
Ka/IBI WIeH Ha 2 OOJIblIE MPEBITYIIETro; B MOCICA0BATEIBHOCTH
10,9,8,7,6, ...

KQKIbI wieH Ha 1 MeHsblle npeapiaynero. Takue mocjie10BaTeIbHOCTH Ha3bIBAIOT
apuMETUUECKUMH TIPOIPECCHSIMHU.

Onpeoenenue. TlocnenoBaTeLHOCTh, B KOTOPOU KaXK/blil WICH MOJYYaeTCst
U3 TIpeABIIyLIero JoOaBIeHUeM OTHOTO M TOTO 3Ke YHIC/Ia, HasblBaeTcs apughme-
muueckoll npozpeccueil, a yIOMsSHyTOE 4YHCJIO HA3BIBACTCA €€ PA3HOCMbIO.
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KakoBbI pa3sHOCTH TIPOTPECCHil B MPUBEIEHHBIX BHIIIE TIPUMEpax?
Omegem. 2 n —1.

Haiipure Tpermit wieH apudMeTuuecKoil nporpeccuu
5,-2,...

Omeem. —9.

Haiigure 1000-i1 wieH rporpeccuu
2,3,4,5,6, ...
Pewenue. B nporpeccun
1,2,3,4,5, ...

TIEPBBIA YIeH paBeH 1, BTOpO# uieH paseH 2, ..., 1000-i wien pasen 1000. B
HAIIEI IPOrPECCHM WICHBI HAa €/TUHUILY OOJIBIIE.
Omeem. 1001.

Haiigure 1000-i1 wieH nporpeccun
2,4,6,8, ...

Haitnure 1000-i1 wieH nporpeccuun
1,3,5,7, ...

[lepBhlit WieH MPOrpeccur paBeH a, pasHOCTh paBHa d. Uemy paBeH
1000-i1 wien? Yemy paBeH n-it uieH?

Pewenue.
1-i1 wnen a
2-i1 4jieH a+d
3-i1 wien a+2d
4-i1 wjien a+3d
5-i1 wien a+4d

1000-i1 wien a +999d
n-i 4ieH a+(n—-1)d

UsteHs! apupMEeTHIECKO MPOTPECCUH C PAsHOCTBIO ¢ Tepervicaty B
ob6patHoM nopsiake. [Tomyuntest i apudmeTndeckas nporpeccust? Ecmm ma, ka-
KoBa Oyaer e€ pa3sHOCTh?

U3 apudMeTrdeckoit IpOrpeccHu ¢ PasHOCTBIO ¢ BHIYCPKHYJIM KK TbIit
Bropoil wreH. [lomyuntcs nu apudmermdeckas mporpeccuss? Kakosa Oyaer eé
PpasHOCTB?



39. Cymma apugpmemuueckoii npozpeccuu 71

Tot ke BoIpocC, €CJIN BBIYCPKHYJIM KOKbIN TPETHI WICH.

INepBriit 4ieH apru(METHYECKOI TPOrPeccuy PaBeH 5, a TPETUA WIeH
paseH 8. UYemy paBeH BTOPOIA?
Omeem. 6,5.

[lepBblil WieH MPOrpeccHd paBeH a, a TpeTuil WwieH paBeH b. YUemy
paBeH BTOPOI?
Omeem. (a + b)/2.

[NepBeIil WieH IPOrPECCHE PaBEH d, a YeTBEPTEI WieH paBeH b. Uemy
PaBHHI €€ BTOPOI U TPETHIl YWICHBI?

Haiifure 4rciio wieHOB B Iporpeccuu
1,3,5,7,...,993, 995, 997, 999.

Ykaszanue. B >roit nporpeccun n-it wien pasex 2n — 1. (pyroit criocod —
cpaBHUTH e€ ¢ mporpeccueit 2, 4, 6, ..., 1000.)

39. Cymma apugmMeTnyeckoil nporpeccuu

Haiigure cymmy

1+3+5+7+...4+999.

Pewenue. Tpesxie Bcero HaiiIéM 4ncJio WieHOB (M. Bbile). YsieH ¢ HoMepoM
npaseH 1+(n—1)-2=2n—2+1=2n—1. On pasen 999 nipu n=>500. [Tosromy
B niporpeccuu 500 wienos. CrpymmmpyeM ux B 250 map

(1+999) + (3+997) + ... + (499 + 501).

Kaxgast mapa B cymme paér 1000.
Omeem. 250000.

INepBHIit WiIeH Mporpeccuy W3 n YJIEHOB paBeH a, MOCTeAHVi (7n-it)
pasen b. Haiiure cymmy e€ WieHOB.

Pewenue. CoenvayB 4wieHB! B Mapbl, KaKk B IPebLIYIICH 3a7ade, MOTYy9NIM
n/2 map, cymMMa Kax/oi1 paBHa a + b.

Omeem. n(%l—b).

Pemenne npeasrymeit 3agaun conepkut npooden. Hainre 1 ncrpass-
TE €ro.

Pewenue. Bcé ckazaHHOe B HEM OTHOCUTCS K ciydaro uétHoro n. Ecimu n
HEYETHO, TO OCTAETCS HEMapHBIN (CpeTHMil) WieH B mporpeccur. UToOsl He pac-
CMaTpHBATh CJIyYad YETHOTO M HEYETHOTO N OTAEIBHO, MOXKHO IIPIMEHUTH TPIOK,
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KOTOPBI MBI TIOKQXKEM HA TPIMEPE CyMMBI
S=3+5+7+9+11.
Harmiiem e€ B oOpaTHOM mOpSITKE:
S=114+9+7+5+3
U CJIOKUM STH PaBEHCTBA

S=34+54+74+9+11+
+11+9+7+5+3.

B kaxxgoM crosdne cToar 2 uucia, B cyMMme aaiomue 14:

3+11=54+9=7+7=9+5=11+3=14.

5-14
IMosromy 285 =5-14=70, S = = 35.
B obmuieM citydyae OymeT n CTOJIOIOB C OJMHAKOBOM CYMMOM, PaBHOM CyMMe
[IEPBOTO U TOCJIEHET0 WIEHOB, T. €. a + b. [Tostomy

n(a+b)

S = 3

OT0 paccyx/JIcHHE MOXKHO IOSCHUTh KADTUHKOM: JBe (DPUI'YPKH, M300paKalo-
mme cymmy 3 +5+7 + 9+ 11, BMecTe COCTaBJIAIOT NMPSAMOYTOJILHUK 5 X 14.

[T 71

JlokaxXuTe, 4TO CyMMa HEPBBIX N HEYETHBIX UMCEJI €CTh IIOJIHBINA KBa-
JpaT:

1=12,
1+3=22,
1+3+5=3%urn.

Ykazanue. MoxHO WICTIONB30BaTh MPEIRIAYIIYIO 3a7a9y WJIM TaKOA PUCYHOK:
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40. T'eomeTpHUeCcKHE NPOrpPeccHH

B nocnenoBarensHOCTA
3,6,12,24, ...

KQKIBII WIEH O0JIbIEe MPEIBIIYIEero B 2 paza. B mocienoBarebsHOCTH

2.2 2
s 5, §, E,
KQX/IBIil YJIEH MEHBIIE TPEABIAYIIero B 3 pasa. Takue mocJieoBaTeIbHOCTH Ha-
3BIBAIOT TCOMETPUYCCKUMHU ITPOTPECCUAMU.
Onpedenenue. IlociiefoBaTeIbBHOCTD, B KOTOPOM KAXKABLA YJIEH I10JIy4aeTcs
YMHOXEHHMEM IIPe/IBIYIIEr0o Ha OTHO M TO K€ YHMCJIO, HAa3BIBAETCSl 2eomempuye-
CKOll npozpeccueil, a 3T0 YACJI0 — 3HAMEHATeJIeM IIPOrPECCHU.

6,2

KaxoBbl 3HAMEHATE/IM IPOrPECCHil B IPUBEJEHHBIX BHIIIEC TIPIMEPax?
Omegem. 2 u 1/3.

Haiiiute TpeTuit WwieH reoMeTpUYeCKO IIPOrpeccuu

2,3, ...

Omesem. 9/2.
Haitomre 1000-i1 wren mporpeccrn 3, 6, 12, ...
Pewenue.

1-i1 wieH 3=3.20

2-i1 WieH 6=3-2!

3-i1 yneH 12=3.22

1000-i1 uten =3.299

Uemy paBeH n-if 4jleH IPOrPECCHM, TIEPBLIA WIEH KOTOPOi PaBeH a, a
3HAMEHATEJIb PaBeH q?

Pewenue.
liuten a=a-q°
2-iuten a-q=a-q'
3-it wien a-q?
4-it wien a-q’

n-i WieH a- ¢

[NepBHIil WIEeH TeOMETPHYECKOI MPOrpeccu paBeH 1, a TpeTwil wieH
paBeH 4. Uemy paBeH BTOPO# WieH? (YKaXWUTe BCe BapUAHTHI. )
Omeem. Bropoit WwieH MOKeT ObITh PaBEeH He TOJIBKO 2, HO U —2.
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3a 30 MuHYT OakTepHs 3aloJIHAET OAHKY, JeJISCh Ha JIBe KOK/IYI0 MU-
HYTY. 32 CKOJIbKO MHUHYT 3alOJIHSIT OaHKy 2 OakTepru?

Byner jm nocienoBaTebsHOCTb
1,0,0,0, ...

reoMeTPUIECKOi IIPOrpeccreil CoryIacHO HauleMy orpezeseHno? OopMaibHO ro-
BOPs, [a: KOK[BIA CJIETYIOIMIA YICH II0JIy4aeTCsl U3 IPEIBIAYLIEr0 YMHOXKECHIEM
Ha HyJb, a2 MBI HE 3aNPETIJIM 3HAMEHATEIIO OBITH PABHBIM HYJIIO. XOTs Takas
IIPOTPECCUsl M MOXET IIOKA3aThCsl CTPAHHOM, MBI He Oyznem e€ 3ampemaTs (3aro
VHOT/Ia IPU/IETCSI OTOBAPUBATh, YTO 3HAMEHATEJIb HE paBeH 0).

TeoMeTprdecKyIo IPOrpeccHio Co 3HAMEHaTeNleM g # 0 Hamucasd 3a/10M
Hariepé. KakoB 3HaMeHaTes b y MOJIy9MBIIEHCS TTPOrpeccrn?
Omeem. 1/q.

W3 reoMeTprYECKoil TIPOrPECCHU CO 3HAMEHATEJIEM ¢ BBIYEPKHYJIN Ka-
/IbIi1 BTOPOIt wieH. [Tosyunrcst s reomerpudeckast nporpeccus? Kakos Oyzer
€€ 3HaMeHaTeJIn?

Tor sxe BOMPOC, €CJIM BHIYECPKHYJIN KX Bl TPETHIA dJIeH.

IepBbiii 4ieH TeOMETPUUYECKON ITPOIPECCUM PAaBEH @, A TPETUI YJIEH
pasen b. Yemy paseH Bropoii wieH?

Pewenue. Ecnu BTopoit 4ieH paBeH X, TO 3HaMeHaTesb PaBeH X/a U OJHO-
BpemenHo b/x. Otciona x/a = b/x, ymHoxas Ha ax, umeem x> = ab. [Tostomy
eci ab < 0, 3agava He MMeeT pelleHUs! (TaKoil MPOrpeccuy He ObIBAET); €CIU
ab=0, 10 x =0; ecxm ab> 0, 10 x =++/ab (cM. HWKe Pa3iesT O KBAPATHHIX

YPABHEHHUSIX) .
3ameuanue. Hame pemenue He roautcs, eciim x =0 wim a = 0. Ho nama
dopMysa okaspiBaeTCsl 0ojice YAa4HOI, YeM MOXXHO OBUIO OBl OXXUIATh — OHA

BepHa Beerja. Ecim, Hanpumep, ¢ =1 u b =0, Hana ¢hopMysia Ja€T NpaBIIbHbIIA
OTBET: X = m: 0.

[lepBblit WieH reoMeTpUYECKOI IIpOrpeccuu paseH 1, a 4-it paBeH a > 0.
Uemy paBHHI €€ 2-if 1 3-it 4IeHBI?

Ykasanue. Cm. Huke pasfes 0 KOPHSIX N-i CTEIEHH.

Omeem. 3/a n Va>.

41. CymmMa reomMeTpu4ecKoil nmporpeccum

Boruuciurs cymmy 1 +2 4448 4 ... 4+ 512 4+ 1024 (xkax/Iplit wieH
B/IBOE OOJIbILIE TPEIBLIYIIETO).
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Ilepeoe pewenue. loGasum 1:

1+1+24+4+8+...+1024=
=2+4+2+4+8+...+1024=
=4+4+8+...+1024=
=8+8+...+1024 =
=16+...+1024 =

=256+ 256+ 512+ 1024 =
=512+512+ 1024 =
=1024+1024 =

=2048

Omeem. 2048 — 1 =2047.
Bmopoe pewenue. ObozHaunM cymmy depes S:

S=1+2+4+8+...4+512+1024.

Torga
285 =2+4+4+8+16+...+ 1024 + 2048.

B nocnienneit cymme (1o cpaBHEHMIO C TIPEJBIAYINEN) ecTh JriHui wieH 2048 u
Hegoctaér 1. Orcroga nmeeM:

285 —8§5=2048—1, S$=2048—-1=2047.

1 1 1 1 1 1
Borurcmre cyMMEl 1—}—5, 1+5+Z’ 1+§+Z+§’ -

FRLITEL I
2 4 77710247

[lepBblif WiIEH I€OMETPUYECKON IIPOIPECCUMA PABEH @, 4 3HAMEHATEJIb
paBeH ¢g. Haiiqure cymmy e€ MepBBIX 711 WICHOB.
Ilepsoe pewenue. Vickomasi cymMMa paBHa

atagtag®+...+aqg" ' =a(l+q+q¢*+...+q" ).
Bcriomuus pasnoxeﬂme HAa MHOXUTCJ/IU
" —1=(q-D@G" "+¢"2+...+qg+1),

HaxXoauM, 4TO

a-1_ 9" —1
1+g+...+¢q RV
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Otcioma moJyrydaeM, 94TO MCKOMasi CyMMa paBHA
"1
a 4 .
q—1
Bmopoe pewenue. O603HaUNM UCKOMYIO CyMMy uepe3 S':

S=a+aq+..+aqg" *+aqg"".
YMHOXUM e€ Ha q:
gS=aq+aq®+...+aq" ' +aq".
TMosBAIICS WieH aq™, a WieH a Tporal, TaK 4To
qgS—S=aq" —a,
(g—=DS=al@" -1,

n
—-1
s=al .
qg—1

B pemiennn u oTBeTe K NpEABIIYLICH 3a/4a49€ €CTh HETOUHOCTh. YTO 3TO
3a HETOYHOCTH?
Pewenue. Tlpu g =1 orBer He UMEET CMBICJIA: BHIPAKEHUE
1" -1
1-1
He onpeJeJieHo. B 3ToM cilyyae Bce 4ieHBI IIPOIPECCHA PABHBI @ M CyMMa paBHA
na. Tak 4T0 MOXHO ObLIO Obl CKa3aTb, YTO
q"—1
q—1
(Oro mryTKa, HO B HEW €CTb M JI0JISl IIPAB/BI; BCHOMHUTE O HEH, Korga Oyxere

my4ats auddepertmpoanre GyHKImM f(x) = x" B Kypce MATEeMaTUIECKOTO
aHaJm3al)

=n, ecmq=1.

42. Pa3Hble 3a/1a4i O NpOrpeccusx

MoryT jm uncia 1/2, 1/3, 1/5 Obith wieHamu (He 00s13aTEJILHO CO-
CEZIHMMM) OIHOHM apu(MeTHIecKoil nporpeccun?
Ykasanue. MoryT; B omHOM U3 BapuaHTOB e€ pa3HOCTh paBHa 1/30.

MoryT im wncia 2, 3, 5 OHTh WwieHaMH (HE 00S3aTEIRHO COCETHVIMM)
OZIHOI IeOMETPUYECKOI ITporpeccun?

Pewenue. loxaxem, uro He moryr. Ilpe/ii0jio)kuM, 4TO 3HAMEHATEJIh DTOM
IIporpeccuy paseH g. Toraa

3=24", 5=3¢™
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JUIs1 HEKOTOpeIX m U n. Torga

Orcrona

OTKya 3™t = 2™ .5, CjieBa CTOMT HEYETHOE YMCJIO, A CIIPaBa — YETHOE, €CIA
ToJibko m # 0. 3Haunt m = 0. Ho 310 TOXe HEBO3MOXKHO, TaK KaK B DTOM CJIydYae
ObLIO OBl

5=3¢"=3-1=3.

[lonmydyeHHOe MpPOTMBOpPEYME ITOKA3BIBACT, YTO TpeOoBamus 3 = 2¢" u 5 = 3g™
HecoBMecTuMBl. CiiejoBaTesibHO, 2, 3 M 5 HE MOTYT OBITh WIEHAMU OJHOU M TOM
e FeOMETPUYECKOI HIPOI PECCUM.

B penrenr npepIayIeit 331298 MBI TIPE/IIOJIaraid, YTo B IPOrPECCH
YUCJ0 3 CTOUT TIOCJE 2, a YKACJ0 5 CTOUT Tocje 3 (cumTas MOJOKUTEIHhHBIMUA
yncsa m u n). A 4ro OyzfeT B JIPyrux Cirydasix?

MoryT s niepBble 2 Ynciia B apr(pPMETHUYECKO IIPOrpecchy OBIThH Iie-
JIBIMH, A BCE CJITYIONIUE YMCIa — HE LEeJbIMU?

Pewenue. He MoryT: ecyim JiBa COCE/IHMX YJICHA LIeJIbIE, TO PA3HOCThH MPOrpec-
CUM — 1IeJIO€ YNCJIO, U TI0TOMY BCE IPOYME YJICHBI — IIeJIbIe.

MoryT s iepBble 10 dmces1 B FeOMETPUYECKON IPOrpeccuu OBITh Iie-
JIBIMH, A BCE OCTAJIbHBIe — HE IIeJIbIMU?
Pewenue. MoryT:

1

512, 256, 128, 64, 32,16, 8,4, 2,1, -, L

N =

MoxeT 1 Bropoit WwieH apuMeTHIecKOil IIPOrpeccuy ObITh MEHbLIE
TIEPBOTO M TPETHETO?

Pewenue. Her: B 3TOM Cilydae pasHOCTD IPOrPECcCHU ObLIa ObI OJHOBPEMEHHO
TIOJIOKUTEJIBHBIM U OTPULIATCJ/IBHBIM 4KMCJIOM.

ToT 3ke BOIPOC /ISl TEOMETPUYECKOI ITPOTPECCHI.
Pewenue. da: 1, —1, 1.

MoxeT i B GECKOHEUHO# apr(METIUECKOi TIPOrPECCHI TIEPBBIil WICH
OBITH LEJIBIM, A BCE CJICTYIONIAE — HE LEIBIMU?

Vkazanue. PaccMOTPETh MPOIPECCHIO C PA3HOCTHIO \/2 M WCIIOJIB30BATH M-
PALIMOHAIBHOCTE /2 (CM. HITKe).

MoskeT Jiu OecKOHEYHAsT apu(PMEeTHUecKasi MPOTPECcCHsi COACPKaTh B
TOYHOCTH 2 1IeJIBIX 4JjIeHa?
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Omeem. Her.

B mocnenosaresnoctn

1,3,7,15, 31, ...

KQX/IBIil WIEH TOJIYYaeTCs M3 MPEABIIYIIET0 YMHOXEHHMEM HAa 2 U MPUOABJICHU-
em 1. Uemy paBen 1000-i1 wieH NocaeJ0BaTeIbHOCTU?
Omeem. 21990 — 1.

Haiiqure 3HamMeHareib I€OMETPUYECKON IPOIrPEcCU, B KOTOPOM Ka-
SK/IBIA WIEH PABEH CyMME JIBYX HPEJIbIIYIINX.
Ykaszanue. CMm. pazaen o KBaJpaTHBIX ypPaBHEHUSX.
Omeem.
1+v/5 1-V/5
I T

TTocnenoBarenpHocTs uOOHAYTYM
1,1,2,3,5,8,13, 21, ...
OIlpe/ieIIeTCS TaK: JBa IEPBBIX YiICHA PaBHB 1, a KX/l CJICAYIONA eCTh
cymma JIByx rpesabiiynmx. [logbepure takue uncia A u B, 4to0Obl n-it wieH
ocJIe10BaTeabHOCT OUOOHAYYN PABHSLICS

() a1

43. Xopouo TeMIneprupoOBaHHbBII KJIABUP

Bee 3Ha10T, 4TO OHY U Ty K€ MEJIOJMIO MOXKHO MI'PaTh B Pa3sHBIX TOHAJBHO-
crsx. Ho 4to 03Ha9aloT cjioBa «ofiHy U Ty *e»? UTOOBl OTBETUTH HA 3TOT BOMPOC,
Ha4HEM C JPYyroro: 4ro Takoe mejioausi? GOpMaIbHO IrOBOPS, MEJOAUSI — 3TO
CBIIPAHHBIC JIPYT 3a JPYI'OM 3BYyKH Pa3HOM BBICOTBI. A 4TO TaKOE BBICOTA 3ByKa?

C Touky; 3peHUst QUBHKA, 3BYK — OTO KOJIeOAaHMS BO3Iyxa. BricoTa 3Byka
OIIpe/IeJIETCS 9AaCTOTON KOJICOAHWI, T.€. KOJMIECTBOM KOJICOAHWII B CECKYHIY.
KamepTton, kosieOmommiics 440 pa3 B cekyHay ((pumsukm roBopst «440 repir;
HA3BaHHE CVHMIIBI YaCTOTHI JTAHO B 4YeCTh Hemerkoro ¢msnka Ienpuxa Iepra),
IaéT HOTY Jist IEPBON OKTaBHI.

Ha cyx 067pIast 9acToTa COOTBETCTBYET O0Jiee BEICOKMM HOTaM. OdeHb HU3-
K€ U OYEHb BBICOKUE 3BYKU CTAHOBSTCS YK€ HECIBIIMMBIMHA. CuMTaeTcs, 4To
YEJIOBEK MOXKET YCJIBILATD 3BYKU B AuanasoHe oT 20 repu g0 20 kujiorepu (X0Tst
Ha CaMOM IeJIC Y Pa3HBIX JIIO/IC ST IPAHMULIBI MOTYT OBITh PA3HBIMU; K CTAPOCTH
JMAIIA30H CJIBIIMMBIX YaCTOT YMEHBIIACTCS).

Huskue 3BykM, KOTOpBIE MBI HE CHBIIIMM, MHOTAA HA3BIBAIOT «UH(DPA3BYKOMY,
BBICOKHE — «YJIbTPa3BykoM». C IOMOIIIBIO yJIBTPa3sByKOB PasTOBApUBAIOT APYT C
JpYroM JeNb(UHEIL.
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Yacrora Toka B asekTpocet — 50 repu, T. e. 50 kosnebanuii B cekyHIy (3TO
otHocutcs K EBpone, B Amepuke — 60 repu). Ecim m3-3a HeucnipaBHOCTH ceTe-
BO#1 ()OH IIPOHUKAET B 3BYKOBOM TPAaKT MarHUTO(OHA, CJIBIIIHO HU3KOE T'y/ICHHE.

HarsiruBast cTpyHy cujibHEE, MBI M3MEHSIEM 4acTOTy KosieOanmit. Kak
BBl JlyMaeTe, YBEJMUMBACTCS 4acTOTa win yMmeHburaercsi? IlompoOyiire caemars
9TO C HATAHYTON HUTKOM.

3axuMasi CTPYHY (HAIIpUMED, TUTAphl) IAJIbLIEM, MBI Kak Obl yMEHbIIIA-
eM e¢ JUIMHY, OYTH HE MEHsSIsST HaTspkeHusl. Kak BBI Jymaere, 94TO IMPOMCXOJUT C
BBICOTOI 3BYyKa?

[Mnactuaky Ha 33 000poTa MOCTaBWIM Ha 45; KaKk M3MEHUTCS JacToTa
BCEX 3alFICAaHHBIX HA HEIl 3BYKOR?

