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3ajada YUTHN O CTepyKHe B Toe3/e, NN
Muoro myma u3 Hu4Yero

A. Ilenn*

IHamamu Baadumupa Andpeesuua Yenencrozo (1930-2018)

1 Yro numrer ApHOJIB,
B 6portope 2002 rozma «Yro Takoe marematukas [1] Biagumup Uropesud ApHosts mummet:

MaremaTudeckasi CTPOTOCTh 9aCTO OKA3BIBAETCSA TPYIHOIPEOIOTUMBIM ITPe-
ISITCTBUEM JlayKe W JIJIsl XOPOInX MaTeMaTnKoB. CJre/Iyommuii mpuMep 3amnM-
CTBOBaH U3 3aMmedare/bHON Kiaaccuueckoit kauru P. Kypanra u I'. Poboumca
«Yr0 Takoe maremaTuka?» (HEJABHO MMEPEU3IAHHON Ha PYCCKOM $I3BIKE).

Peun nnper o mpumenennu Tomnosoruu. [lycTs Ha KaTsimeicst o0 TOpU30HTATb-
HOMY PEJIbCOBOMY IIYTH ILIAT(OpPME YCTAHOBJIEHA MTEPIEHIUKY/ISIPHO PETbCAM
3aKperieHHast TOPU30HTAIbHAST OCh, HaJl KOTOPOI BO3BBIIIAETCS CIIOCOOHBII
BpaIaThCsl BOKPYT 9TOM OCU «IIE€PEBEPHYTHIN MasiTHUK» (CTEPIKEHb ).

VTBepKIAEeTCH, ITO Kak08 Obl HU OblA 3a0aHHBLT 34KOH 0BUNHCEHUA NAAM-
dopmul (6 meuenue NPOMENCYMKG 8pement, 0m HYAi 0 cOUHUYDL), HAYAABHOE
NONONHCEHUE < MAAMHUKG> MOACHO 8bOPAMD MAK, YMO OH 68 KOHEYHVIT MOMEHM
spemenu we 6ydem zopusonmanen (Xacciep YurHn).

ABTOpPBI JIOKa3bIBAIOT 3TO TaK. Kcanm mcxoHoe MoJIoKeHne MasgTHUKa —
FOPU30HTAJILHO JieyKadee, BIIEpE] 110 X0y, TO TAKUM OHO U ocTaHeTcsd. Kcin
JK€ MCXOJIHOE TIOJIOXKEHHEe — TOPU30HTAJIbHO Jieskadee, HO Ha3a/l 110 X0y, TO 1
9TO COXPAHUTCH.

Pacemorpum Tenieps mpon3BoJIbHOE HavdaIbHOE MTOJIoYKeHue. Konednoe mo-
JIOZKEHUe OTIPeJIe/IsIeTCsl Hada bHbIM. DTa HelpepbiBHas (DYHKIMA TPUHIMAET
oba 3HaYEHUs «BIIEpe/l» U «Ha3a 7 y». [1lo TeopeMe TOMOJIOrUN OHA IPUHUMAET U
IIPOMEKYTOUYHBIE 3HAUEHUS, 9TO U TPEOOBAJIOCH JI0KA3aTh.

Hekoropoe Bpemsi Ha3a1 MHe miepeann npockby ot mpod. Pobounca (Ky-
paHT K TOMY BPEMEHHU Y Ke yMep) MOCTapaThCsl HCIPABUTH ITO «OMMOOIHOE
JIOKa3aTe/IbCTBO». J[e/10 B TOM, 4TO HUKAKO HEIPEPBIBHON (PYHKIINN «KOHETHOE
COCTOSIHME TIPH JIAHHOM HAYaJIbHOM COCTOSTHUU» TYT Cpa3y He BUJIHO: €€ HYKHO
e1re TOYHO OMPEJIE/INTH (C KAKUM-TO YIETOM BJIMSIHUS BO3MOXKHBIX YIapOB O
wrardopMy), U HYKHO doka3amb ee HEIPEPhIBHOCTh. ¢l ciiblimalt, 9ro amepu-
KAHCKHE MaTeMaTHKH, ITBITABIINECS BCE 9TO CJIeJaTh, HANUCAIN (HEN3BECTHOE

*Hamucano 1o npockbe C. M. JIbBosckoro u B. IllysajioBa, KOTOPBIM aBTOP BBIPasKaeT IIPU3HATEILHOCTD



MHe) COYMHEHHNE C OMMOOTHBIMHI IIPOMEZKYTOIHBIMU YTBEP2KJACHUAMMN U JTOKa-
3aTeJIbCTBaMM, TaK 9YTO BOIIPOC O «MadTHHKE» 1 CEIroJHd, BUJIUMO, OCTacTCA

OTKprTbH\/ﬂ.

Apurosiba Bo3Bparaercsa K 3tomy Borpocy B 2009 roay B japyroit 6pomrope, «Mare-
MaTHYIECKOe TIOHUMaHue Ipupoibl. OYepKN YANBUTEIbHBIX (DU3MIECKUX SABICHUIA U UX
MOHUMAaHUs MareMaThukaMmu (¢ pucyHKamu asropa)» [2], rue mmrmer:

Ha 20pu3onmanvhuis peavbcar cmoum naamg@opma, 1a xomopot ykpeniena
NePnEHOUKYAAPHO PEALCAM 20PUSOHMANDHAA OCH BPAULEHUS «NEPEGEPHYMO20
MAAMHUKG», KOMOPYIT MOACEM 6000010 6pauyamvea 6 (Napaiiesvnots peav-
cam) eepmukasvrol naockocmu. Ilnamgopma deusrcemen no saxony x = f(t)
(ede f — enadrasn na ompeske [0,T] dynkyus epemenu).

Jokazamo, wmo cywecmeyem makoe HAUaAbHOE COCTMOARUE MAATMHUKA

o0)=¢, ) =0

wmo on He ynadém na naamepopmy 3a 6cé epema 'l eé dsuoicernus.

o
b & =

Pemtenne (Kypanta). Ecim ¢ = 0, To at) = 0 Bcera, u ecim ¢ = 7, T0
a(t) = m upn Beex t.

U3 HenpephIBHON 3aBHCHMOCTH perterns (riaIkoro) auddepeHnnaibHOro
yPaBHEHHsI OT HAYAJBHOI'O YCJIOBUS (¢ 3aKJIOYAaeM, 0 TEOPEME O IIPOMEKY-
TOYHOM 3HAYEHNHU, ITO MeK 1y HadaabHbiMu yeaosusMu a(0) =0 n a(0) =7
cymecrByer Takoe 3uadenne «(0) = ¢, aro a(t) upn 0 < ¢t < T 3aKII09EHO
crporo Mexky 0 u 7, Tak 9TO MAsTHUK HE [aJIaeT.
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N
= (1t

)
rO To(()

Bameuanue. Muorne Bo3pazkaau MPOTHB 3TOro (OMMOOYHOr0) JloKa3a-
TeJIbCTBA, TaK KaK, JazkKe ecIu Obl ObliIa oIpejiesieHa HellpephIBHAA QPyHKIINA

! Muckycenst 06 aroit 3amade X. Yurnu onybimkosana: B. E. Blank. Book review: What is mathematics?
// Notices of the Amer. Math. Soc. 2001. Vol. 48, No. 11. P. 1325-1329; L. Gillman. Book review: What is
mathematics? // Amer. Math. Monthly. 1998. Vol. 105, No. 5. P. 485-488; J. E. Littlewood. Littlewood’s
miscellany. Cambridge Univ. Press, 1986. P. 32-35. (IIpumesanue B. H. Aprnoavda. Buaumo, B nocsenseit
ccpuike Aprosbs numeer B Bumy [11].)



a(-,T), HAIATBHOTO MOJIOKEHUS ©, U3 €€ OTJINYNS OT HYJIsA U T IPU HAYATBHOM
YCJIOBHUH - = (p HE CJIeJyeT oTandne yria « oT ) u OT 7 BO BCe MPOMEKYTOIHBIE
3HaYEeHNd MOMEHTHI Bpemenn, (0 < ¢ < T

BeposiTHO, MOKHO OBLIO OBI PACCMOTPETH pa3yMHOe ODODIIEHUE PacCy K ie-
uuit Kypanra, B Koropom 3Hauenus GbyHKInm ap,t) onpeieeHbl eCTeCTBEHHBIM
IPOJIOJIZKEHUEM II0CJIe MOMEHTOB yiapa o miardopmy (rae a(p, t)=0 wm ).
Ho B smurepatype Takoe 0600IIeHIEe OTCYTCTBYET, U CTPOTOE JI0Ka3aTEIbCTBO
[IPUBEIEHHOM runoTe3sl KypaHTa HEM3BECTHO.

Pasimmanbie Bo3pazkeHus K pa3/IMIHBIM MOIBITKaM 000CHOBATH BBIBOJ Ky-
panTa omnyosmkosasm JIk. JlurTaByn u apyrue (Hampumep, HEKOTOPBIE U3
«KOHTPIIPUMEPOB» K OJIHOMY U3 TaKUX 00OOCHOBAHUI OKA3aJINCh HEICHCTBUTE b
HBIMH, €CJIH CKOPOCTh df /dt MeHbIIe CKOPOCTH CBETA).

Ho s e Buesr pa3syMHOro aHajmsa 9TOH 3aa41 C yIETOM Y/IapoB.

Omnucannast TeopeMa ObLIa moMerneHa KypanToM B 3aMedaTe/IbHBIN 3/1eMeH-
TapHbIil yaeoHuk: Kypant u Pooounc «4ro Takoe Mmaremaruka?s», CO CChLIKOI
Ha YUTHH.

