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Abstract. In this paper we extend our first results concerning the characterisa-
tion of the graph structure of logic based argumentation graphs with two main
classes of findings. First we provide full proofs for the structural results of argu-
mentation graphs built over Datalog+/- knowledge base composed of facts and
negative constraints solely. Second, we also provide some structural properties
for the general case of knowledge bases composed of facts, rules and negative
constraints.

1 Introduction

We consider existential rules [Calı̀ et al., 2009] as the underlying logical language for
the argumentation framework. Starting from an inconsistent existential rule knowledge
base (composed of a set of factual knowledge and an ontology stating positive and
negative rules about the factual knowledge), using the instantiation of Croitoru and
Vesic [2013] we generate the arguments and the attacks corresponding to the knowl-
edge base. The instantiation has been proven to respect rationality desiderata [Amgoud,
2014; Caminada and Amgoud, 2007] from the argumentation literature and outputs a
set of extensions equivalent to the repairs [Lembo et al., 2010; Bienvenu, 2012] of the
knowledge base (i.e. the maximum w.r.t. inclusion consistent set of factual knowledge).

In Yun et al. [2018] we have given on overview of structural results for simple
knowledge bases composed over facts and negative rules only (without any positive
rules). In this paper we extend this first study by detailing the results on simple knowl-
edge bases and providing some results that also hold in the general case. More precisely:

– We first consider the case of the knowledge base solely consisting of factual knowl-
edge and negative constraints (expressing fact incompatibility). We fully prove the
following structural properties of the argumentation graphs constructed from such
knowledge bases: the existence of several duplicates of the same sub-graph, graph-
automorphism induced graph symmetries and specific strongly connected compo-
nent behaviour. We demonstrate how this serves as a complete characterisation of
argumentation frameworks obtained from such knowledge bases. We also show that
the cf2 semantics [Baroni et al., 2005; Gaggl and Woltran, 2013] coincides with the
preferred and naive semantics in the case of argumentation frameworks generated



from such knowledge bases (without positive rules) that only contain binary nega-
tive constraints. Furthermore, we give an example showing that if ternary negative
constraints are added, this equivalence no longer holds.

– Second, for the general case of knowledge bases with any number of facts, rules or
negative constraints we unveil the following structural properties: the presence of
a complete directed sub-graph, the presence of at least one cycle in the graph and,
intriguingly, the fact that the cf2 semantics [Baroni et al., 2005; Gaggl and Woltran,
2013] is yielding, in this instantiation, potentially inconsistent bases of arguments.

The significance of our results lies in the graph theoretical structural analysis of a
whole family of potentially real world argumentation graphs. Such results are important
to know for software engineers when designing argumentation solvers. For example,
when designing SAT inspired solvers [Cerutti et al., 2013], graph symmetries induce
as choice the solvers that better perform in the presence of symmetries [Lagniez et
al., 2015]. Another practical interest lies in benchmark generation [Yun et al., 2017a].
Recently argumentation competitions [Thimm et al., 2016] have been held where the
benchmarks are generated based on graph theoretical structures known to be difficult for
solvers but not confirmed to appear in practice. Revealing real world behaviour could
fill this gap and complete the benchmark spectra of instances. Last, it is important to
be aware of logic based argumentation graph behaviour in order to keep a realistic ex-
pectation of the added value of argumentation in such domains. It is known [Yun et al.,
2017b] that even for a modest knowledge base of 7 facts, 2 rules and 1 binary negative
constraints, the generated argumentation graph can take gargantuan proportions reach-
ing 383 arguments and 32768 attacks. This paper will help explain, at least partially,
these results. For example, the sub-graph duplicate result directly shows the exponen-
tial growth of the argumentation graph when facts are added to the knowledge base.
Please note that even if the paper of Yun et al. [2017b] deals with benchmark gener-
ation of existential rule knowledge bases it is fundamentally different from this work
in at least two ways. First, no graph theoretical properties are demonstrated in Yun et
al. [2017b]. Second, regarding practical added value of Yun et al. [2017b], the authors
provide a benchmark generation tool but given the size of the generated graphs it would
be difficult to generate the graphs in order to test for their structure. This paper fills this
gap and directly provides a variety of graph theoretical properties such graphs enjoy.

In Section 2, we recall the basic notions of existential rules and argumentation. In
Section 3, we show a complete set of structural properties for argumentation frame-
works generated from knowledge bases without rules w.r.t. symmetry, strongly con-
nected components and k-copy graphs. Then, the rest of the section deals with struc-
tural results for argumentation frameworks generated from general knowledge bases.
We show general structural properties such as the absence of self-attacking arguments
but also the presence of complete directed sub-graphs. We conclude with a concrete
example showing that the cf2 semantics is not suitable for existentially rule instantiated
logical argumentation frameworks as it can output sets with inconsistent bases.



2 Background Notions

The existential rules language [Calı̀ et al., 2009] has attracted much interest recently
in the Semantic Web and Knowledge Representation community for its suitability for
representing knowledge in a distributed context (such as Ontology Based Data Ac-
cess (OBDA) applications) [Thomazo and Rudolph, 2014; Zhang et al., 2016]. It is
composed of formulae built with the usual quantifiers (∃,∀) and only two connectors:
implication (→) and conjunction (∧) and is composed of the following elements:

– A fact is a ground atom of the form p(t1, . . . , tk) where p is a predicate of arity k
and ti, i ∈ [1, . . . , k] constants.

– An existential rule is of the form ∀
−→
X,
−→
Y H[

−→
X,
−→
Y ] → ∃

−→
ZC[
−→
Z ,
−→
X ] where H

(called the hypothesis) and C (called the conclusion) are existentially closed atoms
or conjunctions of existentially closed atoms and

−→
X,
−→
Y ,
−→
Z their respective vectors

of variables. A rule is applicable on a set of facts F iff there exists a homomor-
phism from the hypothesis of the rule to F . Applying a rule to a set of facts (also
called chase) consists of adding the set of atoms of the conclusion of the rule to the
facts according to the application homomorphism. Different chase mechanisms use
different simplifications that prevent infinite redundancies [Baget et al., 2011]. We
use recognisable classes of existential rules where the chase is guaranteed to stop
[Baget et al., 2011].