[1e B posiie Oosiee HU3KUE HOTHL — cJiesa WM cupasa? Kax s10 cBa-
3aHO ¢ (opMoit posuis?

Komap 3ymur nourn xak kameptoH. CKOJIBKO B3MaxX0OB B CEKYH/Iy Ji€JIa-
IOT €r0 KpbLIbs?

Kak BBI ymaeTe, KTO M3a€T OoJtee BHICOKMIA 3ByK — KOMap FUIH OOJIb-
urast Mmyxa?

OKa3bIBaeTC$I, YTO Ha CJIYX B IIEPBYIO OYCPEAb BOCHPUHUMAIOTCA OTHOLICHUS
9aCTOT COCETHUX 3BYKOB MEJIO/IMM, 4 HE CAMU YaCTOTHL. JIMIIb HEMHOTHE JIIOAU C
«a0COTIOTHBIM CJTyXOM» (JTaJIEKO HE Y BCEX MY3BIKQHTOB OH €CTh) MOTYT OTJINIHTh
B3ATYIO Ha POsiIe HOTY /i1 OT HOTHI coab. OJHAKO TOYTH KKIBINA YETOBEK IO-
cJj1e HeOOJTBLION MPAKTHKY JIETKO OTIMIUT UHTEPBAJI pe — /it (KBUHTA, OTHOLICHHUE
4acroT pe:isi=2:3) oT pe — coib (KBapTa, OTHOLICHUE YaCTOT pe: colb=3:4).

Haiiute oTHOIIEHWE YaCcTOT COCETHUX HOT COMb U Jisl, UCTIONIB3YS OTU
JTaHHEIE.

Terepp MBI MOXEM CKa3aTh, KaKMe MEJIOAWM 3BYYaT OMHAKOBO (OTJINYAsICh
JIMIIIb «TOHAJIBHOCTBIO») — 3TO T€, B KOTOPBIX OJIMTHAKOBHI OMHOUWEHUs YaCmom.

Menoaust 151 — mu — 11 (HACXOASIIAsI) COCTOUT U3 TPEX HOT € YacToTa-
vu 440, 330 u 220. Kakumm OyyT 9acTOTHI, €CJIM CHITPAaTh TaKyko Xe (C TeMHu
K€ OTHOIIIEHWSIMA YAaCTOT) MEJIOAMIO, HaunHas ¢ HOTH Mu (e€ wacrora 330)?

Pewenue. CorylacHO cKka3aHHOMY, HY>KHO, YTOOBI

440:330:220=330:x:}.

[Tockosbky
440:330:220=4:3:2,

mosrydaeM y = 330 - (1/2) =165, x =330 - (3/4) = 247,5. CoOTBETCTBYIONIE
HOTHI HA3LIBAIOTCH MU — ClU — MU.

HOCMOTpCB Ha KJIABUATYPY POsJIsA, JICTKO 3aMCTUTH, YTO OHA KIICPUOANYHA»:
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OJIHM Y T€ K€ KOMOMHAIN OEJIBIX ¥ YEPHBIX KJIABHIII IIOBTOPSIIOTCSI — KaK TOBO-
PAT, B «pa3sHBIX OKTaBaxy». OTCTOsIIME HA NIEpHo/] (Ha OKTaBy) HOTHI HA3BIBAIOTCS
O/IMHAKOBO U OTJIMYAIOTCS TI0 YaCTOTE POBHO B 2 paza. TakuM oOpa3oM, HOTHI Jisl
B Pa3HBIX OKTaBaX MMEIOT YacTOTHI

..., 55,110, 220, 440, 880, 1760, ...
00pasyIionye reoMeTpUIECKyIO TIPOrPECCHI0 CO 3HaMeHaTesleM 2.

Kak MHOTO OKTaB MOXET OBITH y POSISI, €CJIM BCE HOTHI JOJIXKHEI OBITH
capmmHb? (CunraiiTe, 9TO CJIBIIHKL 3BYKU B quarna3one ot 20 go 20000 repir.)

TeomeTprueckyio mporpeccuio 00pa3yioT He TOJIBKO HOTHI Jisl, HO ¥ IPYTHE Of-
HOVIMEHHBIE HOTBI: HOTHI CO/Tb OOPA3YIOT €LIE OHY FeOMETPUIECKYIO TIPOrPECCHIO
(Takxe co 3HaAMeHaTesieM 2), HOTH (ha — TPEThIO, U TaK JlaJiee.

o | pe | mu | da |comb| s | em | no | pe | mu

Isias Ha KJIaBUATYpPY POSJIS HA PUCYHKE, IIOJCYUTANTE, CKOJIBKO BCErO
IIPOrPECCHIA 110JIy4aeTCsi (CKOJIBKO HOT B OJHOI OKTaBe).

Omeem. 12 (7 OeJibIxX KJIaBHIl U 5 YEPHBIX).

Haspanust HOT: Y€pHas KJIaBUIIA MEXIY 00 U pe HasbIBaeTcsl 00 due3 Wiu pe
6emonb, MeXTy pe M Mu — pe Oue3 Wi Mu 6emons, u Tak ganee. (Tem caMbiM
Oue3 0003HAYACT MOBBILICHYE 3BYKa, a 06eM0nb — TIOHIDKEHHE.) My3bIKaHTHI HC-
MOJIB3YIOT 3HAYOK | /u1st iwesa u b juist Gemostst. VICmosis3yst mx, MOXKHO 3amncath:
oot =peb.

Uro 0/DKEH CAeIaTh MAAHKUCT, YTOOB! CHIIPAaTh MEJIOAMIO C Y/IBOCHHBI-
MM 9acTOTaMH BceX HOT?
Pewenue. CapuHyTh PyKy BIIPaBO HA OKTaBy W UIPaTh KaK OOBIYHO.

Terepr chIrpaeM Ha POsIC XPOMAMUUECKYIO 2aMMy, HAHKXIMAsT BCE KJIABHIII
(Oestple M 4EpHBIC) MOAPSI CJIEBA HAIIPABO:

00— 0o ff =peb— pe— pelf =mub— mu— pa— ¢pa fj =

= conb h — conv— comw f =nab —aa—aaff=cub— cu— do— ...
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Oka3bIBacTCH,

YaCTOTHl HOT XPOMATHYECKONl T'aMMBI — T€OMETPHYCCKast
rporpeccusl.

\% 13 yBU/IUM, IIOYEMY TaK IIOJYYACTCHA, YyTh IIO3XKE.

Cunrasi, 9T0 YaCTOTH HOT B XPOMATHUYECKOI raMme 00pa3yloT reome-
TPUYECKYIO IIPOTPECCUIO, HANTH 3HAMEHATEJIb IIPOIPECCHN.

Pewenue. O603HAUMM 4aCTOTY HOTHI 00 3a C, A UCKOMBIN 3HaMEHATEJh — 32
q. Torna Oof = peb MMeeT YACTOTy C - ¢, pe UMeeT YacToTy C - > W TaK JaJee:

0o oof pe peli mu ¢a ¢al comw comwl ns aaf cu o
2 5 6 7 8 10 11 12

c cq cq* cqg® cq* cqg® cq® cq7 cq® cq® cq'® cq'' cq
Hota 0o ciietyiomnieii OKTaBbl MIMeeT BIBOe GOJIBIIYIO YacToTy, Tak uTo cq'? =2c.
Orcioma ¢'2 =2, ¢="2.

My3bIKaHTEl Ha3bIBAIOT MHTEPBAJ MEXKY COCCTHUMHI HOTaMH NnoymoHoM. Ox-
TaBa COCTOWT, TAKUM 00pa3oM, n3 12 MOJIyTOHOB, M HAa KaXK/bIil MOJIyTOH IIPHAXO-
JTCS yBEJIMYEHNE YaCTOTHI B /2 pas.

Mexay HOTaMu 00 M pe [1Ba MOJyTOHA (WJIM OJWH TOH, KaK TOBOPST
MY3BIKaHTHI). HaiiTi oTHONIEHME 9acTOT ITHX HOT.

Pewenue. (/2)2=%/2.

Teneps 00BsICHAM, TIOYEMY XPOMATHUUYECKAsI FaMMA JJAET FeOMETPUIECKYIO IIPO-
rpeccuio. ITo HEOOXOAUMO ISl TOTO, YTOOB! JIOOYI0 MEJIOMIO MOXHO OBLJIO CBI-
rpaTh, HAYMHAS C JHOOO0 HOTHL. [TosICHUM 3TO Ha IpPUMepe MPOCTEHITeN MeJIOTuN
13 IByX HOT: 0o M Jio aue3. CrirpaeM e€, HauuHasl ¢ 00 duesa: 0o oues — pe. YUrto-
OBl PTH MEJIOAWH 3BYYaJH OIMHAKOBO, HY>KHO, YTOOBI OTHOIICHWS YacTOT ObLIA
PaBHBIL:

pe _ of

doff ~ do
A 9TO M ecTh onpe/e/ieHIe TeOMEeTPIIECKO PO PECCrl.

JlJist KaKoil HOTHI X MEJIOMUU 00 — X U X — 00 CJICAYIOIICH OKTaBbI
(YABOCHHO# YacTOTHI) OYAyT 3BydYaTh OJMHAKOBO?

Takoit MHTepBaJI My3bIKAaHTBI HA3BIBAIOT «TPUTOHOMY». OH Kak OBl JICJIUT OKTaBY
TT0TT0JIaM, Ha JIBA PABHBIX MHTEPBAJIA.

@yra 10 MUHOp W3 MEPBOTO TOMa «XOPOIIO TEMIIEPUPOBAHHOTO KJIa-
BHpa» baxa OTKpBIBaeTCs TEMOil B /10 MUHOpPE; 3aT€M Ta K€ TeMa IIPOXOIUT B
BEPXHEM T0JIOCE B COJIb MUHOPE, HO C OJTHIM W3MECHEHHEM.
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FUGA II.

3 BTOpOE NNpoBeIeHne

4 9. mepBoe NMPoOBeAeHHE TeMbl B 10 MUHOpPE = —_
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Hainure nsMeHEHHOEe MecTo. 3Haky ff WM b miepe] HOTOM O3HAYAIOT MOBbIILIC-
HUC U TIOHMXCHUC HaA ITOJITOHA, TpI/I 6€MOJ'[$I B HAYAJIC OTHOCATCA KO BCEM HOTaAM
cu, mu n as. O003HAYECHUA U HA3BAHUSA HOT:

0
A

g0 pe Mu Qaconap Jsg cu 10 pe MU (pa comb Js

BeposiTHO, BHUMATEJIBHBIM YUTATENb yXKE 3aMETUJI HECOTJIACOBAHHOCTh B Ha-
X OOBSICHEHUSX.

3Has1, 9TO XpOMaTAYECKasi FaMMa €CTh T€OMETPUIECKasi IPOTPECCHsl CO

3HAMeHaTeNeM /2, HalijiiTe OTHOMICHNE YaCTOT HOT pe ¥ /s (BOCXO/SIIAS KBHH-
TQ).
Pewenue. Mexny pe U 11 ceMb HOJIyTOHOB, IIO3TOMY OTHOLIECHHE YacTOT
paBHO (1\%)7. C mOMOIIBIO KAJTBKYJIITOpPA €0 JIETKO HAMTH: (1\2@)7 =1,498...
OT0 O/M3KO K OTHOLICHMIO 3 :2, KOTOPOE MBI HA3bIBAJIM PAHBLIE, HO BCE XKe
HE TOYHO COBINAJAET C HUM.

Haiiqure oTHOIIEHME 4acTOT B BOCXOJSILEH KBApTE pe — CO/lb U CPaB-
HUTE €ro C OTHOIICHUEM 4 : 3, KOTOPOE Mbl HA3bIBAJIM PaHBbILE.
12
Pewenue. ('V/2)%=1,3348...; 4/3=1,3333...

Tak 4TO K€ Takoe KBMHTA — OTHOIIEHUE YaCcTOT (1\%)7 mwm 3:27? B Heko-
TOPOM CMBICJIE 00a OTBETA IpaBWIbHEL. Ceifdac MbI 1OIPOOYeM OOBSICHUTH, 4TO
MeeTCsl B BULY.

Ecim BBI ycJpImTe OHY HOTY, a 4epe3 MHUHYTY JApYIYIO, TO HE IIOUyBCTBY-
eTe TapMOHMM WM JucrapMoHny. Ho ecim chirpaTh HOTBI OZIHY 3a JpYTOH, WA
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Jaxe o0e cpasy, TO CTAHET CJIBIIIHO, XOPOMIO JIi OHM 3Byuyar Bmecre. Ckxpuiau,
HACTPOUB OJHY M3 CTPYH IO KaMEPTOHY (HA IIPAKTUKE OOBIYHO II0 POSUII0 aK-
KOMITAHAATOpa WM To00I0 B OPKECTpe), 3aTeM HACTPauBaeT BTOPYIO TakK: Bels
CMBIUKOM II0 00€MM CTPYHAM, OH PEryJIMPyeT HAaTsDKEHHE BTOPON CTPYHBI, IOKa
OHM He OyZyT XOpOIIO (CYKMCTO») 3BYYaTh BMECTE.

B kxakom citydae /1Be HOTHI OOPa3yIOT TapMOHMYHBIA mMHTEpBaJ? OKa3bIBacT-
csl, 9TO OBIBACT, KOTZIA UX YACMOMbl OMHOCSIMCS Opye K Opyey Kaxk Hebomvuuue
yenvie yucna. TloyeMy Tak IoJydaeTcsi, Mbl TOBOPUTb He OyieM — [JIS 3TOTO
HY>KHO 3HATb HEMHOI'O TPUI'OHOMETPUU. BMeCTO 3TOro nepeduciuM HEKOTODBIE
MHTEPBAJIbl U UX HA3BAHMUS:

2:1 OKTaBa
3:2 KBUHTA
4:3 KBapTa
5:4 | Oosblras TepLUs

Bropas HOTa BOCXO/ISIIEH MeJIOMK 00pasyeT C MepBOi OKTaBy, a Tpe-
ThSI CO BTOPOW — KBHHTY. Kak OTHOCATCS ApPYr K JpPYry YacTOTHI TPETheil U
IIepPBOI HOT?

Omeem. 3:1.

ToT e Bompoc, eciii TPEThst HOTa 00Pa3yeT CO BTOPOIT OOJIBIIYIO TEp-
LIVIIO.

Takue «uncThie» MHTEPBAJIB MOJIYYAIOTCS TP UI'PE HA CKPUIIKE WM JAPYTUX
MHCTPYMEHTAX, I/ MOXXHO HEIIPEPHIBHO MEHsSITh BBICOTY 3BykKa. Ha posuie uu-
CTHIX MHTEPBAJIOB HE I10JIyYaeTCsl, IOCKOJIbKY BCE OTHOIICHHUS YacTOT SIBJISIIOTCS
CTereHsMI wncia ¢ = 'v/2. BOT 5TH CTeneHn ¥ GI3KHeE K HUM JIPOOH:

Haszsanue YKUCTBIE Ha posiie

Masiasi Tepums 6:5=1,2 1,1892... | ¢°
oosibuiast tepums | 5:4=1,25 | 1,2599... | ¢*
KBapTa 4:3=1,333... | 1,3348... | ¢°
KBUHTA 3:2=1,5 1,4983... | ¢’
MaJiasg CeKCTa 8:5=1,6 1,5874... q8
Goamimas cekcta | 5:3=1,666... | 1,6817... | ¢°
OKTaBa 2:1=2 2 q'?

KoHeyHO, MO>KHO TOITPOCHTH HACTPOMIIKA HACTPAUBATh POSLIb MHAYE — TakK,
9TOOBI HEKOTOPHIE MHTEPBAJIBI OBLIM YMCTHIMU. TOr/1a Apyrre MHTEPBAJIBI CTAHY'T
emé 0osiee JAIEKUMU OT YKACTBIX M KPAacUBasi MEJIOJMsSI, HAYaTasi C APYroi HOTHI,
MOJET 3BydaTh y>KacHO.

Ho 18-ro crosietust posid (TOUHEE, KJIABECUHBI U OPraHbl — COBPEMEHHBIN
POSLIb TTOSIBUJICS TTO3XKE) HACTPAMBAJIM, CTAPASICh C/IEJIATh HEKOTOPHIE MHTEPBAIEI



84 44. Cymma 6eckoneunoii npozpeccuu

qCTHIMA. [Ipy 5TOM OHM TOHAIBHOCTY 3BYYasI KPAcWBO, a Jpyrue (KaK IpaBu-
JI0, C OOJIBILIMM YMCJIOM YEPHBIX KJIABHII) — Y>KACHO, ¥ KOMIIO3UTOPHI CTAPAJIFICh
UX u30erartb, CumMTasl, 4YTO BCE PAaBHO HOPMAJIbHBI OPTaHWUCT B HUX WI'PaTh HE
CMOKET.

Tpammmst 1eJMTH TOHAJIBHOCTH HA «XOPOIINE» ¥ «IUIOXUE» U THCATh MY3BIKY
TOJIBKO B XOPOIIMX OBLJIa MOKOJICOICHA BEJVKAM baxoM, KOTopsIit Harmcan «Xo-
POLIO TEMIICPUPOBAHHBIA KJIaBUp» — COOpHUK mpesmozauit 1 ¢yr. OH cocrout
U3 JIBYX vacTeil. B kaxaoil wactu — 24 npemojuud U (pyrv, Mo OTHON B Ka-
K01 MaKOPHOM M MUHOPHOI TOHAJFHOCTUA. HemsBecTHO, kak B TouHocTH bax
HACTPaWBaJI CBOIl KJIABECHMH — ObLIA JI 3TO PaBHOMEpHAs TeMIlepalys, Korja
XpOMaTHUecKas raMMa 00pa3yeT TeOMETPHUYECKYIO TPOTPECCHIO, YT KaKas-TO HE
BIOJIHE paBHOMepHast. Ho COBpeMEHHBIE MCIIOTHUTE/IH UTPAIOT €T0 Ha PaBHOMEP-
HO TEMIIEPUPOBAHHBIX POSUISIX, HA KOTOPBIX BCE MHTEPBAJIBI (32 HUCKJIIOUEHUEM
OKTaBhI) 3ByYaT HE COBCEM UYMCTO — HO 3aTO OJTMHAKOBO BO BCEX TOHAJIBHOCTSIX.

Jocranbre 3armich «XOpOIIO TEMIIEPUPOBAHHOIO KJIABUPA» U IOCJIY-
LIANTE.

B naksroueHMe 0OCYTMIM BOT KakKOi BOIIPOC: a TIOYEMY, COOCTBEHHO, B OKTaBe
“MEHHO 12 HOT (110J1yTOHOB)? UTO MEIIaeT U3rOTOBUTH POsLIb ¢ 13 wim 7 KjiaBu-
[IAMU B KXI0M OKTaBe? B 3TOM ciydae OTHOIICHHE YaCTOT COCETHUX HOT OBLIO
OBl 1% I 7\5 Oxa3bIBacTCs, 4TO TOTJA OCHOBHBIC MHTEpBajsl (3:2, 4:3 u
Tak jganee) OyayT 3HAUUTEIBHO MEHEE YHCTBIMM.

Haiinure oTHOIIEHNS 4acTOT, €CJld B OKTaBe 7 (PaBHOOTCTOSIIKX) HOT.
Ecmm 1 cpem OTHOLIEHMI CKOJIBKO-HUOYIb Omiskue k 3/2 wm 4/3? Cpasaure
C TIpUBEIEHHON BHIIE Tadmen s 12 HOT.

Ecym BBI mpopesaeTe aHAJIOTMYHBIC BBIYMCJICHUS JUUISL APYTHX YHCE] HOT B
OKTaBe, TO yOequrech, 9To 12 SBISETCS WUCKIIOUYATEBHO YAaYHBIM BBIOOPOM —
IIpU ApYTHX (HE CJIMIIKOM OOJIBIIMX) YKCJIAX IPUOJIVDKEHHUS 3aMETHO XYXKe.

3ameuarespHO, YTO MY3BIKAHTHl WCITOJIB30BIN 12-TOHOBYIO CHCTEMY, HIYETO
HE 3HAasi O TEOMETPUYECKUX MPOTPECCHSIX U HE Jieslass HUKAKIX BBIYMCICHUN —
10100HO TOMY, KaK ITYEJIbI J€/IaIM AKKypATHBIC MIECTUI'PAHHBIE COTHI 33/10JI0 /10
TOTO, KaK JIIOJW YCTAaHOBWJIM, YTO MMEHHO Takas (hopMa ONTHMAJIbHA.

44. CymMMa 0€CKOHEYHOI Mporpeccuu

OmnH m3 «mmapaokcoB 3eHOHA» (IpeBHErpedeckoro ¢maocoda) COCTOUT B
ciaenymoweM (B ussioxkenuu Jlesa Tosicroro B «Boitne u mupe», T. 3, 4. 3):

... Axutec HUKOI'/Ta HE JIOTOHUT BIIEPEIN UAYIIYIO 4YE€pEraxy, HeE-
CMOTpA Ha TO, YTO Axutec I/IIIéT B JIECATH pa3 CKOPEEC YCpCIaxu:
KaK TOJIbKO AXWIjIec HpOfI,Z[éT MNPOCTPAHCTBO, OTACJIANOIIEE €TI0 OT
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Yepernaxu, geperaxa npoiET BIEPean €ro OHy AECATYIO 3TOro Mpo-
CTpaHCTBa; AXWlIeC NPOHAET 3Ty JECATYIO, uepenaxa Hpouaer of-
Hy COTYIO M T.[. 0 OCCKOHEYHOCTH. 3ajada STa IIPe/CTABIISIACH
JAPEBHUM HEPa3peIrMOIO.

MsI BKIIOUMIM DTy 3a/a4y B pas3jies O MPOTPECCHsiX, MOCKOJBKY OTPE3KH,
I0CJIEIOBATEJIBHO IIPOOEraeMele AXIIIJIECOM, COCTABJISIIOT T€OMETPHUUECKYIO IIPO-
TPECcCHIo

1 1 1

10 100 1000’
co 3HaMeHaTteJsieM 1/10 (32 equHMITY MBI IPUHAMAEM HAYAJIBHOE PACCTOSTHUC MEX-
oy AxwuiecoMm u depernaxoit). OOlee paccTosiHUE, IPOWCHHOE AXIJIECOM JI0
BCTPEYM C YepEeraxol, eCTh «CyMMa OECKOHEYHOTO YFICTIa WICHOB»

1 + — + m + W +.
[leganT 3ameTmst OBl HaM, YTO TOBOPUTH O CyMMe OECKOHEYHOIO UKCJIa WICHOB
(He ompesesIsis PTOTO MOHATHUS CIIEIMAIFHO) HE MMEET CMbIC/A: MPUOABISS Ode-
PEAHBIC WIEHBI, MBI HUKOI/[a He 3akoH4YMM. M oH mpaB. Ho Mbr BCE e He Oynem
OTIPaB/IBIBATECS, @ BMECTO PTOTO HANUAEM ITY CyMMY Pa3HBIMU CITOCOOAMIL.
Cnoco6 1. O6o3HaunM cymmy depes S':
1 1

S—l+*+m+m+

Torma

105—10-%-1-!-*-%-%-% .=10+S

OTKyJa
10

=10 =—.
98 , S 5
Cnoco6 2. ByieM 006aBIATh CllaraeMbie O OJTHOMY:
1+ i =1,1
1 + — -I- L =1,11
100

1+E ﬁ-*_i]OOO_llll

B urore nosyunrcs
1,111...