[MonbiTkE pazobparhbest B 3TOM Jiesie (B CBA3U C IOJANOTOBKO Mepen3iaHusl KHUTH
Kypanra n Po66unca) mokasasm, 9To TYT JOBOJIbHO 3abaBHAsT U 3aIlyTaHHAS UCTOPHS C
y9IaCTHEM U3BECTHBIX MATEMaTHKOB.

2 UYrto mammcano y Kypanra m Pobbumca

[TepBoe nznanne kauru «Yro takoe maremarnka?» Kypanra u Pob6unca [8] oo Ha
aHrmiickoM sa3bike B 1941 rogy. B 1947 romy BhImes ero pycckuil mepeBoJy 1MoJT pelaKiueit
B. JI. Tonuaposa, ¢jielaHHBIi 110 IEPBOMY U BTOpOMY aHriuiickuM u3ganusiv (1941 u 1943).

HeiicrBuTeibHO, 006CyK1aeMasi ApHOJIBIOM 3ajiada paccMarpuBaercs B pasjese VI.6.2
(2-e uznanmue, c. 352; 3-e uzganue, c¢. 347). ABTOPBI MUNTYT (IIPUBOIMM TEKCT TIO PYCCKUM
U3JIAHUAM, KOTOPbIE B 9TON YaCcTU MPAKTUYECKU HE OTJIUYAIOTCS JIPYT OT JIpyTra, pa3Be
9TO HEOOJIBIION OTMEYEHHON HUKE CTUIUCTUIECKON IIPaBKOil, HECKOJIbKUMU 3aIIAThIMU 1
0603HAYEHNEM yIJIa (v Ha, PUCYHKe):

* 2. IlpumeHeHue K OfHOII MexXaHM4ecKoii mpobjeme. Mbl 3aK0OHIIM
3Ty IJIaBYy PacCMOTPEHUEM OJHOW, Ha NEepPBbIA B3IJVIAJ TPYAHONA, MeXaHUYe-
CKOI1 IPO0JIEMBI, KOTOpas, OJIHAKO, PEIIaeTcs 0YeHb ITPOCTO MOCPEICTBOM CO-
obpazkeHwuil, CBsi3aHHBIX ¢ HenpepbiBHOCTHIO. (IIpobiiema Gblta mpeoxkena
I Yurun.)

[TpesarmosioxkumM, ITO TIOE3/T HA MPOTIKEHNN HEKOTOPOTO KOHEYHOT'O ITPOMe-
JKYTKa BPEMEHH IIPOXOIUT MPIMOJINHEHHBIA OTPEe30K IIyTH OT cTanmun A 110
craunmu B. BoBce He mpe/iosiaraercs, 9To JBUKEHUE TPOUCXOIUT C TTOCTO-
SIHHOM CKOPOCTDBIO WK C TIOCTOAHHBIM yCcKOopeHueM. HampoTus, moes s MoxKeT
JIBUTATHCA KaK YTOJ/IHO: C YCKOPEHUAMU, C 3aMeJJIEHNSIMI; He UCKIIOUEHbl JTaxKe
MTI'HOBEHHBIE OCTAHOBKU WJIM YaCTUYIHO JlarKe JBUKEHHE B 0OpaTHOM HAallpaBJie-
HUU, ITPEXKJe YeM B UTore 1oe3]1 npujaer Ha cranruio B. Ho tak nin nnade
JIBUZKEHUE TI0€3/1a Ha MPOTIKEHUN BCETO BPEMEHHOTO ITPOMEYKYTKA CUUTACT-
¢ U3BECTHBIM 3apaHee; JPYTUMU CJIOBAMU, CUUTACTCI 33/ JaHHON (DyHKIMA
s = f(t), tme s — paccrosiuue noe3/a ot craniun A, a t — BpeMsi, OTCIUThIBAe-
MOe OT MOMEHTa OTIpaBjeHud moe3ja. K mory ogHoro n3 BaronoB MpUKperieH



Ha IAPHUPE TSXKEJIbI CTepKeHb, KOTOPBI 6e3 TpeHMs MOXKET BpaIlaThCs
BOKPYT OCH, Tapa/IIeIbHON OCsIM BATOHOB, BIIEpE]] U HA3a/[ — OT IOJIa J0 IOJIA.
(Mpr moryckaeM, 9To, IPUKOCHYBIIICH K TIOJTY, OH B JIAJbHEHIIEM OCTAHETCS Ha
HEM JICKATH, €CJIH €My He CJYUUTCA <«IOANpBIrHyTh» cHosa.) [(If it does touch
the floor, we assume that it remains on the floor henceforth; this will be the
case if the rod does not bounce. )]

Borpoc 3ak/odaercss B CIEAYIOMIEM: 803MONCHO AU 68 MOMEHM, 0MIrodq
n0e30a NOMECMUMD CMEPAHCEHD 8 MAKOE HAYAALHOE NONOHCEHUE, M. e. dAMb
emMy maxoti y2oa HAKAOHA, YWMOOVL HG NPOMANCEHUY BCE20 NYMAU OH HE NPUKOC-
HYACA K noay, bydyuu npedocmasier 6030eticmeuto deudtcenus noe3da u cunbl
cobcmeennoti mastcecmu?

Ha mepBbIit B3rJIs1)1 MOZKET 1MOKa3aThCsl COBEPIIIEHHO HEBEPOSITHBIM, ITOOBI
[IpU HATIepe ] OIPEJIeIEHHON cxXeMe JIBUKEHUsT T10€3/1a B3aNMOIeHCTBIAE CHUIbI
TSKECTH U CUJI PEAKIIUN OBLIO CIIOCOOHO 0becrednTh TpedyeMoe paBHOBECHE
CTEp:KHA IPU €JIMHCTBEHHOM YCJIOBUU — HaJJIeXKalleM BhIOOpe HAavIaIbHOIO
noJiozkenusi. Ho MbI ceiiuac ycTaHOBMM, UTO TaKOe HadaIbHOE IIOJI0XKEHUE BCErIa
CYIIECTBYET.

K cuactbio, 10Ka3aTeIbcTBO HE MOIPA3yMeBaeT TOYHOTO 3HAHUS 3aKOHOB
mexaHuky. (VX0 u3 9TUX 3aKOHOB, PENUTh 3371y ObLIO Obl Ype3BBITANHO
Tpy/HO.) /I0CTaTOYHO NPUHSITH TOJLKO OJHO JIONyIIeHne (BDU3MIECKOTO CO-
JIepKaHUsL: NocAedyrowee JGUNMCEHUE CMEPHCHA 3AGUCUM HENPEPVIGHO OM, €20
HAYAADHO20 NONONHCEHUA; B YACTHOCTHU, €CJIN TPU JIAHHOM HAYAJHLHOM IOJI0-
JKEHUHU CTEPKEeHb BO BPeMsl IIyTH YIaJeT Ha IO0JI B OJHY W3 CTOPOH, TO IPHU
BCIKOM HAYAJIbHOM IOJIOKEHNHN, JOCTATOTHO MAJIO OTIMIAIOIEMCs OT JAHHOTO,
OH He yIaJeT Ha I0JI B IIPOTHBOIIOJIOKHYIO CTOPOHY.

e} o
e o—

Puc. 175. IIpobaema YurHu.

O6paTuM Terepb BHIMaHNE Ha TO, ITO BO BCSKHUII MOMEHT BPEMEHH MOJIOKe-
HIE CTepPXKHs XapaKTepPHU3yeTcst YIJIOM (v, KOTOPbIii OH JesaeT ¢ mosom [1966 r;
B m3gannu 2001 1. u moszKe: «cocTapiger ¢ mosom»|. Yriam o = 0° u a = 180°
COOTBETCTBYIOT JIBA ITPOTUBOIIOIOKHBIX TOPH3OHTAJBHBIX (JI€2KAUNX) HOJIOXKE-
rnst. O6o3naunM depe3 & 3HAYEHNE YIVIa (¢ B HAYAJIBHOM IOJI0KEHUN CTEPIKHSI.
JlokazaTe/bCTBO HAIIETO yTBEPXK/ICHNsT OY/IeT KOCBEHHOE, B COOTBETCTBHUHU C
YHUCTO FK3UCTEHIMATBHBIM XapaKTePOM caMoil mpobJieMbr. Jlomycrum, 9To 6ce-
2da, T.e. IpH JIIOOOM HAYAJIBLHOM IOJIOKEHUN CTEPXKHS, CTEPXKEeHb HEIPEMEHHO
YIaJeT WA B OJIHY, WA B JAPYT'YIO CTOPOHY, TaK YTO (v IPUMET 3HAYEHHE U
0°, i 180°. Oupenenum torja dyukiuo f(z) coracHo yciaosuio: [1966 r.;
m3pannu 2001 roma «onpeeanm rorga Gyukimo f(z) Tak:»| f(x) = +1 win
—1, cMOTps 110 TOMY, YIAJET JIN CTEPKEHb B CTOPOHY, COOTBETCTBYIOILYIO YTy

2B AHIJINIICKOM TEKCTe, KaK BUJIUM, dBHO YKa3aHO, 9YTO CTE€P2KEHb IIPEJIIIoJIaracTCsd IPUKJICUBAIOIINMCA K
IIOJIy IIPU KOHTaKT€ — a He IIPOCTO 9TO OH 6yﬂeT JIE2KaTh Ha II0JIY, «€CJIU eMy He€ CJIYyIUTCA IMOAIIPBITHYTH».



a = 0° wm yrny « = 180°. CpoiictBa dyHKImE f() TAKOBBI: OHA 3a/1aHA B MH-
repiasie 0 < z < 180°, menpepsiBaa B HeM, u mputom f(0) = +1, f(180) = —1.
Orcroma, o Teopeme Bosbiano, cieayer, 9To Ipu KaKOM-TO MPOMEXKYTOTHOM
suadennn r (0° < x < 180°) moszkuO BBINOIHATHCH paseHcTBo f(z) = 0.
A 5710 nporusopeunt Tomy, uro dbyHKIUA f(r) MOKET IPUHUMATH TOJBKO
sHadeHns +1 u —1. 3HAUNT, IPUXOIUTCH OTBEPIHYThH CEJIaHHOe JOIYyIIeHHE,
COIJIACHO KOTOPOMY CTEPXKEHb YIAJEeT Ha IOJI IIPU KAKOM YIOJHO HAYAJILHOM
€ro MOJIOKEHHH.