– A negative constraint is a particular kind of rule whereC is⊥ (absurdum). Negative
constraints can be of any arity (i.e. the number of atoms in C is not bounded). Neg-
ative constraints implement weak negation. Please note that negative constraints
generalise simple binary conflicts that can easily be translated between the two
representations: ¬p(X) is transformed into np(X) and the negative constraint
p(X) ∧ np(X)→ ⊥ is added to the rules set.

– A knowledge base K = (F ,R,N ) is composed of a finite set of facts F , a set
of rules R and a set of negative constraints N . We denote by C`∗R(F) the closure
of F by R (computed by all possible rule R applications over F until a fixed
point). C`∗R(F) is said to be R-consistent if no negative constraint hypothesis can
be deduced. Otherwise, C`∗R(F) isR-inconsistent.

– Given a knowledge base K = (F ,R,N ), a set of facts C ⊆ F is called a minimal
conflict iff C is R-inconsistent and any strict subset C ′ ⊂ C of it is R-consistent.
The set of all minimal conflict of K is denoted conflicts(K). If there are no mini-
mal conflicts there are no attacks.

In the OBDA setting rules and constraints act as an ontology used to “access” differ-
ent data sources. These sources are prone to inconsistencies. As per literature principles,
we suppose that the set of rules is compatible with the set of negative constraints, i.e. the
union of those two sets is satisfiable [Lembo et al., 2010]. This assumption is made be-
cause in OBDA we assume that the ontology is believed to be reliable as it is the result
of a robust construction by domain experts. However, as data can be large and hetero-
geneous due to merging and fusion, in the OBDA setting the data is assumed to be the
source of inconsistency. This means that by applying the rules on the set of facts, we
might violate a constraint. To handle inconsistency, in this paper we use the existential
rule instantiation of argumentation frameworks of Croitoru and Vesic [2013]:



– An argument [Croitoru and Vesic, 2013] in Datalog± is composed of a minimal
(w.r.t. set inclusion) set of facts called support and a conclusion entailed from the
support. The Skolem chase coupled with the use of decidable classes of Datalog±

ensures the finiteness of the argumentation framework proposed (following from
Baget et al. [2011]). Formally, an argument a is a tuple (H,C) withH a non-empty
R-consistent subset of F and C a set of facts:
• H ⊆ F and C`∗R(H) 6|= ⊥ (consistency)
• C ⊆ C`∗R(H) (entailment)
• @H ′ ⊂ H s.t. C ⊆ C`∗R(H ′) (minimality)

The support H of an argument a is denoted by Supp(a) and the conclusion C by
Conc(a).

– The attack considered is the undermine [Croitoru and Vesic, 2013]: a attacks b
iff the union of the conclusion of a and an element of the support of b are R-
inconsistent. Formally, an argument a attacks an argument b denoted by (a, b) ∈ C
(or aCb) iff ∃φ ∈ Supp(b) s.t.Conc(a)∪{φ} isR-inconsistent. The set of attackers
of an argument a is denoted Att−(a) = {a′ | a′Ca} and the set of arguments
attacked by a, Att+(a) = {a′ | aCa′}.

– An argumentation framework ASK = (A, C) is the corresponding AF of K where
A is the set of arguments and C is the corresponding attack relation defined above.

– If X is a set of arguments, Base(X) is the union of the supports of the arguments
of X: Base(X) =

⋃
x∈X Supp(x).

Example 1. Let us consider the knowledge base K = (F ,R,N ) with:
F = {a(m), b(m), c(m), d(m)},R = ∅ andN = {∀x(a(x)∧ b(x)∧ c(x)→ ⊥)}.
The corresponding argumentation framework ASK is composed of 36 attacks and

the following 13 arguments:

– a0 0 : ({a(m)}, {a(m)})
– a1 0 : ({b(m)}, {b(m)})
– a2 2 : ({a(m), b(m)}, {a(m), b(m)})
– a3 0 : ({c(m)}, {c(m)})
– a4 2 : ({a(m), c(m)}, {a(m), c(m)})
– a5 2 : ({b(m), c(m)}, {b(m), c(m)})
– a6 0 : ({d(m)}, {d(m)})
– a7 2 : ({a(m), d(m)}, {a(m), d(m)})
– a8 2 : ({b(m), d(m)}, {b(m), d(m)})
– a9 6 : ({a(m), b(m), d(m)}, {a(m), b(m), d(m)})
– a10 2 : ({c(m), d(m)}, {c(m), d(m)})
– a11 6 : ({a(m), c(m), d(m)}, {a(m), c(m), d(m)})
– a12 6 : ({b(m), c(m), d(m)}, {b(m), c(m), d(m)})

Please note that the attack is not symmetric, for instance, the argument a5 2 attacks
the argument a0 0 but not conversely.

Let us now recall basic argumentation notions [Dung, 1995]. Let AS be an argu-
mentation framework, S ⊆ A and a ∈ A. We say that:

– S is conflict-free iff there exists no arguments a, b ∈ S such that (a, b) ∈ C.



– S defends a iff for every argument b ∈ A, if we have (b, a) ∈ C then there exists
c ∈ S such that (c, b) ∈ C.

– S is admissible iff it is conflict-free and defends all its arguments.
– S is a preferred extension iff it is a maximal (with respect to set inclusion) admissi-

ble set.
– S is a stable extension iff it is conflict-free and for all a ∈ A \ S, there exists an

argument b ∈ S such that (b, a) ∈ C.

Example 2 (cont.). There are 3 stable (resp. preferred) extensions in ASK:

– ε1 = {a0 0, a1 0, a2 2, a6 0, a7 2, a8 2, a9 6}
– ε2 = {a1 0, a3 0, a5 2, a6 0, a8 2, a10 2, a12 6}
– ε3 = {a0 0, a3 0, a4 2, a6 0, a7 2, a10 2, a11 6}

It was shown in Croitoru and Vesic [2013] that, for existential rules argumentation
frameworks, the set of preferred and stable extensions coincide and correspond to the
set of maximally consistent sets of facts (repairs).