4YTO, KaK M3BECTHO, PABHO 1% (tak kak 1/9=0,111...).
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Cnoco6 3. Tlo ¢opMyJsie CyMMBbI I€OMETPUYECKOI IIPOrpeccun

2, 3 1_q"—1

l+q+q¢ +q +...+¢" " = 1
B namem cimywae g =1/10, a n OGeckoHEYHO (€CIM MOXXHO TaK BBIPA3UTHCS).
Torma g" 6eckoHeuHo mMajo (Beab ¢ poctoM n amcio (1/10)" OpIcTpo yOBIBacT)

7 M MOXHO TipeHeOpeds. [Tomywaem dopmyty

2, 3 1
1+9+q¢ +qg +...=7—
1-g¢q
(MBI M3MEHWJIM 3HAKU B 4YMC/IMTE/IC M 3HaMeHaresie). Beriomuus, uro g =1/10,
10
09 9°
Cnoco0 4. BcrioMHUM, HakoHeLl, IPO AXWIIJIeCa U 4epernaxy. 3ApaBblil CMBICIT
MO/ICKA3BIBAET, YTO AXIUIJIEC JOTOHUT YEeperaxy, IMpoOekaB HEKOTOPOE PacCTOs-

Hre S. 3a 3To BpeMs ueperiaxa, CKOPOCTh KoTopoit B 10 pa3 MeHblile, MPONOI3ET

HOJIy4YrnM OTBET

9
paccrosiuue S/10, ¥ paccTosiHUE MEXIy HUMM yMEHbBLIUTCS Ha S — 0= ES .
B Hauasie OHO paBHsIOCH 1, 2 B MOMEHT BCTPEUM CTAJIO HYJICBBIM, TaK UTO

(9/10)S=1u S =10/9.

[Mycts Teneps Axminaec crai oerats B 10 pa3 memsienHee yepenaxu. [Toka on
1poOeraeT PacCrosHUE [0 TOUKU CTapTa uyepeliaxy, Yepelraxa yuos3acT Ha BJecs-
Tepo Oosibliee paccrosHue. Korga Axuutec JOOeXUT JO STOi TOUKH, Yeperaxa
YHOJT3ET Ha pacCTOSHUE, B CTO pa3 Oosibliee HAYaIbHOTO, U T. J1. [TorydaeM cymmy

1+10+100+...
Pazymeercsi, Axussiec HUKor/la He JOTOHUT depernaxy. Ho Tem He mMeHee B dop-
MyJy

1

MOKHO ITIOACTaBUTh ¢ = 10 m TIOJIYYUTh «PaBCHCTBO»

1 1
1+10+100+1000+...—m—f§.

MoXHO JI TIpU/IaTh B OTOM CHUTYAIMH SIBHO HEJICTIOMY YTBEPKIACHHUIO
«Axwiutec JJOTOHWT 4epernaxy, mpodexan —1/9 mMeTpa» Kakoi-TO CMBICHT?
Ykaszanue. Moxno.

45. YpasHeHus

Kornma Mer mucanmm, x mpumepy, 4To

(a+ D)2 =a®+2ab+ b?,
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TO 110/IPa3yMEBAJIOCH, YTO JIEBAsI U [1PABAst YaCTH PaBHBI I1PH JIOOLIX a u b. Takue
PaBEHCTBA HA3BIBAIOT modicdecmaamu. Tox1ecTBO MOXKHO [J0Ka3aTh (1Ipeodpaso-
BaB JIEBYIO U MPAaBYIO YacTH TaK, YTO OHH CTAHYT OJMHAKOBHIMH) WJIU OIIPOBEPT-
HYTb (Hali/s 3HAYCHUs OyKB, IIPM KOTOPBIX JIeBasi U [IpaBasi 9acTh HE PABHBI).

YpaBHeHMe, Kak U TOXIECTBO, COCTOUT M3 JICBOI M TIPABOI 9acTH, COCMHEH-
HBIX 3HAKOM PaBEHCTBA, HO 33/1a4a JPyTras: ero HaJ0 peuums, T. €. BBISICHUTD, TIPA
KaKMX 3HAYCHUSX OyKB JIeBas WM MPaBasl YaCTA PABHBL. DTH 3HAUCHUS] HA3BIBAIOT
peweHusIM ypaBHEHMS.

Hampumep, ypasHenue

Sx+3=2x+7

MOXXHO PElMTh TaK: BBIYTS 2X + 3 W3 00eWx YacTeil, MOJy4YMM PaBHOCKIIBHOE
yPaBHEHIE

3x=4

(pasHocunbHOCMb 03HAYAET, YTO €CIM OFHO U3 YPAaBHEHUI BEPHO IS KAKOTO-TO
3HAYEHWS X, TO BEPHO M Apyroe). Pa3genms ode wacti Ha 3, TOIydInM

X=_.
3

Omeem: ypasuenue 5x + 3 = 2x + 7 umeer €JIMHCTBEHHOE peliieHue: x = 4/3.
3ameuanue. YpaBHeHUe
x+1

=1
x+2

x+1
He uMeeT pemtenus. (Jloka3arenbeTBo: ecim P 1, 10 x +1=x+2, 4TO HEBO3-

MOHO.) OJHaKO MaTEeMaTUKH HE IOBODAT, YTO DTO YPABHEHHUE KHEPAZPELIAMOX.
HarpoTuB, oHM TOBODAT, YTO ypaBHEHME pELIEHO, IOCJe TOTO KaK JOKaXyT, 9TO
OHO HE MMeeT pelieHui. TakuM oOpa3oM, «PelnTh ypaBHEHUE» — 3HAYUT HAWTA
BCE €0 PELICHUs WIX J0Ka3aTh, YTO PEIUCHUNA Y HEro HeT.

TCpMI/IHOJ'IOI"I/I}I 3J€Ch TaKOBa:

HCU3BCCTHBIC 6yKBI>I, BXOJIUEC B YPABHCHUC

penieHre ypaBHEHUsI | 3HAYEHMsS] HEU3BECTHBIX, IIPA KOTOPHIX JIEBAsK 4YacCTh
paBHa mpaBoit

PEUINTh YPABHCHUC HATU BCE pPE€UICHNA YPAaBHCHUA WM J0Ka3aTh, 4TO
X HET

PaBHOCWJIbHBIE YPABHEHU, UMEIOLIE OJHU U T€ XK€ PELUCHUSA
YPaBHEHUSI

Pemrens YpaBHCHUs C O/THOM HEU3BECTHOM HA3BIBAIOT TAKXKE €ro KOpHAMU.
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46. KpaapaTrHoe ypaBHEHHE

KBasipaTHoe ypaBHEHHe UMEET BUI
ax?+bx+c=0
rae a, b, ¢ — HeKOTOphle YnC/Ia, @ X — HEM3BECTHOE.

Peumre ypasuenue x2 — 3x +2=0.
Pewenue. x> —3x+2=(x —1)(x — 2). Takum 00pa3oM, ypaBHEHHE MMEET

BUj (x —1)(x —2)=0; 3TO paBEHCTBO BHIIOJIHEHO B IByX CJIydasx: ecim x —1 =0
(r.e. x=1) wm x —2=0 (1. e. x =2). Omgem: ypaBHCHUE UMEET /IBA PEIICHUs
x=1unx=2.

Pemmrte ypaaenue x? — 4 = 0.

Penmre ypasuenue x>+ 2 =0.

Peumre ypasuenue x2 —2x + 1=0.
Peumte ypapHenue x2 —2x +1=09.
Peumte ypapHenue x2 —2x — 8 =0.
Penmre ypasuenue x2 —2x — 3 =0.
Peumre ypasuenue x2 — 5x + 6= 0.

Penmre ypapsenue x2 — x —2=0.

Ec/m B ypaBHeHMM
ax’+bx+c=0

ko duieHT a paBeH 0, TO OHO UMEET BUJ
bx+c=0
Y IMEET C¢JIMHCTBEHHOE PEIICHHUC

o ©
o

Ctporo roBopst, 310 He Tak: npu b = O BblpaxkeHue c/b He umeer
cMeicia. Kak wcrpaBuTh ATy OMIMOKY?

Ecmm ke a # 0, ToO MOKHO pas/IeUTh HA @ U TIOJIYYUTh PAaBHOCHJIBHOE YpaB-
HEHIE

b
X+ 2x+ S=o.
a a

[TosToMy OCTaTOYHO HAYYUTHCS PEIIATh NPUGEOEHHble KBAIPATHBIC YPaBHEHUS,
B KOTOPBIX Kod(uimenT 1pu x2 paseH 1. OOBIYHO TAKOE yPaBHEHME 3aIACHIBAIOT
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B BUJIE

x*+px+q=0.

47. Cnyyaii p = 0. KBagpaTHblii KOpeHb

Hauném ¢ ypaBHeHust
x> +q=0.

TyT ectb Tpu Bapuanra

(a) ¢ =0: ypasnenue x2 =0 umeer ejMHCTBEHHOE perenue x = 0.

(6) g> 0: pelleHMit HET, TaK KaK HEOTPUIIATEJIBHOE YUCIO X2 B CyMME C TIO-
JIOXKWUTEJIBHBIM 9UCIIOM g He Haér 0.

(B) ¢ < 0: ypaBHEHHE MOXHO 3aIicaTh Kak X2 = —g M HaJ0 UCKATh YUCJIA,

KBA/IpaT KOTOPBIX PaBEH (ITOJIOXKUATEJILHOMY) 4UCILY —(.

@axm. [11s1 mOOOro MOJIOKUTEIBHOTO YHC/IA € CYIECTBYET MOJIOXUTEIBHOE
4nCJI0, KBAJPAT KOTOPOTO PaBEH C.

Onpedenenue. ToNOXUTEIBHOE YUCIO, KBAJPaT KOTOPOrO PaBEH JAHHOMY
uncity ¢ > 0, Ha3BIBACTCS K8AOPAMHbIM KOPHEM U3 ¢ 1 00O3HAYAeTCs \/C.
Kpome toro, v/O cumraior pasubim 0.

Mbi ye BCTpedasn /2 B PA3/IOKEHN HA MHOKUTEIH:
X2 —2=(x—V2)(x+V2).

Terieph MBI B TEX e LEJIAX UCTOIB3YeM /C BMECTO /2.

2:

Kak penmrs ypaBHeHME x“ = c:
x> —c=0;
2 2 _ 0.
x* = (/e)* =0;
(x = VO (x+0)=0;
rocJjie/IHee ypaBHEHE UMEET JIBa PElleHus X =+/C U X = —y/c, ¥ IPyrux pelie-
HUI HET.
Bwl cripocure: k uemy Bcé 510? Ecomm x = /¢, T0 x? = ¢ 10 onpesiesieHmo
(necmm x = —ﬁ — toxe). [la, 510 Tak. Ho Haie passioskeHre Ha MHOMXKUTEJIU

JIOKA3bIBAECT TAKXKE, 4TO Opyeux pewleHuii Hem (B camoM jeJie, ecimm X # +4/c,
TO 002 COMHOKUTEJISI HE PaBHBI HYJIIO).

CymiecTBoBaHME KBAJPATHOTO KOPHS W3 IOJIOXKUTEJBHOTO YHCJIA C MOXHO
0OBACHUTH TaK. [ToCMOTPUM, Kak MeHSAeTCsS X2, eCJIM X BO3PACTAeT, HAYAB C HyJIe-
BOro 3HaueHUs. YeM GoJblIe X, TeM GOJblIe X2, TIOPTOMY X2 Takke BO3pACTaer.
Buauane x2 =0, T.e. x2 6bputo Menbliie ¢. Koraa x o4eHb BEJIMKO, TO X2 eme
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oJIbIIe, TIO3TOMY X2 > ¢ Tipu Gosbimx x. WTak, X2 ObUIO MEHbIIE C, a CTAJIO
ooJibiie ¢. Cjie10BaTE/IBHO, B KAKOH-TO MOMEHT OHO JIOJDKHO OBLJIO CPAaBHSITBCS C
YUCJIOM C.

Ha camoMm zesie B mpeapiayeil (ppase CJIOBO «CJIEAOBATEJIBHO» 3aMEHSET He-
CKOJIBKO TJIaB y4eOHMKA BBICHICH MAaTEMATHKH, IJI¢ 9TO OOOCHOBBIBACTCS C ITOMO-
IIBIO CHELMAIBHON «TEOPEMBI O ITPOMEXYTOUHBIX 3HAYCHHUSIX).

CoBpEeMEHHOMY Y€JIOBEKY, IPUBBIKLIEMY K KaJIbKYJISITOPY C KJIABHILEH WU3BJIE-
YeHUs! KOpHS, TPYAHO IIPEJICTABUTh ceOe, KaKuM MOTPSICEHUEM ObLIO IOSIBIICHUE
KBA/JPaTHBIX KOPHEN IS IPEBHUX I'PEKOB, KOTOPbIE NEPBLIMU OOHAPYKIUIM, 4TO
KBA/IPaTHBIA KODEHb U3 [BYX HE 3allUCBIBACTCS B BUJE JPOOH, YUCIUTEIb U 3Ha-
MEHATesIb KOTOPON — 1esible uncia. (A HMKaKMX APYTMX CIOCOOOB 3aIMCHIBATH
4uCJia y HAX HE ObLIO).

Jlokaxxure, 4TO
Va2

1pu JHoGHIX 1ebiXx m 1 n. (Kak ropopsit, /2 MPpaLMOHAJICH; PAYUOHATbHbIMU
YMCTAMH HA3BIBAIOT POOY C LIEJIBIM UHCIATENIEM U 3HAMEHATEJIEM, UPPAYUOHATb-
HbIMU — 4YUCJIA, HE TIPEJICTABIMBIE B BHU/IE TAKUX APOOEIL.)

Pewenue. Tlycts /2 = ™ . Bosmokmbl TPU CITydast:

(a) m U n HEYETHDL; 5

(6) m 4étHO, N HEYETHO;
(B) m ue4y€éTHO, N YETHO.

(YeTBEpTHIi Cllydail — m U n YETHBl — MOXKHO HE PACCMaTpUBATh, TaK KaK
B OTOM CJIyYae MOXHO COKpAIaTh M ¥ N Ha 2, TOKa MBI HE TIPUAEM K OTHOMY W3
ciyuaes (a) —(B).)

Pasbepém Bee cityyau 1o odepeau. [Ipu 5ToM MBI UCTIOJIB3YEM TAKOE CBOWCTBO
YETHBIX Y HEYETHBIX YMCEJI:

e 4Y&THOE YMCJIO 3amMChIBAacTCA B Buae 2k, roe k — nesnoe;

e HeubTHOE YKCJIO 3allMChiBaeTcs B Buae 2k + 1.

(@) V2=

k+
2141’

2k +1\2

(2l+1> =2

Qk+1?

QI+12 7
Qk+1)2=2-1+1)2,
42+ 4k +1=2-21+ 1)

[IpotuBopeune: (4€tHoe 4nciao) + 1 = (4€THOE YUCIIO0).



48. Ceoiicmea keadpamuwix KopHeil 91

2k
©) V2=,

2k \2
(31+7) =2
k)2 =2-1+1)?,
4k2=2- (41 + 41 +1),
2k =41>+ 41 + 1.

[TpotuBopeune: (u€tHOE uMca0) = (YéTHOE ymcio) + 1.
2k +1
(8) V2=,
Qk+1)2=2-1)?%,
4k + 4k +1=2-N%

[TporuBopeune: (u€tHoe uncao) + 1 = (Y€THOE UMCIIO).
Wrak, Bce Tpu ciiydas HEBO3MOXKHEI.

JlokaxkuTe, 94TO UHCIO /3 HPPAIMOHAIBEHO.
Ykaszanue. Besxoe nenoe uncio umeer sun 3k, 3k +1 wm 3k + 2.

3aABJIAA, UTO MBI PELIAIN ypaBHeHMe x> — 2 =0 ¥ MOJy4WTH OTBET «X = /2
WM X = —+/2», MBI, B CyIIHOCTH, XBAacCTaeMcsi roHarpacHy. Ha camom jeJie Mbi
He PelAIM TO ypaBHEHHWE, BBE/Is 0OO3HAueHMEe \/2, a PacIMCAMCh B CBOEM
HEYMEHWHU ero pemaTh — Beb \/2 U 03HAYAeT «TIOJOKUTETLHOE UHCITO, KBApaT
KOTOPOTO PaBeH 2», T. €. IOJOKUTEIBHOE PEllCHAE ypaBHeHus X2 — 2 = Oy.

48. CpoiicTBa KBaJPAaTHBIX KOPHEIl

Hokaxxkurte, 9TO
Vab=va-\/b

mpu a, b > 0.
Pewenue. Ytoowr yoenurhes, uto /a -+/b sBjisiercs Ka/[paTHBIM KOPHEM 13
ab, Ha/10 — COIJIACHO OLIPE/IC/ICHUIO — IIPOBEPUTH, YTO €ro KBajpar paseH ab:

(Va-v/b) = (Va)’ - (Vb) =a-b.
Jlokaxxure, 4To
\/5 _va
b Vb

mpu a >0, b> 0.
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CJie/ty1onuyil BOIIPOC SIBJISICTCST TPAMIIMOHHON JIOBYNIKOM JUJIsI 323¢BaBHIMXCSI
a0UTypUCHTOB!

BepHo w1, uto V a? = a?

Pewenue. Her, HEBEPHO: 1IPU OTPULIATEILHOM (@ BHIPKEHUE V @> PABHO —d.
Beproe pasercTBO Oyzer Takum: V a? = |a|, rae

Ial a, ecsim a >0,
al=
—a, ecm a<o.

1 . 1 V7+V5
Jlokaxkute, 4to (a) m =2-+/3; (©) = .

Yro Gospme: v/1001 — /1000 wmm 1/10?
Ynpoctute Brpaxkenue \/3 + 2+/2.

Pewenue. 3+2vV2=1+2+2V2=1+ (vV/2)2+2v2=(1+V2)2.
Omeem. 1+ /2.

Banst yrpocTiit BblpakeHuHe:

\/3—2ﬂ=\/1+2—2ﬁ=
:\/1+(\/§)2*2\/§=\/(1*\/§)2:1’\f2'

Bepno ym »10?
Omeem. Tak kak 1 —+/2 < 0, To npaBUIbHBIA 0TBET /2 — 1.

49. Vpasuenme x> + px +¢ =0
Penmre ypasnenue

x242x—6=0.
Pewenue.
x*+2x —6=0;
(x> +2x+1)—7=0;
(x+1)2-7=0;
(x+1°=7;
x+1=V7 wm x+1:—\ﬁ;
x=—14vV7 uwm x=-1-7.
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Tot e npuéM NPUMEHMUM K JPYTMM ypPaBHEHHSIM.

Penmre ypaBHeHne

x24+2x—8=0.
Pemre ypaBHeHue
x24+3x+1=0.
Pewenue. TIpeodpazyem seBylo 4acTh
R O ORTE
X“+3x+1=x"+2 X+ (3 > +1=

_( +§)2_?+1_( +§)2_§
=3 R G 4
(-
T2 Tw
3 5 3 5
JII/I60X+2—\/:, JII/I60X+2——\/;,
_ 3./ __3_ /3
X = > pl nJin X = > 4

3ameuanue. OTBET MpeabLIYLIEH 32Ja4M YaCTO 3AICHIBAIOT KaK

3 5
x——22|:\/:

Penmte ypasuenue x2 —2x + 2 =0.

Pewenue. x> —2x+2=(x>2=2x+ 1D +1=(x—1)2+1. Tenepp BUAHO,
uto ypasnenue (x —1)? + 1 =0 pelenuii He UMeeT, TaK Kak JieBas YacTh BCEI/IA
Oouiblie nM pasHa 1.

OrnucaHHBIT METOJ Ha3hIBAETCsl «BbIIEIEHUEM IOHOTO KBaJpaTray. B obuem
BH/IE OH BBITJISIUT TaK:

YpaBHEHME TIPUOOPETACT BU:

IODTOMY

OTKyJa

x>+ px+g=0,

P P 2)_(3)2
(x+2 2 x+(2) 2) T4
P 2_(3)2_ _r_
(x+2) =\z) 1747 ¢
»?

Tenepb BO3MOXKHBI TpU CJIyYast B 3aBUCUMOCTU OT TOrO, 6yIICT JIn 7 — (¢ T1I0J10-
JKUTCJIbHBIM, PABHBIM HYJIIO WJIN OTPULIATCJIbHBIM.

Il
=
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2
e Ecimm % — q> 0, To ypaBHEHHE MEET JBa PEIICHNUS

2
e Ecim % — g =0, To ypaBHEHHE MIMEET OIHO pPEIICHUE

X=-—

2
e Ecin % — q< 0, pelieHuii HeT.

YacTo BCe TpH ciiydas OOBEAVHSIOT B GOPMYJTy

cuuTasz, 4T1o 1pu % —q= 0 PCHICHUA X1 U X COBIAJAIOT (TaK Kak I10/I KOpHEM

2
crout 0), a mipu % — g < 0 sta dopmyna uHe gaét pemenwmit. (Brociencrrrm
MATEMATHKU IO0TrOBOPWUJIMCh CUUTATh, YTO KBaZ[paTHLIfI KOpPEHb 13 OTPULIATCIIBHOTO
YUCJIa CYIECTBYET, HO MHUMBIIL. )

2

Yucno D = % — (, OT 3HAKa KOTOPOI'O 3aBHUCHUT, €CTh JIM KOPHU U CKOJIbKO
uX, HA3bIBAIOT allCKpuMllHaHmOM.

50. Teopema Buera

Teopema Buema. Eciu kBajpaTHoe ypasHeHue x2 + px + g = 0 umeeT asa
(pa3muHBIX) KOpHS o U 3, TO

a+pB=-p,
a-pf=q.

Jlpyzas ¢popmynupoeka: ecim KBajpatHoe ypasHenue x2 + px + ¢ = 0 umeer
7IBa Pa3JIMYHBIX KOPHI @ U 3, TO

x2+px+q:(x—a)(x—ﬂ).
D10 — JEHCTBUTEJIBHO JIPYTasi 3alCh TOTO K€ YTBEPXK/ICHUS, TOCKOJIBKY

(x—a)(x—ﬁ):xz—(a-l-,@)x-l-aﬂ,
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a PaBEHCTBO MHOTOWIEHOB X2 + pX 4+ ¢ u (x — a)(x — 3) 03HAuaeT, YTO PaBHBI
nx K03(ppuimeHTsI.

Jloxazamenvscmeo. (Ilepsoiit BapuanT) [o dopMmysie 17151 KOPHE# KBapaTHOTO
yPaBHCHUS

a=-2-VD. p=-L+VD,

2
rae D= P q. lim saobopor:

4
a=-L4VD, p=-2 Vb,

HO 3TO HEC BaXXHO. Tor/:[a

2 2 2
P _p_pP _ P —
=7 D 1 4+q q.

Uro u TpeboBAIOCH.

(Bropoir Bapuant) ByaeMm [okasbiBaTh TeopeMy Buera BO BTOpPOI U3 IIpUBeE-
JEHHBIX (POPMYJIMPOBOK. MBI 3HaeM, YTO ecsii MHOrowieH P(Xx) mMeer KOpHU «
u 3, TO €ro MOXXHO Pa3JIOKUTh HA MHOXKUTEJIM:

Px)=(x—a)(x—B)R(X)

B namem ciiyuae, Koryia MHorowien P umeer crenens 2, MHOrowieH R moxer
OBITh TOJIPKO YKCJIOM (MHAYe MpaBasi YacTh MMEET CJIMIIKOM OOJIBIIYIO CTEITeHb),
U YMCJIO 5TO PaBHO 1, Belb K0A(DPUIMEHTH IIPU X2 Yy MHOTOWIEHOB X2 + px + ¢
u (x — a)(x — B) oauHAKOBHI. 3HAYNT,

X Hpy+q=x—a)x—p),
4TO M TPEeOOBAIOCH.

Kak 0000umts Te0pemMy Buera Ha ciyvail ypaBHEHUs, IMEIOIIETO POB-
HO OJTMH KopeHb? OCTaoTCs JIU B CHUIe TIPE/JIOKEHHBIE CIIOCOOBI TOKa3aTeIbCTBA?

(Teopema Buera 7151 KyOMYECKOTO ypaBHEHUSI) YpaBHEHUE
X +pxP+gi+r=0
nMeeT TpH (pasIM4HbIX) KOpHA «, B, 7. Jloka3ars, 4To
a+pB+y=-p,
af+ay+py=gq
afy=-—r.
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Ypasnenue x? + px + g =0 UMeeT KOPHU X; ¥ X. Beipasure x? + x7
uepes p v q.

Pewenue. x? + x2=x2 +2x1% + x2 — 2x1% = (X1 + X2)2 — 2x,%, = p2 — 2¢.

