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Abstract

The stable set associated to a given set & of nonerasing endomorphisms or substitutions is the
set of all right infinite words that can be indefinitely desubstituted over S. This notion generalizes
the notion of sets of fixed points of morphisms. It is linked to S-adicity and to property preserving
morphisms. Two main questions are considered. Which known sets of infinite words are stable
sets? Which ones are stable sets of a finite set of substitutions? While bringing answers to the
previous questions, some new characterizations of several well-known sets of words such as the set
of binary balanced words or the set of episturmian words are presented. A characterization of the
set of nonerasing endomorphisms that preserve episturmian words is also provided.

Keywords: S-adicity, fixed points, Sturmian words, episturmian words, property preserving mor-
phisms

1 Introduction

As explained with more details in, for instance, [2| [19], the terminology S-adic was introduced by S.
Ferenczi in [6], where he proved that dynamical symbolic systems with subaffine factor complexity
are S-adic uniformly minimal symbolic systems. This result was motivated by the so-called S-adic
conjecture: there exists a stronger notion of S-adicity which is equivalent to linear factor complexity.
Some advances on this conjecture were obtained by J. Leroy [11][12], especially when the first difference
of the factor complexity is bounded by 2 [13]. Also an adaptation for infinite words was obtained [14].
Many classical words are known to be S-adic words such as, e.g., fixed points of morphisms, morphic
words (images of fixed points), Sturmian words, 3-interval exchange transformations, Arnoux-Rauzy
words and strict episturmian words.

In [2], Berthé and Delecroix write: “Fxpansions of S-adic nature have now proved their efficiency
for yielding convenient descriptions for highly structured symbolic dynamical systems [...] If one wants
to understand such a system [...J, it might prove to be convenient to decompose it via a desubstitution
process: an S-adic system is a system that can be indefinitely desubstituted.” The aim of the paper is
to study more specifically this desubstitutive process under the approach of limit points as defined by
P. Arnoux, M. Mizutani and T. Sella [I] (and also used, for instance, by Justin et al. [5] [10]). More
specifically we study stable sets as defined by E. Godelle [9], that is, sets of limit points of a given set
of substitutions (or free monoid nonerasing endomorphisms). In other terms, a stable set associated
to a set S of substitutions is the set of all right infinite words that can be indefinitely desubstituted
using elements of S.

In [21], answering a question of G. Fici, the author characterizes in terms of limit S-adicity the
family of so-called LSP infinite words, that is, the words having all their left special factors as prefixes.
For this, he determines a suitable set Spzsp of morphisms and an automaton recognizing the allowed
infinite sequences of desubstitutions. As the obtained characterization is quite involved, a second part
of [2I] considers the question of finding a simpler limit S-adic characterization. Unfortunately, there
exists no set & of endomorphisms such that the set of LSP infinite words is (exactly) the stable set
associated to S except in the binary case. The main motivation of our study is the question: which
are the known families of infinite words defined by a combinatorial property P that correspond to



stable sets? In [2I], it was observed that, when such a situation arises, morphisms of S necessarily
preserve the property P of infinite words. While bringing answers to the previous question, we present
some new characterizations of several families of words such as the set of balanced words or the set
of episturmian words. This leads us also to characterize the set of nonerasing endomorphisms that
preserve episturmian words.

In Section Bl we present the process of desubstitution as a generalization of the notion of a fixed
point of a morphism. We also recall needed definitions such as those of indefinitely desubstituted
words, limit points and stable sets. In Section Bl we consider an example of a stable set, proving that
the set of binary balanced words is a stable set of a particular set of four morphisms. As far as we
know, this result was not stated formally earlier, even if many aspects of the proof are known. The
considered process of desubstitution is infinite and an infinite sequence of substitutions of a given set
S is associated to the infinite desubstitution of an infinite word: such a sequence of substitutions is
called a directive sequence. We show that, in the general case, any infinite sequence of elements of S
is the directive sequence of at least one infinite word.