Example 3 (cont.). The preferred extension ε1 corresponds to the repair:
r1 = {a(m), b(m), d(m)}.
Indeed, we have that Base(ε1) = r1.

3 Structural Results

This section is organised as follows. In Section 3.1 we first investigate the graph the-
oretical results of knowledge bases composed solely of facts and negative constraints.
Then, in Section 3.2 we investigate the general case where rules are also considered in
the argumentation framework.

3.1 Results for simple knowledge bases

The graph theoretical results of this subsection are solely looking at the case where the
knowledge base is composed of a set of facts and a set of negative constraints defined
on these facts. Therefore, at the basis of the results lies the notion of knowledge base
minimal conflict. We exhibit three main results:

– The first result deals with conflict induced structural properties. Namely, we char-
acterise dummy arguments, arguments that are un-attacked and that do not attack
other arguments, and show the repetitious nature of the argumentation graph by
introducing the notion of k-copy graph.

– The second result deepens these results and looks into the symmetries of the argu-
mentation graph based on graph auto-morphisms.

– Last, we look into the connectivity of the graph and demonstrate strongly connected
components related results.

Please note that these three points will enable us to completely characterise the
structural properties of argumentation graphs generated from knowledge bases without
positive rules. We begin by introducing the scope of a negative constraint which is the
set of all sets of facts on which the negative constraint is applicable.



Definition 1. Let K = (F ,R,N ) be a knowledge base with R = ∅ and N ∈ N
be a negative constraint. We define the scope of the negative constraint N as the set
FN = {X ⊆ F | X is minimal with respect to set inclusion such that there is an
homomorphism from the body of N to X}.

Example 4 (cont.). The scope of the negative constraintN = ∀x(a(x)∧ b(x)∧ c(x)→
⊥ is FN = {{a(m), b(m), c(m)}}.

We show that the number of un-attacked arguments that do not attack other argu-
ments, called “dummy arguments”, depends on the number of facts and the scope of all
negative constraints.

Proposition 1. LetK = (F ,R,N ) be an inconsistent knowledge base such thatR = ∅
and |F| = n. If ASK = (A, C) is the corresponding argumentation framework, there
are exactly 2n−k − 1 dummy arguments a in ASK such k = |

⋃
N∈N

⋃
X∈FN

X|.

Proof. Denote J =
⋃

N∈N
⋃

X∈FN
X .

Denote Unn = {a ∈ A | Att−(a) = Att+(a) = ∅}.

1. Let us prove that |Unn| ≥ 2n−k − 1 with |J | = k and |F| = n. The set J =⋃
N∈N

⋃
X∈FN

X corresponds to the set of facts that trigger at least one negative
constraint. Thus, every fact that belongs to E = F \ J is not in any conflict. Since
|E| = n − k and R = ∅, we conclude that there are at least 2n−k − 1 arguments
that have a non empty subset ofE as support. These arguments are not attacked and
do not attack other arguments as the elements of their supports and conclusions are
not in any conflict.

2. Let us prove that |Unn| ≤ 2n−k − 1 with |J | = k and |F| = n. By means of
contradiction, suppose that there is an argument a that do not attack other argu-
ments and that is not attacked but Supp(a) 6⊆ E. It means there exists a negative
constraint N such that (

⋃
X∈FN

X) ∩ Supp(a) 6= ∅ and there is X ∈ FN such
that X ∩ Supp(a) 6= ∅. Now, let us consider Y = X \ Supp(a). We know that Y
is not empty otherwise there is a contradiction with the consistency of the support
of a. Furthermore, Y isR-consistent since |Y | is strictly inferior to the arity of the
negative constraint N . Thus, there is an argument b = (Y, Y ) such that (b, a) ∈ C,
contradiction.



Example 5 (cont.). We have that n = 4 and since we know that
⋃

N∈N
⋃

X∈FN
X =

{a(m), b(m), c(m)}, we conclude that there is 24−3 − 1 = 1 dummy argument. This
argument corresponds to a6 0 = ({d(m)}, {d(m)}).

We now analyse the related behaviour of atoms in the scope of a negative constraint.
To do so we introduce the notion of k-copy graph.

A k-copy graph of a graph is another graph that has k times more arguments and
each copy a′ of a attacks the same arguments as a and possesses the same attackers.
Formally:

Definition 2. LetAS = (A, C) be an argumentation framework. We say that the graph
of AS is a k-copy graph of AS ′ = (A′, C′) iff:

– |A| = k ∗ |A′| and there is a surjective function f from A to A′ such that for every
argument a′ ∈ A′, we have |Wa′ | = k, where Wa′ = {a ∈ A | f(a) = a′}.

– For all a, b ∈ A, (a, b) ∈ C iff (f(a), f(b)) ∈ C′.

Example 6. In Figure 1, the graph G′ (on the right) is a 2-copy graph of the graph G
(on the left). We have that Wa = {a′1, a′2},Wb = {b′1, b′2},Wc = {c′1, c′2}.

c

a b a′1

c′1

a′2

b′1

b′2

c′2

Fig. 1: Representation of a 2-copy graph.

If two arguments are the copies of the same argument, then they attack the same
arguments and are attacked by the same arguments.

The following proposition shows that if there is a knowledge base K with no rule
and containing k facts that are not in the scope of any negative constraints, then there
exists a subgraph of ASK that is a 2k-copy graph of ASK′ where K′ is the knowledge
base with no rules, the same negative constraints as K and that contains only the facts
that are in the scope of at least one negative constraint of K.

This property is important as it shows the behaviour of the instantiation in the case
of addition of facts not appearing in any conflict. It shows the structure of the graph and
exhibits the exponential growth of the number of arguments w.r.t. these facts.



Proposition 2. Let K = (F ,R,N ) be a knowledge base withR = ∅.
If J =

⋃
N∈N

⋃
X∈FN

X 6= ∅ and |F \ J | = k then there is a subgraph ofASK =

(A, C) that is a (2k)-copy graph of ASK′ = (A′, C′) where K′ = (J,R,N ) and
|A| = (|A′|+ 1) ∗ 2k − 1.