CoBepINEHHO SICHO, YTO MPUBEJIEHHOE JOKA3ATEIHLCTBO HOCUT YUCTO TEOPE-
TUYECKUI XapaKTep, IIOTOMY YTO He JIAT PEIIUTE/bHO HUKAKUX YKa3aHuii Ha
TO, KaK OIPEIEe/IUThL NCKOMOE HOJIOKEHIE CTep:KHs. BMecre ¢ TeM, JazxKe eciu
OBbI TaKOe I0JIOXKEHUE U MOIJIO OBITh BBIYUC/IEHO TEOPETUYIECKH C abOCOJIFOTHOM
TOYHOCTBIO, IPAKTUIECKH OHO OBbLIO ObI OECIIOJIE3HO BCJIEJICTBUE CBOEH HEYCTOM-
quBocTH. Tak, HAIpUMED, B IIPEJIEILHOM CJydae, eCIu MOe3]l HEIOBUKEH B
TEYEHNN BCEro «IIyTEIleCTBUSI», PEHICHNEe COBEPIICHHO o4eBuano: = 90°; HO
BCSAKUIT, KTO IIBITAJICH YPABHOBECUTD UTOJIKY B CTOSAUEM HMOJIOKEHUU Ha [JIAKOI
rOPU30HTAILHON TOBEPXHOCTH, MOHUMAET, HACKOJILKO 9TO PEIIeHne IPaKTHIe-
cKM HepeasbHO. TeM He MeHee ¢ MaTeMaTHYeCKOil TOYKHU 3PEeHus IPUBEICHHOE
JIOKA3aTeILCTBO UMEET HEOCIIOPUMBII HHTepec.

3 MaremaTtudeckue mMoapoOHOCTHI

[IposiBuB 3aHyICTBO (BO3MOXKHO, C 3JeMeHTaMu OypOaKki3Ma), JErKO BOCIOJIHUTD IIPOOeThI
B uznoxkenun Kypanta n Potounca. Ho cradasa ckakem 1ojpobHee, B 4EM COCTOAT
9TH TPoOeJIbl (MCIOJIb3Yst 0a30Bble CBeJieHnsT 00 OOBIKHOBEHHBIX (D HEPEHITNATLHBIX
YPABHEHUSIX ).

JIBuzkeHue crep:kHs onucbiBaeTcs aud epeHinaabHbIM ypaBHeHHeM (OJJHOMEPHBIM,
BTOpOro nopsizika). Hemssecrroit byHKIWE SBIsIETCS 3aBUCHMOCTD YIJIA (v OT BPEMEHHU.
Cwa, JieficTByIOIasi Ha CTePXKeHb, CKJIQIbIBAETCs U3 CHJIbl HHEPIUN (CBSI3aHHON C JIBUKe-
HUEM [0€3/1a) U CUJIbI TsizKecT. BMecTe ¢ cuiaMu peakIuu CTePKHs, O3BOJISIIOIUMEI eMy
JINIIIb BPAIATbCsT BOKPYT OCH, OHU OIIPEJIE/ISIIOT YIJIOBOE YCKOpeHue crep:kHs. HadasibHoe
YCJIOBUE TOBOPUT, YTO U3HAYAILHO CTEPIKEHb HEIIOJBIKEH (yIJIoBasi CKOPOCTh paBHA HYJIIO),
obpazyst yroJ o ¢ TOPU30HTOM.

Teopema 0 HEPEPBIBHON 3aBUCUMOCTH pelleHus JuddepeHnuaaIbHOro ypaBHEHHS OT
HAYAJbHBIX YCJIOBHH IapaHTUPYeT, YTO 3HAYeHUe peIlleHusi B KOHIE IyTH noe3ja (Kak
U B IIPOM3BOJILHBII MOMEHT MOMEHT BDEMEHN) SIBJISE€TCS HENpPEPBIBHOW (QyHKIUed oT
HavaIbHBIX ycsioBuil. [Ipobiiema, ormedentas ApHOIBIOM, COCTOUT B TOM, UTO IIPIMO TaK
cocJiaThCd Ha TeopeMy Hesb3st. Ecmm mbl, cienys Kypanty u PobOuncy, canraem, 9o mocie
KaCaHUsI 1I0JIa CTePXKEHb «IIPUJIUIAeT» K HEMY, TO B 9TOT MOMEHT JuddepeHInaIbHoe
ypaBHEHHE yiKe He ONMUCHIBAeT mporece (1 BoobIe yCKOpeHne GECKOHETHO, a CKOPOCTh
MMeeT Pa3phiB, KOIJIa CTEPKEHb ¢ HEHYJIEBO CKOPOCTBIO yiapsiercs: o 11oJ1). MoxHo yoparsh
[IOJI ¥ PACCMOTPETD JIBUZKEHUE HA BCEHl OKPYXKHOCTU BO3MOXKHBIX ITOJIOZKEHUN CTEPXKHSI.
Torja ypaBHeHne COXpaHsIeT CHIY BCerja, HO (KaK MpaBUJIBHO OTMeYaeT APHOJIbI) U3
TOrO, YTO B KOHIIE JIBUYKEHUs CTEPXKEeHb BepTUKaJeH (UM HAXOJUTCS B KAKOM-TO MHOM
TOJIOXKEHWUHU BBIIIe TOPU30HTAJIN ), He CJIEJyeT, YTO OH B IIPOIECCe JBUKEHHs He OMyCKaJICst
HI2Ke ropu3oHTa n. KTo 3HaeT — MoxKeT ObITh, OH JlaxKe CJiejiajl HeCKOJIbKO 00OPOTOB,
1epejl TeM KaK BEPHYThCS B BEPTHKAIbHOE II0JIOKEHHE.

Kax BocriostauTs 311 11pobesibl? Byem, kak u rnpejiarajgochk, pacCMaTpUBATh YPABHEHUE



Ha BCEll OKPYKHOCTH (CUUTasi, 9TO CTEP:KEHb He YJapsieTCsi O M0JI, a MOXKeT MPOJIe/IaTh
1estblit 060pot). Kpome Toro, Mbl MOXKEM CUNTATD, UTO 33/[aH 3aKOH JIBUZKEHHUST [IAT(HOPMBI
npu Beex t > 0 (HekoTopast riaKast (GYHKIMsI), U JTOCTATOTHO JI0KA3aTh, YTO CYIIECTBYET
HavdaJIbHOE YCJIOBHE, IIPU KOTOPOM pellleHne Ha Bcell mosryocu ¢ 2> (0 ocTaércs B BepxXHeit
MOJIYIJIOCKOCTH (B MHTEpBaJie £7/2 0T BEPXHEro MOJIOKEHNs ). 3/1eCh CTOUT OTMETHUTh,
YTO CTAaHJAPTHBIE PE3YJILTATHI PO IVIAJIKOE YpaBHEHHE HA KOMIIAKTHOM MHOTOOOpa3uu
rapaHTUPYIOT, YTO MpPH JIFOOOM HAYAJIHLHOM YCJIOBUM PEIIEHHE IPOJIOJIZKAETCS Ha BCIO
nosxyupamyto ¢t > 0.

HauasibHoe mosioxkeHre B BepXHEH MOJIYIIIOCKOCTH (¢ HYJIEBON CKOPOCTbHIO) Oy/1eM Ha3bl-
BATh JIEBBIM ([IPABBIM ), €CJIH UCXOJSAIIAs] U3 HENO TPAEKTOPHUS [IEPECEKAET MOPU30HTATLHY IO
[OJIYILJIOCKOCTh MEPBBIi pa3 cjieBa (COOTBETCTBEHHO cipasa). [lonsitue «mepsoro paszas
OIPEJIeJIEHO0 KOPPEKTHO (ec/i BOOOIIE eCTh IepecevdeHre ¢ TOPH30HTAIBHOl MJIOCKOCTRIO):
MHOXKECTBO MOMEHTOB TOPU30HTAIBLHOIO TIOJIOXKEHUST 3aMKHYTO, ¥ CPEJIN HUX €CTh IEePBBIil
(TouHasl HUXKHSSI IPAHb ITONO0 MHOYKECTBA €My MPUHAJJIEXKUT). DTOT MEPBBIi MOMEHT
MOZKeT OBITH JTNOO0 JIeBbIM, JnO0 mpaBbiM. [losrydaem nBa muoxkectBa L n R HavaIbHBIX
[IOJIOZKCHUA.