In Section [, we study the possible forms of the elements of a stable set in relation with S-
adicity. We show that the characterization of the set of balanced words can be transformed to another
characterization in terms of S-adicity even if a general transformation cannot exist for arbitrary stable
sets. In Section [Bl we provide two more examples of sets of binary infinite words that are stable sets:
the set of Sturmian words and the set of Lyndon Sturmian words. For both sets, there exist only
infinite sets of substitutions for which the set is a stable set.

In Section [6] we consider episturmian words on arbitrary alphabets. As far as we know, the
fact that the set of standard episturmian word is a stable set is the unique result of this form that
was previously stated (without adapted terminology) [10]. After recalling this result, we prove that
the set of A-strict standard episturmian words, the set of episturmian words and the set of A-strict
episturmian words are stable sets, but only of infinite sets of substitutions. For this, we prove and use
a characterization of endomorphisms preserving episturmian words. Observe that in [I0] there exists
a characterization of episturmian words using a desubstitution process associated to a finite set S of
substitutions but not all elements of the stable set of S are episturmian (only the recurrent ones are).

2 From fixed points to stable sets

We assume that readers are familiar with combinatorics on words; for omitted definitions see, e.g.,
[4, 16l [17]. All the infinite words considered in this paper are right infinite words. Let us recall some
basic notions on fixed points of morphisms.

Let A be a (finite) alphabet. Let #A be its cardinality. The set of words over A, usually denoted
A*, equipped with the concatenation operation has a free monoid structure with neutral element the
empty word e. Given two alphabets A and B, a (free monoid) morphism f is a map from A* to B*
that preserves the monoid structure: for all words v and v, f(uv) = f(u)f(v) (and, consequently,
f(e) = &). Morphisms are completely defined by images of letters. In what follows we will essentially
use endomorphisms, that is, morphisms from a free monoid A* to itself.

Given an alphabet A, the set of right infinite words, that is, infinite sequences of elements of A,
is usually denoted A“. Images by a morphism of infinite words are defined naturally but to preserve
infinity, one may consider only nonerasing morphisms (images of nonempty words are never the empty
word). As often done, such a nonerasing morphism will be called a substitution.

A fized point of an endomorphism is any finite or infinite word w such that w = f(w). For instance,
the following morphism has both finite and infinite fixed points. Actually, since it admits a finite fixed
point, it has infinitely many finite and infinitely many infinite fixed points.

avra
fi:¢ b—bac

¢ — baca

The definition of fixed points is not constructive. To determine more precisely prefixes of an infinite
fixed point, at least two different approaches are usually considered.



Limit approach

If w is an infinite fixed point of a morphism f and if p is one of its prefixes, then necessarily, for n > 0,
the word f"(p) is also a prefix of w (classically f* = 1o f, fO being the identity morphism). If
lim, o | f™(p)| = 00 (where |u| denotes the length, that is, the number of letters, of the word w), then
the words f"(p) provide progressively all the letters of w that, thus, can be viewed as a limit of finite
words. This is usually denoted w = lim,,_,o, f™(p) or f¥(p) (in this last case, p is very often a letter).

Observe that the morphism f7 has exactly one fixed point, the word a“, that cannot be obtained as a
limit of images of powers of f1 applied to a word. The other fixed points are the words lim,, fln(akb)
with £ > 0 an integer.

Desubstitutive approach

The second approach consists of firstly considering the fixed point as the image of another word by
the morphism. There exists a word w’ such that w = f(w’): w’ is called a desubstituted word. In
general, w' may not be unique. For instance, the unique fixed point of f; starting with the letter b
can be seen as the image of a word over {a,c} as fi(c) = fi(ba). Nevertheless in our context, we know
that one possibility for w’ is w itself. And so we can iterate the desubstitution. Hence we can find
an infinite sequence (w;);>o of infinite words such that w = wq and, for all i > 0, w; = f(w;;1): the
word w can be indefinitely desubstituted.