Proof. If |F \ J | = 0, then it is obvious that ASK is a 1-copy graph of itself. Suppose
now that |F \ J | > 0. We denote by ASK′ = (A′, C′) the argumentation framework
from the knowledge base K′ = (J,R,N ). Moreover, since R = ∅, the arguments can
only be of the form (X,X) where X is an R-consistent subset of J . Hence, |A′| =
|{X | X is anR-consistent subset of J}|.

Now, let us consider ASK = (A, C), the argumentation framework corresponding
to the knowledge base K = (F ,R,N ). We show that the subgraph AS ′′K = (A′′, C′′)
of ASK where A′′ = {a ∈ A | Supp(a) ∩ J 6= ∅} and C′′ = C|A′′ is a (2|F\J|)-copy
graph of ASK′ :

– We know that for any set X that is anR-consistent subset of J , X ∪X ′, where X ′

is a subset of F \ J , is an R-consistent set. Thus |A′′| = |{X ∪X ′ | X ′ ⊆ F \ J
and X is an R-consistent subset of J}|. Since the number of subsets of F \ J is
2|F\J|, then |A′′| = |A′| ∗ 2|F\J|.

– We denote by f the function from A′′ to A′ such that f(a′′) = a′ iff Supp(a′) =
Supp(a′′)∩ J . We now show that this function is surjective. Let a′ be an argument
ofA′ and c an arbitrary element ofF \J (it exists since |F \J | > 0). As mentioned
before, we know that E = Supp(a′)∪{c} isR-consistent. Therefore a′′ = (E,E)
is an argument of A′′ and f(a′′) = a′.

– Let a′ ∈ A′ and Wa′ = {a′′ ∈ A′′ | f(a′′) = a′}. For every subset X of F \ J ,
L = X ∪ Supp(a′), (L,L) ∈Wa′ . Since the number of different subsets of F \ J
is 2|F\J|, we have |Wa′ | ≥ 2|F\J|. Since for every a′1, a

′
2 ∈ A′, Wa′

1
∩Wa′

2
= ∅,

then for every a′ ∈ A′, |Wa′ | = 2|F\J| because |A′′| = |A′| ∗ 2|F\J|.
– Let (a′′1 , a

′′
2) ∈ C′′, by definition, we have that there exists φ ∈ Supp(a′′2) s.t.

Conc(a′′1)∪{φ} isR-inconsistent. Since there are no rules, it is true that Supp(a′′1)∪
{φ} is alsoR-inconsistent. However, it is clear that this inconsistency cannot come
from elements ofF\J . Thus, there exists φ ∈ Supp(a′′2)∩J such that (Supp(a′′1)∩
J) ∪ {φ} is R-inconsistent. Therefore (f(a′′1), f(a

′′
2)) ∈ C′ since Supp(f(a′′1)) =

Supp(a′′1) ∩ J and Supp(f(a′′2)) = Supp(a′′2) ∩ J .
– Let a′′1 , a

′′
2 ∈ A′′ such that (f(a′′1), f(a

′′
2)) ∈ C′. It means that there exists φ ∈

Supp(f(a′′2)) s.t. Conc(f(a′′1)) ∪ {φ} is R-inconsistent. By definition, we have
that Supp(f(a′′2)) = Supp(a′′2) ∩ J , thus φ ∈ Supp(a′′2). Likewise, we have that
Conc(f(a′′1)) = Supp(f(a′′1)) = Supp(a′′1) ∩ J = Conc(a′′1) ∩ J . We conclude
that (Conc(a′′1) ∩ J) ∪ {φ} is R-inconsistent. Therefore Conc(a′′1) ∪ {φ} is R-
inconsistent and (a′′1 , a

′′
2) ∈ C′′.

Finally, we have that |A| = |{X | X is an R-consistent subset of F}| = |{X |
X ∩ J 6= ∅ and X is an R-consistent subset of F} ∪ {X | X ⊆ F \ J and X is an
R-consistent subset of F}|− 1 = |A′| ∗ 2|F\J|+2|F\J|− 1 = (|A′|+1) ∗ 2|F\J|− 1.
This concludes the proof.



We want to emphasise the result of Proposition 2 as it shows that the addition of
“superfluous” facts will increase the size of the argumentation graph by an exponential
factor.

Example 7 (cont.). The argumentation frameworkASK has a subgraph that is a 2-copy
graph of ASK′ , where K′ = ({a(m), b(m), c(m)}, ∅,N ). Indeed, the argumentation
framework ASK′ is composed of the following arguments:

– a1 : ({a(m)}, {a(m)})
– a2 : ({b(m)}, {b(m)})
– a3 : ({a(m), b(m)}, {a(m), b(m)})
– a4 : ({c(m)}, {c(m)})
– a5 : ({a(m), c(m)}, {a(m), c(m)})
– a6 : ({b(m), c(m)}, {b(m), c(m)})

We have that Wa1
= {a0 0, a7 2}.

We now focus on detecting symmetries in the graph. Please first note that we have
the presence of symmetric arcs in the argumentation framework without rules. It obvi-
ously holds that if all negative constraints are binary, then the graph has only symmetric
arcs (since the undermining will rely on binary sets). However, if the set of rules is not
empty the symmetry no longer holds.

We now explore the link between the instantiation and symmetries in graphs. The
next definitions introduce the notions needed to comprehend symmetries, namely, per-
mutations of arguments, orbit of an argument and the cycle notation of a permutation.

Definition 3. A permutation on a set of elementsX is a bijection σ fromX toX . Given
a permutation σ, the orbit of element x ∈ X is the setOx = {x, σ(x), σ2(x), . . . , σn(x)},
with n ∈ {0, 1, . . . } the minimal integer s.t. σn+1(x) = x.

Definition 4. Given a permutation σ on X , an orbit O and an element x ∈ O, a cycle
is a sequence (x, σ(x), σ2(x) . . . , σn(x)), where n ∈ {0, 1, . . . } is the minimal integer
such that σn+1(x) = x.

A permutation can be compactly expressed as a product of cycles corresponding to
the orbits of the permutation 1.

Definition 5. Let G = (V,E) be a graph. A permutation σ on set V is an auto-
morphism of G iff for every two nodes v1, v2 ∈ V , we have that (v1, v2) ∈ E iff
(σ(v1), σ(v2)) ∈ E.