Bamernm, uro oba mHOXKecTBa L m R memyctol. B camom mene, dynkmmsa f(t) B
OKPECTHOCTH HYJIS UMeeT OI'PDAHUYEHHYIO BTOPYIO NPOU3BOJIHYIO, U TIOTOMY CHUJIA WHEPIINH,
JIeHCTBYIOIIAas HAa MagTHUK, orpannyena. Ciie/loBaTeIbHO, eC/in Ha9aabHOE TOJIOXKEHNE
MagTHUKA JIOCTATOYHO OJM3KO K TOPU30HTAJIHLHOMY, TO CUJIBI WHEPIIUU HEJIOCTATOTHO,
9TOOBI IPOTUBO/ICIICTBOBATD I'PABUTAIINN, U MAITHUK HAYHET JBUIATHCS BHU3 U HEPECEUET
rOPU30HTAJIb (C TOI CTOPOHBI, TJIe OH HAXOJIUJICS U3HAYAILHO).

OcraJjioch mokasarh, 9T0 006a MHO)KecTBa L 1 R OTKPBITHI, U 3aT€M BOCIIOJIB30BAThCS
ceasHocTbio nHTepBasa (0, 7). [Touemy, ckaykem, muOKecTBO L oTKphITO? Ilyerh fp —
HEKOTOPBIii 371eMeHT L, u «(t) — coorBercTBytolee perierne. [lyctb 7 — nepsblii MOMEHT
rOPUBOHTAJILHOIO oJI0KeHust, Torjaa «(7) = m. Ha unrepsase [0, 7] paccrosiaue ot «(t)
JIO JIDYTOro TOPU30HTAIBHOrO mojiokeHusi (o = () OT/EJIeHO OT HyJisi, MOTOMY IIPU
BCEX JIOCTATOYHO OJIM3KUX HAYAJBHBIX YCIOBUAX IO TE€OPEME O HENPEPLIBHOI 3aBUCUMOCTHI
(permenusi Kak (GYHKIME OT HAYAIBLHOTO YCJIOBHSI I MOMEHTA BPEMEHH ) PellieHne He TI0Ia1aeT
B IIpaBOe MOPU3OHTAIbHOe MoJoxKkenue Ha npomexyrtke [0, 7]. Tlo Toii ke Teopeme mpu
JIOCTATOYHO OJIN3KUX K (p HAYAJIBHBIX YCJIOBUAX pellenue Oyjier OJIM3KO K T B MOMEHT
BpeMeHn 7. [I0CKOIBKY yCKOpeHne TeIesKKN OrPaHIIeHo B OKpecTHOCTH oTpe3Ka [0, 7| (u
BOOOIIIE HA JIFOOOM KOHEYHOM OTPE3KE), TO OTCIOJIa CJIEJIYeT, YTO MPH JOCTATOYHO OJIM3KUX K
(g HA9AJIbHBIX YCJIOBUAX PEIICHEE JIMOO yKe MePEcedeT TOPU30HTAD CIEBA, JIMDO OKAXKETCS
B TAKOM IOJIOZKEHWH, I7le 9TO HeMuHyeMo. [loaToMy 3T O/im3Kme MooyKeHns Bce JieyKaT B
L, aTo u TpeboBaaoch 10Ka3aTh.

4 Hcropudeckue moapoOHOCTH

4.1 Ilepecka3 JIutaByna

Kuura Kypanta u Po6ounca seiura B 1941 romy. B 1953 roay BbixoguT kuura JIutiasyia
«Maremarndeckast cmecby» [11], koropas B 1962 roay Gblia omybJInKOBaHA [O-PYCCKU B
nepesojie B. U. Jleuna. JIutiByn ynomunaer 3aja4y YuTHH, ccbliadch Ha KypanTta u Pob-
ounca. [IpuBeiém cooTBeTCTBYOIINIT KYCOK B PYCCKOM TI€PEBOJIE (BIIOJIHE COOTBETCTBYIOIIEM
OpHUIUHAILY )

CreprkeHb MAPHAPHO MPUKPEILIEH K IOy YKeJIe3HOIOPOKHOIO BaroHa 1
IIPEJIOCTABIEH CAMOMY cebe; TOrJia CYIIECTBYeT MaJiasi, HO OTJIMYHAs OT HYJIs,



BEPOATHOCTDL TOI'O, YTO OH HE YIIaJET B T€YCHHUE JIBYX HEJ/IE/Ib: BEPOATHOCTL PaB-
Ha TTpuMepHo 1 : 10107, (IToesn He mpe/oTaraeTcst «MIeaJ bHBIMY @ HATIPHMED,
oH oTmpaJsiercd co crannun Kunre Kpoce B 3.15, mpoxoinuT yepe3 TyHHE/Ib,
rJie OH H MHUHYT CTOUT, a 3aTeM, I0CJIe PAJIa JAJIbHEHIINX OCTAHOBOK, IPUOBIBAET
B KeMOpux B 5.35. 4 npurnomMunao, 9To MHE COOOIIUIN, ITO TeHHil, BIIepBbIE
3a/IaBINUIT STOT BOUPOC, He OBbLI B COCTOAHUM OTBETUTH Ha Hero.) |I seem to
remember being told that the genius who asked the original question was unable
to answer it.| TokazarenbcrBo umeerca B KP [umeercs B Buy kuura Kypanra
u Po66uncal, c. 421-423 [B pycckoM mepeBojie YKa3bIBAIOTCsI CTPAHUIIBI 110
pycckomy m3ganuio 1947 roga, B aHruiickoM opurnnaJe JIMTTIByL TOBOPUT O
c. 319].

* noii criocob jrokazarebeTBa (¢ pasyMHON ¢cBOOOJION MHTEPIIPETAIIH )
COCTOUT B CJIeAyIoIeM. PaccMOTpuM Havda/IbHOE TIOJIOXKEHNE CTePyKHS B OTHOCH-
TEJIbHOM TIOKOE, COCTABJISIIOINIee yToJI ¢ Ae6biM TOPU30HTATBLHBIM MOJIOYKEHTEM.
[Iycts S OyjieT MHOXKECTBO HaYaIbHBIX ), TP KOTOPBIX CTEPKEHb PAHO UJIN
03/1HO yrajer HajaeBo. OcHOBHOM (haKT MPHU OUEHDb CIAOBIX ITPEIIIOI0KEHUAX
OTHOCUTEJILHO O6CTOHT€JII)CTB IyTemeCTBUA 1 B3aMOCBA3U I10€3/1a U CTEeP2K-
He (HAM HET HeOOXOIMMOCTHU JIeTAJIbHO YCTAHABIMBATEH 9TH HPEITOJIOKEHNS )
COCTOWUT B TOM, 9TO MHOoHcecmso S omrpuimo. Ilycts 0y — TouHass BepxHsIs
rpanb yriioB 6 u3 S. Torma 6y He BxXoguT B S, U U3 HAYAJIBHOTO MOJIOKEHUA 0
CTepKeHb He yIaJeT HajaeBo. Ec/u »Ke OH ylaJer HalpaBo, TO OH CIeJIaeT 3TO
U I BeeX ), HeCKOIbKO MEHBINNX fy; OIHAKO 9TO HEBEPHO, TaK KaK HEKOTOPbIE
(B meiicrBuresbHOCTH BCe) M3 oTuX O npuHasexkar S. Takum obpazom, u3
TOJTIOXKeHUsT 0y cTepKeHb HUKOTa He yhajer. A Jiist HEKOTOPOro, JOCTATOTHO
MaJIoro yrjia BOKPYT fy OH He yIlaJleT B TeUeHUe JIBYX HEJIEJIb.

[ToyunTenbHO paccMOTpPETh, IOYeMy M3 9TOTO PACCy:KJICHUs He BBITEKAET,
YTO CTEePKEeHb, COOTBETCTBYIOIIUM OOpa30M YCTAHOBJIEHHBIN B HadaJbHBIN
MOMEHT, He OyJIeT OTKJIOHATLCHA, CKaxkeM, Oojee deM Ha 0,5° OT MCXOIHOTO
MTOJTOKEeHU . X

DTO paccyzKieHne MOMEHTAJIBHO yOexKaeT MareMaTnka. V3 Bcex BO3MOXK-
HBIX BapHAHTOB M30pPaHHBIN MHOIO IIPEJICTAB/IAETCS HArOOJI€e TOIXOSIINM
Jist obbsicHenust jiroburesto. [This argument is instantly convincing to the
mathematician. Of possible variants the one chosen seems best suited to be
interpreted to the amateur.|

|danee Jlurasyn npeiaraer BApuanT Takoro 6oJiee MoJApOoOGHOrO UCTOTKO-
BaHUs JJIsd «/1oouTeseit». [Iig sagana on obcyKaaeT MOHITHE TOYHON BepxHeit
IPAHM, MBI TIPOIYCKAEM 3TOT KYCOK.|