For obtaining large prefixes of a fixed point, the desubstitutive approach is less constructive than
the limit approach but it can be used as follows. Consider the first letter ag of w. Then consider all
letters whose images by f start with ag: each of these letters a; is a possible letter for the first letter
of wi whenever f(a;) is a prefix of w. Then we can iterate looking for potential first letters as of
wo, a3 of ws and so on. The words f"(a,), with a, the first letter of w,,, provide longer and longer
prefixes of w except if this word starts with a finite fixed point. In this case we have to consider the
letter occurring after this fixed point and iterate, from this letter, the search for other letters.

It follows from the definition that any fixed point can be indefinitely desubstituted (remember
that some fixed points cannot be defined by the limit approach). But, for some morphisms, there
may exist some infinite words that can be indefinitely desubstituted without being fixed points. This
does not occur with the morphism f; but it does occur with the morphism fy defined by fa(a) = ba
and f2(b) = ab (Observe that fo has no fixed point). The words that can be indefinitely desubstituted
using fy are the fixed points of f3 and not of fo (these words are also the Thue-Morse words, that is,
the fixed points of the morphism p defined by p(a) = ab and p(b) = ba). The previous phenomenon
is much more general.

Lemma 2.1 ([9, Prop. 7.1]). Let w be a right infinite word and let f be a nonerasing morphism. The
word w can be indefinitely desubstituted by f if and only if w is the fixed point of f™ for some integer
n>1.

Proposition 7.1 in [9] is richer than the previous lemma. Its proof depends on a larger context.
For the sake of completeness, we provide a short proof in our context. Let first(u) denote the first
letter of a finite nonempty word or infinite word u.

Proof. First observe that if w is the fixed point of f", then w can be indefinitely desubstituted. More
precisely, as w = f"(w), the desubstituted words are f*~Y(w), ..., f(w), w, f*"Y(w), ..., f(w), w
and so on.

Assume now that w can be indefinitely desubstituted by f. Let (w,),>0 be a sequence of desub-
stituted words: wo = w and, for all n > 0, w, = f(w,41). Let a,, = first(w,,) for all n > 0. As the
alphabet A is finite, there exist arbitrarily large integers m, n such that 0 < m < n < m + #A and
an = ap,. Observe that, if 0 < m < n and a, = a,,, then a,_1 = a,,_1. Indeed, as f is not erasing,
ap—1 = first(wy,—1) = first(f(wy,)) = first(f(ay)) = first(f(am)) = am—1. Consequently, the sequence
(an)n>0 is periodic with a period smaller than or equals to #A. Let 7 be this period.

Let a = ap (a is the first letter of w). For all n > 0, ar, = a. Since a is the first letter of
w = f7(w,) and since it is the first letter of wy, a is the first letter of f™(a). If |f™(a)| > 1, then
lim, o0 | ™™ (a)| = co. For all n > 0, since a is the first letter of w,, and as w = f""(w,), the



word f"™(a) is a prefix of w. Hence w = lim,,_,~ f""(a). But, similarly, w, = lim,,~ f""(a). Hence
w = f"(w).

Now assume that |f™(a)| = 1. Then w = aw’ with a a letter and w’ an infinite word such that:
a = f™(a); w' can be indefinitely desubstituted using f (the desubstituted words are the words w!,
obtained from the words w,, removing their first letters).

Thus, by induction, one can state that one of the two following cases holds.

1. w =ag---ayw’ where N > —1 is an integer (when N = —1, w = w'), w’ is an infinite word
and ag, ..., ay are letters such that:

e there exists an integer p such that 1 < p < #A and w' = fP(w'),
e for all i, 0 <i < N, there exists an integer 7; such that 1 < m; < #A and a; = f™(a;).

