Recent Tools

Herbgrind FP Bench

Conclusion

References IEEE-754 floating point arithmetic (1985,2008))

Discretisation (toy system) and precision

Normal floating point:

x = (-1) s • m • 2 e = ± 1.x1x2 . . . xp-1 p bits of mantissa ×2 e Precision: 2u = 1 + -1 = 2 -p 0 1/4 1/2 1 2 4 7.5
Rounding, correct rounding and unit roundoff

•(x) = x for x ∈ F, else •(x) = x(1 + e) with |e| ≤ u/2 (or u)
Correct rounding: best accuracy for +, -, ×, /, √ 

f : |x||f (x)| |f (x)| , [x||J(x)| |f (x)|
Motto: depends both on problem f and data x Example for summation: 

cond( n x i ) = n |x i |/| n x
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Interval Arithmetic (1966) IA at a glance 

•

Pros & Cons

• FPCore for fair comparison

• Small size cases, numerically safe case (worst 30% cases error = 5-6 bits)

Others benchmarks: SPEC FPU, Hamming's book,. . .

Conclusion

Numerical accuracy stuff: large and old subject, large literature, many tools but free space for human expertise up to the ideal tools Our Motto = hard issue to automatic tools Herbgrind: a gap in recent developments?

Corsika: tuning to low precision FP formats → full benefit of SIMD speedup e.g. . AVX512 = 16 × binary32

  binary32: u ≈ 5 • 10 -8 , p = 24, e ∈ {-126 . . . 127} binary64: u ≈ 10 -16 , p = 53, e ∈ {-1022 . . . 1023} Accuracy vs. Precision: The Rule of Thumb (RoT) RoT: Accuracy Condition Number ×u Forward error condition × backward error Backward stable in precision u: relative backward error ≈ u Condition number lim δ→0 sup |∆x|≤δ |∆y | |y | / |∆x| |x| , with y + ∆y = f (x + ∆x) and y = f (x).

Differentiable

  

  Data range or FP arithmetic → intervals + interval operation A sure (•) but too conservative (•) propagation of absolute errors (•) • Dependency problem, wrapping effect, variable decorrelation, conservative inclusion of convex set; intervals containing zero width([x] -[x]) = 2 width((x]), tight function range: tight interval [F ([x])]• Best computing flow driven convex set?endpoint pair, center+radius, subdivisions, Taylor expansions, affine arithmetic, zonotope, . . .[x k+1 ] = R([x k ] for R = R(0, π/4) and x0 = [-ε, ε]Interval RoT[2] width(f (X )) ≤ λ F (X )width(X ), where λ f : Lipschitz-constant of f .Interval sum: log 10 width(sn) vs. log 10 cond(sn) for sn = 1 [3]

  

  OpenTelemac2D simulation of Malpasset dam break (1959)A five year old dam break: 433 dead people and huge damage Triangular mesh: 26000 elements and 53000 nodes Water flow simulation →35min. after break, 2sec. time step

	1.5e-10 1.5e-10					
	1e-10 1e-10	Exact value Horner algorithm				
		Exact value				
	Prerequisite				
	5e-11 5e-11	FPA for dummies				p(x) = (x -2) 9 around x = 2 in IEEE binary64 p(x) = (x -2) 9 around x = 2 in IEEE binary64
	0 0	Errors and Measures			• expanded form • expanded form
	-5e-11 -5e-11	• developed polynomial + Horner algorithm Accuracy vs. Precision: The Rule of Thumb
	-1e-10 -1e-10 Tools				
		Old Folks				
	-1.5e-10 1.92 -1.5e-10 1.92	1.94 1.94 Interval arithmetic 1.96 1.98 2 1.96 1.98 2	2.02 2.02	2.04 2.04	2.06 2.06	2.08 2.08
		CADNA, verrou				
	Interesting example!				
		Problem? No problem: exact data!
	One problem + one algorithm + one precision Reproducible simulation? Accurate simulation?
		but different accuracy for different data velocity U Algorithms: The sequential run 0.4029747E-02 0.7570773E-02 0.3500122E-01 velocity V depth H
		one 64 procs run	0.4935279E-02 0.3422730E-02 0.2748817E-01
		one 128 procs run	0.4512116E-02 0.7545233E-02 0.1327634E-01

the rich vs. the poor the good vs. the ugly: summation Example: Industrial case

  i | arbitrarily larger than 1/u when catastrophic cancellation in n x i
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Reproducible enough (i.e. modulo validation) vs. bitwise identical At least to debug parallel vs. sequential, also to validate for production step, to certify for legal process

Floating Point Arithmetic is Error Prone

Counter intuitive FPA Add is not associative • Absorption:

Error Free Transformations (EFT) for +, ×: Herbgrind (2018)

• Dynamic analysis, binaries (Valgring)

• Large programs, different languages, libraries

• Numerical tricks detection: compensation, EFT

• Open platform: front-end to "small sized oriented tools", ...