HperZLHO.HO}KI/IM, YTO B HaYaJbHbBIIAI MOMEHT CTEP2KCHb HaXOIUTCA B COCTOA-
HUU OTHOCUTE/TBHOTO TIOKOsT U 00pasyeT yroJ 6 ¢ 4e601 TOPU30HTANBIO; HA30BEM
9TO «HAYAJbHBIM IOJIOKeHneM 0». PaccMOTpuM MHOXKECTBO S Ha9aIbHBIX IO~
JIOZKEHUH 6, 13 KOTOPBIX CTEPXKEHb paHO WJIU IO3/HO YIajeT HajieBo. Kcim aTo
IPOMCXOJIUT C HUM IIPU KaKOM-HUOYIb 6, TO TO 2Ke camoe OYJIeT uMemb Mecmo
o 0as ecex docmamouno OAUKUT No 00e CMOPOHBL HAYAALHBIL NOAOAHCEHU;
Jioboe Tosoykenue , mpuHajiekaiiee K S, HaXOIUTCs, CIeI0BaTe/IbHO, BHYT-
pH TI€JIOr0 CeKTOpa 3HaUeHui ¢, mpuHaiexkamux K S (Ha MaTeMaTuIecKOM
sI3bIKe: «S OTKPBITO» ). DTOT MHTYUTHBHBII PaKT, Ha KOTOPOM BCE OCHOBAHO,
UMeeT MECTO IIPH BechbMa OOIIMUX YCJIOBHUSAX, YTOUHATH KOTOPbIE HET HEOOXOTH-
mocru. |This intuitive fact, on which everything turns, depends on very slight



assumptions, and we need not try ro state them in detail.|

[Iycrs 6y Gymer m. 6. 2. [Tounoit BepxHeil rpanbio| MHOKecTBa S. Torma 6
He Oy/eT a/ieMeHTOM S, TaK KaK B IPOTUBHOM CJIydae 3HAIEHUS ), HaXOANeCst
cupasa oT fy 1 JTocTaTovHO OJIM3KHE K HEMY, TaK:Ke IpUHaJIeKaan Obl K S,
o He MoryIo ObI OBITH 6. 2. [BepxHeil rpanbio| MHOXKecTBa S. Tak, crepKeHb
[P HAYAJILHOM TI0JI0XKeHuu By He yrajer Hajieo. Ho, ¢ Apyroit cTopoHsl, ecim
OH YIIaJIeT HaIlpaBO, TO OH OyJeT aJaTh HAIPaBO U IPU 6CEX JTOCTATOIHO
OJIM3KUX HAYAJIbHBIX TOJIOXKEHUAX ) cyieBa oT Oy (IPUHIUI «OTKPBITOCTHY ), TAK
YTO HUKAKOE U3 ITUX HAYATBHBIX MOJIOKEHIN HE MOXKET OBITH 9JIEMEHTOM S; HO
9TO O3HAYAET, UTO ) MOKET OBITH CBUHYTO BJIEBO, OCTABAsICh IIPHU ITOM 6. 2. .S,
YTO MMPOTUBOPEYIUT CBOWCTBY (2) m. 6. 2. [MurnMmaabHoCcTH|. Crie1oBaTeIbHO,
13 UCXOJTHOTO TIOJIOYKEeHUsT 6y cTepyKeHb HUKOIJIa He yhaJer. A U3 J0CTaToqHO
MAJIOTO CEKTOpa BOKPYT #y OH He yIaJeT B T€YeHUU JIBYX HEJIEb.

AHaIOrUIHBIN PE3y/IbTAT BEPEH U IIPU 3aMeHe OObITHOrO mapHupa cdepu-
YecKuM (IO3BOJISIIOIIUM CTEPXKHIO HAKJIOHATHCS BO Bee cTopoHbl). Ho B 3TOM
cydae HaM IPUIILIOCH Obl CCBLIATHCS YiKe Ha 3HAYUTETHHO D0Jiee CJIOKHYIO
«Teopemy o HeroBuzkHON Toukes (KP, cTp. 335) [B opurunasie ceplika Ha c. 321
AHIVINIICKOTO U3/IaHMs|.

Hu 31ech, Hu B Ipyrom Mecte KHUTH JINTIBY L He 00bsACHSIET, KAKUM 06Pa30M MOJTy 9eHa
OIeHKa JIJINHBI WHTEPBaJja yIJIOB, TO3BOJISIIONIEr0 CTEPXKHIO HE 1aJIaTh B TEUCHUE JIBYX
nesens (1 : 10'°7). Taxake He 0YeHb HOHATHO, Ha KAKOrO reHus HaMekaer Jlnrisys (Yurmu?).
MozKHO eIé OTMETHTH, YTO paccyzKJcHue (HaunHasg C YyTBEPKJEHHUS 00 OTKPLITOCTH,
HIPUHSATOTO 0€3 JI0Ka3aTesIbCTBA), IPOBEIEHO BECbMa OTUETIINBO U TYT TPY/HO K UeMy-
HUOY/Ib TIPUIPATHCS JazKe IIeIaHTY.

4.2 N3menenme tekcta KypanTom m Pobourcom

Jlomo/THUTEIBHYIO TIyTaHUILY B UCTOPUU BOIIPOCA CO3/IAET pas3/indue B TEKCTaX Pa3HbIX
uznannii Kypanra u Po66unca [8]. Mbl yke npuBojuan pycCcKuii mepeBoji, KOTOPBIA BO
BCEX MBJIAHUAX CJIeJIyeT IepBoMy aHrmiickoMy uzjganuio 1941 roga. I xord B anrmiickux
U3JIAHUSIX TEKCT PO 33J1ady YUTHU ObLI 11032Ke M3MeHEH (B usganun 1948 roma oH yxke
JIDYTOi1), PYCCKUil TEKCT B TOCJIEIYIONIUX TIEPEU3IaAHUIX OCTAJICH MPAKTUIECKA HEN3MEH-
HBIM — HecMOTpst Ha 3aBepenus A. H. Kosnvoroposa B mpeauc/ioBu KO BTOPOMY PYCCKOMY
M3JIaHKIO, YTO TepeBo/ «ObLI BBIMPABJIEH U MOMOJIHEH 0 HoceHeMy aHramiickomy (1948)
u Hemenkomy (1962) uzganusm». Tor ke camblii U3MEHEHHBIN TEKCT ObLI BOIPOU3BEIEH B
nepensgarun 1996 roga ¢ yuacruem Crbroapra (0 KOMMEHTapUSX KOTOPOIO CMOTPH HUZKE).
[TpuBouM Jijist CIPABKU 9TOT U3MEHEHHBIH TEKCT (IOTOMY YTO YacTh KPUTUKU APHOJIbIA
U JIPYTUX ABTOPOB MOYKET OTHOCHUTHCS K HEMY ).

|DopmMyTHpOBKa 33/1a91 1 KOMMEHTAPUH K Hell OCTABJICHBI HOYTH 6e3 13-
MmeHennit. Haunnas ¢ ab3ama «K cuacTbio. . . », UI3MEHEHHBI TEKCT BBITJIAIUT
tak:| Paradoxical as this assertion might seem at first sight, it can be proved
easily once one concentrates on its essentially topological character.

No detailed knowlegde of the laws of dynamics is needed; only the following
simple assumption of the physical nature need be granted: The motion of the
rod depends continuously on its initial position. Let us characterize the initial
position of the rod by the initial angle x which it makes with the floor, and
by y the angle which the rod makes with the floor at the end of the journey,



when the train reaches the point B. If the rod has fallen to the floor we have
either y = 0 or y = m. For a given initial position = the end position y is,
according to our assumption, uniquely determined as a function y = g(x) which
is continuous and has the values y = 0 for z = 0 and y = 7 for = 7 (the
latter assertion simply expressing that the rod will remain flat on the floor if it
starts in this position). Now we recall that g(z), as a continuous function in
the interval 0 < x < 7, assumes all the values y, e.g. for the value y = 7/2,
there exists a specific value of z such that g(z) = y; in particular, there exists
an initial position for which the end position of the rod at B is perpendicular
to the floor. (Note: in this argument it should not be forgotten that the motion
of the train is fixed once for all.)

Of course, the reasoning is entirely theoretical. If the journey is of long
duration or if the train schedule, expressed by s = f(t), is very erratic, then the
range of the initial positions x for which the end position g(x) differs from 0
or m will be exceedingly small, as is known to anyone who has tried to balance
a needle upright on a plate for an appreciable time. Still, our reasoning should
be of value even to a practical mind inasmuch as it shows how qualitative
results in dynamics may be obtained by simple arguments without technical
manipulation.

Pasuura ¢ nmepBoHaYaJbHBIM BapUAHTOM U3JIOKEHUs (CM. PYCCKUIl MepeBoji BBIIIIE)
COCTOUT B TOM, YTO PaHbBIIE IPE/JIATAIOCH ITPEJIIIOJIOKUTH, YTO CTEPXKEHb BCEr/ia MaJlaeT U
paccMoTpeTh (DYHKIIUIO C JBYMs 3HAYCHUSMHU HA BCEX HAYAJbHBIX HOJIOKeHusX. Herpe-
PBIBHOCTB 9TOI (DYHKIIMH O3HAYAET, ITO MPOOOpa3bl 3TUX 3HAYEHUN OTKPBITHI, TO €CTh
MHOKECTBO TeX HAYAJbHBIX YIJIOB, KOTJa CTePZXKeHb Majaer BIeBO (UM BIPABO), OTKPHI-
To. Temepnb ke yTBep:K1aeTcd 6€30 BCAKUX MPEIIOIOKEHUN, UTO KOHETHOE MTOJIOZKEHNE
crepzkHsl (TIPU JIBUYKEHUN C MPWJINIAHKEM K TOPU30HTAJH) Oy/IeT HEIPEPBIBHO 3aBUCETH OT
HAYAJbHBIX YCJIOBUN. DTO TOXKE BEPHO, HO TPeOyeT 4yTh OoJiee CJIOZKHOIO 0OOCHOBAHUS
(CcCBUIKM Ha T€OpeMy O HEIPEPBIBHON 3aBUCUMOCTH OT HAYAJBHOIO YCJIOBHS TYT MAJIO,
IIOTOMY YTO PACCMATPUBAEMBbINl BAPUAHT JIBUYKEHUS C TMPUJINIIAHUEM HE COOTBETCTBYET
HUKaKOMY b depeHImaibHOMy YpaBHEHU0). DT0 000CHOBAHUE TAaKyKe OIMUPAETCs Ha
OTMEYEHHDI!l HaMU BBIIIIe KJII0YeBOi (DAKT: MOoMajaHue B MaJIyio 30Hy Y TOPU30HTAIN YZKe
rapaHTHpyeT CKOpOe IMOoMaJlaHue Ha TOPU30HTAJb (M HPWINIAHUE), U BKIOYACT B ceOst
JIOKA3aTeJIbCTBO OTKPBITOCTU 30H MPUJIMIIAHUSA KAK 9aCTh.