2. W = [[,50a; where for all i > 0, a; € A and there exists an integer m; such that 1 < m; < #A
and a; = f™(a;).

In the first case, let n = ged(p, 7o, ..., mn) and, in the second case, let n = ged((7;)i>0). In both
cases, w = f"(w). O

Before going further studying words that are indefinitely desubstitutable over a set of morphisms,
let us recall and introduce some useful terminology. For any set X of finite words, let X* denote the
set of all finite words that can be obtained by concatenation of elements of X (including the empty
word), let X denote the set of all finite words that can be obtained by concatenation of at least one
elements of X and let X“ denote the set of all infinite words that can be obtained by concatenation of
elements of X. Observe that these notations will be used also with sets of substitutions to denote sets
of sequences of substitutions (the set of substitutions is then considered as an alphabet). Each finite
sequence o10s - - - 0} of substitutions refers both to the sequence and to the substitution obtained by
composition of the o; (o1 009 0...00%). We will use both interpretations alternatively: the context
should be clear when we consider sequences and when we consider substitutions.

Let Subst(A) be the set of substitutions on the alphabet A, that is, the set of nonerasing en-
domorphisms of the free monoid A*. Let & C Subst(A). Let (0y,),>1 € S¥. Following P. Arnoux,
M. Mizutani and T. Sella [I], a finite or an infinite word w over A is a limit point of the sequence (04, )n>1
if there exists a sequence (wy,),>¢ of infinite words over A such that w = wo and w,, = op11(Wp41)
for all n > 0. In other words w can be indefinitely desubstituted using successively the substitutions
in the sequence (0y,)n>1. The sequence (o,,)n>1 Will be called a directive sequence of w.

Following Godelle [9], for S C Subst(A), the stable set of S, denoted Stab(S), is the set of all limit
points of sequences in §¥. Also a set X of infinite words is stabilized by S if X = UfeS f(X).

Lemma 2.2 ([9]).
e Stab(S) is stabilized by S.
o Any set stabilized by S is included in Stab(S).

Thus Stab(S) is the largest set (w.r.t. inclusion) of infinite words stabilized by S. Hence the stable
set of a set of substitutions appears as a natural generalization of the set of fixed points of powers of
a morphism. This is coherent with Lemma 2] which states that the stable set of a singleton {f} is
the set of fixed points of the morphisms f" with n > 1.

Let P be a property of infinite words. Let X be the set of all infinite words having this property. A
morphism is said to preserve the property P or to preserve the set X if for all elements w in X, f(w)
also belongs to X. By definition of a stable set, for all S C Subst(A), for all ¢ € S and w € Stab(S),
o(w) € Stab(S). This can be reformulated as the next remark, already made in [21I], that will be
useful when proving that some sets of infinite words cannot be stable sets of finite sets of substitutions.

Remark 2.3. If X = Stab(S) for some set S of substitutions, then all elements of S preserve the set
X.



3 Balanced words: an example of a stable set

The desubstitutive approach naturally arises in the study of infinite binary balanced words, especially
in the study of aperiodic balanced words, that is, the Sturmian words. Here we consider the whole
set of infinite binary balanced words and we show Proposition B.] below. Elements of the proof are
rather classical. They allow to illustrate some techniques of proof that will be reused later.

A word on an alphabet A is balanced if for all letters a in A and for all factors v and v with |u| = |v|,
the following inequation holds: ||u|, — |v]s| < 1 (here |w]|, denotes the number of occurrences of the
letter v in the word w). The aperiodic, that is, not ultimately periodic, infinite binary balanced words
are called Sturmian words. The most famous one is the Fibonacci word which is the fixed point of the
morphism ¢ defined by ¢(a) = ab, ¢(b) = a. Since Morse and Hedlund’s work [I8], periodic infinite
binary balanced words are known to be infinite repetitions of conjugates of finite standard words (e.g.,
ab(abaab)® = (ababa)¥) (two words x and y are conjugates if there exists a word u such that xu = uy).
But there are also some ultimately periodic balanced words that are not purely periodic as for instance
a"ba”, (ab)"a(ab)¥, (abaab)"aba(abaab)®, ...

It is well-known that the following four morphisms are intrinsically related to binary balanced
words as they naturally occur in the study of Sturmian words.

ara a— ba ara a > ab
L“:{ b ab Lb:{ b b R“:{ b ba Rb‘{ b b

Let Sp = {La, R, Ly, Rb}.