YpaBHeHUe x>+ px + q =0 uMeer KOpPHU X1 U Xp. Beipasure (x; — X)?
uepes p U q.

Ilepsoe pewenue. (x; — x3)? =x} —2xixp + xF = x2 4+ 2x1 + xF — 4x1x =
= +x)?—4xx,=p? —4q.

Bmopoe pewenue. x; — X; — Pa3HOCTh MeX/ly KOPHIMU; TJIs/1s Ha popmy.ry,

2
BIIM, uTO OHA pasHa 2v/D, tak uto () — x;)? =4D = 4(‘% — q) =p?—4q.
Ypasuenue x° + px? + gx + r = 0 umeer kopnu «, 3, y. Bripasute
(a—pB)Y(a—1*(B—7)°

yepes p, ¢, r. (JTOT MHOTOWIEH OT p, ¢, ¥ Ha3bIBACTCS OUCKPUMUHAHMOM
KyOudeckoro ypaBHeHUs. Kak 1 B cilydae KBaJpaTHOTO YPaBHEHHS, OH MaJI, €CIIN
7Ba KOPHsI OJIM3KH JPYT K ApYyTY.)

[ycrs ypasuenue x2 + px + ¢ = 0 UMeeT KOPHU X; U Xp, @ yPaBHEHUE
y2+ ry + s =0 umeer KOpHU y; U y,. Buipasure

1= x0)2 —x1)(n — )2 — X2)

4gepes p, ¢, ¥, S. (OTOT MHOTOYJICH HAa3bIBACTCS Pe3ynbMmaHmoM ABYX KBaJPAaTHBIX
TPEXWICHOB; OH PaBEH HYJIIO, €CJIM Y HUX €CTh OOIIMi1 KOPEHB. )

Teopema Buera mo3Bosisier COCTaBUTh KBAJPAaTHOE yPaBHEHME C 3aJaHHBIMU
xopusamu. Tounee, He TeopeMa Bueta, a oOpaTHas K Heii: BOT €€ (hOpMy/IUPOBKA.

Teopema, obpamuas k meopeme Buema. Ecorm v m f — mro0Oble 4mcia, a
p=—(a+B), g=af, 1o ypasuenue x? + px + g =0 umeer kophu o u f.

Jlokazamenvcmeo. Ypasueuue (x —a)(x — ) =0, oueBu/IHO, UMEET KOPHU ¢
u 3. PackphiB CKOOKH, yBesxIaeMcs, 4To 3TO U eCTh ypaBHeHue x2 + px + g = 0.

CocraBpTe KBa/IPAaTHOE yYpaBHEHME C LCJIBIMU Kod(uimenTamm, nme-

foniee uncsio 4 — /7 CBOUM KOpHEM.
Vikazanue. Bropoit kopeus paseH 4 + /7.

Ko dumeHTs! p, ¢ KBaJpaTHOTO ypaBHEHHA X2 + px + g = 0, uMe-
IONIETO /IBA KOPHS, Iiesble. Jlokaxure, 9To

(a) cymMMa KBaJparoB €ro KOPHEH — LIEJIOE 4UCJIO;

(6) cymma Ky0OOB €ro KOpHeil — IeJI0e 9HCI0;

(B) cyMMa n-X CTEIIeHE# ero KOpHe# Ipy JI0OOM HaTypaJbHOM N — IIeJI0e
YHCJIO.
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Jlokaxurte, 4TO KBaJpar 4ucia a + b\@ (a, b — nenvle) Takke UMeeT
Bzt k + [\/2 s HekoTophIx nesbix k, 1.

JloKakuTe aHAJIOTWMYHOE yTBepxaeHue s (a + b\v/2)" Tpu  JII000M
megom n> 1.

Yuciio (a + bv2)" umeer Bua k + [v/2. Kakoil Buj uMeeT 4mciio
(a—bV2)"

JlokaxuTe, YTO CyHIECTBYeT OECKOHEYHO MHOTO IeJIbIX uuces a, b,
IJIs KOTOphIX a? —2b? =1.

Pewenue. Paserctso a®> — 2b* = 1 BBITOIHEHO pu a =3, b =2, NOCKOJIbKY
32 —2.22=1. epermiiem 570 paBeHCTRO Tak: (3 +2+/2)(3 —2+/2) =1. Bosseném
obe uactu B n-yio crenens: (3+2v/2)"(3 —2v/2)" =1. Yucio (3 +2+/2)" paso
k+1v2 1pu HEKOTOPHIX k u [, B 3TOM cityyae (3 —2/2)" paBuo k — 1v/2. Urak,

k+1V2)(k—1V2)=k*—21? =1,

T.€. k, | — pelleHre ypaBHEHUSI.
Hanpumep, (3 + 2WV2)2=94+8+12v/2=17 +12¢/2. [IpoBepum:

172 -2-122 =289 —2-144=289 — 288 = 1.

Jlokaxkute, 4T0 ypaBHeHuE x2 + px + ¢ =0 UMeeT JBa KOPHS PasHBIX
3HAKOB B TOM U TOJIBKO B TOM cllydae, Korjga g < 0.

Pewenue. Ecim ypaBHeHrE MMeeT KOPHH Pa3HBIX 3HAKOB, TO IO TeopeMe Bu-
era Ko>(p(ULMEHT ¢, paBHBIA MX mpomsBencHMIO, MeHbiie 0. Hamporus, ecim
IIPOM3BE/ICHUE /IBYX KOpHEH MeHpiie 0, TO KOpHM OyZyT pa3HBIX 3HAKOB — €C-
JI TOJIBKO KOPHHU €CTh. Y OCAUTHCSI B TOM, YTO KOPDHHM €CTh, MOKHO, BBIYVICJIVIB

2
JWICKpUMUHAHT D = % —q: ecim g< 0, T0 D> 0.

Jlpyroe oObsacHenue: ecm ¢ < 0, TO 3HaYeHHMe BHIpOKEHUS X2 + px + g mipu
x =0 orpuaresibHO. [Ipy GOJIBINMX X BRIPAXKEHUE CTAHOBUTCS TOJIOXKHUTEJILHBIM
(x? «repeBenmBaeT» px + ¢) — 3HAYMT, T/IE-TO B TIPOMEXKYTOUHOI TOUKE OHO
o0paiaercst B HyJib, 1 YPABHCHUE UMEET [10JIOXKUTEJIbHbINA KOpeHb. (AHAJIOIMYHO
U JUISL OTPUIIATEIHHOTO KOPHS.)

51. Pa3zjioxeHne KBaJpaTHOIO TPEXUJIEHA
HAa MHOKHTEJIH

Paznoskure Ha MHOXUTEN 2X2 + 5X — 3.

Pewenue.
2x2+5x—3—2(x2+§x—§)
- 2 2)"
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3
PemmmM ypasHenue x2 + x —-—==
25
Vet 4 i \/
KOpHHU: X} = —3, X3 = = H03TOMy (Teopema Buera, ctp. 94)

24 x-S = () (x—5) =+ 3 (v 5)

2x24+5x—3=(x+3)2x—1).

1
Pasznoskute Ha MHOXUTEU 2x2 + 2x + 5

Pasnoskure Ha mMuO)uTean 2a> + Sab — 3b2.
Pewenue.

2 2 2 a? a
2a> +5ab—3b>=b <2ﬁ+55—3).

a
Eci 0603HAYMTh — 9epe3 X M BOCTIOJIB30BAThCA PasIoKeHueM 2x2 + 5x — 3 =

= (x+3)(2x — 1), 5TO0 pPaBEeHCTBO MOXHO MPOJOKUTh U BHeCcTH b 0OpaTtHO
BHYTPb CKOOOK, ITOJTyYVB

..:bz(%+3) (2%—1) — (a+3b)(2a — b).

Jokaxwure, uto ecm a®> + ab+ b?>=0, To a=b=0.
Pewenue. Tlycts a® + ab + b?> =0, no a #0. (Ciyuait b # 0 aHanornyex. )
[NonenvB ypaBHeHHE Ha a?, nosyunm 1+ (b/a) + (b/ a)?=0. BumHo, 4TO WHCIIO
b

X = _ SABJSCTCS KOPHEM ypaBHEHNs 1+ x + x2, HO BTO ypaBHeHHE KOpHEii He
nMeeT (JIMCKpUMMHAHT paBeH 1 —4 = —3 <0).

52. ®opmyJia JJisk KOpPHEl ypaBHEHH
ax?>+bx+c=0 (a#0)

Jleium ypasaenue ax? + bx + ¢ =0 Ha a, HOJydaeM ypaBHEHHUe
b
X+ 2x+ S=o.
a a
Taxum o0pazoMm, B GOpPMyJTy JJIsl ypaBHEHUS

x>+ px+q=0
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b c
HaJI0 MOJCTABAT P= —, ¢ = . [Mostyuaem

2 2 _
b:l: (b)_4c_ b:l: b* —4ac

M2= T 2a a” 2a 4a2
_ b Vb —dac _—bxVh?—4ac
2a 2a 2a '
Boipaxkenue
D= b*>—4ac

HA3BIBACTCS OUCKPUMUHAHMOM YPABHCHUS
ax®>+ bx +c=0.

Ecii1 oHO 110J105kUTE/IbHO, ypaBHEHUE umeeT jiBa KopHst. Ecim D =0, ypaBHenue
nmeeT ouH KopeHb. Ecimm D < 0, ypaBHeHHE He MMeET KOPHEIA.

MH1 3aMeHWIN
[ b? —4ac Vb2 —4ac
40> \aq?

Vb2 —4ac
2a ’

Ha

HO, KaK Mbl BuiesM, V4a? pasuo ue 2a, a |2a|. [ToyeMy B JIAHHOM CJIydyae 5TO
HE UMeeT 3HAueHUs?

VsBectHo, uro ypasHenue ax® + bx 4+ ¢ =0 umeer KOPHU X; M X,.

Kakue kopuu umeer ypasuenue cx? + bx + a =0?

Pewenue. Nemmm ax? + bx + c=0 na x?; [0JIy9aeM

b c 1\2 1
at+-+—5=0 wm c-(f) +b-(7)+a:0,
X X X X
11 )
T.C. M — OyZayT KOpHsIMU ypaBHeHust cx” + bx + a =0.
1 2
3ameuanue. CkazaHHOE BEPHO, ecyu X1 Z 0, x; #0. Ecnu onun u3 KopHE#t X1 u

X PaBeH HyJIo, To (10 TeopeMe Buera) ¢ paBHO HyJo U ypaBHenue cx? + bx + a
“MeeT He OOJIbIIE OTHOTO KOPHSI.

53. Emé onna ¢popmysia kopHeit
KBa/IpaTHOI'O ypaBHEHUSA

DopmyJry
—b+vb?—4ac

X =
1.2 2a
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3yOpSIT MAJUIMOHBI IIKOJBHUKOB BCEX KOHTHHEHTOB. Mex/y TeM ecTh Jipyras ¢op-
MyJia, HIYEM HE XYK€ OTOU, HO MaJ0 KOMy W3BECTHast: ecam ¢ # 0,

2c

Xip=———
12 —b++b?—4dac

JlokaxeM eé: ec/iu X — KOpeHb ypaBHenus ax> + bx +c¢=0u c#0, 10 x #0
u y =1/x Gyner kopuem ypasuenus cy>+ by +a =0,

—b+Vb%—4ac.

N2= 2c

0TCIO/Ia
1 2c

Xjg=—=——
12 N2 —b++vVb?2—4dac

HpOBCprC IIPAMBIM BBIYMCJICHUEM, YTO

—b++vb*—4ac _ 2¢c
2a  —bF Vb2 —4dac

(MBI HarmMcaMy F B 3HAK TOTO, YTO ITIOCY B JICBOW Y9acTH COOTBETCTBYET MUHYC
B IPaBOi U HA00OPOT).

54. KBagpaTHO€ ypaBHEHHE CTAHOBUTCS JIMHEWHBIM

TMocMOTpUM Ha KBa/IpaTHOE ypaBHeHue ax? — x +1=0. [To obmeMy mpasuy
OHO MIMEET /IBa KOPHS, €CJIU ero qUucKpuMuHaHT D=1—4a>0, T.e. ecrm a< 1/4.

Bepno st 310?

Omeem. HesepHo, tak kak npu a = 0 nosyyaercs ypasHenue —x +1=0,
nMelolee ¢IUHCTBEHHBI KOopeHb X = 1.

®opmasmct ckazas Obl, uTo 1pu @ =0 Hame oduiee IPaBUIO HEITPUMEHUMO,
TaK KaK ypaBHEHHe He sBJiseTcsl kBaJpaTHBIM. M oH mpaB. Ho Bcé-Taku kak ke
5TO Tak: KWIO-OBLIO KBaJpaTHOE ypaBHeHMe ax’ — x + 1 =0, umeso oHo cebe
IBa KODHS, HO Mbl Ha4yald MEHATh a, W BJAPYI OJUH KOpEHb IIPOIaJl, Korja a
crano pasHO Hymo. Kynma ke on gescs?

Uro0B OTBETHTH HA ATOT BOIMPOC, ITOCMOTPUM Ha (HOPMYIy /I KOPHEH w3
NPEAbIYIIErO IIyHKTA:

2

Xlpg=—F—7—.
2711V —4a
Ecmm a 6nmsko x Hymo, T0 /1 —4a~1, Tak 410

2 2
T 141 —4a 141

x1 13
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HO
2 2

1—+v1—4aq  uucjo, 6mi3koe K HYJIO

Xy =

T.€. OYEHb BEJMKO. BHIHO, 4TO mpy NpUOMMKEHNM @ K HYJIIO KOPEHb X IIpU-
omokaeTcs K 1, a X; «yXoauT B OECKOHEYHOCThY — W «BO3BPAIACTCS C JAPYIoi
CTOPOHBI».

Kak »T0 mpomcxoauT, BIIHO HA PUCYHKE.

ay

3/1eCh MOKA3aHBI TOUKK (X, @), JJIS KOTOPhIX ax? — x + 1 =0, wim, apyrumu
csiopamu, rpaduk pyHkimu a = (x — 1)/x2. (10T rpaduk HAPUCOBAH KOMITBIO-
TEPOM MO TOUYKaM; [JIsl HATJISAHOCTY BBIOPAH Pa3HbIN MaciTad Ha ocsx.) YToOw!
HaifTu pellieHus ypasHenus ax> — X + 1 =0 1pu JlaHHOM @, HA/J0 LEPECedb 10~
PU3OHTABHYIO MTPSMYIO, IPOXO/IAIIYIO Ha BBICOTE @, C TAaHHBIM TpadukoM. [pen-
CTaBUM ceOe, YTO TOPU30HTAJbHAS MPsIMasl JABIDKETCS CBEPXY BHH3, OCTaBasCh
TOPU30HTAJIBHOM. BHavase (pu a > 1/4) oHa He nepecekaeT rpaduka — pelie-
Huit Her. 3areM (nipy a = 1/4) nosiBiisseTcst OjiHa TOYKa repeceveHus: (x = 2),
KOTOpast Cpasy ke pas3/iBauBaercst (Kak TOJIbKO @ craHoBurcst MeHbine 1/4). Onun
W3 KOPHE# YXOJUT B TIOJIOXUTEJIBHYIO0 OECKOHEYHOCTh, KOT/Ia @ MPUOJIVDKAETCS K
0, a 3areM BO3BpalIacTCSl W3 OTPHUIIATEJIBHON OECKOHEYHOCTH, TIOCJE 4Yero oda
KOPHSI TIPHOJIFDKAIOTCS K HYJIO C PA3HBIX CTOPOH.

Y10 HPOMCXOUT C KOPHSMH ypaBHeHust X2 — x — @ = 0 1IpyU U3MEHEHUM
a?

UTO IIPOUCXO/IUT C KOPHSMU ypaBHeHus X2 — ax + 1 =0 upu usmeneHuu
a?

55. I'paduk kBagpaTHOrO TpEXUJIEHA

CHavasia MBI HapucyeM Tpaduk y = x2, a 3aTeM MOJydMM U3 HETO IpaduKu

APYTrUX KBa/I[PpaTHBIX TpéX‘IJIeHOB C IIOMOILIBIO CIBUT'OB, OTpa)KCHHﬁ u paCTSI)KCHPIﬂ.
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Ya by

I'paduk y = x? (JIeBHIi W3 IBYX) HAPUCOBAH MO TouKaM. Ipaduk y = ax? (rae
@ — TIOCTOSHHOE YMCJIO) MOJIyyYaeTcs W3 y = x2 pactspkenueM (ecam a > 1) wm
coxatreM (ecsm O < @ < 1) BOJIb BEPTUKAIBHOM OCH: YeM OOJIBLIE @, TEM OOJIbIIE
OH BBITSHYT; 4eM OJIDKe @ K HyJIO, TeM OoJibllie oH ckaT. Ha pucyHke crpaBa
nokazansl rpaduku y = 2x2 (pacTAHyTHIA BABOE 110 BEPTUKAIA 10 CPABHEHHUIO C
y=x%) uy=(1/2)x? (BABOE CXKATHII1).

Ya
e Va
Vi ~
A o~ /
1 oy
VN
. N
1 X
- »
-1 i\ X
\
‘2‘-‘) _1

IMpn a < 0 rpaduk K TOMy k€ U NEPEBEPHYT (HA JICBOM PHUCYHKE ITOKA3aH
rpaduk y = —x2, cuMMeTpuUHbiii IpaduKy y = X> OTHOCUTEJILHO OCU abCIMCC).

I'papuk y = x2 + ¢ nostydaerca u3 y = x2 capurom Ha ¢ (BBepX, ecm ¢ > 0,
BHM3 Ha |c|, eciim ¢ < 0). Ha mpaBoM pHCYHKe MOKAa3aH C/BUI BHU3 Ha €MHUILY
(mpu ¢ =—1).

AHaJIOrMUHBIM 00pa3oM y = ax? + ¢ 1oJydaeTcs us y = ax>.

CroxHee IOHATH, YTO COOTBETCTBYET CABUTY rpadyka BJIEBO-BIIPaBo. Jliis

1
IpUMepa paccMOTpuM rpaduk y = Exz M CpaBHMM €ro C rpadukom y = = (x + 1)2
(cMm. pucyHOk Ha cienyiomeil crpanuie). Ionoxnm x = —3. Tlpu 5TOM BRIpaXke-

1 1
HYe E(x +1)? pasHo 5(—2)2, T. €. UIMEET TO K€ 3HAYCHUE, YTO Exz upu X =—2.

1
BooOuie 3HaueHME BBIpaKCHUS E(x + 1)? coBIAagaeT CO 3HAYCHMEM BHIPAKCHUS
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1
*)Cz, HO IIpA yBCJIMYCHHOM Ha €/IMHUILY 3HAYCHUU X.

2

1
Ha rpadgmuke 5TO BBIIVISIIUT Tak: TOYKU rpaduka y = E(x + 1)? nepexonar B

1
TOYKU rpaduka y = Exz ripu casure BripaBo Ha 1. Takum oOpasom, rpaduk y =

1 1
= Exz TIOJTYYUTCS, €CIA TpaduK y = E(X +1)? caBunyTh Bripaso Ha 1. OOpamas

1 ) 1o
CKa3aHHOE: rpaduk y = E(x + 1)” mosyuwurcs, ecim rpaduk y = 5X" CABAHYTD
BJIEBO Ha 1.

Boobme, rpadux y = a(x + m)? momydaercsa u3 rpaduka y = ax? caBUTOM
BiIeBo Ha m eaunm] (ecau m > 0; mpu m < 0 OyzeT COBUT BIPaBo HA |m|).

Teneps MBI BUMM, 9TO JI000# rpaduk BrUAA

y:a(x+m)2+n

MOXHO TIOJIy4dTh W3 Tpaduka y = X2 B TpU TIpHUEMa:
2

(a) pacTsHYTb IO BEPTHKAIM B @ pa3 — IOJIYUHTCS y = ax”;
(0) cABMHYTH HA M BJIEBO — MOJyunTCs y = a (X + m)?;
(B) c/BUHYTH HA N BBEpX — nostyunrcs y = a(x + m)? + n.

Haitiute xoopIMHATHl BEPUIMHBL (HIDKHEN WM BEPXHEN TOUKU) rpadu-
kay=a(x+ m)?+n.
Omeem. BepiimHa HaXomurcst B Touke (—m, n).

Baxen ym nopsiox onepanmii (a), (6) u (8)? Ilosydnm i MBI TOT K€
camblit rpaduK, ec/IM K UCXOIHOMY TpaduKy y = X2 NPUMEHUTH STH K€ OTepalliy,
HO, HAIIpUMED, B 0OpaTHOM Iopsijike (cHavasa (B), notom (0), orom (a))?

Omeem. Tlopsnok omneparuii BaxkeH. MBbl HOJIyYnM x2 + n mocne (B), 3a-
teM (x + m)? + n nocie (6) u, Hakowerr, a(x + m)? + an nocne (a). Tak uro
TIOJy9UTCST @n BMECTO N.

Omepary (a), (6) U (B) MOXXHO YIOPSITOUNUTH TIECTHIO CITOCOOAMH.
[MomyunM 1 MBI TIpM TOM IIECTh PA3JINYHBIX T'PAadUKOB, WM HEKOTOPHIC U3
rpaukoB COBIATYT?



104 56. Keadpammuwie nepasencmsa

Tax MOXHO TIOCTPOUTH rpauk JIOOOr0 KBAIPATHOTO TPEXUICHA, TAK KaK JIIO-
00l TPEXWIEH MOXET OBITh 3ammcaH Kak a(x -+ m)? 4+ 1 C IOMOILIBIO BBIAC/ICHUS
TIOJTHOTO KBajIpara:

b
ax2+bx+c=a(x2+gx)+c=

—a(x2+2-£-x+ (i)z— (£>2> +c—a<x+£>2—b—2+c
h 2a 2a 2a - 2a 4a
b b?

0O603Ha4KB 5g @M a— + ¢ 3a n, noJjiydaeM TpebyeMoe.

Kak y3Hate 3HaKu wmcen a, b ¥ c, T Ha Tpaduk TPEXWICHA y =
ax*>+ bx + ¢?

Omeem. Ilpu a > 0 «poxXKn» HATIPaBJICHHI BBEPX, Ipu a < 0 — BHU3 (CM. pu-
CYHOK).

yA

a>0

=Y

a<O0

3uak b/a omnpenesnseTcs TOJOKEHAEM BEPUIMHBI Tpaduka (CJIEBa WK CIIpaBa
oT HyJsis). TeM CaMbIM MOKHO OIIPEJIE/IUTh 3HAK b, Tak KaK 3HAK @ yKe U3Be-
CTeH. 3HaK ¢ MOKHO HATH, TOCMOTPEB HA MECTO TIEPECEUEHUs rpaduKa ¢ OCHIO
opmvHat (Tak Kak ax? + bx + ¢ pasHo ¢ mipu x = 0).

3ameuanue. Ipyroit cnocod ompeneseHus 3Haka b: eciv B TOUKe mepece-
YEHMS C OCBIO OPJIMHAT TpadyK WAET BIIPABO-BBEPX, TO D TOJOKUTEIBHO; €CITU
e B DTON TOUKe rpaduK WAET BIIPABO-BHU3, TO b OTPHMIATEJHHO. JTO TPABUIO
MOXET OBITh OOBACHEHO CPEICTBAMU MAaTEMATUUYECKOTO aHAJIM3a: eC/ (yHKIUS
f(x) = ax?® + bx + c Bo3pacTaeT NpW 3HAYEHUAX X, OMBKUX K 0, TO €& mpous-
BoaHas f'(x) =2ax + b (pauas b upu x = 0) HOJIOKUTEJbHA.

56. KpaapaTHbie HepaBeHCTBa

Peumte HepaBeHcTBO X2 — 3x +2 < 0.
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«Penmrn HEPABCHCTBO» HA IIKOJIbBHOM JKAaprOHC O3HAYACT: «BBISICHUTH, IIPU
KaKux 3HAQYCHUAX 6yKB OHO BBIIIOJTHCHO.
Pewenue. Paznoxum JIEBYIO YaCTh HAa MHOXHUTCJIN:

X2 —3x+2=(x—1)(x—2).