The set of automorphisms of a graph, together with the function composition opera-
tor, form a group called the automorphism group. The automorphism groups of a graph
characterise its symmetries, and are therefore very useful in determining certain of its
properties. A subset of a group is called a generating set of a group iff every group’s
element can be expressed as the combination (under group operation) of finitely many
elements of the subset and their inverses.

1 In the rest of the paper, and in order to simplify the notation, we omit cycles corresponding to
singleton orbits.



Proposition 3. Let AS = (A, C) be a k-copy graph of AS ′ = (A′, C′). For every
a′ ∈ A′, for every a1, a2 in Wa′ , we have that (a1, a2) is an automorphism of AS.

The next proposition shows that if we add nodes (and no arc) to a graph with au-
tomorphisms, then the obtained graph also has automorphisms. It is used for showing,
in Proposition 5, that a graph constructed on a KB with no rules possesses non trivial
automorphisms derived from its subgraph.

Proposition 4. Let G = (V,E) be a graph such that σ is an automorphism of G. The
graph G′ = (V ∪X,E), where X ∩ V = ∅, has the automorphism σ′ from V ∪X to
V ∪X:

∀v ∈ V ∪X,σ′(v) =

{
σ(v) if v ∈ V

v if v ∈ X

Proposition 5. Let K = (F ,R,N ) with R = ∅, J =
⋃

N∈N
⋃

X∈FN
X 6= ∅, |F \

J | = k,K′ = (J,R,N ) and AS ′′ be a (2k)-copy graph of ASK′ = (A′, C′). If AS ′′
has k′ automorphisms, then ASK has at least k′ automorphisms.

Proof. From Proposition 2, we know that ASK has a subgraph AS ′′K = (A′′, C′′) that
is a 2k-copy graph of ASK′ . We first show that every argument a that is in A \ A′′ is
such that Att−(a) = Att+(a) = ∅. Then we use Proposition 4.

1. We showed in the proof of Proposition 2 that A′′ = {a ∈ A | Supp(a) ∩ J 6= ∅}.
Thus, A \ A′′ = {a ∈ A | Supp(a) ⊆ F \ J}. Since we have no rules, the
arguments in A \ A′′ cannot attack other arguments.

2. From Proposition 4, we conclude that there is an automorphism of ASK for every
automorphism of AS ′′K.

Proposition 5 is important as it shows that the graph inherit all of the automorphisms
of its subgraph. This will be useful when designing new solvers relying on symmetries.

Example 8 (cont.). Using Proposition 4 and Proposition 5, we have that (a0 0, a7 2) is
an automorphism of ASK.

We now characterise the connectivity of the graph by showing the structure of the
strongly connected components. We first define the impossible set associated to a min-
imal conflict C as the set containing all the possible subsets of F that are supersets of
at least one subset of C of size |C − 1|.

Definition 6. Let K be a knowledge base and C a minimal conflict of conflicts(K).
The impossible set of C denoted by Imp(C) is {X ⊆ F | X ′ ⊆ X and X ′ ⊆ C with
|X ′| = |C − 1|}.

An argumentation framework is strongly connected if and only if there is a path
from any argument a to any argument a′.

Definition 7. Let AS = (A, C) be an AF. We say that AS is strongly connected iff for
every a, a′ ∈ A′ such that a 6= a′, there is a path from argument a to argument a′.



Please note that the set of nodes of any arbitrary directed graph can be partitioned
such that the subgraphs, induced by each set of nodes, is strongly connected that are
called the strongly connected components of this graph. In the rest of this paper, we
will denote by SCC(AS), this particular partition of the set of arguments of AS.

In the following proposition, we characterise the structure of the strongly connected
components of an argumentation framework obtained from a knowledge base without
rules.

Proposition 6. Let KB be a knowledge base such that R = ∅ and ASK = (A, C) the
corresponding AF. We have that:

1. {(Xi, Xi)} ∈ SCC(ASK) where Xi ∈ 2F\
⋃

C∈conflicts(K) Imp(C)

2. (A \
⋃

i si) ∈ SCC(ASK)

Proof. We split the proof in two parts:

1. Suppose that si is not a strongly connected component by itself, it means that there
is another argument a such that there is a path from xi = {Xi, Xi} to a and in-
versely. Let us denote by a1, the first argument attacked by xi on a path from xi
to a. By definition, it means that there exists φ ∈ Supp(a1) such that Xi ∪ {φ}
is R-inconsistent. Since Xi is R-consistent, it means that Xi ∪ {φ} is a minimal
conflict and thatXi ∈ Imp(Xi∪{φ}). Then,Xi /∈ 2F \

⋃
C∈conflicts(K) Imp(C),

contradiction.
2. Let a, b be two arguments in (A\

⋃
i si), we show here that there is a path from a to

b. From the definitions, we know that a (resp. b) is of the form (X,X) (resp.(X ′, X ′))
such that there exists a minimal conflict C (resp. C ′) and W ⊆ C (resp. W ′ ⊆ C ′)
with |W | = |C − 1| (resp. |W ′| = |C ′ − 1|) and W ⊆ X (resp. W ′ ⊆ X ′).
Let H = C \ X , X ′′ = X ′ \ H , W ′′ ⊆ X ′′ with |W ′′| = |X ′′ − 1| and J =
H ∪W ′′ ∪ (C ′ \X ′).

– If J is R-consistent, we denote by u, the argument (J, J). We have that u
belongs to (A \

⋃
i si) because J = |C ′ − 1| and J ⊆ C ′. We have that a

attacks u and u attacks b.
– If J is R-inconsistent, it means that there is a minimal conflict C ′′ ⊆ J such

that C ′′ 6⊆ C ′ and C ′′ 6⊆ C. Let us consider K,L ⊆ J such that |K| = |L| =
|J − 1|, H ⊆ K and H 6⊆ L. By definition, K and L are R-consistent, thus
the arguments c = (K,K) and d = (L,L) exist. We have that a attacks c, c
attacks d and d attacks b.