Proposition 3.1. The set of binary balanced infinite words is the stable set of Spa-

The previous proposition means that an infinite binary word w is balanced if and only if there
exists some words (w;);>o and morphisms (0;);>1 in {Lg, Ly, Re, Ry} such that wop = w and for all
i >0, w; = 0j11(W;q1). One can also see that all words in (w;);>¢ are balanced words. The proof of
the only if part illustrates the mechanism of desubstitution.

Proof of the only if part. Given an infinite binary balanced word w over {a,b}, one of the two words
aa and bb does not occur in w. In each case and whatever is the first letter of w, w = o1(w;) for a
morphism o7 in {Lg, Ly, Ry, Ry} and an infinite word wy over {a,b}. The following table summarises
the four possible cases:

w starts with | w does not contain | w can be decomposed
a bb over {a,ab}: w = L,(w1)
a aa over {ab,b}: w = Ry(wy)
b bb over {ba,a}: w = R,(w1)
b aa over {ba,b}: w = Ly(w1)

Let us now state that the word wy is balanced. Assume by contradiction that wy is not balanced.
Considering a pair of words of same minimal length such that the first one contains at least two more
occurrences of the letter a than the second, we find a word u such that both words aua and bub occur
in wi. In the case where w starts with b and does not contain bb, we verify that the word w = R, (w1)
contains aaR,(u)a and baR,(u)b as factors (the factor aua is not a prefix of wi, and so, images of
its occurrences in R,(wi) are necessarily preceded by a). A similar contradiction with the balance
property of w can be obtained in the three other cases.

As wy is balanced, iterating what precedes, one can find a balanced infinite binary word wy and
a morphism o9 in {L4, Ly, Ry, Ry} such that wi = o9(wz). The proof of the only if part ends by
induction. O

The proof of the if part needs the following well-known property:

Lemma 3.2 (see, e.g., [I7, chap. 2]). Any morphism in {Lg, Ly, Rq, Ry }* preserves the balanced prop-
erty.



Proof of the if part of Proposition [31. Assume that s = (0,)n>1 is & sequence of morphisms in {L,,
Ly, Ry, Rp} occurring in an infinite desubstitution of a word w, and let (w),),>0 be the corresponding
sequence of words: wog = w, w; = 0;41(w;1) for all i > 0.

Assume first that s € {L,, R,}*“. Assume that there exists an integer n such that ba™b is a factor
of w. Thus, by induction, one can see that ba™ b is a factor of w; for all 4 such that 0 < i < n.
Especially bb is a factor of w,,. This is impossible as it is an image of a word by L, or R,. Thus w
contains at most one b, that is, it belongs to the set {a*,a"ba” | n > 1}: it is clearly balanced.

Assume now that more generally, s contains finitely many elements of {L;, Rp}. This means that
w = f(w') with f € {Lq, Ly, Ry, Rp}* and w' as in the previous case. As w’ is balanced and as f
preserves balanced words by Lemma B.2] the word w is also balanced.

Similarly w is balanced if s contains finitely many elements of {L,, R, }.

It remains to study the case where s contains both infinitely many occurrences of elements of
{Lq, R} and infinitely many occurrences of elements of { Ly, Ry }. These words are the Sturmian words
[3] and so they are balanced. The proof can be given shortly. The sequence s can be contracted to a
sequence s’ of morphisms in {Ly, Rq} ™ {Ly, Ry} U {Lp, Ry} T{La, Ry} All the morphisms o occurring
in s’ satisfy |o(a)] > 2 and |o(b)] > 2. Thus one can obtain the word w as the limit of prefixes
ool (an) with of - - - o], prefixes of . Letters a,, are the first letters of the words associated to the
infinite desubstitution of w by morphisms in ¢’. As letters are balanced words and as all morphisms
o; (i > 1) preserve the property of being balanced by Lemma B2, we obtain the balance property of
w. U

Let us observe, from the previous proof, that any infinite sequence of morphisms over Sp,; is the
directive sequence of at least one aperiodic or purely periodic balanced word. This property is general.

Proposition 3.3. Let S C Subst(A). Any sequence in S“ is the directive sequence of at least one
element of Stab(S).