Omna oOpamraercst B O B Toukax x =1 m x = 2; mpu x> 2 00a COMHOXKUTEJIS
TIOJIO>KUTEJIBHBI; IIPU IIEPEX0/Ie Yepe3 TOUKy 2 B uHTepBaJl (1, 2) oAUH COMHOXU-
TEeJIb CTAHOBUTCS OTPHULIATEJIBHBIM, M IIPOM3BE/ICHNAE OTPUIIATEIBHO; TIPU TIEPEXO/IE
yepe3 TOYKY 1 00a COMHOKUTEJISI CTAHOBSITCSI OTPULIATEJIbHBIMU:

- — -

1 2 x
Omeem. HepaBeHCTBO BBIIOJHEHO Ipy 1 < x < 2.

s &

DTOT e OTBET MOKHO ITOJIYYUTh, HAPUCOBAB IPahvK KBAIPATHOTO TPEXUWICHA
y=(x—1)(x—2). B roukax x =1 m x =2 3T0T rpadvk nepecekaet 0Ch AOCLCC;
POKM TIapadOJIbl HAIIPABJICHEI BBEPX.

57. MakcumMyM 1 MUHUMYM
KBa/IpaTHOI'0 TPEX4JieHa

Cymma 1Byx umces1 pasHa 1. Kakoe HauOosibiee 3HaYCHUE MOXKET IIPU-
HUMaTh UX IIpou3BesiecHuE?

Ilepsoe pewenue. Ecm ofHO 4nC/io 0003HAYUTDH Yepes X, TO BTOpoe OyzeT
pauo 1 — x, a ux npoussesenne papHo x(1 — x) = x — x2. Tpéxwien —x? + x
HAIpaBJIeH POraMu BHI3 (NP X2 CTOMT MUHYC), a KOpHM ero x =0 u x = 1, Tak

1
YTO BEPIUIMHA, HAXO/ICH TIOCEPEVIHE MEXTY KOPHSAMU, UMEET abCIucCy X = 52

1 1 1
MaKCHMaJIbHOE 3HAYCHHE PaBHO 5" (1 - 5) =7
1

Omeem. MakcyMaJIbHOE 3HaYEHUE PpaBHO Z



106 57. Maxcumym u MuHumMym K8aopamHo20 mpéxuneHa

1
Bmopoe pewenue. Obo3HaYMM OTHO UYHMCIIO 32 5 + x, Torma BTOpOE OyIeT

1
PaBHO 5 — X, a X IIPOU3BECICHNE PABHO

1 1 1,
(5 +x> (Efx) =7X
TaK 4TO MAKCHUMAJIbHOE 3HA4eHME JocTHraeTcs, korna x =0 (o0a umcia paBHHI
.
JlokaxuTe, YTO KBAJpaT MMEET MAKCHMAJBHYIO ILUIOIAQIh CPEAM BCEX
MIPAMOYTOJIbHAKOB JTAHHOTO IEPUMETPA.

JlokaxuTe, 4TO KBaJpaT MMEeT MUHUMAJBHBIA IIEPUMETP CPEId BCEX
MPAMOYTOJIbHUKOB JAHHOW TUIOIIA/IN.
Ykaszanue. Bocriosin3yiitech npe/ibIyleit 3a/1auei.

2
Kakoe HanMeHblIee 3HaYCHIIE MOYKET IPUHIMATh BRIPQKEHHUE X + — IIpA
X
TIOJIO>KUTETBHBIX X7
Ilepsoe pewenue. ITocMoTpuM, pu Kakux ¢ > 0 9UCJIO ¢ MOXET OBITH 3HA-

2

YCHUEM BBIPDAXKCHUS X + —. prFI/IMI/I CJIOBaMH, MBI XOTUM Yy3HATh, 1PN KaKKUX C
X

ypaBHCHNC

2
xX+-=c
X
VMeeT penreHre. JTO yPaBHEHME MOXXHO YMHOXKUTH HA X U MHTEPECOBATHCS, TIPU
KaKUX C ypaBHEHHE
X2 +2=cx
umeer penierre. (ITO pelieHne He MOKET ObITh HyJIEM, Tak Kak 02 + 2 # ¢ -0,
[IOPTOMY Ha X MOXHO OyZA€T ITOJC/IUTD).

YpaBHeHue x2 + 2 =cx wm, 410 TO XKe, X
KOI/Ia €r0 JINCKPUMUHAHT

2 _ cx +2 =0 umeer peliieHue,

2
HEOTPULIATEJIEH, T. €. KOIZa (7) =2, T.€.

>v2 wm gé—ﬁ.

N o

2
Urak, ypaBHeHHE X + — = ¢ UMEET pEIUEHUE IIPU C > 2\@ uc< —Zﬂ. Hau-
X
2
MEHBIICE 3HAYCHUE BBIPAXKEHUS X + — IPU MOJOKUTEIBHEIX X PAaBHO 2v/2.
X
Bmopoe pewenue. x un Pl CTOPOHBI IIPSIMOYT'OJIbHUMKA ILIOIAJH 2, €ro

2
MOJIyTIIEPUMETP PaBeH X + e OH OyneT MHUHMMAJICH, KOT/la IPSIMOYTOJBHIK —
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2
KBaJpar (CM. IPEABIAYIIYIO 337a4y), T.€. Korja x = o x2=2 x= \@ [Ipu

2
TAKOM X 3HAYEHME BHIPAXEHUS X + — PaBHO 2V/2.
X

58. bukBajpaTHble ypaBHEHMS

Penmre ypasuenue x* —3x2 +2=0.
Pewenue. Ecim X — pellieHre STOTO YPABHEHUS, TO Y = X2 SBJISETCS PEllIeHH-

em ypasnenus y2 — 3y +2 =0 — 1 Ha060pOT. DTO KBa/IPATHOE (OTHOCUTEJILHO )
ypaBHEHHE UMeeT KOPHU

3+v9-8 341
V2= 5 = 5 H

T.e. 1 =1, ;p =2.
[1o5TOMY pEleHUSMU UCXO/HOIO YPaBHEHUs Oy/1yT Te X, /J1si KoTophix x2 =1
W x2 =2, TaK 4TO OHO UMeET 4 pelCHUS:

x=1, x=-1, x:\/E, x:—\/i.

[MonoGueIM 00pa3oM MOXHO pPELITh JI00oe Oukgadpamuoe ypaBHeHue (Tak
HAa3bIBAIOT YPaBHEHUSI BUJA ax* + bx2+c=0).

YKakuTe TPUMEPHl OVMKBAJPATHBIX YPAaBHEHWIA (€CJIM OHM CYILIECTBY-
10T): (a) He MMEIOIMX pelIeHNsT; (0) UMEIONMX POBHO 1 pemieHue; (B) MMEIONINX
2 pewenus; (r) uMmerommx 3 pelueHust; (1) uMerolux 4 perieHuss; (€) UMEIoLux
S5 pelreHuit.

(Vkasanue. B oqHOM U3 CiIy4aeB Takoro rpuMmepa Her.)

CKOJIBKO pEICHMIT MOXKET VIMETh YPABHCHHE
ax® + bx> +c=0?

Ykasanue. He 3a0ynapte, uto a, b wim ¢ MOTYT PaBHATHCS HYJTIO.
Omegem. 0, 1, 2 Wiy GECKOHEYHO MHOTO.

Tot ke BoIpoc I ypaBHEHUS

ax®+ bx*+c=0.

59. Bo3BparHble ypaBHEHHs

Penmre ypaBHeHUE

x4+ 73+ 4x2+7x +2=0.
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Pewenue. 3amerm, uto X =0 He sBJIsIeTCS KOPHEM. [109TOMY MBI HUYETO He
1IOTEPSIEM, €C/IM PA3/IE/IM D10 ypPaBHEHME HA X

7 2
22+ 7x+4+ -+ =5 =0.
x  x2

Teneph crpynmmpyeM WIEHH € OJMHAKOBBIMUA KOX((HUIIMEHTAMH U IIPOTHBOIIO-
JIO)KHBIMH CTEIICHAMH X:

1 1
2w+ ) +7(x+ 1) +4=0,
X X
, 1 1
Iocae sroro 3amerum, yTo X~ + 2 MOKHO BbIPAUTb 4epes3 X + 3
1\2 1 1\2 1
(x—l-f) :x2+2~x-7+(7) =x’+ 5 +2,
X X X X
OTKy/Ia
1 1\?
x2+—2:(x+7) —2.
X X

1
Takum 00pasoM, eciiu X SIBJISIETCS! PELICHUEM UCXOHOI'O YPaBHEHUsI, TO y =X + p
SIBJIICTCSI PELICHUEM ypPaBHEHHS

202 -2)+7y+4=0,
KOTOPOC MOXHO IIEPECHUCATh TaK:

2y —4+7y+4=0,

22 +7y=0,
yQ2y+7)=0,
otkyna y =0 wm y = —7/2. [looTOMy pelieHIsIMI UCXOJHOTO YPaBHEHUS OyIyT

T X, JIJIT KOTOPBIX

1 1 7
X+-=0 wm x+-=——.
X X 2

Penmm >t 1Ba ypaBHeHUs:
1
X+ < =0=x24+1=0=>x2=-1 (pelieHMit HeT);
1 7
X+ T =-3 o3HavaeT (MBI 3HaeM, 410 X 7 0)

7
X+1=—Zx, wm x2+§x+1:O;

KOPHH:
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Omeem. YpaBHeHUE UMEET [BA PEILCHUS

—7—-+/33
4 s

Xp =

-7+ /33
X1 = f

60. Kak 3aBaJIuTh Ha DK3aMeEHe.
CoseTbl JK3aMeHaTOpy

Hocssiyaemes: npuémmoii komuccuu mexmama MI'Y

Ectp MHOrO pasHbix npuéMoB. BoT oquH 13 HUX.
1. Bo3pMEM KBa/IpaTHOE YpaBHEHME — >KEJIATEJIBHO C HELEJBIMUA KOPHSIMH,
HATIpUMED,
3x>+2x—10=0
—2+V4+120  —24+124 fli\/ﬁ)

6
2. IloncTaBMM BMECTO X KaKOM-HMOYAbh MHOTOUYIEH BTOPOI CTEMEHH, HAIIPU-

mep, x=y>+y—1:

(xopHU X1 5 =

=Gl +y DG +y -1 =y*+2y° —y? -2y +1,
3x2+2x —10=(3y* +6y> -3y — 6y +3) + (2y> +2y —2) —10=
=3y*+6y° —y? —4y—9.

3. Ilpe/j10KUM DK3aMEHYEMOMY PELUUTb YPaBHCHUE

3yt +6y° —y? —4y —9=0.

4. TMomoxnaém 10— 15 MuH.

5. CkaxeM €My, 4YTO €ro BpEeMs HUCTCKJIO, U ITIOCTABUM HBOI‘/'IKy.

6. Koma BKSaMeHyeMLIﬁ CKaXET, 4TO 3a4a4a CJIOKHAA WJIN 4YTO YPaBHCHUSA
IIeTBépTOI‘/'I CTCIICHU HC BXOIST B LL[KOJIbHyIO nporpaMMy, paS’LHCHI/IM eMy, 4qTO OH
o1mbAETCA M 4TO DTO YPaBHCHMC JICTKO CBOAUTCS K KBA/IPATHOMY:
3yt +6y° —y? —4y—9=

=Gy 43y =3+ Gy 3y -3 - P +y-D - 10=
=322 +y—D+3y0’+y-1D - +y—1)—10=
=307+ +y - -G +y—1—10.
Ecsiu Teneps y2 +y — 1 0003HaYUTD 32 X, TO MOTYIUM
3x+1)x —x—10=0,
3x2 4+ 3x—x—10=0,

-1++v31

X1,2=
’ 3
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1 OCTAJIOCh PCHIUTH IBA KBAJAPATHBIX YPAaBHCHUS

-1 31
y2+y—1:%ﬁ u y+y—1=

—-1—-+v31
3 .

Bor, neckatb, u BCE!
Ipyroii — He MeHee 3((PEKTUBHBIA — PELENT TAKOB: BO3BMUTE [BA KBA/IpaT-
HBIX YPaBHECHUS C HElEJbIMU KOPHSIMU, HAIIPUMED,

X24+x—-3=0 u x*>4+2x—-1=0
nu HepeMHO)KLTe nux:
P4+ x=3)2+2x—1D)=x*+3x>—2x2—7x+3=0.

Mostyunsiieecs ypasuenue (x4 + 3x% —2x2 —7x + 3 =0) MOXHO CMeJIO jiaBath
adurypuenry. He 3a0y/bre TOJIBKO OYMaXKKy C MCXO/HBIMM YPABHECHUSIMH, MHAYE
HA aNeJUTAIAM BB TIOMAETe B HEOBKOE TOJOKEHME.

61. Kopau

KBajipaTHBIIl KOPEHb U3 UMCJIA @ — DTO YUCJIO, KBAJpaT KOTOPOrO DPaBeH
a. (IlonpaBka meaHTa: YKMCIO @ JOJKHO OBITH HEOTPHULIATEIBHO M KBA/IPATHBIN
KOpEHb — TOXE.) AHAJIOTMYHO, KyOMUECKMII KOpeHb m3 yucja a > 0 — 3710
HEOTPUIATENBHOE UUCIIO X, /UIS KOTOPOTO X° = a. TaK e ONpeeNsioTcs U KOPHU

Dosiee BbICOKMX cTereHeit. Kopens n-it crenenu us a obosHavaor 4/a.

0np€()€]l€Hll€. KOpHEM n-i cmenenu w3 HEOTPUIIATCJIBHOTO YXCJIa a Ha3bI-
BACTCA HEOTPULIATCJIBHOC YHCJIO X, IJISI KOTOPOIro x"=a. (MbI npearoaracMm,
YTO n — IIOJIOKUTCJIbHOC IICJIOC ‘II/ICJIO).

B cBs13u ¢ oTIM OIPEACJICHNEM MOTI'YT BO3HUKHYTh HEKOTOPBIC BOIIPOCHI.

Bonpoc. A dt0, ecimu Takux 4rices HECKOJIBKO?

Omeem. D10 HEBO3MOXHO. YeM 0OJIBIIE TIOJOKUTEILHOE YKCIO X, TEM 00JIb-
e €ro n-as CTeTeHs X" (ecJiM B TIPOM3BE/ICHNN N TTOJIOKUTEIFHBIX COMHOXKUTE-
JIell yBeIMIUTh BCE COMHOXKUTEJIH, TO Mpom3Be/cHe yBeauautcs). [loatomy nBa
PA3HBIX YMCJIA HE MOTYT MMETh O/IMHAKOBYIO 71-I0 CTEICHb.

Bonpoc. A Bapyr uncia x, juist kKoroporo x" = a, BooOiie Her?
Omeem. 110100HbII1 BOIIPOC YK€ BOSHUKAJI [IPU OOCYK/ICHUM KBA/[PATHBIX KOP-
Hel. 371ech CUTyaIysl COBEPIICHHO aHAIOTHYHA.

Bonpoc. Eciu n 4étHO, TO uncio —%/a Takke B n-oil CTEleHH PaBHO d.
[MoyeMy MBI BHIOpPAI UMEHHO TIOJIOKUTEJIFHOE U3 JIBYX UKCEN?
Omeem. Tak pUHATO.
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Bonpoc. Ecim n He4€THO, TO M IPY OTPULIATEJIBHBIX @ MO>KHO HAWUTU Ta-
koe X, uyro x" = a. Haipumep, (—=2)* = -8. [louemy e MBI HE I'OBOPUM, 4YTO
KyOMdJeckuii KopeHb m3 —8 paBeH —27?

Omeem. MoxxHO ObLIO OBl TaK ¥ CUMTATh, HO JUISL IPOCTOTHI MBI 3TOT CJIydait
VCKJTIOUAEM.

Yro OoJiplIe: I% wm 1,2?

Boramcmte 3/0,999 ¢ TOYHOCTBIO 710 TPEX 3HAKOB TOCJIE 3aIlATOM.
Yro Gostbie: /2 wim 3/3?

Yro 0osblIIE: 3\/§ wm /42

Yto GoJtbliie: m wm 4/2?

Yro Takoe \/a 1o HaueMy onpeaescHuo?
Omgem. \/a=a (nng a> 0).

Terniepp MbI JIOKQKEM HEKOTOPHIE CBOMCTBA KOPHEM.

Jokaxure, 9T0
“ab="%a-"/b

upu a> 0, b> 0.
Pewerue. CorsracHO ONpe/IC/ICHHIO, HYKHO JIOKA3aTh, 4TO

(Va-%/b)" = ab.
[lo mpasuiy

(xp)*=x"-y
nosry4aeM (IIOJIOKUB X = ”\/E , Y= %)

Wa-Vb)" = a)"- (\/b)" = ab.

Jokaxxure, 4ro
2 ja _ Na

b~ b
mpu a >0, b>0.
Ykazanue. MOKXHO WMCIOJIB30BAaTh PABCHCTBO

() =5
y) o

YT TIPEABIIYINYIO 3a/1a4y.
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Jlokaxxure, 4TO

pu a > 0.

Jlokaxxure, 4TO
"abc=%a-"/b-%¢c

upu a, b, ¢> 0.
Pewenue.

"\/abc:"\/(ab)c:W”%z%-%”%.

3ameyanue. AnamorndHoe yTBEpXK/EHHE BEPHO HE TOJBKO sl TPEX UMCE,
HO ¥ JIJIS1 9CTHIPEX, MATH U T. I

Jokaxwure, 4To
Vam=/a)"

pu a > 0.
Pewenue.

Var="%/a-a-....a=%a-%Ya-....- Y a="/a)™.
_—  —o
m pa3 m pas
3/1ech UCITOJIB30BAHO YTBEPK/ICHUE TTPE/IBITYIIEH 3a/1aun.

B pemenvn 3agaun 349 paccMOTpPEHBI HE BCE BO3MOXKHOCTH. Bocrior-
HUTE TPOOeI.

Pewenue. Mui npejionarasnu, yro m> 2. [lpu m =0 u 1 yrBepxk/ieHue 3a/1a-
ui 104t o4eBUIHO. [TpoBepuM ero mist orpunatesibHbIX m. IlycTs, Harpumep,

m = —3. Torga
n—= 1 1 1 _
73_" —_—_ = = = n 3
CTENS TS T W Wy,

Jlokaxure, 4ro

W/a="/"a
JJIsL JTIIOOBIX TTOJIOKUTETBHBIX HEJIBIX M U n U IJisd Joboro HEOTPULATCJIBHOTO d.
Pewenue. CornacHo OIIPCACJICHNIO, HAlO IIPOBEPUTD, 4YTO

mn

(14)" =
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B camowm neute,
(3/4)" = (38)") =i =

Hokaxxurte, 9TO
"an =%/a
(m,n>1, a=>0).

Hokaxxkurte, 9TO
Yarb=aVb

(n — noJoxurespHOE Leoe, a =0, b > 0).

62. CreneHb ¢ JpOOHBIM MOKa3aTeJIeM

Cieryioniee MHEMOHMYECKOE MPABUIO MOKET [IOMOYb 3AIIOMHUTH CBOMCTBA
KOpHei: smu ceoticmea (3agauu 345 — 353) nonyuaromces u3 ceoticmg cmeneneil,
ecnu cyumamo, 4mo

\/E:al/Z, Va=d"3, Ya=d'*

u m.o.
Haripumep, ocHOBHOE CBOICTBO KOPHsI (€r0 ONnpe/eJIeHne)

NVa)"=a

TECIIEPH TIEPETIMCHIBACTCS B BUIEC

n
(al/ "'=a

" CTAHOBUTCA YaCTHHBIM CJIleaeM HpaBI/I.Ha
(aP)d = g

npu p =1/n, g = n. CpoiicTBo
n /M:m\n/a

(al/m)l/n — g\/mn

TETEPh 3AIUIIETCA B BUIE

v nosiydaercsi npu p=1/m, g=1/n.

[Nosmyunrte 3TEIM cOocOoOOM Bce yKaszaHHBIE B 3agadax 345 —353 cBoii-
CTBAa KOPHEH (MCIIOJIb3YsI CBOMICTBA CTEIICHEH).
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VimeTs /1e710 ¢ MHEMOHUYIECKVIMY TIPABUJIAMH BCET]A HECKOJIBKO YHUBHUTEIBHO,
HODTOMY [JaBaiiTe IOJHUMEM PAHI STOrO IpaBmiIa U OyIeM CUUTATh €ro onpedeiie-
HueM CTeTIeHH ¢ TIokaszatesieM 1/n (paHblie MBI PacCCMAaTPUBAJIN CTEIICHU TOJIBKO
C LIEJIBIM TIOKa3aTesIeM).

Onpeodenenue. Tlpu tesom n > 1 u a > 0 nojiaraem

al/"="%/a.

Cpazy e BHHO, YTO 3TOTO olpesesieHus1 Majio. Hamprmep, XoTesoch Ob Hamu-
caTh, 4TO
1/3

1/3 _ /34173 _ 273

a -a

(vacTHbIi ciryvait mpaswia a™ - a" = a™*" upu m =n=1/3). Ho mbI He 3HaeM,
uTo Takoe a?/3. UToOBl BOCIOJHUTE STOT TIpode, onpeaemm a>/? kak (al/?)?
1 Boobme a™ ™ kak (al/™)™ wim, JPYrUMH cJioBamu, Kak (3/a)™.

Onpeodenenue. J1Jis NEJOT0 m U HEJOTO MOJOKUTEIBHOTO N ONIPEIEIAM d
TaK:

m/n

a"'" =/ a)".

BHUMaTesIpHBIN YMATATENh CpPa3y XK€ OTMETUT IO/IBOX B DTOM OIIpE/ICJICHUU.
Hanpuwmep,

a'®’"  onpeneneno kak  (Ya)'®
B TO BpeMs Kak
a*?  ompeneneno kak  (3/a)?

Mexay Tem 10/15=2/3 u Tem cambim a'%/'3 ofsano pasusaThea a?/®. Utobm

HAIIIE OMPE/IECHIE OBIII0 KOPPEKTHBIM, HEOOXOIMO, ITOOBI
Va)'®=(/a).
ITposeprTe 3T10.
Pewenue.
5\ 2
Yo =((YVa)') =&ar.

[TpoBeprre, 4TO IPU COKPAIICHUM OOIIMX MHOXWTEJICH B Jpodu m/n
3HAYEHHe BHIPAKEHNA @™ " COTTAcHO HalleMy ONpe/e/IeHMIO He MEHAeTCH.

Ykaszanue. Cm. npenpiayinyto 3aiauy, rie B apoou 10/15 cokparusicst oOumit
MHOXHUTEJb 5.

Ter[epb CBOMCTBA CTEIICHEN, KOTOPBIE MBI 3HAJIA JUJIA HEJIBIX ToKasareJjen, Ha-
0 IIPOBEPUTDH [1JIsd oKasareJieu, PaBHBIX OTHOUICHUIO JIBYX IICJIBIX YMCEJT (pauH—
OHAJIbHBIX HOKaSaTCJ’[CfI).
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Hokaxure, 9T0

al - q = qP+e

JUIsL JIIOOBIX 1po0eit p u q.

Pewenue. Tlycrs, Hatipumep, p=2/5, ¢ =3/7 (B obiem ciiyyae paccyxie-

HUS aHaJTormuHbl). Hajjo mpoBeputh, 9TO

2/5 | 317 _ ,2/5+3/7

a -a

[puBeném mpodu 2/5 u 3/7 x oblieMy 3HAMEHATEJIO:
2 14 3 15
5735 7735
Mh1 yxe 3HaeM, 4To

2/5 _ (114/35, 3/7 _ 015/35,

a a

II02TOMY

G235 31T = g14/35 . 415/35 _ GVt ) =

— )45 = q(14+15)/35 _ [ 14/35415/35 _ 2/5+3/7

Jokaxure, 9T0
(ab)m/n — am/n . bm/n'
Hokaxxkute, 9TO
(aP)4 = aP?

JUIsl JIIOOBIX PALIMOHAJIBHBIX IIOKA3aTesIeht p U q.
Pewenue. Cravana nmyctp ¢ — 1eJioe, a p=m/n.