Corollary 1. Let KB be a knowledge base such thatR = ∅.
There are |2F \

⋃
C∈conflicts(K) Imp(C)| + 1 strongly connected components in

ASK.

Example 9 (cont.).
The only minimal conflicts is C1 = {a(m), b(m), c(m)}.
We conclude that 2F \

⋃
C∈conflicts(K) Imp(C) = {{a(m)}, {b(m)}, {c(m)},

{d(m)}, {a(m), d(m)}, {b(m), d(m)}, {c(m), d(m)}} and that there are 7 + 1 = 8
strongly connected components in ASK.



We now summarise all the structural properties of the AFs generated from simple
knowledge bases using Figure 2 as an example:

– There is one k-copy graph (encircled in the dashed-line zone).
– The arguments that are not inside the k-copy graph are “dummy arguments” (ar-

guments that are outside the dashed-line zone) and their number can be computed
using Proposition 1.

– There is one dense strongly connected component composed of the majority of the
arguments (encircled in the grey circle).

– The other strongly connected components are composed of only one argument each
(arguments that are outside of the grey circle). The number of strongly connected
components can be computed using Corollary 1.

b
b

b
b

b
b

b

b
b

b
b

b

b

Fig. 2: Structural properties of AFs from simple KBs

Since we deal with strongly connected components, one of the research questions
that naturally arise from this is whether or not the cf2 semantics [Baroni et al., 2011;
Gaggl and Woltran, 2013] is equivalent to the preferred semantics in argumentation
graphs generated from knowledge bases without positive rules.

On one hand, it appears that if the set of negative constraints is only composed of
binary negative constraints, then the graph only has symmetric arcs. We conclude that
since all SCCs are isolated, the cf2 semantics coincides with the naive and preferred
semantics.

Proposition 7. Let KB be a knowledge base such that R = ∅, then the cf2 semantics
coincides with the preferred and the naive semantics in ASK.

On the other hand, if we add ternary negative constraints, the cf2 semantics will no
longer coincide with the preferred semantics as shown in Example 10.



Example 10. LetK = (F ,R,N ) be a knowledge base such thatF = {a(m), b(m), c(m), d(m), e(m)},
R = ∅ and N = {∀x(a(x) ∧ b(x) ∧ c(x) → ⊥),∀x(e(x) ∧ d(x) → ⊥)}. The cor-
responding argumentation framework is composed of 161 attacks and the 20 following
arguments:

– a0 0 : ({a(m)}, {a(m)})
– a1 0 : ({b(m)}, {b(m)})
– a2 2 : ({a(m), b(m)}, {a(m), b(m)})
– a3 0 : ({c(m)}, {c(m)})
– a4 2 : ({a(m), c(m)}, {a(m), c(m)})
– a5 2 : ({b(m), c(m)}, {b(m), c(m)})
– a6 0 : ({d(m)}, {d(m)})
– a7 2 : ({a(m), d(m)}, {a(m), d(m)})
– a8 2 : ({b(m), d(m)}, {b(m), d(m)})), d(m)})
– a9 6 : ({a(m), b(m), d(m)}, {a(m), b(m), d(m)})
– a10 2 : ({c(m), d(m)}, {c(m), d(m)})
– a11 6 : ({a(m), c(m), d(m)}, {a(m), c(m), d(m)})
– a12 6 : ({b(m), c(m), d(m)}, {b(m), c(m), d(m)})
– a13 0 : ({e(m)}, {e(m)})
– a14 2 : ({a(m), e(m)}, {a(m), e(m)})
– a15 2 : ({b(m), e(m)}, {b(m), e(m)})
– a16 6 : ({a(m), b(m), e(m)}, {a(m), b(m), e(m)})
– a17 2 : ({c(m), e(m)}, {c(m), e(m)})
– a18 6 : ({a(m), c(m), e(m)}, {a(m), c(m), e(m)})
– a19 6 : ({b(m), c(m), e(m)}, {b(m), c(m), e(m)})

The preferred extensions will be composed of the following sets:

– ε1 = {a0 0, a1 0, a2 2, a6 0, a7 2, a8 2, a9 6}
– ε2 = {a0 0, a3 0, a4 2, a6 0, a7 2, a10 2, a11 6}
– ε3 = {a1 0, a3 0, a5 2, a6 0, a8 2, a10 2, a12 6}
– ε4 = {a0 0, a1 0, a2 2, a13 0, a14 2, a15 2, a16 6}
– ε5 = {a0 0, a3 0, a4 2, a13 0, a14 2, a17 2, a18 6}
– ε6 = {a1 0, a3 0, a5 2, a13 0, a15 2, a17 2, a19 6}

The set of cf2 extensions is the set {ε1, ε2, ε3, ε4, ε5, ε6, ε7, ε8} with:

– ε7 = {a0 0, a1 0, a3 0, a6 0, a7 2, a8 2, a10 2}
– ε8 = {a0 0, a1 0, a3 0, a13 0, a14 2, a15 2, a17 2}

3.2 Results for general knowledge bases

In this subsection we consider the general case of knowledge bases composed of a set
of facts, a set of rules and a set of negative constraints. Unfortunately, as the set of rules
can completely change the argumentation framework, general results are much harder
to obtain. It is easy to show that the link between the conflict graph (the hyper-graph
generated by the negative constraints on the facts, potentially enriched with rules) bares



no obvious link to the argumentation graph generated by the corresponding knowledge
base. In the Appendix we show that there can be several argumentation frameworks
associated with the same minimal conflict graph.

Despite the generality of the problem, we however present three graph theoretical
structural results of argumentation graphs:

– First we show general structural properties of the graph: no self-attacking argu-
ments, every argument is defended, having at least one cycle, etc.

– Second we demonstrate the presence of a complete directed sub-graph.
– Third, we show that preferred extensions are included into cf2 extensions but not

the other way. Contrary to expectations, we show that the cf2 semantics (originally
designed to better handle cycles in graphs) is producing a set of arguments with an
inconsistent base.