This proposition (and its proof) is a generalization of a result by P. Arnoux, M. Mizutani and
T. Sella [I, Prop2.1]: Any primitive sequence of substitutions has a finite and nonzero number of
limit points. Let us recall that a sequence of substitutions (o, ),>0 over an alphabet A is primitive
if for all n > 0, there exists an integer k such that, for each letter a in A, all letters of A occur in
On -+ opak(a). For an arbitrary set of substitutions, there may not exist aperiodic limit points. Indeed
when & = {Rp}, we have Stab(S) = {b¥} U {b™ab” | n > 0}. There may also exist infinitely many
aperiodic limit points. Indeed let g be the morphism defined by g(a) = abab, g(b) = b. The fixed
point ¢¥(a) of g starting with a is aperiodic as it contains all words ab™a (with n > 1) as factors. The
infinite fixed points of g are b and the words b"¢*(a) for all n > 0.

Proof of Proposition [3.3. Let (0,,)n>1 be a sequence in S¥. For any n > 1, let f,, : A — A be the map
that sends any letter a € A to the first letter of o,,(a). The sequence fi(f2--- (fn(A))---) of subsets
of A is a decreasing sequence of nonempty subsets of A, so their intersection is nonempty. Let X be
the set of all words ag - - a,, with n > 0, such that a; = fi11(a;41) for all i,0 < i < n. By Konig’s
lemma, there exists an infinite sequence of letters (ay,)n>0 such that a, = fn41(an4+1) for all n > 0.
Consider the sequence of words (uy),>¢ defined by w, = o102---0p(ay,). Since a, is the first
letter of op41(an+1), Uy is, by construction, a prefix of u,41. If the sequence (uy),>0 is not ultimately
periodic, the limit lim,,_, u, defines an infinite word which is a limit point of the sequence (op)p>1.
If the sequence u,, is ultimately periodic, then its ultimate value is a finite word w. Thus the infinite
word u® is a limit point of (0y)p>1. O

4 About the structure of stable sets

In this section, we study links between stable sets and substitutive-adicity. We also provide a de-
scription of elements of a stable set Stab(S) that are not S-adic. For a survey on S-adicity see,
e.g., Berthé and Delecroix [2]. Let us recall that an infinite word w is S-adic if there exist a
sequence (0y)n>1, 0n @ Ay — Ay, of substitutions and a sequence of letters (ay),>1 such that
w = limy, o0 01 - - op(ay). The sequence (0y,)n>1 is called a directive sequence of w.



Denoting S = {0, | n > 1}, w is S-adic (where S refers to the set of substitutions and not
to the term “substitutive”). In what follows we will only consider sets of substitutions that are
endomorphisms. As already said, Berthé and Delecroix [2] mentioned that “an S-adic system is a
system that can be indefinitely desubstituted”. The next result formalizes this in our context.

Proposition 4.1. Let S C Subst(A). Any S-adic word belongs to Stab(S).
Moreover, if (op)n>1 is the directive word of an S-adic word w, then (o,)n>1 is also a directive
sequence of w as an element of Stab(S).

Let us observe that Proposition f1]is not immediate. If (0y,),>1 is the directive sequence of an
S-adic word w, there exists a sequence of letters (ay)n>1 such that w = lim, o o102+ op(ay).
This does not imply that for all £ > 0, the limit lim, oo 0x0k+1 - - opn(a,) exists. Hence the fact
that w belongs to Stab(S) is not immediate. This phenomenon can be illustrated by the following
example. Let f : a + a,b ~ a and g : a — bb,b + aa. For all n > 0, we have g*"(a) = a?"
g2t (a) = b2 Hence taking a, = a for all n > 1, we have lim, o f¢"(a) = a* but lim g"(a) does
not exist. Nevertheless taking wo,, = a* and wo,+1 = b provides a sequence of infinite desubstituted
words of a* using f and g.