(aP)! = (am/n)tl — ((H\/E)m)tl — ('l\/a)mtl S T ——
[Mycrts teniepy g =1/ k npu Hekotopom 1iesiom k, a p = m/n. Torga
(")t = (@"") k=N amin =4/ (R/aym.

Obo3nauuB 3/a yepes b, npogosHKUM:

= k pm — (/C\/B)m — (k W) mn — (k{u/a)m — am/lm — a(m/n)~(1/k) — aPi,

Haxkonew, j1st npomsBosibHOTO ¢ = I/ k nmeem

(aP)i = (a")V* = &/ar) = (a”)'M)! = (aP'*)! = aP* = aP4.

CHavajia MBI BOCITOJIb30BAJIHCH TEM, 4TO

(ap)l/k — ap'l/k,
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¥ 3aTEM HCIIOJIb30BAJIM, YTO
(ap/k)l A

(OTH 1Ba YACTHHIX CIy4asl MHTEPECYIOIIET0 HAC PAaBCHCTBA MBI Pazo0pad 3apa-
Hee.)

Hoxkaxkute, 9to ipn @ > 1 3HaueHMe af yBeIMIMBACTCS C POCTOM p, a
npu 0 < @ < 1 3HaueHne af yMeHbIIAETCSI C POCTOM p.

Ykasanue. Ilpusenure cpaBHUBAacMble 3HAYEHUS II0KA3aTE/Is K OOLIEMY 3HA-
MeHatemo. He 3a0yspTe, 9T0 p MOXKET OBITh M OTPHIIATEIFHEIM (M B 3TOM CJIydac
YTBEP>K/JICHHE 3a/1a9K OCTAETCSI BEPHBIM).

Orta 3a/la4a OTKPBIBAECT BO3MOKHOCTL OIIPEACJICHUA a*n JJId 9YUCEJT X, HE
ABJIAIOIUXCS OTHOHNICHUAMM JIBYX IIEJIBIX. HaHpI/IMCp, YUCJI0

9V2

MOHO TIHITATBCA OMpE/IETUTh KAK 9HCI0, Gojbllee BeeX umced Buma 2P/9 mpu
p/ < /2 1 Menpinee Beex unces Buia 274 npu p/q> /2. (To, 410 Takoe YHCIIO
CYILIECTBYET M €IMHCTBEHHO, [JOKA3bIBACTCS B KypCEe MAaTEMATHYECKOTO aHA/IN3a.)

Kak 651 BB onpenemami Y/ a wm VY a?

Omeem. EctectBeHHO cumMTaTh, 4to //a=a?, "VYa=a?

63. /loka3zaTe/IbCTBAa UYHCJIOBBIX HEPABEHCTB

Bce mpuBommMEbIE B OTOM pasjiesic HepaBeHCTBA MOXHO B IIPHHIIMIE OBLIO
OBl JTOKa3aTh, BHUMCIVB JIEBYIO U MpaBylo YacTW. OJHAKO 1TO, KaK MpaBHUIO, HE
HAWTy9IIAi CIIOCO0.

Jlokaxxurte, 4TO

1 1 1 1

> ﬁﬂ‘@ﬁ‘ +%<1

1
100"

TO CyMMa PaBHSUIACh ObI 5} ecm OBI BCE OHU

. 1
Pewenue. Kaxnplit m3 100 WICHOB CyMMBI HAXOJUTCSI MEX]Y 200 7

Ecym Obl BCe OHM PaBHSINCH 200"

1
100° TO B CyMMe OHU JTajd OBl 1.
Jlokaxxure, 94TO

—<177+———+ +@—%<1

Peuwterue. JleBoe HEPABEHCTBO IOJIYYHTCS, €CJIM CIPYIIMPOBATH

(1_%>+(% )+ +(1;9 2(1)0)

PaBHAJIUCH
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(niepBasi ckoOka pasHa 1/2, a BCe CJIC/yIOIUME T10JI0KUTEIIHHBI).
[IpaBoe 1os1yunTCsi, €C/IM 3aIMCATH

1_(1_1)_(1_1)_ (L_L)_L
273 47 5) 77 \198  199/) " 200°

3ameuanue. Ha camom jiesie JIBe IPE/IbUIYIIME 33/1a4M I'OBOPST 00 OJIHOM U
TOM e, TaK KaK

LI S R + + L
101 102 200 199 200

Yoenurech B DTOM.

Pewenue.
L+ +— (1+1+1+ .+ ) (1+ + +. +—)
101 200 23 200 100
(1+ +3+. +ﬁ)—2-( +otet +%>
1——+777+ +7,L
- 199  200°

Jokaxute, uto (1,01)1° > 2,

Ilepeoe pewenue.

(1,01)1°° = (1 +0,01)(1 + 0,01)...(1 4+ 0,01)

100 coMHO:KMTEICH

Uro mosy4uTcs, ecim pacKphITh ckoOkn? OnuH wieH Oynet paBeH 1 (mpousserie-
HUe BceX eauHMIl). Emeé OymyT dwieHbl, KOTOpHIE MOJydYaTcs, ECIA B OJJHOU CKOOKE
B3aT1h 0,01, a BO BCcex oCTaldbHBIX — MO equHuie. Takux wieHos OyzaeT 100, a ka-
b1l 13 HUX paBeH 0,01. Bynyt u npyrue uieHsl (paBHbIE 0,012, 0,01 u t.11.),
HO yXe€ DTH B CyMME JalOT

1+100-0,01=2.
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Bmopoe peuwierue.

1,012 =1,0201 > 1,02;

1,01° =1,01%-1,01 >1,02-1,01 = (1 +0,02)(1 +0,01) =
=1+0,02+0,01+0,02-0,01 >1,03;

1,01 =1,01°-1,01 >1,03-1,01 = (1 +0,03)(1 +0,01) =
=1+0,03+0,01+0,03-0,01 >1,04;

1,01° > 1,05;

1,01 > 1,06;

1,01%° > 1,99;
1,010 > 2.

Jlokaxure, 94TO

T+ o+ o+ 56+ F 700 <2
Pewenue.
11 11 1
i—2 1271 2
11 11 1
5- 3223727 ¥
11 11 1
6 234 3 @
1 1 1 1

1002 <99-100 _ 99 100"
Orciona (CKJIaJIbIBaeM BCE HEPABCHCTRA)

1 1 1 1
s R )
< 2 2 3 3 4 99 100/ °
[Napsr npotuBononoxkHbIX wieHoB (—1/2 u 1/2, —1/3 u 1/3) cokpamaiorcs, u

é 1+1 ! 2
ocra€rcs Too® UTO MeHbile 2.

Yro Gosbiie: 10002°% pym 200010002

Jlokaxxnure, 4TO
1

1 1
1+§+§+...+71000000<20.
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JlokaskuTe, 4TO IPA HEKOTOPOM 1
1 1 1
1+§+§+...+;>20.
Ykasanue. B BrpaxxeHUN
<1>+(1+1>+<1+1+1+1)+<1+L+ +L>+
2 3 4 5 6 7 8 9 10 716

KaK/lasg CKOOKa He MeHblie 1/2 u He OoJibiie 1 (CM. BbIIe).

64. Cpennee apudpmernveckoe u
CpellHee reoMeTpruyecKoe

a+
Cpeonum apugpmemuueckum quces a u b Ha3pIBaeTCs UX MOJyCyMMa

Haspanue o0bscHsaeTCS TEM, YTO TOYKA YMCJIOBOI HpHMOﬁ HAaXOIUTCA IMMOCEpEIUHE
MCXKAY TOYKaAMHU a U b:

a (a+b)/2 b

[

(b—a)/2

[TpoBepbTe 3TO.

Pewenue. Tlycts, Hatipumep, a < b, T. e. Touka a Jjesee Touku b. Paccrosiaue
MEX/Ty HUMU PaBHO b — a; pubaBUB K ¢ TIOJIOBUHY 3TOTO PACCTOSIHUS, ITOJIYYUM

b—a 2a+b—-a a+Db

At =5 T

Cpennee apudmernaeckoe umces1 1 u a pasao 7. Uemy pasro a?

Cpednum 2eomempuyecKum HEOTPULIATEIBHBIX YUCET d U b HasbIBAIOT KBa-
JIpaTHBIA KOPeHb w3 X npomspeenms: v/ ab. (OrpaHuueHue CIyyaeM HeOTpHIIA-
TEJIBHBIX @ U D CBS3aHO € TeM, 4YTO IpU PasHBIX 3HAKaX @ U b mpoussenenve ab
OTPHLIATEIJILHO ¥ KBAIPATHBIN KOPEHb HE m3BJIeKkaeTcst. Ecim ske oba uucia orpu-
aTeMBHE, TO /@b Onpenenén, Ho GBLTO Gl CTPAHHO HA3HIBATH TOJOXUTETHHOE
qCsio vV ab cpeHIM MeK/Ty OTPULIaTe/IbHBIMK YnciaMu a u b.)

Cpennee reomerpudeckoe unces 1 u a pasHo 7. Uemy pasHO a?
UeMy paBHa CTOpPOHA KBaJpaTa, IIepIMETP KOTOPOTO paBeH IEepPUMETDY

MIPSIMOYTOJIbHUKA CO CTOpoHaMH @ u b? Uemy paBHa CTOpOHA KBajpara, ILIOa/b
KOTOPOTO PaBHA IUIONIAIY IPSAMOYTOJIBHUKA CO CTOPOHaMH @ U b?
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BriBatoT apudMeTHUecKie U TeOMETPHYECKUE IPOTPECCHU, a TaKxke
apupmMeTHIecKoe u reoMeTpudeckoe cpemane. CilydaiiHO JI COBIAJICHIE TEPMU-
HOB?

Pewenue. Tpu uucia

a, [cpennee apudmernyeckoe a u b, b
COCTABJISIIOT apU(PMETHIECKYIO TIPOIPECCHIO, 4 TPU UUC/IA

a, [cpeanee reomerpuyeckoe a u b], b
COCTABJISIIOT TEOMETPUUECKYIO ITPOrPECCHIO.

Emgé oaun crioco® onpenesuTs cpeHee apu(pMETHYECKOe U FeOMETPUIECKOE:
cpeaHee apuMETHYECKOE Ha CTOJIBKO K€ OOJIBIIE @, HACKOJIBKO MEHble b; cpel-
HEe IEOMETPUYECKOE BO CTOJIBKO K€ pa3 OoJIblIe a, BO CKOJIBKO pa3 MeHblle b.

65. Cpeanee reomeTpuueckoe He 0OJIbIIE CPEJAHEro
apupmMeTHYeCKoro

I[oxaxcme, UTO JJId HEOTPUIIATCJIBHBIX YUCEI d 1 b BCET/1a BBIIIOJTHEHO
HEPABCHCTBO:

ﬁabg a—i—b‘

2

a+b

Pewenue. YtoOpl cCpaBHUTH HEOTPULIATEIBHBIE YncIa V ab u
VX KBA/PaTHl U JIOKAXKEM, UTO

, CPABHUM

a+b)2_(a+b)2

abg( 2 4

Jlpyrumu cjioBamu, HaJI0 IpoBeputh, uto 4ab < (a + b)?, wm

4ab < a®*+2ab+ b?,
0<a®—2ab + b

B 1paBoii yacTu 10CJIe/IHEr0 HEPABCHCTBA YMTATE/Ib JIETKO Y3HACT KBA/PAT PA3HO-
cru (a— b)?, 4T0 U 3aBepIIACT JOKA3ATENLCTBO (KBAIpaT BCEr/la HEOTPULIATEICH).

B kakux ciyuasx cpemHee apU(PMETHUECKOE PABHO CPETHEMY TeoMe-
TpUYecKoMy?

Pewenue. Kak BUIHO U3 penieHUs IpeIbIIYIIein 3a/1auu, cpeiHee apudMeTu-
YecKoe 4rces @ U b paBHO MX CpeHEMY TE€OMETPUIECKOMY B TOM U TOJIBKO TOM
ciyuae, ec (a — b)?> =0, 1.e. a=b.
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66. 3amaud Ha MAKCUMYM U MHHHUMYM

(a) KakoBo MakcHMaJIbBHO BO3MOXKHOE 3HAUEHME IIPOM3BEIECHMS BYX
HEOTPHIIATEJIbHBIX YHCEJI, CyMMa KOTOphIX paBHa c? (0) KakoBo MmumHmMaibHO
BO3MOYXHOE €r0 3Ha4YeHue?

Pewenue. (a) Cpennee apupMeTrdeckoe UX PaBHO ¢/2, TaK 4TO UX CPEAHEE
I€OMETPUYECKOE HE IIPEBOCXOAUT €/2, a ero KBaapar (T. €. IPOU3BEIACHUE YUCe])
He TIPEBOCXOUT €2 /4. ITO MAKCUMAJIBHO BO3MOKHOE 3HAYEHHUE TOCTUTAETCS, KO-
IJ]a YKCJia PaBHBL.

(0) MuHNMaiIbHO BO3MOXKHOE 3HadeHwe paBHO 0. Tak OyzmeT, ecim ofHO U3
yrces1 paBHO 0, a Jpyroe pasHO C.

KakoBbl MakCHMaQJIPHO ¥ MHHMMQJIBHO BO3MOXXHBIC 3HAQUCHHSI CyMMBI
JIByX HEOTPHULIATEJILHBIX UKCEJI, IIPOM3BEICHIE KOTOPBIX PaBHO ¢ > 0?

Pewenue. Cpenee reOMETPUYECKOE DTUX YMCEJ PABHO +/C, TIOITOMY X I10-
JIyCyMMa He MeHBIIEe \/C, a CyMMa He MeHbliie 24/c. ITO 3HaYCHUE JTOCTUTAETCA,
€CJIV YKCJIA PaBHBIL.

MakcuMaapbHOTO 3HAYEHHSI He CYIIECTBYET — CYMMa MOXKET OBITh CKOJIb YTOJI-
HO BEJIMKA, €CJIM OJJHO 4MCJIO OJIM3KO K HYJIIO, A JIPyroe BEJIMKO.

3ameuanue. Kak Bb TIOMHUTE, MBI YK€ BCTPE€YaJIX JABC IMOCJIETHUE 3a1a4d,
KOorjia roBOpujii O MUHUMAJIbBHOM M MAaKCHUMAJIbHOM 3HAQUCHUAX KBA/[PATUYHOI'O
MHOI'OYJICHA.

KaxkoBa makcumaJjibHAsST BO3MOXKHAS TUIOLIAIb IIPAMOYTOJIBHOI'O y49aCTKa,
ecym JymHA 3adopa 120 m?

KakoBa MakcuMaspHass BO3MOXKHASI TUIOIA/Ib IIPSIMOYTOJIBHOTO YYacTKa
TUIsTKa, M300paXEHHOT0 Ha PUCYHKE, ecy JumHa 3adopa 120 m? (Ot Mopst sk
HE OTrOpokeH!)

3a00p

cyuia

Mope

Pewerue. MbIC/IeHHO BO3BEJEM CUMMETPUYHBI 32a00p B Mope:

3a00p

cylra
Mope

[NepumeTp nosTy9eHHOTO MPSIMOYTOIbHIKA OyeT 240, a miomaas ero OyaeT Mak-
CUMAJTFHOM, KOTJIa 9TO KBaJIpaT co croponoii 60, u paBHa 3600. PeanpHas rwio-
maap Ha Oepery BaBoe MeHble M paBHa 1800, Korma 3a00p COCTOUT U3 KYCKOB
mmHoi 30, 60 u 30.
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KakoBo MakcnMasibHO BO3MOXKHOE 3HAYEHHME MpomsBefeHust ab, ecnu a
U b — HEOTpHULIATEJIbHBIC YUCTIA, IS KOTOPBIX a + 2b =3?

Pewenue. HpOI/IBBCHGHI/IC uncesl a U b MaKCHUMaAJIbHO, KOI/la MaKCHUMaJIbHO
MMPpOM3BE/JICHUC YNCEJT a 1 2b — a oHo MAaKCUMaJIbHO, KOI'Jla 5THU 4YUCJIa PABHBI,

T.e. a =2b =3/2. Urak, MakCUMaJIbHOE 3HAYCHUE TPOM3Be/eHUsT ab paBHO
3 3 9

24 8§

67. T'eomerpunueckue MIIOCTPALIUA

Hekoropble u3 J0Ka3aHHBIX HEPABEHCTB MOXHO IOSICHATH pUCyHKamu. [Ipu-
BeJEM /1B IIpUMEpa.

Ilepeuiit npumep. HepaBeHCTBO

/leg a+b

2

NEPEIUIIEM B BUIC

2Wab<a+b
¥, BO3BEAS B KBAJIPaT, ITOJIy4INM

4ab < (a+ b)2.

DTO MOATBEPKAAETCS TEM, UTO YETHIPE MPSIMOYTOJIBHUKA @ X b MOKHO TIOMECTUTh
B KBAJPAT CO CTOPOHOI @ + b u mpu 3TOM emé OCTaHeTCs1 CBOOOTHOE MECTO B
cepenune, eciau a 7 b (cM. pucyHok).

a b

CKOJIBKO OcTaHeTcs Mmecra?

Hoy‘II/ITGJI])HO CPaBHUTDH pE3yJIbTaT 9TON 337a44 C aﬂre6paI/I‘I€CKI/IM JI0OKas3a-
TEJILCTBOM HEPABCHCTBA O CPEAHMX.

Bmopoii npumep. TlpoBeném OHMCCEKTpHCY IPSMOTO yIjla W IOCTPOMM [IBa
PaBHOOE/IPECHHBIX MPSIMOYTOJIbHBIX TPEYTOJbHUKA C KaTeTaMu a U b.
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A

2
22

Vx miomwamu pasuel a®/2 u b?/2. BMecTe 5T TPeyroNbHUKU TIOKPHIBAIOT
MIPSIMOYTOJIBHUK @ X b, o3TOMYy

a? + b?

ab < >

Y100bl YBUAETh B OTOM HEPABEHCTBE HEPABEHCTBO O CPEIHUX, IOJCTABUM +/C U
V'd Bmecto a u b:

\/E'\/E<C+d.

2

3ameuanue. Bmecto GUCCEKTPHUCH! MOXKHO OBLIO ObI IIPOBECTU APYTHUE JIMHUH,
4T0-HUOY/Ib TAKOE:

+2

7

2pVb

a/3

Tak MOXHO [IOKa3aTh Jpyrue HEPABEHCTBA — HAJO TOJIBKO YMETb BBIYHMCJISATH
IO/ «KPUBOJIMHEHHEIX TPeyTroJibHUKOB». Haripumep, juist kpusoit y = x2 1o-
JiyyaeM (Kak TOATBEPIAT 3HATOKM MATEMATMUYECKOTO AHAJIM3a) «TPEYrOJIbHUKA»

3
wromasneit a®/3 u Eb\/B’ U HEPAaBEHCTBO

3
ab<%+§bﬁ,

KOTOPOC BBIIOJIHACTCA IJIL JTIIOOBIX HEOTPULIATCJIPHBIX 4 U b.
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68. CpenHue MHOIHX 4HCeJl

a+b+c

73 3
3

cpe/Hee reoMeTprdeckoe — Kak \ abc (B ompesiesieHun CpeiHero reoMeTpude-

CKOTO MbI BHOBb Npe/IoJaraeM, 4to a, b, ¢ > 0). Anasorndmbie orpeiesieHus

JAI0TCS U IS JTI0O0T0 KOJIMYECTBA YKCENI: CpedHee apudmemuyeckoe n ducest

a, ..., A, ONPENIESACTCS KaK

Cpeninee apudmernyeckoe Tpeéx unces a, b, ¢ orpesessiercst Kak

ar+...+ay
n >
cpeanee 2eomempuyecKkoe HEOTPULIATCJIbHBIX YMCCI dy, ..., dp KAK
i ay-az-...-dy.
Hepagencmeo o cpednem apugpmemuueckom u cpeonem 2e0MempuiecKom
BEPHO LI JII000r0 KOJIMYECTBA 4KCEJI:

a+...+an
Y

ay-ay ... ay <

Kak 1 B pa3soOpaHHOM paHee ciTydae JABYX UHCEJI, PAaBEHCTBO BO3MOXKHO, TOJIBKO
€CJI BCE YHCJIa PABHBL.

Ipex /e ueM T0Ka3BIBATH HEPABEHCTBO O CPETHEM apr(METHUECKOM U CPETHEM
TeOMETPUYECKOM, M3BJICUYEM M3 HETO HEKOTOPHIE CJIC/ICTBUSL.

I/ICHOJH:ByH OTO HEPABECHCTBO, JOKAXUTE, YTO €CJIA dy, ..., dy — HEO-
TPULIATCJIBHBIC YUCJIA, [1JIsI KOTOPBIX

a+a+...+a,<n,

TO
ay-ay-...-a, <1.
Pewenue.
a1+...+an<n:>w<l:
=1 a1-a2~...-a,,§m<1:>a1-a2~...-a,,<1.

n
B ABYX CJICAYIOIIMX 3a/1a49aX TAKXKC IPCAIaracTcs UCriojb30BaTh HCPABCHCTBO
0 CpEeIHEM apI/I(bMeTI/I‘{CCKOM " CpEeAHEM T'€OMETPUYCCKOM (663 HOKaSaTC.HLCTBa).

Z[orcaxcme, YTO IMPOM3BEACHUEC N HEOTPULIATEJILHBIX YHMCEII C 3JAaHHOI
CyMMOfI MAaKCUMAJIBHO, KOI/1a 3TN YUCJIa PABHBIL.

Z[oxamme, YTO CyMMa 11 HCOTPUIATECJIbHBIX YMCEJI C 3a/TaHHBbIM IIPON3-
BCJICHMCM MUHHMAJIbHA, KOI'Ta 5T YUCJIA PABHBI.
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CyIiecTBYIOT pa3HBIC /TOKA3aTEJILCTBA HEPABEHCTBA O CPEIHMX apr(pmerrde-
CKOM U T€OMETPHUYECKOM, HO HAMOOJIEE€ €CTECTBEHHOE WCIOJIB3YyeT MaTeMaThde-
CKMIi aHAN3 (TIOHSATHUE MPOU3BOTHOM). MBI 000MIEMCS Oe3 HEeTo — HO TIOHEBOJIC
5TO OyJeT BHIIJISAACTh KaK TPIOK.

JloKa>X1Te HEPABEHCTBO O CPEJHEM apU(PMETUUCCKOM U CPEIHEM I'€O-
METPUYECKOM IS N = 4.

Pewenue. Ham nansl 4 HeoTpuLIaTe bHEIX yucia a, b, ¢, d. Bynem meHaTs
WX, COXpaHsAs HEU3MEHHON MX CyMMY (U, CJIe/IOBaTeJIbHO, CpefHee apudMerrye-
ckoe). IIpu HToM mx mpousBesieHNe OyAET MEHSITHCS — W MBI OyIE€M CJICIUTH 3a
TeM, KaK MMeHHO. Haire 1oKa3aTesibCTBO MPOXOIUT B HECKOJIBKO DTAIloB.

a
1. 3amenuM g u b Ha JABa YMCJIa, KAXKJA0C€ U3 KOTOPBIX PABHO

a+b a+b
27 27
Cymma He mMenutcs. [TpomsBenierre BO3pacTET (WM OCTAaHETCS] MPEKHUM, €C-
Jm a = b): comHoxuresi ¢ U d HEe MEHSIOTCS, a IIPOM3BE/CHUE [[ByX YMCEJI C
3a/TaHHON CyMMOIt (a + b) MaKCHMAaJIbHO, KOT/]A UMCJIA PABHBL.
2. To xe camoe caemaeM ¢ ¢ U d:

a+b a+b a+b a+b c+d c+d
> 2 o edT T T Ty
CyMMa HC U3BMCHUTCH, HpOI/I3BeZ[€HI/Ie CHOBa yBCJII/I‘II/ITCH (I/IJII/I OCTAHCTCS npe)K-
HUM, ecJiu c=d).