Let us start by making a few observations on the structure of the argumentation
graph. Indeed, it is clear that not any graph can be obtained when constructing argu-
ments from an existential rule knowledge base. First, we remark that an AF generated
from a knowledge base K is always finite. Second, given the definition of an argument,
we can also note that there are no self-attacking arguments in our framework:

Proposition 8. Let AS = (A, C) be an argumentation framework s.t. there is an argu-
ment a ∈ A with (a, a) ∈ C. There is noDatalog± knowledge baseK s.t.ASK = AS.

For every argument in the instantiated argumentation framework, there is a stable
(resp. preferred and semi-stable) extension that contains it. Please note that the fact that
there are no rejected arguments does not mean that the framework is not expressive as
ranking-based semantics may be used to attach more fine-graded acceptability degrees
to arguments.

Proposition 9. Let ASK = (A, C) be the corresponding AF of K. Then, for every
argument a ∈ A, there exists a preferred extension ε ∈ Extp(ASK) (resp. semi-stable
extension ε ∈ Extss(ASK) and stable extension ε ∈ Exts(ASK)) s.t. a ∈ ε.

We now focus on basic observations regarding attacks. First, no knowledge base can
generate a framework where an argument a is attacked by an unattacked argument b:

Proposition 10. Let AS = (A, C) be an argumentation framework. If there are two
arguments a, b s.t. (b, a) ∈ C and there does not exist c ∈ A s.t. (c, b) ∈ C then there is
no Datalog± knowledge base K s.t. ASK = AS.

In the next proposition, we prove the existence of particular arguments associated
with a minimal conflict.

Proposition 11. Let K be a Datalog± knowledge base and ASK = (A, C) the corre-
sponding instantiated AF with C a minimal conflict ofK of size at least 2. If E,E′ ⊂ C
such that |E| = |E′| = |C − 1| and E 6= E′ then the arguments (E,E) and (E′, E′)
are in A.



Proof. By definition, we have that E and E′ are R-consistent. Suppose that the argu-
ment (E,E) /∈ A, it means that there is H ⊂ E and E ⊆ C`∗R(H) (minimality). It
means that (C \ E) ∪H isR-inconsistent and ((C \ E) ∪H) ⊂ C, contradiction.

If there is at least one minimal conflict C of size at least 2, then there is a cycle2 in
the graph of the instantiated AF:

Proposition 12. If K is a Datalog± knowledge base and ASK = (A, C) the corre-
sponding instantiated AF with C a minimal conflict of K of size at least 2 then ASK
has a cycle.

Proof. Since there is a minimal conflict of at least size 2 then we know from Proposition
11 that there are two arguments (E,E) and (E′, E′) inA such thatE,E′ ⊂ C,E 6= E′

and |E| = |E′| = |C − 1|. We have that (E,E) attacks (E′, E′) and conversely.

Minimal conflicts create a particular structure in the graph of the AF. For every
minimal conflict of size n, there is a complete directed subgraph on n nodes (i.e. a
subgraph containing n arguments where every argument attacks every argument except
itself).

Proposition 13. Let K be a knowledge base and ASK = (A, C) the corresponding
instantiated AF. For every minimal conflict C of K s.t. C ⊆ F , there exists a complete
directed subgraph of ASK with |C| arguments.

Proof. We consider the case where |C| > 1, otherwise it is obvious. Let us consider
the set of arguments AC = {a ∈ A|a = (S, S), S ⊂ C, |S| = |C| − 1}. We know that
|AC | = |C| and for all a, b ∈ AC s.t. a 6= b, we have that (a, b) ∈ C.

Let us now investigate the behaviour of the cf2 semantics on general Datalog±

argumentation graphs. First, we show that the set of preferred extensions is included
in the set of cf2 extensions. We know that in the general case, we have that a stable
extension is also a cf2 extension [Gaggl and Woltran, 2013; Baroni et al., 2005].

Proposition 14. Let AS be a random AF, we have that Extst(AS) ⊆ Extcf2(AS).

Furthermore, since we are working in the setting ofDatalog± argumentation frame-
works described in Croitoru and Vesic [2013], a basics result is that the set of preferred
extension is equal to the set of stable semantics.

Proposition 15. Let AS be a Datalog± AF, we have that Extst(AS) = Extpr(AS).

We thus conclude that the set of preferred extensions is included the set of cf2
extensions for the case of Datalog± AFs.

2 We say that a tuple of arguments (a1, . . . , an) is a cycle if and only if a1Ca2, . . ., an−1Can

and anCa1.



Proposition 16. LetAS be aDatalog± AF, we have thatExtpr(AS) ⊆ Extcf2(AS).

Note that this result is not true in general (for graphs not generated from Datalog±

KBs). Moreover, we highlight here that Extcf2(AS) 6⊆ Extpr(AS) in the Datalog±

setting by providing the following counter-example.

Example 11. Let us consider the knowledge base K = (F ,R,N ):
F = {b(m), c(m), d(m), e(m)}, R = {∀x(f(x) → b(x))} and N = {∀x(d(x) ∧

b(x) ∧ c(x)→ ⊥),∀x(e(x), f(x)→ ⊥)}.
The argumentation graph corresponding to this knowledge base is ASK = (A, C)

such that A is composed of:

– a0 0 : ({d(m)}, {d(m)})
– a1 0 : ({b(m)}, {b(m)})
– a1 1 : ({b(m)}, {f(m)})
– a1 2 : ({b(m)}, {b(m), f(m)})
– a2 2 : ({d(m), b(m)}, {d(m), b(m)})
– a2 4 : ({d(m), b(m)}, {d(m), f(m)})
– a2 6 : ({d(m), b(m)}, {d(m), b(m), f(m)})
– a3 0 : ({c(m)}, {c(m)})
– a4 2 : ({d(m), c(m)}, {d(m), c(m)})
– a5 2 : ({b(m), c(m)}, {b(m), c(m)})
– a5 5 : ({b(m), c(m)}, {c(m), f(m)})
– a5 6 : ({b(m), c(m)}, {b(m), c(m), f(m)})
– a6 0 : ({e(m)}, {e(m)})
– a7 2 : ({d(m), e(m)}, {d(m), e(m)})
– a8 2 : ({c(m), e(m)}, {c(m), e(m)})
– a9 6 : ({d(m), c(m), e(m)}, {d(m), c(m), e(m)})

We have 3 preferred extensionsExtpr = {ε1, ε2, ε3} and 4 cf2 extensionsExtcf2 =
Extpr ∪ {ε4} with:

– ε1 = {a0 0, a1 0, a1 1, a1 2, a2 2, a2 4, a2 6}
– ε2 = {a0 0, a3 0, a4 2, a6 0, a7 2, a8 2, a9 6}
– ε3 = {a1 0, a1 1, a1 2, a3 0, a5 2, a5 5, a5 6}
– ε4 = {a0 0, a1 0, a1 1, a1 2, a2 4, a3 0, a5 5}

We showed with Example 11 that the set of cf2 extensions are not included in the
set of preferred extensions and thus not equal. Furthermore, contrary to expectations,
the cf2 semantics (originally designed to better handle cycles in graphs) is producing
a set of arguments with an inconsistent base. Indeed, the set ε4 contains the arguments
a0 0 and a5 5 which together form an inconsistent base.