MHe He yJIamoch HANTH TOYHBI MOMEHT 3aMeHbI TeKCTa (M yK TeM 0osiee HUKAKIX
00bsICHEHUII MOTHBOB TaKOI'O «YIQYHOT'O yXY/IIIEHUs», €CJIN BOCIIOIb30BATHCS BhIPaKEHN-
em Jlurisyna us [11]). JonoaHurebHy o MyTaHUIy CO37a6T U TO 0OCTOSITELCTBO, YTO
nepernedarka Tekcra Kypanra u Pob6unca mpo 3ajaay Yurau (¢ 3aroioskom «The lever
of Mahomet» — BumMO, ¢ HAMEKOM Ha OITHOMMEHHBIN Ipob) B xpecromarnn Hpomana [9)
B 1960 romy, MmHOTO 11037Ke M3manns 1948 roj1a ¢ HOBBIM TEKCTOM, CJeIyeT OPUTMHATIHHOMY
m3nanmio 1941 roga (mouemy — me 3Hal0).

4.3 Pa3bsicHenus bpomana

B 1957 roay ma 13 CkaHJImHABCKOM MAaTEeMaTUYIECKOM KOHIpecce B XeJbCUHKU ApHe
Bpoman cienan mokia, onybaukosanubiii B 1958 roay [5]. B aroit mybaukarmn, co cebli-
koit Ha Kypanra u Po66unca, dopmymupyercs 3aiada Yurau (¢ TpeboBaHIEM JOKA3aTh,
YTO CYIIECTBYET HadaIbHOE IOJIOYKEHUE, IIPU KOTOPOM B KOHIIE IIyTH CTEPXKeHb OyJieT



BepTuKaJIbHbIM). [IpuBogurcs pemenne 1o Kypanry u Po66uncy (B m3meHéHHOM Bapu-
aHTe, C HeIIPEPBIBHOW 3aBUCUMOCTHIO OT HAYAJbHOIO TOJIOXKEHUs 0e3 MPEe/ITOI0KEeHnsT 00
06538 TeIHHOM TAJIEHIN ).

anee aBrop ormedaet, uro «However, the physical assumption in the solution of
Courant — Robbins seems a bit hazardous», u jesaer cHoCKy K 3TOMYy Ipe/iyiozkennio: «In
saying this, we do not intend to criticize the interesting and well-written book by Courant
and Robbins. They have included the problem to get an application of the mentioned
theorem on continuous functions.» Ilocse sToro aBTop nepexoanT K 0OOCHOBAHUIO HeIIpe-
pBIBHOCTH 3TOM camoit pyuknuu. CHadaa OH yaajisieT OrpaHndeHrs Ha TOPU30HTAJIN:
«We now remove for a while the stops for the rod in the horizontal position so that the
rod can revolve all around the point O. Then the final angle 3, considered as a function
B = B(«) of the initial angle «, is obviously defined and continuous for all real a..» Takum
00pa30M, MOYKHO yTBEPKIATh, ITO HAWIETCA HadaIbHOE YCI0OBUE, TPU KOTOPOM CBOOOIHBII
OT TOPU3OHTAJBHBIX OIPAHUYIEHNI CTEPXKEHb OKayKeTCsl 10 OKOHYAHUW IIYTH B BEPXHEM
noyiozkernu. Ho (Kak 1 yKas3biBaa APHOJIbI), STONO MaJo — HY¥KHO JONOJTHUTEILHO, 4TOOBI
CTep:KeHb BCErJla OCTaBAJICS B BEPXHEH MMOJIYILIOCKOCTH.

YT100BI BOCIIOJIHUTDH 3TOT IIPOOEST B paccyzKJAeHnu, bpoMaH 3aMedaeT, 9To IepBoe Ke
npuO/IMKEeHNe K TOPU30HTAJN HA JIOCTATOYHO MAJIOE PACCTOSIHIE BJIEUET e€ TepecedeHne, n
paccMaTpPUBAET MHOYXKECTBO HAYaIbHBIX YCJIOBUI, IIPU KOTOPBIX TaKoe IepecedeHrne mMeeT
MEeCTO CJIEBa WJIM HE MMeeT MeCTa BOBCe, HO KOHEYHOEe TOJIOYKEHHe HAXOJUTCS CJIeBa OT
Beprukaju. OH yCTAHAB/IMBAET, YTO 9TO MHOXKECTBO OTKPBITO (OIMHMPAsCh Ha CACJIAHHOE
3aMevaHue), U OTCIO/Ia BBIBOIUT TPEOYeMBbIil pe3yJibrar.

Hakomer, B mocsieaeM pasjesie cBoeil craTbi OH 3aMEYaeT, UTO €CJIH [T0e3]] MTOCTIe
npuesia B B HaBcera OCTaHABIMBAETCS, TO CYIIECTBYET TaKOe HAYaJbHOE IMOJIOXKEHNUE,
U KOTOPOM CTep:KeHb HUKOI/Ia He KOCHETCs 10J1a (9T0 3aMedanue Obuto yke y Kypanra
u Pobbunca B KauecTBe yIpaxKHEHUS).

B kauectBe npumevanus 9 BpoMaH HPUBOIMT HEMHOIO JPyroe paccyKjieHue (co
ceplikoit Ha M. Tumemana): B HéM quddepenimanbHoe ypaBHeHe MOINDUIIPYETCsT TaK,
ITOOBI CTEpKeHb, KOCHYBIIKCH I10J1a, MPOJIOJIZKAJ JIBUTATHCS BHU3 W HE MOT CJiejlaTh
IIOJTHOTO 000POTa, HO ¢ COXpaHEHHEeM JOCTATOTHON IVIaIKOCTH JIJIsI IPUMEHEHUsT TEOPEMBI O
HEIIPEPBIBHON 3aBUCUMOCTH OT HaYaIbHBIX YCIOBHIA.

4.4 Kpuruka ITocrona u eé nepecka3 CrbioapToM

C 1958 roga u 10 1976 roja Ka3aaoch, 9TO HEJOPA3yMEHUs C 3ajadeil Y UTHH UCUYEPIIAHBbI,
1 Te, KOro (BOIpeKu Hajiexk e JINTIBy1a) UCXOHOe pacCyKeHne He YOeXKIaeT, MOTYT
obpaTuTbhcs K pa3bsicHenusiM Bpomana. 1o kpaiineit mepe, st He BUIET HUKAKAX ITyOJTHKAIIIT
B 9TOT II€PHUOJ], aBTOPhI KOTOPHIX TpebOoBaju ObI JIONMOJHUTEIbHBIX Pa3bsICHEHUN WU
BbIJIBUT'AJIN BO3PazKCHUA.

Ojmako B 1976 roay nosiBmiacsk crarba [locrona B mamomocrynnom usmanun [14]. Mue
HE YIAJI0Ch JIOOBITH €€ TEKCTa, HO O €€ COMAEPKAHUU MOYKHO CYJIUTDH 110 KPATKOMY Iepe-
ckazy camoro Ilocrona B ero Jpyroii crarbe (M. npuMedanue K ornucanuio crarbu [14]):
«Certainly there are instances where continuous systems beget discontinuity — indeed, an
interesting case where Courant and Robbins [4] appeal inappropriately to the Intermediate
Value Theorem is analysed in [16]» (rme [16] — sTa camas manomoctynmas 3amerka [14]), n
10 TOAPOOHOMY Iepeckasy B uzjannu Kypanra u Po66unca 1996 roga [10]. Dro uznanue
BBIILIO ¢ u3MeHeHusMU CThIOApTa — TOYHEE CKa3aTh, HE C U3MEHEHUSMHU (IIOCKOJIBKY
OCHOBHAsI YaCTh KHHUI'M ObLJIa BOCIIPOU3BEIEHA 110 IIPEIbIIY M I/IB,ZLaHI/IHM), a C JIOIOJIHe-
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ausivu. OiHO U3 31ux jonosHenuii (c. 505 u masee) nocesiieHo 3ajade Yurhau. CrboapT
IINIIEeT:

There is one place where arguably Courant and Robbins made a mistake,
although by adding further conditions is it possible to save their argument.
Paradoxically, the flaw in their proof is most easily detected if we employ
the topological approach to dynamics that their argument was intended to
advocate.

[Lasee ciieyer nepeckas ycaoBus 3aj1a9u Y UTHU ¥ PEIIEHNsI, OMUPAIOIIEro-
cst (mocJie m3MeHeHUil, 0 KOTOPBIX MbI TOBOPUJIN) Ha HEIIPEPBIBHYIO 3aBUCUMOCTD
KOHEYHOTO MOJIOYKEHUsT 0T HadabHOro yesiosust. [locse sroro Creoapr muier:|

The difficulty is that the continuity assumption made in the above discussion
is arguably not justified. The problem is not the intricacies of Newton’s laws
of motion, but those “absorbing boundary conditions”: if the rod hits the floor,
then it stays there. In order to see why the boundary conditions cause trouble,
we introduce a topological picture of the possible motions of the system. This
approach, known as as phase portrait, goes back to Poincaré. The idea is to
draw a kind of space-time diagram of the motion, not just for a single initial
position of the rod, but for many different positions—in principle, all of them.
The position of the rod is an angle between 0° and 360°, and we can graph this
in the horizontal direction (see Fig. 294). Let time run in the vertical direction.
Note that the left and right hand edges of this picture should be identified
because 0° = 360°: conceptually, the rectangle is rolled into a cylinder.

initial angle initial angie

270° 0° 90° 180° 270° 270° 0° 90° 180° 270°

\

time

AR, W\ S

[

Fig. 294. Possible history of the moving rod for different initial conditions.
(a) Without boundary conditions. (b) What happens when the boundary
conditions are imposed.