Another difficulty to cope with is that, for some sets S of substitutions, there may exist a word
w that is S-adic but for which, given any sequence of desubstituted words (wy,),>0 of w, we do not
have w = lim,,_,o 01 - - - o (first(w,,)). For instance, let S = {L,}. There is only one word in Stab(S):
the word a®. The unique sequence of desubstituted words is (a*),>¢ and a* # lim,,_,~ L] (first(a®)).
Nevertheless a“ is {L, }-adic since a¥ = lim,,_o0 @b = lim,,_o L (b).

The situation in the previous example can be greatly explained by the fact that the finite word a can
be indefinitely desubstituted. In Section [£]] we study the set of finite words that can be indefinitely
desubstitutable. In particular, Proposition [f3]states that, given a directive sequence s, the set of finite
words that can be indefinitely desubstituted with s is finitely generated. The next example shows that
this does not mean that the set of finite words that can be indefinitely desubstituted using a given
set of substitutions is finitely generated. Set & = {L,,Lp}. The words a and b can be indefinitely
desubstituted using, respectively, L¥ and Ly as directive sequences. But not all words over {a,b}
belong to Stab(S).

After proving Proposition in Section ], we use this proposition to prove Proposition [A.1] (in
Section [£2)). In Section €3] we provide more information on the structure of stable sets. In Section 4],
we consider a question relative to a converse to Proposition [£.1]

4.1 On desubstitutable finite words

For s € §¥, let StabFin(s) and StabLet(s) denote the sets of, respectively, finite nonempty words
and letters that can be indefinitely desubstituted using s as directive sequence. Set GenStabFin(s) =
StabFin(s) \ (StabFin(s) StabFin(s)*): this set is the set of all elements of StabFin(s) that cannot be
decomposed as a concatenation of two or more elements of StabFin(s). Finally, let StabUltLet(s) be
the subset of StabFin(s) containing words that can be desusbtituted in such a way that desubstituted
words are ultimately letters:

StabUltLet(s) = {f(a) | s = f§/, f € S§*,s' € §¥ and a € StabLet(s')}
Proposition 4.2. Let S C Subst(A) and let s € S“.
1. StabFin(s) = GenStabFin(s)™"

2. GenStabFin(s) C StabUltLet(s)

Proof. Relation 1 follows directly the definition of StabFin(s) and GenStabFin(s).

Relation 2 is also a consequence of the definition of the sets GenStabFin(s) and StabUltLet(s).
Let w € GenStabFin(s). Let s = (0p)n>1 and let (wy)p>0 be the corresponding sequence of finite
desubstituted words: wy = w and w,—1 = op(w,) for n > 1. Observe that |w,—1| > |w,| > 1.
Hence the sequence (|wy,|)n>0 is ultimately constant. If this constant is 2 or more, then we find a
contradiction with indecomposability of elements of GenStabFin(s). Hence (|wy|)n>0 is ultimately 1
and Relation 2 holds. O



Observe that the inverse inclusion of the second assertion of Proposition does not hold in
general. For instance if S = {f,Id} with Id the identity morphism and f defined by f(a) = be, f(b) = b
and f(c) = ¢, then be ¢ GenStabFin(f.1d*) (with f.Id“ the sequence of substitutions beginning with
f and followed by Id“), even if be = f(a), as b and ¢ belong to GenStabFin(f.Id*). The same
phenomenon exists if one consider, instead of Id, any morphism ¢ such that g({a,b,c}) = {a,b,c}.

Proposition 4.3. Let S C Subst(A) and s € S¥. The sets GenStabFin(s) and StabUltLet(s) are
finite. Their cardinalities are bounded by the cardinality of A.

More precisely there exist p € S* and s’ € S¥ such that s = ps’, and, for all elements u in
StabUltLet(s), u = p(«) for some o € StabLet(s’).