4 Discussion

In this paper we investigated the formal structural properties of argumentation graphs
generated from Datalog± knowledge bases.

We showed that for the case of argumentation frameworks originated from knowl-
edge bases without rules, the dummy arguments are the result of facts that are not in
the scope of any negative constraints and that their numbers are exponential w.r.t. these
facts. Then, we proved that these frameworks possess a particular subgraph called k-
copy graph which have symmetries in the form of automorphisms. Moreover, these
symmetries can be transferred to the full argumentation framework without loss of gen-
erality. Next, we characterised the strong connectivity of the argumentation framework
by explaining their structure. Lastly, we showed that the cf2 semantics coincides with
the preferred and naive semantics in the case of argumentation frameworks generated
from knowledge bases without rules and containing only binary negative constraints.

We then dealt with the case of argumentation frameworks generated from general
knowledge bases with rules. We first showed general structural properties of the graph
such as the absence of self-attacking arguments, the fact that every argument is defended
and the presence of at least one cycle. Second we proved the presence of a complete
directed sub-graph associated to each minimal conflict of the knowledge base. Third,
we showed that preferred extensions are included into cf2 extensions in this particular
instantiation. Last, contrary to expectations, we proved by providing a counter-example
that the cf2 semantics (originally designed to better handle cycles in graphs) is produc-
ing a set of arguments with an inconsistent base.

The significance of our results lies in the fact that this is the first paper highlighting
the graph theoretical structural analysis of real world argumentation graphs. We be-
lieve that our thorough analysis will enable modellers to understand why and how the
changes in the knowledge base can impact the structure of the argumentation frame-
work. What’s more, we feel that this paper could be useful for designing faster and
better suited solvers for realistic argumentation graphs relying on their inherent struc-
ture.

Let us also make a note about the logical language used for instantiating the knowl-
edge bases. Existential rules have been recently intensively investigated for their gener-
alisation with respect to Description Logic fragments. Please note that certain structural
results have also been shown to hold in the work of Arioua et al. [2017b]. However,
their definition of argument is different from the one used in this paper (as our defini-
tion prevents unnecessary repeated arguments). We also note that using argumentation
over existential rules has been shown to be of practical interest over existing approaches
([Hecham et al., 2017a]). Argumentation for handling inconsistency tolerant semantics
enhance the human interaction ([Arioua and Croitoru, 2016]), can be used for practi-
cal applications in food science ([Arioua et al., 2016, 2017a]) or allow for alternative
computation methods ([Yun and Croitoru, 2016]). Such techniques have been shown
to have further implications with respect to human reasoning and bias detection ([Bis-
quert et al., 2016]). While the OBDA inspired restriction of inconsistency only coming
from the facts could be too strong for certain applications, recently, argumentation in-
spired approaches that consider defeasible reasoning have been proposed ([Hecham et
al., 2017b]).



Future work will investigate the case of symmetries and strongly connectivity for
argumentation graphs from general knowledge bases. Our goal is to obtain a complete
characterisation of the argumentation graphs generated from a Datalog± knowledge
base.

5 Appendices

We first give the definition of a minimal conflict graph and show that there can be sev-
eral argumentation frameworks associated with the same minimal conflict graph. This
observation is highlighted with an example. We then characterise the arguments and
attacks shared by every argumentation frameworks associated with the same minimal
conflict graph.

Definition 8. The minimal conflict graph of an inconsistent knowledgeK = (F ,R,N )
is a tuple (F ,J ′), where J ′ = conflicts(K). It can be represented with by an hy-
pergraph where elements of F and elements of J ′ represent nodes and hyper-edges
respectively.

Please note that it is possible that two distinct argumentation frameworks have the
same minimal conflict graph.

Example 12. Let K = (F ,R,N ) and K′ = (F ,R′,N ) be two knowledge bases with
F = {a(m), b(m)}, R = ∅, R′ = {∀x(b(x) → c(x)} and N = {∀x(a(x) ∧ b(x) →
⊥)}.

The argumentation framework ASK = (A, C) is composed of two arguments:

– a1 : ({a(m)}, a(m))
– a2 : ({b(m)}, b(m))

There are two attacks (a1, a2) and (a2, a1). However, the argumentation framework
ASK′ = (A ∪ {a3, a4}, C′) is composed of two more arguments:

– a3 : ({b(m)}, c(m))
– a4 : ({b(m)}, c(m) ∧ b(m))

We have that C′ = C ∪ {(a1, a3), (a1, a4), (a4, a1)}. We remind the reader that these
two KBs have the same conflict graph.

Since different argumentation frameworks can have the same conflict graph, it gives
us the intuition that there are similarities shared by all these argumentation frameworks.

Definition 9. The set of consistent subsets of a knowledge baseK is defined as consistent(K) =
{X ⊆ F |6 ∃E ∈ conflicts(K) and E ⊆ X}.

Proposition 17. For everyX,X ′ ∈ consistent(K) such that there existsC ∈ conflicts(K)
with C ⊆ X ∪X ′, we have that (a1, a2) ∈ C and (a2, a1) ∈ C, where:

– a1 : (X,X)
– a2 : (X ′, X ′)

These arguments and attacks are shared by all the argumentation frameworks shar-
ing the same minimal conflict graph.
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