(@) (®)

Now, the path is space and time of the angle that determines the position
of the rod forms some curve that runs up the cylinder — what Albert Einstein
called a “world-line”. Different initial angles lead to different curves. The
laws of dynamics show that these curves vary continuously—provided the
boundary conditions are not enforced. Without these conditions the rod is free
to turn a full 360°—there is no floor to prevent it turning all the way round. A
possible history is shown in Fig. 294a, and here the final position does depend
continuously upon the initial position.
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However, when the absorbing boundary conditions are put back (Fig. 294b),
the final position need not depend continuously on the initial one. Curves
that just graze the left-hand boundary can swing all the way over to the right.
Indeed, in this particular picture all initial conditions end up on the floor:
contrary to what Courant and Robbins claim, there is no choice that keeps the
rod off the floor throughout the motion.

This error in Courant and Robbins’ reasoning was first pointed out by Tim
Poston in 1976, but it is still not widely known. The continuity assumption
can be resuscitated by imposing extra con[s]traints on the motion, for example
a perfectly level track, no springs on the train, and so forth. But it seems
more instructive, as an exercise in the application of topology to dynamics, to
understand why the absorbing boundary conditions destroy continuity.

C maremarudeckoit Toukn 3perns CThOAPT MUIIET TPABUIBHO: JEHCTBUTEIHLHO, 100aB-
JIEHUE TIOTJIOIIAIONINX I'PAHUIl HAPYIIAeT HEIIPEPBIBHOCTD, U JCHCTBUTE/IHHO B IIPEJIITOI0KE-
HUU O TOM, 9TO IT0€3/]T JIBUKETCsSI TOPUBOHTAIBHO U HE MMEET Peccop, HeIPEPBIBHOCTDb MOYKET
ObiTh 06ocHOBaHA. [IpuMepHO Takoit ke (HO 4yTh MeHee MOIPOOHBIH) TEKCT MOKHO HAWTH
B kuure Creoapra [15], riae oH, oHAKO, HE YIOMHHAET O TOM, UTO B IIPEITIOIOKEHUSX
KypanTa n Pobbunca HenpepbIBHOCTb HECJIOXKHO JOKa3aTh, & TOBOPUT JIMIIL, 9TO «the
continuity assumption is not justified» (u mpuBoaUT TOT Ke PUCYHOK TpaeKTopuii Ge3
IPDAHMYHBIX YCJIOBUN U C HUMHU).

Omnako u To Bepuo, uto y Kypanra u Pob0utica 5Tu JI0motHUTE/IbHBIE TTPEIIIOI0KEHUST
OBLIN CJIeJIaHbI, & YTBEPXKIEHHEe O HEIIPEPBIBHOCTH (JIJI 9TOr0, a He 6ojiee 0bIIero ciydast)
ob1710 cchopmysrpoBano 6e3 obocHoBaHUs (M 9TO OBLIO IBHO yKazaHo). To, 9T0 /i Heropu-
30HTAJILHOTO 1018 ([OTJIOMAOIINX TPAHUIL O] TPOU3BOIBHBIM YIJIOM) YTBEp:KIeHue Oy/1er
HeBepHO, ormeyvast emé Jlurasyy (ab3arn «IloyanresbHO paccMOTpeTh» B MPUBEIEHHOMN
BbimIe ruTare). B Takoil curyarn rooputh 06 «ormmbke B paccyxaennn Kypanrta u Po6-
buncay, Kak 5710 Jeqaaior Crooapt u [Tocron (cm. ero nurary B [6]), KaxkeTcss HECKOIBKO
IpE3MEPHBIM.

[Toxoxke, aro BrociaeacTeun u cam CThOAPT MPUIIET K TAKOMY 3aK/I0UeHnio. 1o
KpaifHeil Mepe, TaKoe BIleUaTJIeHNEe CO3/IaeéTcd TIPU YTeHUN OT49éTa O ero jekimuu B 2009

roay [16]:

Professor Stewart’s lecture, entitled The Strange Case of the Courant — Robbins
Train, centered around a problem that he said had been bothering him for 40
years. It concerns a train and how its motion, and the influence of gravity, would
affect a rod pivoted on the floor. In their 1941 book What is Mathematics?
Richard Courant and Herbert Robbins asked if it were possible to place the
rod in such a position that, if it is released when the train starts, it will not
fall to the floor during the entire journey. Although this appears to be a
complex problem in mechanics, they asserted that the answer is a simple yes
and avoided the complexities of mechanics using a simple application of the
concept of continuity. With his trademark geniality and witty presentation
skills, Professor Stewart carefully guided the audience through his concern:
does the concept of continuity actually apply in this situation? By considering
boundary conditions and floors of railway carriages which slanted towards the
middle, he showed that in fact Courant and Robbins were correct to assume
continuity in the particular case where the carriage has a flat floor although the
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proof of continuity actually does require a careful analysis of the underlying
mechanics. But this is not always the case for other shaped floors.

4.5 PemneH3um Ha HOBOe U3JIaHUE

Buixos noBoro mnznanus kuuru Kypanra n Pobounca ¢ jgonosinenusymu Ctboapra ObLIT
3aMedeH penensentamu. B 1998 roay B Americal Mathematical Monthly ObLia omy06./u-
koBaHa periensust Jleonapna ['miimana [6]. B meit npuBomuTest bopmynpoBKa 3a1a9u
u usJararorcsa Bospazkenns Crboapra co cebuikoil Ha [locrona. (Iuivany, B oTsiname
OT MeHd, yJAJI0Ch TOJIydInuTh Teker crarbu [locrona [14] — emy ero npuciaan Maprun
Fapauep!) Peaknus ITocrona ['uivany Toxke KaxkeTcs: 4pe3MepHOil (OH OTMEYAET, 9TO
«Poston’s term is ‘wrong’s, p. 488); masee oH, co ccbuikoit Ha Pamnaa (Charles Radin,
JacTHOE COODINEHNe) HaMedaeT oTcyTcTByomee y Kypanra u Pob66utca paccyzkieHue.
Panaun Ttakke MCHob3yeT KIIIOYEBOE COOOParKeHHe O TOM, YTO MPUOJIU3UBIINACH K TIOJIY
JIOCTATOYHO OJIM3KO, CTEPIKEHb HEIPEMEHHO CTOJIKHETCS ¢ HUM (BUJIUMO, B TEKCTE OIEeUATKA
B 3HaKe HEPABEHCTBA I t'):

First we prove: For any given physical setup and itinerary x(t), there is an
e > 0 such that, if H(t) < € and V() is either zero or directed toward the
floor, then H(t') < H(t) for ' <t < T. This follows almost immediately from
noticing that when the rod is almost at the floor, the angular acceleration of
the rod produced by the bounded horizontal acceleration of the train must
be smaller in magnitude that the vertical acceleration caused by gravity; the
net acceleration must then be directed toward the floor, and if the angular
verlocity is also directed toward the floor the conclusion follows.

[astee oH 00bsiCHsieT (MPUMEPHO TaK Ke, KaK U BpoMmaH ), ToueMy U3 3Toro coobpazkeHunst
BBITEKAET HEIPEPBHIBHOCTD.

B apyroit peniensun (Bpaitn Baank [4], Notices of the AMS) perniensent ¢ coxalie-
HUEM OTMEeYaeT, 9TO u3MeHeHusda B m3janun 1996 roja 1mo cpaBHEHUIO C IPEJIBIILYIITUMEA
MUHHMAJIbHBI:

All the old figures are there. Even the original typesetting has been preserved

— quite a welcome change from the homogenized TEX of the present. Closer
inspection, however, reveals something less welcome: the new edition is by
and large a photographic reproduction. I could not find even one change in it.
Stewart rationalizes this in his preface: “not a single word or symbol had to
be deleted from this new edition.” Really? After half a century could we not
have had a correction to the name of Mr. Arch medes (p. 400)?

PeHeHBeHT TaK2K€ YIIOMHUHAECT KPUTUKY CbeoapTa 1 obbsgacHeHnd ' miMana:

Stewart relates a challenge to the basic continuity assumption that underlies
the solution given by Courant and Robbins. Ironically, that challenge itself
relies on the assumption that the train can move in a way that is physically
impossible, as Gillman has pointed out in his review [5].

(3mech [5] — aro penensus M'mmana [6].)
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4.6 Ilocsne Apnoiabia

[Tocse mybmkanuit KHUr ApHOJIBIA (KOTOPBIi, KCTaTH, TaET CChUIKY Ha perieHsun ['uii-
MaHa 1 ByiaHka, HO HUKaK WX He KOMMEHTHDYET), MHTepec K 3ajade YUTHH CHOBA BBIPOC,
¥ TIOSIBIJIOCH HECKOJIBKO CPaBHUTEILHO HegaBuux mybaukarmit [12 13, [7) B3], [18].