3. MBI BHIpaBHSUTM YKCJIa B TIEPBOIA TTape W BO BTOPOU IMape, Temeph OymaeM
BBHIPABHUBATh MEXK/Ty [TAPAMHU:

a, b, c,d= ¢ d.

a+b a+b c+d c—l—déa—&—b—l—c—l—d a+b a+b+c+d c+d
27 27 27 2 4 o2 4 o2
4. Tenepb OCTAJIOCh BEIPABHSATH BTOPOE M YETBEPTOE UMCIIA:

a+b+c+d a+b a+b+c+d c+d

4 o2 7 4 2
a+b+c+d a+b+c+d a+b+c+d a+b+c+d
4 ’ 4 ’ 4 ’ 4 '
B koHEeuHOM MTOre MBI 3AMEHIJIM YMCJIA
a, b, c, d
HA 4KCJIa
S, S, S, S,
rne S=(a+ b+ c+d)/4 — cpennee apudmerryeckoe, U UX MPOU3BEICHUE

BO3pOCJIO (I/IJ'II/I OCTaJIOCh HpC)KHI/IM)I

a-b-c-d<S-S-S5-S
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nwin

X abcd < 8.

Uro m TpedOBAIOCH TOKA3aTh.

JlokaxxuTe, 9TO HEPABEHCTBO MEX/Iy CPeTHAM apu(METHYECCKIM H Cpe-
JTHUM T'€OMETPUYECKUM YETHIPEX YMCEJT TIPEBPAIACTCS B PABEHCTBO, TOJBKO €CIIN
BCE YMCJIA PABHBI.

Ykasanue. V3 pelienus npeapiayIeit 3aa4u BUJHO, YTO PABEHCTBO BO3MOXK-
HO, JIAILIb €CJIM Ha BCEX CTAAMSIX OIMCAHHOI'O TaM IIPOLIECCA HAlM 4uciia (pakTu-
YEeCKH He M3MEHSUIUCH.

Kak mokazath HepaBEHCTBO O CpeHEM apu(pMETHUECKOM U TeOMETpU-
YeCcKOM JuUid n = 8?

Pewenue. Touro Tak jke: CHaYajda BHIPABHMBAEM UKCJIAa B YETHIPEX IMapax,
3aTeM MEXIy MapaMl — U TIOJY4aeTcCsl ABE YETBEPKH, 3aTEM BEIPDABHMBACM BCE
BOCEMb.

JloKa’kuTe HEPAaBEHCTBO O CPETHEM APU(PMETUICCKOM M TEOMETpUYe-
CKOM JuIs n = 3.

Pewenue. V3 Tpéx umcen a, b, ¢ caenaeM vetsipe, 100aBUB CpeHEE TeoMe-
TPUYECKOE: TTOJydaTCs Yrciia

3
a, b, c, Vabc,
K KOTOPHIM IIPMMEHNM HEPABEHCTBO /IUIS YETHIPEX UHCET:

4 b 3/ab
abc%/;ggggﬁj;gi{%tgjiﬁ,

Kopens, cTosmmii B JIeBOi YaCTH HEPABCHCTBA, IIPE/ICTABIISET CO00 He YTO MHOE,
3 ..
KaK V abc. YroObl yOequThCst B 9TOM, BO3BEIEM 00a (HEOTPUIIATE/IBHBIX) YUC/IA

4 3 3 .
V abc vV abc n V/ abc B 4eTBEPTYIO CTENEHD U IIPOBEPUM, YTO IIOJIYYACTCS OJHO

u TO XKEC:

4
(4 abe ¥ abc) = abc ¥ abe

n
(Vabe)* = (Vabe)* -V abe = abe ¥ abe.
Nrak,
W<a+b+z+m,
473 abc<a+b+c+m,
33 abc<a+b+ec,
3 abc§a+b+c
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Uro u TpedOBaIOCH AOKA3ATH.

I/ICHOJII)BySI HEPABCHCTBO O CPpEAHUX IS n = 8, JOKQXXUTEC BTO K€ HE-
PaBCHCTBO UIA 11 = 7.

JlokakuTe HEPaBEHCTBO O CPETHUX I N = 6.
Yxazanue. Bocriosp30BaThest TIPEABIIYIIVIMY 33Ta9aMHU.

JlokaxuTe HEpPAaBEHCTBO O CPEIHMX UISL BCEX LICJIBIX h> 2.
Vkaszanue. Cnavana yokaseiBaem it n =2, 4, 8, 16, 32, ..., a 3arem ciyc-
KacMCs BHU3.

JloKaXXnTe, YTO HEPABEHCTBO MEX/Yy aprU(PMETHYCCKUM U T€OMETpHYC-
CKUM CPEIHUMH 0OpallaeTcs B PaBEHCTBO, TOJIBKO €CJIM BCE YMC/IA PABHBL.

HepaseHCcTBO 0 cpefHeM apud)METHYECKOM M T€OMETPUIECCKOM MOXKHO JTOKa-
3BIBATh ¥ MO-APYTOMY.

3aMeTHM MpeX/e BCEro, YTo €CJIU BCE UUCHA dp, ..., (y YBEJUUUTH B OJHO U
TO K€ YMCJIO Pa3 — HAIPHUMEp, B TPU pa3a — TO U CpeAHee apudMeTHIecKoe,
U Cpe/lHee I'€OMETPUYECKOE YBEJIMYATCS B TO K€ camoe uuciio pas. Ilpu srom
WX COoOTHoIIeHVE coxpaHuTcs. [lonToMy, skemast oka3aTh HEPABEHCTBO O CPEfl-
HEeM apr(pMETHIECCKOM ¥ CPETHEM I'€OMETPUYECKOM, MOXHO M3MEHHUTH BCE YHCIIA
BO CTOJIBKO Pa3, 4TOOBI cpefHee apu(pMermdeckoe cTano pasHO 1. Tem cambiM
JOCTaTOYHO J0KA3aTh:

ai, ..., 4,20, a+...+a,=n = a...a,<]1.

Bynem moka3eiBaTh 3TO U1l PA3/IMYHBIX 3HAYCHUI 1.

1. st n =2 MBI 5TO y’K€ 3HaeM: €CJIM CyMMa JBYX YMCEJl paBHA 2, TO UX
MOKHO 3anmcath kKak (1+ h) u (1 — h) u ux npowsseseHue pasao (1+ h)(1—h)=
=1-h’<1.

2. loxaxem 310 mj1st n=3. [lycTh cymMma TPEX MOIOKUTEIBHBIX Uncen a, b, ¢
pasHa 3. Ecim He Bce oHM paBHBI 1, TO Cpeiu HUX €CTh KaK umcJIa, OoJibime 1,
Tak 1 yncyia, mensime 1. Tlycts mampumep, a < 1, b> 1. Torma a — 1< 0,
b — 1> 0 u npousseeHe

(a—1)(b—-1)=ab—a—-b+1
OyZIeT OTPHIIATEIBHEIM, T. €.
ab+1<a+b.

Tak xak

(a+b)+c=3,

TO
ab+14+c<(a+b)+c=3
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NJin
ab+ c<2.

[isiure-Kxa: Mbl MMeeM JiBa uucia ab u ¢, ux cymma MeHslie 2, a JIoKazarh Hajlo,
YTO MX MPOM3BEACHUE He OoJiblie 1. A [JIs1 IByX 4HCEJI MBI OTO YX€ 3HAEM.

BHuMaTeJIBHBIN YMTATE/Ib OCTAHOBUT HAC: /IS ABYX YMCEJ MBI JTOKA3QJIM, 9TO
ecJI CyMMa paBHa 2, TO NpowsBe/icHUE He Oosplre 1. A 31ech cymMma meHblue
2. Ho »Ta pasHmiia HecyIecTBEHHA: YBEJMYMM OJHO W3 YHCEJI, CACJIAaB CyMMY
PaBHOI1 2 — OT BTOrO MPOM3BEICHHE TOJIBKO BO3PACTET.

3. Ilyctp Tenepb n =4: MBI IOJDKHBL OKA3aTh, YTO
a,b,c,d>0, a+b+c+d=4, = abcd<1

OmaTh ke OfHO W3 urces (HampuMep, a) JOJDKHO OBITh MeHble 1, a apyroe
(maripumep, b) noskHo ObITH Gostbiie 1. Torma

ab+1<a+b, (a+b)+c+d=4,

[03TOMY
ab+14+c+d<4, ab+c+d<3.

W BHOBb OCTJIOCH J0OKA3aTh, YTO €CJIM CyMMa TPEX (HEOTPULIATEJIBHBIX) UMCEJT
MEHBIIIE 3, TO UX IMPOU3BE/ICHNE HE 00JIble 1 — MBI CBEJIM /IEJIO K JIOKAQ3aHHOMY
panee. U Tak npajee.

Crenyloliee J0Ka3aTeIbCTBO HEPABEHCTBA O CPEAHEM aprU(hMETHUECKOM U Ieo-
METPUYECKOM [JIs1 TPEX UHCeJT SIBJISIETCS, BEPOSTHO, CAMBIM KOPOTKAM — HO U
CaMBIM 3araIOYHBIM.

W3 Toxnecrsa

1
@+ b+ —3abc= §(a+ b+co)(a—b)?2+(b—-c)+(a—c)?),
KOTOPOE JIETKO IIPOBEPUTD, PACKPHIB CKOOKH, CJIEyET, UTO TP HEOTPHUIATEbHBIX
a, b, ¢ ero JeBas 4acTh HEOTPULIATENIBHA, TO €CTh

A+ +3

abe < 3

OcraéTcs moCTaBUTh BMECTO ¢, b M ¢ KyOUUYecKre KOpHU 3\/[7, W, W:

1/p r L ———mM

A BoT em€ 07HO 0DOCHOBAaHME HEPABEHCTBA O CPEIHEM ApUPMETHUCCKOM M
TeOMETPIIECKOM.

HaM Hy>kHO J0Ka3aTb, 4TO IPOU3BE/CHIEC /1 HEOTPHUIATETBHBIX YHCEN C 3a-
JAHHO! CyMMOi1 MaKCAMAJIbHO, KOIJ[a 4icia paBHBL. [lycTh 5To He Tak M 4mcia

p+q+r
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ai, Az, ..., Ay, JJISL KOTOPBIX IIPOU3BE/ICHUME MAKCUMAJIBHO, HE BCE PABHBI MEX/Y
coboit. [Ipearnosoxum, /yist IpUMepa, 9to dy # dy. Byznem MeHsITh a4 U ay, OCTa-
BJIAS @3, ..., (I, HEVM3MCHHBIMU, IPUYEM TaK, 9TOOBI CyMMa @y + @ OCTaBajach

moctostHHOM. [IpomsBenienne a;a,, a ¢ HUIM ¥ TIPOUBBECHUE @1 d3...d, OYAET Me-
HaThcsl. CienaB @) M a; PaBHBIMH, MBI YBEJIMYNM UX MPOW3BEACHVE, MTOCKOJIBKY
TIPOM3BE/ICHNE JBYX HEOTPHUIIATEIHHBIX UMCEJI C ITOCTOSIHHOM CyMMO MaKCHMAaJIb-
HO, KOTJIa YWCJIa PaBHBL. TeM CaMbIM YBEJIMYUTCSI W MPOW3BEICHUE @...d, —
3HAYUT, OHO He ObLJIO0 MaKCUMAJILHO BO3MOKHEIM!

Haiit HefoCTaTOK B 3TOM pacCy’KJCHUM.

Omeem. Mbl JIOKa3aJI1, YTO MAaKCUMYM TIPOM3BE/ICHUS d - ... - dy (TIPU MOCTO-
SIHHOW CyMMe) He MOKET JIOCTHIaThCsl, €CY YHCaa dy, ..., d, He paBHEL Ho He
JIOKa3aJd, 9TO TOT MAaKCUMYM BooOuie jocturaercsi. Ha camom aesie 5T0T haxt
CJIelyeT W3 ODLIMX TEOPEM MATEMATHYECKOTO aHAIN3a, TaK 9TO MPOOET MOXKET
OBITH BOCIIOJIHEH. Kpome TOro, MOXKHO YCJIOXKHHUTD Hallle PacCyk/ICHUE, cOIDKast
@1 ¥ @z HE JI0 II0JIHOTO COBIAJICHMUSI, a 10 TEX II0P, I1I0KA OJHO U3 HUX HE CTAHET
PaBHBIM CpelHEMY apU(METHYECKOMY dHCces dq, ..., dp. (Hamo Toipko B3ATH
@1 U a, O pasHble CTOPOHBI OT CPEAHEr0 apu(hMETHIECCKOTO — TAKOe BCEr/a
BO3MOXHO, TaK KaK BCE YMCJIA HE MOTYT OBITh OTHOBPEMEHHO MEHBIIIE UM OJIHO-
BPEMEHHO OOJIBIIIE CBOETO cpemHero.) Torga B KOHIIE KOHIIOB BCE 9HC/IAQ CTAHYT
PaBHBIMU CPEJHEMY apr(PMETUICCKOMY.

Yucaa ay, ..., 4, MOJOXKATEJBHBL; JOKAKATE, YTO

4] a ap—1 An
—+—=+... 44—+ —=2>n
a as Qp 4]

Jlokaxxure, 4ro
W < a+2b

3

mpu MooOkX a, h> 0.

KakoBo MuHmMasbHOE 3HaueHwe a + b, ecom ab>=1wn a, b >0?

JlokaxuTe HEPaBEHCTBO

%-i/ﬁﬁg a+22+3c

JUIst JIFOOBIX HEOTPHULIATEJIbHBIX d, b u c.

Z[oxamme HEPABECHCTBO

2b+3
3/*abc<a+3+ c.
36
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Jlokaxxure, 4TO
1 10 1 11
(1 + E) < (1 + ﬁ) .

1\10
Pewenue. Yucio (1 + E) MOXHO IIPE/ICTaBUTh Kak IpousseseHue 11 co-

. 1
MHOMXUTEJIEH, W3 KOTOPHIX OJWH paBeH 1, a BCE OCTaJbHBIC PABHBI (1 + E)

1\11
CpaBHEBasI 9TO MPOM3BEICHUE C (1 + ﬁ) , BUJIMM, 4TO CyMMa COMHOXUTEJIEN

0OCTaJIaCh HEM3MEHHOM, a BCE€ OHU CTaJIN PaBHbBIMU. CIICZ[OBEITCJILHO, TIPpOM3BE/ICHUC
BBIPOCJIO.

Hokaxure, 94T0
1 11 11\12
(1 + E) > (1 + ﬁ) .

Ykasanue. TIpaByio 4acTh MOXHO IPEJICTABUTH B BUje HpomsBeneHus 11 co-
MHOXUTEJICH, OZIUH U3 KOTOPBIX PaBEH

(1+i)2—(1+ 2, 1 )
1) — 1 112)°
1
a OCTAJIbHBIC paBHbI (1 + ﬁ) . .HeBaSI YaCTh €CTh HpOI/IBBeHC}H/Ie 11 OINHAKOBBIX

COMHOXUTEJIEH. JI0CTaTOYHO yOeanThCs, YTO CyMMa COMHOMKHTEJIEH JIEBOI yacTh
00JIBIIIE CYMMBI COMHOXUTEJICH PABOI YaCTH M BOCIIOJIB30BATHCSI HEPABEHCTBOM
0 cpeHeM apu(PMETUIECKOM U CPEIHEM I'€OMETPUYECKOM.

Pacnosiokute deThlpe wicia U3 ABYX HPEIbIAYIINX 337a4 B HOPSJIKE
BO3PACTAHMSI.

69. CpeaHee KBaJpaTH4eCKOe

Cpeonum keadpamuueckum JByX HEOTPHUIIATEJILHBIX 4MCE] a, b Ha3biBaeT-
Csl HEOTPULIATEILHOE YHCJIO, KBAJPAT KOTOPOIO €CTh CpeHee apudMETHUeCKOe
KBAJIpaToB unces @ u b, 1. e. uncio

a? + b?
Vo

B onpenesiennu peus uaET o cpegHeM apudmernueckoM. Uto mosmydnt-
Csl, €CJIM 3aAMEHUTh €0 HA CPE/IHEE I'eoMeTpuYecKoe?

JlokaxuTe, 4TO CpeHee KBaJpaTUIecKoe JBYX unce a, b > 0 Gosbiie
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WIN PaBHO UX CPEAHETO apu(hMETUIECKOro:

[ 2, 12
a‘*+b >a+b'
2 2

(Hampumep, cpeHee KajipaTideckoe unces O 1 a pasno a/A/2, a cpenee apudy-
METUYECKOE PaBHO a/2.)
Pewenue. CpaBHuM KBaJparbl U JOKAKEM, 4TO
a?+b_ (a+b)’
2 74 7
YMHOXUM Ha 4 U PaCKpOeM CKOOKHU
2(a*+ b*) = a® + b* + 2ab,

a?+b>>2ab, da®+b*—2ab>0.

CHoBa JieBast 9aCTb €CTh KBaapar (a — b)? u, ciie0BaTebHO, HEOTPUIIATEIIbHA.

INpu kakux a u b cpemHee KBaJpaTUYecKoe PaBHO CpPefHEMY apHpMe-
THYECKOMY?

Jlokaxxure, 4To cpefHee reOMETPUYECKOe HE IIPEBOCXOIUT CPETHETO
KBa/IPaTIIECKOTO.

HepaBeHCTBO 0 cpeiHEM apudMETIYeCKOM U CPeTHEM KBaPATUIEeCKOM MOXHO
m300pa3UTh HA PUCYHKE.

A
b2
a’+b?
2

b2
(atby

aZ —1 >

a a-;b b

Hapucyem rpaduk y = x2. Coeuuum Touku ¢ koopmuHatamu (a, a®) u (b, b?),
JieKanpe Ha HeM, otpeskoM. CepeiMHa STOro oTpeska Oy/ieT UMETh KOOD/IMHATHI,
SIBJISIONIMECS CPENHUMU apU(PMETUUECKUMU KOOP/IMHAT KOHIIOB, T. €.

< a+b a*+ b? >
2’ 2 ’
INox wmeit Ha Tpadmke JICKUT TOUKA

CUED
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TaK 4TO

2 2 2
(a—l—b) ga +b ,
2 2

[ 2 2
a—i—b< a—i—b.
2 a

Takum 00pa3zoM, HEPABEHCTBO O CPEITHEM apU(PMETUICCKOM W CPEIHEM KBapa-
TUYECKOM O3HAYaeT, YTO 4YTO Ipaduk y = x2 BBIIIYKJI BHUA3 (KpUBAsl JICKUAT HIKE
«XOPZBD»).

Vb

Va+b)/2
(Va+Vb)/2

\/E_

a a+b b
2

[ToMeHsIB MeCTaMK OCU X U y, U3 rpaduka y = X? Mbl TIOJy9HUM T'pa-
¢uk QyHKIMM y = /X, KOTOPBI HAXOAMTCS BbUIE JIOOOH cBOEH x0pabl. Kakomy
HEpaBEHCTBY 3TO COOTBETCTBYET?

Omegem.

a+b S va+vb
2 72

Mzl 3HAaeM TCHEPDb, UYTO IJIA JTIOOBIX HCEOTPULIATCJIBHBIX a 1 b

[ 2 12
ﬁabga;bé a—;—b.

JIJIs1 KK I0T0 M3 STUX TPEX BUIOB CPEIHETO HAPHUCYyeM ToUKH (a, b), s KOTOPBIX
cpesHee He MPEBOCXOAUT 1:
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CoBMeCTHB UX HA OAHOM PUCYHKE, BUINM, YTO 4YCM 0oJIbLIE cpeaHee, TeM
MCHBUIC COOTBECTCTBYIOIIASA 00J1aCTh:

(1.1)

JloKa)XnTe HEPaBEHCTBO O CPEAHEM ApU(PMETHYCCKOM U CPEJHEM KBa-
JPaTUYECKOM ISl TPEX YmCeJI:

a+b+c [a® + b% + 2
3 < 3 )

(a) CymMa AByX IOJIOKUTEJIBHBIX uyrces paBHa 2. KakoBo MuHUMAIb-
HOE 3HAUYeHNE CyMMBbl UX KBa/IpaTOB?

(6) Tot e BOIPOC JUISI CyMMBI KBAPATOB TPEX MOJIOKUTEIBHBIX UNCETI, CYyM-
Ma KOTOPBIX pPaBHA 3.

70. CpeaHee rapMOHHYECKOE

Cpednum 2apmMoHuYeCcKuM TIOJIOKUTEILHBIX YNMCE] d, b HazbhIBaeTCsl YMCJIO,
o0paTHOE K KOTOPOMY SIBJISICTCS CPEJHUM apupmerndeckum Mexay 1/a u 1/,

T. €. 4uCJIo
1

1 1 ’
—+)/2
(a b /
JIokakuTe, YTO CpejiHee TApMOHMYECKOE HE IPEBOCXOMHUT CPETHETO
[COMETPUUYECKOTO.
Pewenue. O6patHas K cpe/HEMY I'APMOHHUYECKOMY BEJIMYMHA €CTh CpeiHee
apu¢pmeTudeckoe uncen 1/a u 1/b; obparHas K CpeaHEMY IeOMETPUYCCKOMY

BEJIMYMHA €CThb CpeJiHee reoMerpudeckoe uncen 1/a u 1/b — rak 4uro ocraéres
COCJIaThCsl Ha HEPABEHCTBO O CPeJHEM apu(MEeTHIECKOM U T€OMETPHIECKOM.

Yucna aq, ..., ay TOJOKUATEJbHBL. JIOKaXHUTE, 4TO

1 1
(a1+...+a,,)(a—+...+—) > n?.
1

Qn
Pewenue. VUckomoe HEPABCHCTBO MOXHO IICPEIIMCaTh B BHU/IC

a+...+a 1
L >

" (l+...+ai>/n
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T. €. HAJIO /I0Ka3aTh, YTO CPEAHEEe apupMETHUCCKOE N Yrces1 OOJIBIIE MM PABHO
nx CpeAHCrO rapMOHUYCCKOIO. DTO CTAHOBUTCS SACHBIM, CCJIM BCTABUTHh MCXKIY
HUMU CPe/THEE TeOMETPHYECKOe:

ay+ ...+ ay 1

1
p >R/ay...a, = : ] >
1 ( +ob— )/n
a dn

NoCJIeTHEE HEPABEHCTBO CBOJUTCA K HEPABEHCTBY O CPETHEM apI/Iq)MCTI/I(ICCKOM u

1 1
T€OMCTPUYCCKOM YnCCTT —, ..., —.
4] An

/Jlpy2oe pewenue WCTIONB3yeT CIETyIONMiA TPIOK. ByneM mokaspBaTh Oostee
oOliee HepaBeHCTBO (HaspBaeMoe HepaBeHCTBOM Kot — ByHskoBcKoro)

(P aqu +...+p,,q,,)2<(p12+...+pf)(q12+...+q,f)

(ec/m MOACTABUTH B HETO p; =+/di, ¢i = , HOJIyunuM TpedyeMoe).

\F

Yrto0sl JoKa3aTh HepaBeHCTBO Koum — ByHSIKOBCKOro, pacCMOTpUM BHIpaXKe-
HIIE

(P1+ @)+ (P2 + @)+ ...+ (pa + gux).

PackpbiB B HEM CKOOKM M CIPYIIIMPOBAB WICHH! 0 CTEIEHAM X TOJYYAM KBa-
JPATHBIA TPEXWICH Ax?>+ Bx+ C, tae
A=¢gl+q¢ +...+q.,
B=2(piqy + p2p + .-+ Pu i)
C=pi+p;+...+p;.
IMpu JIOOBIX X BTOT TPEXWICH HEOTPHUIATEJICH — BEb HAIIC BBHIPAKCHUE OBLIO

CYMMOIi KBajipaToB. 3Haunt, quckpumunant B2 —4AC ue Gosbiie Hysis, T. €.

2 C4AC, (g)z <AC

DL+ oA Pagn) < PP+ oo+ PG+ ...+ D).

Kak Bam monpaswiics 5TOT TPIOK?

71. He ToJbKO UmncJia: YE€T U HEYeT

I[O CHUX IIOP MBI TOBOPWJIX O CJIOKCHMU WM YMHOXCHMUHN YMCCJI WA YHUCJIOBBIX
BpraX(em (CKEDKCM, MHOI'OYWICHOB — €CJIM BMECTO HepeMeHHOfI IIOJACTAaBUTH
YMCJIO0, MHOT'OYWICH IIPUHUMACT YMCJIOBOC 3Ha‘[€HH€). Ho CKJIAIbIBATh 1 YMHOXATh
MOXXHO HE€ TOJIbKO 4YHMCJIa — BAXXHO JIMIIb, YTOOBI CBOMCTBA onepaulm CJIOKCHUA
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Y yMHOXEHHSI OCTABAJIMICh TIOXOKMMHU HAa OOBIYHBIC. MBI MPHUBEIEM HECKOJIBKO
IIPUMEPOB.

Ilesibie urcta OBIBAIOT YETHBIE M HeYETHHIE. YETHRIE YnciIa JesIaTcsa Ha 2 0e3
0CTaTKa, TO €CTh UMeloT BUI 2k (rne k — nenoe uuciio). HeuérHple yncia Ha 2
He aeasTtcs. Ecim Hew€THOE UMCIIO SIOIOK JICJNTh HA TIApBl, TO OCTAHETCS OTHO
HerapHoe: HeuérHoe unciio umeer By 2k + 1 (rne k — uuciio nap).

JUTst CTI0KEHMSI M YMHOXKCEHHS YETHBIX M HEYETHBIX YMCEJI €CTh IIPOCTHIE IIpa-
BiIa (MBI YK€ TOBOPIJIA 00 STOM, KOT/Ia JOKA3bIBATM MUPPAIIOHATIFHOCTh KOPHS
w3 ByXx). BoT mpaBuiia 1Jis CIOKEHUSI:

yéTHOE + 4€THOE = YETHOE
YETHOE + HEYETHOE = HEUETHOE
HeYeTHOE + YETHOE = HEUETHOE
HEUYETHOE + HEUETHOE = YETHOE
JI1st yMHOKEHVISI TIPaBIJIa TaKue:
y€THOE X YETHOE = UETHOE
YETHOE X HEYETHOE = YETHOE
HEYETHOE X YETHOE = YETHOE
HEYETHOE X HEYETHOE = HEUETHOE
CkakeM, cyMMa YETHOTO Y HEYETHOIO UKCJIA HEYETHA, ITOCKOJIbKY
2k+QI4+1)=2k+21+1=2(k+1)+1;
TIPOM3BE/ICHNE JTBYX HEUETHBHIX UKCEJT HEUETHO, TTOCKOJIBKY
QRE+DQRI+1) =4kl +2k+21 +1=2Qkl +k+1)+1,

" Tak Jajice.

He Bpramcisiss cymMmbl
1+2+34+4+5+...+998+999 + 1000,

orpe/iesiuTe, OyIeT JI OHA YETHOM MM HEYETHOIA.

Ha mpaBmna citoxxeHust 1 yMHOXKEHHSI YETHBIX M HEYETHBIX YMCET MOXHO II0-
CMOTpETh MHAYe: €CTh Hekne mpeaMeTsl Y n H, 1 OHM CKIaBIBAIOTCS M yMHOXA-
IOTCS TI0 YKA3aHHBIM IIPaBUAJIaM:

+ | Y| H x |4 H
Y Y H Y| 4|4
H|H|Y H|4Y | H

Moxno Bmecto Y u H mucats O 1 1 (cuntas HysIb ¥ €MHUILY PEICTABUTEISIMU
YETHBIX Y HEYETHBIX UMCEJT) W 3aIMCATh «TAOIMITH CIIOKEHUS ¥ YMHOXCHUSY TSI
OCTaTKOB TI0 MOJYJIIO 2:
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+ (0|1 x 0|1
0101 0(0|O0
1{1]0 1101

(OTmmure OT OOBIYHOTO CJIOXKEHUS U YMHOXEHHUS B ToM, 4to 1+ 1=0.)

72. ApudmeTnKka OCTaTKOB

MokHO J11 B IIpeAbLTyLIIEM IIPUMEPE BMECTO YETHBIX Y HEUETHBIX UKCEN B3STh
4KCJIa, KOTOPBIE ACIATCS U He JCJISATCS, CKaKeM, Ha 3? BykBaJbHO Tak c/esaTh
HEJIB3SI: CKJIA/IBIBAST IBA UMCJIA, HE ACJISIIVXCS Ha 3, MOXHO MOJIy9UTh KaK 9HCIIO,
Kkparaoe 3 (Hampumep, 5+ 7 =12), Tak ¥ 4nuCiI0, HE KpaTHOE TPEM (Harpumep,
5+ 8=13). Jlyuwe B3siTh HE JBa Kjacca (AeJIIMECS U HE JCJISIIUECs), a TPu:
nensgumecs Ha 3 (maronme octatok 0), Jarolme ocTaTok 1 U Jarolye oCTaTok 2.
Torma MoxkHO c(HOPMYJIMPOBATh IIPABUJIA CJIOKEHUSI U YMHOXCHUS:

+ 1012 x 0| 1]2
00|12 0]0(0]O0
11210 17012
212(0]1 210121

B camom nese, ckianpiBas (Hampumep) ducia tama 1 ¥ 2, To ecTh Yucjia BUAa
3k +1 u 3] + 2, mpt nostyyaem uuciio 3k + 31 +3=3(k+ 1+ 1), uro B Tabuuie
CHMBOJIMYECKH 3a1UCaHO Kak 1+ 2=0. Emg npumep: nepemuoxas uncya 3k +2 n
3142, nonyvaem (3k+2)(31+2)=9kl +6k+61 +4=33kl +2k+2]+1)+1,
YTO COOTBETCIBYET CMMBOJIMUECKOM 3armcu 2 X 2=1.

Kakoit ocratok jaét uucsio 8°°° npu jesenum na 3?

BmecTo uncia 3 MOXHO B3SITh U Apyroe, ckaxeM, 10. OcraTok npu JiejieHun
Ha 10 — 970 mocyenHsAs 1wdpa, MOATOMY TAOJWIYy YMHOXEHUS OCTATKOB IIO
Moaymio 10 MOXHO MOJIyYUTh U3 OOBIMHON TAOJIMIIEI YMHOXEHUSI, €CJIM OCTABUTh
B KQXXJIOM TIPOM3BE/ICHUN TOJIBKO TTOCJIETHIOK IUQPY: MATHIO MMATh — [JIBA/IIIATh)
AT, CEMBIO JICBATh — [LIECTHACCAT] TPU U TaK Aajiee.

Kakas 1mdppa CTOUT TI0CIE/IHER B IeCATUYHOM 3amicy yuciaa 37897

CocraBbTe TAO/IMILy CJIOXKEHHSI M YMHOXCHHSI OCTATKOB IIPU JICJICHUN
Ha 5. CkoJibko pa3 BcTpeuaercsl kaxjaoe u3 uucena 0, 1, 2, 3, 4 cpequ cymm u
[IPOU3BE/ICHUNA?

[Mosp3ysice 3TOM TabymLel, pemmre ypaBHeHus: 3 +x =2 u 3x =2 B
OCTaTKax 10 MOZYJIO 5.

prFI/IMI/I CJIOBAMM: KAaKOIl OCTAaTOK MOXKET JaBaTh pu JICJICHUN Ha 5 uuciio
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X, €cJi 4ncio 3 + X JaéT OCTaToK 2? KAaKOl OCTaTOK MOXKET JaBaThb 4YUCJIO X,
€CJIM 4nCJI0 3X JaéT OCTaTroK 2?

Peumte ypapaenus x2 =2 u x? =3 B 0oCTaTKax 110 MOAYJIO 7.
Penmre ypapHeHEE X2 = X B ocTaTKax 1o MoayJmo 100.

Jlpyrumu cjioBaMu: KBaJpaT YMCJIa OKAHYMBAETCS Ha Te XKe B¢ IU(PBHI, YTO
u camo uncio. YUro 570 3a mmdper? (YKaxuTe BCE BAPUAHTEHL. )

BepHBbI ST OOBIYHBIC 3aKOHBI CJIOKEHUS W YMHOXCHHUS (KOMMYTATHB-
HOCTb, aCCOLIMATUBHOCTH U JUCTPUOYTUBHOCTD) JJIs1 apU(PMETHUKN OCTATKOB?

Kak u /17151 OOBIYHBIX YHCEJI, MOKHO CTPOUTH apu(hMETUIECKYIO ITPOTPECCHIO,
HAYaB C JIOOOTr0 OCTaTKa ¢ W MpUOABJISSL K HEMY OJHO U TO xe d:

a,a+d,a+d+d,a+d+d+d, ...

Harmpumep, Bo3pMEM octaTku o Moaymo 10, HauréM ¢ gucia 1 u OyaeM npuda-
BJISITh KX/IBIA pa3 1o 3:

1,4,7,0,3,6,9,2,5, ...

(Pamnbiue mbl, npubasssist 3 k 7, noiayyaau 10, a Teneps or 10 ocrajach TOJIBKO
nocaeausist imdpa, To ectb 0.) Pasymeercs, paHoO WM MO3JHO MBI «3alIUKJIUM-
Cs1», TO €CTh HOJIyYHM OCTaTOK, KOTOPBIN YK€ OBUT — M C DTOr0 MOMEHTA Hallla
aprdMeTHIecKast IPOTPECCHst HAYHET TTOBTOPSITHCS.

9710 MOXHO M300pasute Tak. Harmmmem ocratkm 0, 1, 2,..., 9 mo kpyry, B
BEPIIMHAX MPABWILHOTO 10-yroipHuKa. 3aTeM CHIPaeM B CYATAJIOUKY, HAYaB C 1
7 OTMeYasl YMcia Yepes /[Ba Ha TpeThe (OTMEUYEHHBIE He BHIOBIBAIOT). PaHo mm
TIO3/JHO HAIll ITyTh 3aMKHETCH:

B nTOM mpumepe MK 3aMKHYJICS, TIPOiIs Bce BepimHbl. Ho 3To He Bcerna
tak. Hamprmmep, ecsii npudaBisaTh He 10 3, a 10 4, TO IMKJI 3aMKHETCSI paHbIIe:
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OTO ¥ HE YAUBUTEBHO, TIOCKOJIBKY MBI IPUOABIISIEM YETHOE YHCTIO 4 110 YETHO-
My Moaymo 10 1 4€THOCTh coxpaHsieTcsl (OTMEYalOTCS TOJIbKO HEYETHBIE YMCJIA).
B Gostee obmmeM BuEe 3TO TOBOPUT CIICAYIOUIAsl 33/1a4a.

[Tycrs n 4eJIoBEK CTOST 110 KPYry (B BEpIIMHAX [TPABUJIHHOIO 7-yIOJib-
HUKA) ¥ Mbl HAYMHAEM OTCUMTHIBATH 10 kK YEJIOBEK, HAYMHAS C KOTO-TO. JlOKaKm-
TE, UTO €CJIU n U k UMEIOT OOINUI JICUTEN b, TO MBI 3aIUKJIUMCS PaHbIlE, 4eM
MPOMAEM BCEX.

B npumepe n =10 u k =4 umesnu obumit Jemress 2.

Pewenue. Ilycts k u n umeror obumii nemurend d. Mbl npudasisieM k
HA KaKIOM Iare W OTHUMAEM 1, KOT[a CHEJIAeM ITOJIHBIA IIMKJI — W B 000MX
CITydassx MBI ciBUraeMcs Ha KpatHoe d . [To3ToMy MOmacTh B COCETHIOI BEPIIVHY
(CABUHYTBHCS Ha €MHUILY, HE KPATHYIO d ), MBI HE MOXEM.

JlokaskuTe, 4TO €CJM B CUTYyaLMU IPEABIAYIIEH 3aJa4u duciaa n u k
83auMHO npocmuyl (HE MMEIOT OOIMX JeauTesei, OOJIBIIX €TUHUIIBI), TO MBI
3ALUKJIMMCS, 00O/ BCE BEPIUMHEL

Pewenue. Bynem untu, moka He 3alMKIAMCS. MOXET JIM CIIyYUATHCS TaK, YTO
MBI 000/IEM He BCce BEPIUMHBI, 4 TOJIBKO HEKOTOPBIE? MBI JIO/DKHBI I0Ka3aTh, 9TO
HeT (ecam n 1 k B3auMHO TIPOCTHI). OTMETHM Ha OKPYXXHOCTH T€ BEPLIMHbI, KOTO-
PBIC MBI obouum. Jta KapTHHKa CUMMCTPUYHA (HOCKOJII)Ky IIUKJI MOXHO HAUYMHATH
¢ Jo0Oro MecTa), Tak 4TO IPOIIeHHbIE BEPIIMHBI 00pPa3yIOT MPAaBIJIBHBIA MHO-
royrossHEK. [lycTh d — paccTosHue MeXIy COCETHHMH €ro BepIIMHAMU (eCiIH
MBI IIPOLIIX Bee, To d =1, ec/lM Kax/Iylo BTOpPYyIo, To d =2 U Tak jaiee).

3aMeTuM, 4TO 1 AOJDKHO JEJUTHCS HAa d (YaCTHOE PABHO UMCJIY BEPIIMH MHO-
royroJibhuka). C apyroit CTOpoHBI, mar apu)METUIECKON IMPOrPECCUN HE BBIBO-
AUT HAC U3 MHOI'OYI'OJIbHUKA, II09TOMY Kk TOxKe Jejmrcs Ha d . 3Hauut, d JOJDKHO
OBITH OOIMM JeUTeNIeM urces n U k, 1 moToMy d =1 JJIs B3aUMHO MPOCTHIX N
uk.

[Nokaxkute, 9TO eci p — MPOCTOE YKCJIO, TO BO BCEX CTPOKAX Ta-
OBl YMHOXKEHHUSI OCTATKOB IT0 MOZYJIIO p (KpOMe HYJICBO) BCTPEYAIOTCST BCE
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OCTATKHU.
Ykaszanue. Yro0bl peimrs ypaBHeHue ax = b B ocrarkax 110 MOJLyJIO p, Ha/I0
JIBUTAThCS LIIAraMu 10 d, IIOKA He IOMAfEln B b.

[Mokaxkute, uTo JoOast apudMeTHIecKass MPOrpecclsi B OCTaTKaX IO
MOJIYJIIO 11 UIMEET IEPUO/L, AC/IAIMIA Nn.

[Nokaxwure, 9TO T0OAST TEOMETPUYECKAsI MIPOTPECCHs] B OCTAaTKax IO
TIPOCTOMY MOJYJIO p UMEET TIepuos, Aesuwii p — 1.

73. CreneHHbIe psabl

Hamr ciemylonmmii mpuMep — CJIOKEHHE W yMHOXXCHHE CTCHCHHBIX PSIOB.
BcrioMHmM, Kak MBI CKJIQ/IBIBAJIM M YMHOXKAJIM MHOTOYJICHBI, TIEPEMHOXAs OJTHO-
WIEHbl U IPUBO/S 110/100HBIE. BMECTO MHOIOWICHOB MOXXHO paccMarpuBarh U
OECKOHEUHBbIE CmeneHHble psiobl, B KOTOPBIX MOI'YT OBITH 4JIEHBI BCEX (HEOTpULIA-
TEeJIBHBIX) cTerneHeil. Hanpumep, yMHOXUB psint

T+x+x2+ 3+ x5+ x4
Ha ce6;1, MBI HOI[yLII/IM B HpOI/IBBeZ[eHI/II/I
1+ 2x+3x2+4x> +5x* +6x° + ...+ (n+ Dx"+...

B camom peste, mpu opMasbHOM PACKPBITHM CKOOOK TIOJTYYaTCsl, CKKEM, TPHU
wieHa BTOPOii cremeH: x> -1, x-x u 1-x2, HOATOMY B «IIPOM3BEICHMI» CTOUT
3x2.

3amMeTnM, 4TO MOJCTABUTH BMECTO X KAKOE-TO YHMCJO B CTECICHHON PSI/T HE TaK
TPOCTO: TOJYUUTCsI OECKOHEUHAsE CyMMa, U HYXXHO OOBSCHATH, YTO ATO 3HAYMT.
Eciu npu x =0,1 cymmy 140,14 0,01 + 0,001 + ... emé MOXHO UCTOJIKOBATD

KaKk OCCKOHEUHYI0 JeCATWYHYI0 Apods 1,111...= lé, TO, CKaXEM, Ipu X =2
nosyunrcs cymma 1+ 2+ 4+ 8+ 16 + 32 + ..., npuaaTh CMbICJ KOTOPOH He
tak npocro. Ho (opmanbHO CrereHHble Psi/ibl IEPEMHOXKATh MOKHO, TaK Kak
CJIaraeMbIX OJIMHAKOBOW CTEIEHM Oy/leT KOHEYHOE YMCJIO U IIPUBECTU 110/[00HbBIE
MOXHO.

MHOrowIeHbl MOKHO PACCMATPHBAThH KAK YAaCTHBIC CJIyYau CTETICHHBIX PS/IOB,
B KOTOPBIX Bce KOG OUIMEHTHI, HAYMHAS ¢ HEKOTOPOTo, paBHHI HyJ0. Hanpumep,
MHOrowIeH 1 — X KaKk CTENEeHHOM psiji PaBeH

1—x+0x2+0x>+0x*+ ...+ 0x" + ...

YMHOXkBbTE 1 — X Ha cTenieHHO# psjx 1 + x + x4+ x4 Xt
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Pewenue.

(I—x)A+x+x>+x +x*+..)=
=Q4+x+x7+x3+xt+ ) —x(A+x+x2+ 0 +xt 4. =
=Q4+x+x2+x3+x 4+ )+ + X3+ 3+ X +..)=1
(BCE WICHBI, KPOME €/IMHULIbI, YAUBUATEJIBHBIM 00PA30M COKPALIAIOTCS).

Ec/mi mpowsBesieHre JIBYX UMCeN PAaBHAETCS €MHHUIE, TO OHO UMCIO Hashl-
BaeTCs OOpaTHEIM K JpyroMy. Tak M Temeph MOXHO CKa3aTh, YTO OOPATHBIM K
mHOTOWIeHy 1 — x smiaserca crernennoit psaa 1+ x + x2 + x> + x* + ..., u 3arm-
carb

$=1+x+x2+x3+x“+...

OTa dopMyna yxe MoSBIAIACH Y HAC Kak (popMyJia CyMMBI OECKOHEYHON reoMe-
TPUYECKOI IIPOrPECCHH, HO TEHeph OHA MpHoOpesia (pOpMasIbHBINA CMBICI.

Hatinure cremenHoit psit, oOpaTHBI K MHOTOWIEHY 1+ X.
Haitnure crerneHHoit psT, OOpaTHBIA K MHOTOWIEeHY 1 — 2x.
Haiinure crenenHon psn, 06paTHbH?I K MHOTOWIEHY 2 — X.
Haiiure oOpatHbiit k crerienHomy psmy 1+ 2x + 3x2 +4x3 + ...

YMHOXbTE crenenHoi psit 1+2x +3x2+4x> + ... a 1 — x u cpauuTe
OTBET C IIPEbIAYILIEN 3aJa4eil.

B])I‘II/ICJII/ITC HpOPI3B€Z[€}H/IC pHZ[OB
A+x+x2+3+x + X+ 00 —x+x2 = +x* = x> +..)

1 TIPOM3BEICHNAE OOPATHBIX K HUM.

74. p-aanyeckue 4HCJIa

OT MHOTOWICHOB MBI MEPEIUIN K CTEIICHHBIM pPSJIaM, pa3peluB MPOJ0KATh
VX HEOTPAHMYCHHO. AHAJIOTMYHO MOXXHO TOCTYIUTH C JICCATAYHBIMU 3aIACSIMU
YrICeJT, Pa3spelB IIPOOKATh UX HEOT PAHNYCHHO BJICBO.

Takme 3ammcy MOXHO, KaK ¥ OOBIYHBIC UHMCJIA, CKJIQIBIBATH M1 YMHOXATh CTOJI-
OvKoM (TIpM TOM, KaK WM ISl CTEIECHHBIX PSZOB, HE MOTPEOYETCS CKJIAIBIBATh
0eCKOHEYHO MHOTO 1H(dp). BoT, HampuMep, Kak MOXXHO CIIOKUTh U TICPEMHOXKUTh
JIBE TaKye 3alucH ...2731 u ...5184 (noka3zaHo, KaK [OJIy4alOTCsl YeThIpe HOCTe/]-
Hue nu@psl):
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...2731 ...2731
...5184 ...5184
...7915 ...0924
...1848
...2731
.3655
...7504

B DTUX l'IpI/IMCan BUJIHO, YTO JJISI HAXOXICHUS I‘ICTI)IpéX TIOCJICAHUX L[I/I(pp
CyMMBI (CJIEBA) WJIM ITPOM3BE/IeHNs (CITpaBa) AOCTATOYHO 3HATH YETHIPE MOCJIE/I-
HUX LMDl KOKJIOI0 U3 YACE U BBIIOJHUTH KOHEYHOE 4MCJIO onepaumid. py-
VMU CJIOBAMU: YTOOBI HANTU OCTaTOK OT JIeJCHWS CyMMbI (IIPOM3BEJICHUS) Ha
10000, moCTaTOYHO 3HATH OCTATKH I cJIaraeMbIX (COMHOXKUTEJIEN).

Takrm 00pa3oM, MOXHO CKJIAJBIBATh M YMHOXATh UWCJIa CIpaBa HAJIEBO, HE
OCCIIOKOSICh O TOM, YTO OHM OECKOHEUHBI. Takue OECKOHEUHBIC BJIEBO UMCJIA Ha-
3pBalOT 10-@ouyeckumu (€cji 110J1b30BaATLCS OOBIYHOM JIE€CATUYHOM CUCTEMOI
CUMCJICHUS) . AHAJIOTUYHO MOYKHO OTIPE/IC/IUTh U p-aTMIECKUE UUCIIA ISl JTI0O0T0
1IeJIOTO TIOJIOKUTEJIBHOTO P.

OOBIYHBIC YKICTIa MOKHO PAcCMATPHBATh KaK YacCTHBIA ciydait 10-amdeckux,
B KOTOPHIX CJIEBA (JI0 HEKOTOPOro MecTa) cTosT Hyym. CIIOXEeHVEe ¥ YMHOXECHHUE
TAKUX YUCCJI HpeBan_[aeTCﬂ B OGLI‘IHOC CJIOKCHUEC U yMHO)KeHI/Ie B CTOJ'I6I/IK.

Penmre ypaBHeHue x + 1 =0 B 10-agM4ecKuX 4MCIIaX.

(dpyrumu cjioBamu, Hajfo Haiitu 10-addeckoe 4ucio X, KOTOpPoe IIpU CJIo-
skennu ¢ gucjioM ...000001 pasaio 6br umco ...000000.)

Pewenue. Onpenessis uudpsl ClIpaBa HAJIEBO, HAXOAUM, YTO X =...9999999
(M1 9TO eTMHCTBEHHO BO3MOYKHBIN BApUaHT).

Ecim BcioMHUTE, 9TO 4epe3 —a 0003HAYAOT UKCJIO, TPOTUBOIOIOKHOE UH-
CJly @, TO €CTh pelleHue ypaBHeHUsI X + @ =0, TO MOXKHO 3aIliCaTh:

—1=1...9999999.

Pemmre ypasnenue 3x =1 B 10-ajmueckux yuciiax.

JIoKaxuTe, 4TO KBAAPATHOE ypaBHEHUe X2 = x uMeeT B 10-aTdecKux
YKCJIaX YETHIPE pellieHrs (IOMUMO OYEBU/IHBIX pelleHuit X =0 u x =1, ecTh eme
JIBA JIPYTHX).

Ykasanue. Onun nmeror Bup ...25 u ...76.

75. Kuurn asa najibHeero 9reHus

Z[JIH TE€X, KOMY IOHPAaBWJIOCH PCHIATh 3aJa4n U3 3TON KHWXKKUA, U KTO XOYET
IIPOJIOJIKUTL 3HAKOMCTBO C anre6p01?1, MBI I[IPUBOJAVM CITUCOK KHUI' JIsL JaJIbHEH-
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1ero yreHust. HekoTopele U3 HUX MOKHO HalTH B JIEKTPOHHOM Bu/ie B ViHTepHETE
(manpumMep, B OMOIMOTEYHOM pasjesie caiita www.math.ru).
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