. YO. Honexun B crarbe 2014 rona [12], npuseis bopMmynupoBKy 3a1a4uu Y UTHE U3
pycckoro uzjianng Kypanra nu Pob60Ounca, nmimer:

[TosioKUTEIbHBI OTBET Ha TOT BOIPOC [0 HAYAJBLHOM IIOJIOKEHUU, KOIJIA
CTepKEeHb He KOCHETCs 1moJia jaercst camumu apropamu. Tem He MeHee, TIpe/i-
JIO?KEHHOE JTOKA3aTeIbCTBO UCIIOJIB3YET MPEIIIOI0KEHNE O TOM, UTO JIBUKEHUE
CTEP2KHs 3aBUCUT HENPEPBIBHBIM 00pa30M OT HadabHBIX ycjaoBuii. /lannoe
IIPE/IITOJIOKEHIE KayXKeTCsd eCTECTBEHHBIM, U 10/I00HOe JTefCTBUTETHHO BEPHO
JIJI IIIPOKOTO KJIAacca MEXaHUIECKHX CUCTEM, HO B CJIydae, KOIja CIUTaeTCs,
YTO, KOCHYBIIUCH 110J1a, CTEP:KEHb BEIHO OCTAETCsl NOPU30HTAJIBHBIM, HEIIpe-
PbIBHad 3aBUCUMOCTDL OT Ha4YaJIbHBIX JaHHbIX CTaHOBHUTCA MeEHEe O‘—IeBH,[LHOfI.
B wacrHOCTH, 9Ta HEmOJIHOTA JOKa3aTeIbCTBA ObLIa OTMedeHa APHOJIbIOM
npu o0CyzKIeHnn JanHoi 3aga4n [2]. B Hacrosmeit pabore mpuBomuTcs crpo-
roe 0obOCHOBaHUE CyNIECTBOBaHUsI perieHusi 6e3 najeHuil (B ToM ducie jiis
cJlydasi peleHusi, OMpeJIe/IEHHOrO Ha OECKOHETHOM ITI0JIyHHTEpBAaJe BPEMEHN ),
OCHOBaHHO€ Ha IIPUMEHEHHNUN TOIIOJIOTHUYIECKOI'0 METO/1a Ba}KeBCKOI‘O.

Baech [2] — sro kuura Apuosbia [I]. Camo paccyzkiienne, HACKOJIBKO $ MOIY CY/IUTH
(pabor BazkeBckoro s He unras, u B uziaoxennn [logexnna muoro dbopmyin), cieryer cxeme
bpomana u ['mimana. [Tomumo 3Toro, JloKasbiBaeTcs, YTO I CIydas IEePUOIUTICCKOTO
JIBUZKEHUST TI0€3/1a CYIIECTBYET MEePUOIMIECKOe PEeIeHne JIjIs CTePZKHS, IPU KOTOPOM OH
HUKOT/Ia He KaCaeTCsl TOJIA.

B anrmmitckom Bapuante [I3] Tlosexun onucbiBaer cUTyaruio Tax:

This shortcoming of the original proof [u3 kaurn Kypanra n Po66uncal was
mentioned and briefly commented by Arnold in his book [Arn] which also
includes short overview of the articles related to the matter. Yet detailed
consideration of the issue of whether original prove [omeuarka: BeposiTHO,
JoskHO 66T ‘proof’] is full and correct or not is beyond the objective of the
paper. In the first section, application of the topological Wazewski principle to
the above problem is considered. This method allows us to prove existence of
solutions without falling (even on an infinite time interval), including solutions
with zero initial velocity of inverted pendulum.

Baeck [Arn| — Ta ke kuura Apnosbia [1]. [lonexun ynmomMuHaeT crarbi, UTHPYEMbIe
ApnosbaoMm, BKIOYas perensun ['nimvana n Biranka, HO HUKaK He KOMMEHTHPYET CBA3U
CBOET0 PACCYKJEHUs ¢ TPUBOAUMBIM ['mmvanoM paccyzkienneMm PajguHa, n 0CTOPOKHO
et npo «issue of whether original proof is full and correct or not». Crarss Bpomana [5]
TaKKe HE YIIOMUHAETCS.

Ectb emé ogna mydmKalns IpUMEepPHO TOrO »Ke BPeMEHH, ITOCBAIIEHHas 3ajiade Y UTHI
u eé 0000mmenusim 7] — eé asrop OJier 3ybeseBud, M3I0XKUB yCIOBUE 3aJa91 Y UTHH,
HUIIIeT:

The authors [Kypanr u Po66unc| gave positive answer to this question. Their
argument was informal. V. Arnold in [1] considered this problem as open.
The complete solution to the problem has been given by I. Polekhin in his
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Ph.D. thesis (unpublished), see also [3]. He solved the problem by direct
application of results from [4]. In this article we prove simple and general
theorem which implies particularly that there are continuum never-falling
solutions to Whitney’s problem, we also believe that this theorem describes
many other such a type effects.

Baech |1] — Ta xke kuura Aprosasga 2002 roxa, [3] — mybuukarus [Tonexuna [13], a [4]
— crarbs [17] (rae memocpencTBeHHO 3aja4a YurHu He ynomuuaercs). OJMH U3 aBTOPOB
nocsienneit crarbu, Poman Crnenaungu, B 2017 rogy omybimkosar 3amerky [18], B koTopoit
pacckasbiBaeT 00 UCTOPHUHU 3aadi YUTHU (M U3 KOTOPOH s y3HAJ O CyIIeCTBOBAHUU PabOTHI
Bpomana [5], B wactrocTH). OH numier:

In the book “What is Mathematics?” Richard Courant and Herbert Robbins
presented a solution of a Whitney’s problem of an inverted pendulum on a
railway carriage moving on a straight line. Since the appearance of the book in
1941 the solution was contested by several distinguished mathematicians. The
first formal proof based on the idea of Courant and Robbins was published
by Ivan Polekhin in 2014. Polekhin also proved a theorem on the existence of
a periodic solution of the problem provided the movement of the carriage on
the line is periodic. In the present paper we slightly improve the Polekhin’s
theorem by lowering the regularity class of the motion and we prove a theorem
on the existence of a periodic solution if the carriage moves periodically on the
plane.

Onnako, roBopst o crarbe bpomana [5], Cregauiiku jgoBosibHO 3aragouno numer «He
presented a comprehensive argument supporting the Courant and Robbins’ solution,
although his proof lacks of formal rigor at some details» — He ykasbiBast, O/lHAKO, UTO Ke
9TO 3a TaKue JeTaji. YIOMsAHYB Bo3paxkenus Aproabiaa B [2| («At that time Arnold had
still objections towards the correctness of the solution from [CR]»), on numier:

Finally, in 2014, 73 years from the announcement of the Whitney’s problem,
in the paper [P1] Ivan Polekhin provided a short rigorous proof of the Courant
and Robbins’s solution based on the Wazewski retract theorem. Other proofs
were published in [BK] and [Zu].

Bnece [P1] — sro crarsu [orexuna [12, [13], [BK] — s1o crarsa Bonoruna u Koszmosa [3],
a [Zu] — crarba 3ybenesuua [7]. B crarbe [3] (mocte dopmysmpoBKr HEKOTOPBIX OOIIIX
pe3yJIbTaTOB) YIOMUHAETCS 3ajada YUTHU, CUTYAIHs ¢ KOTOPOI OIMCHIBAETCS TaK:

YVTBepKIeHre O CYNIeCTBOBAHUY JIBUYKEHUIT IEPEBEPHYTOTO MasgTHUKA 0e3 Ta-
Jennii cpopmymposano YurHu u obcyxgaercst B kaure [2|. JTokazaresbeTso
OCHOBAaHO Ha HECYIIECTBOBAHUM PETPAKIINHU OTPe3Ka Ha ero rpanulry. Kpnrtu-
geckne 3amedanns B. 1. Aprosbna [5] cTuMymmpoBasin mosiBI€HIE TTOJTHBIX
JIOKA3aTebCTB TeopeMbl YUTHH (C yKa3aHUeM YCJIOBHI ee CIpPaBeJIMBOCTH)

131, [4]

3nech [2] — sro kuura Kypanra n Po66umca, HecyliecTBOBaHEE PETPAKIIHE — TEOPEMa
0 IPOMEKYTOUHBIX 3Hadenusx, [5| — kuura [1], a 3] u [4] — coorsercrBenmo [12] u [7]. He
BIIOJIHE ICHO, CUUTAIOT Ji aBTOpHI 3] mokasarenbcrBa Bpomana u3 [5] nim Paguna us [0
HETIOJTHBIMA U €CJIH [[a, TO B 9€M X HEIOJIHOTA.
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B sakmouenne ckaxy emié o cBoém pasrosope ¢ Cabupom Memxumosuuem ['yceitn-3ae

Ha OJIHOI M3 JeTHuX Ko/ B JlyOHe, T1e s yCJIbIal O BO3parkKeHnAX APHOJIbIA 10 TOBOLY
paccyxaeans B Kypanre n Poooutce. ApHoJb1 ObLT TOTIA €€ XKUB, HO MOJOUTH K HEMY C
sruM ¢ (Kak u MHOrue Jpyrue) Gosicsa. Bmecto storo st Hactoiiuuso npocui ['yceiin-3ase
[OCJTyIIATh, KaK s IPEeJICTaBIIsiI cebe okasareabetBo Kypanra — Po6bunca (mpunmepHO
B TOM K€ JIyXe, KaK HAIMCAHO BBIIIE), U CKa3aTh MHE OTUYETIIMBO, MPABUILHO JIL ITO
paccyxaerne. Bexxmubiit Cabup MemKumoBrd MeHsT BBICIYIIAI  CKa3aJl, 9TO ONINOKH B
paccy KJIeHIH He BUJUT (HO, KayKeTcst, ¢ APHOJIBJOM 3TO TI0CTIe He 0OCYK A, KaK ¥ ).
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