Proof. By Relation 2 of Proposition [£2] it is sufficient to prove the result for StabUltLet(s). Let
Z1, ..., x} be distinct elements of StabUltLet(s). There exist prefixes pi, ..., pi of s (each p; is a
composition of morphisms), suffixes sy, ..., si of s and letters a, ..., oy such that, for all i, 1 <i < k,
x; = pi(a;), a; € StabLet(s;) and s = p;s;. Let p be the longest word among the words py, ..., pg. Let
s’ be the corresponding suffix of s: s = ps’. For each i, let f; such that p = p;f;. As a; € StabLet(s;),
there exists a letter o, € StabLet(s") such that a; = f;(«}). Hence for all i, z; = p(c). As StabLet(s’)
is a subset of A, we conclude that k < #A. So StabUltLet(s) is finite. O

4.2 Proof of Proposition [4.1]

Let w be an S-adic word. There exist a sequence (0y,)n>1 of elements of S and a sequence of letters
(an)n>1 such that w = lim,,_,o 0102 -+ 0 (a,). We prove that w € Stab(S) and that (0y,),>1 is a
directive sequence of w. We have to construct a sequence of desubstituted words.

Note that, for all m > 1, lim,, o [0 - - - 0p(an)| = 00. Let k > 1 be an integer. We first consider
links between prefixes of length &k of words oy, -+ - oy (an) (When k < |0y, -+ on(ay)|). Informally, the
idea of the proof is that if we can find a k and a sequence (pp,)m>0 of such prefixes such that, for all m,
Pm is a prefix of oy, (Ppm+1) and limy, o0 0102+ - 0 (Pm)| = 00, then the words limy, o0 0y, - - - 0 (Pn)
would form a sequence of desubstituted words. If we cannot find any k and any sequence of such
prefixes, then w has infinitely many prefixes that can be indefinitely desubstituted using the directive
sequence (o,,)p>1 and the construction of desubstituted words would differ.

Let Vj; be the set of all pairs (p, m) with m > 1 an integer and p a word of length k such that there
exists an integer n > m for which p is a prefix of oy, - - - o, (ay,). Let Gy be the directed acyclic graph
whose vertices are the elements of Vi and the edges are the pairs ((p,m), (p’,m + 1)) of elements of
Vi such that p is the prefix of length k of o, (p’).

Let (p',m+1) be an element of Vj, with m > 1. Let n > m+1 be an integer such that p’ is a prefix
of opy1 -+ on(ay). Let p be the prefix of length k of 0,,(p): p is also a prefix of 0,041+ on(ay).
Hence (p,m) € Vi and ((p,m), (p',m+1)) is an edge of Gi. More precisely, since o,,(p’) has a unique
prefix of length &, ((p,m), (p’,m + 1)) is the unique edge of Gy ending on (p/,m + 1). It follows that
Gy, is an infinite forest.

Let 7 be the prefix of length k£ of w. As w = lim,, oo 0102 - - - 0, (ay,), there exist infinitely many
elements (p,m) in Vi for which there exists a path from (7, 1) to (p,m). Let Ty be the subgraph of
Gy induced by elements of Vi that are accessible from (7, 1). The graph 7 is an infinite tree. By
Konig’s lemma, there exists an infinite path (p;,7);>1 starting from (g, 1).

Let m,n with n > m > 1. By construction, p,, is the prefix of length k of oy, - 0y,—1(py) and,
by definition of Vi, p, is a prefix of o, - --o(ag) for some ¢ > 1. Hence p,, is the prefix of length
k of oy, -+ oy(ay) for arbitrary large ¢. It follows that oy - op,—1(pm) is a prefix of o1 -+ oy(ay) for
arbitrary large ¢. As w = lim,,_,oo 0102 - - 0 (ay), 01+ Om—1(pm) is a prefix of w.

Assume that lim,, o |01 -+ 0p—1(pn)| = 00. We have w = limy, o0 01 -+ - 0pp—1(pp). Let m > 1. We
also have lim,_,o [0y, - 0p—1(pn)| = 00. Moreover, by construction, for all n > m, oy, -+ 0p—1(pn)
is a prefix of o, - 0y (Pry1). Thus limy, o 0y - - - 0p—1(pn) defines an infinite word. We denote it
W,. It follows from the construction that, for all m > 1, w,,, = o(Wi41) and wi; = w. Hence
w € Stab(S) and w has (0,,)p>1 as directive sequences.

To end the proof of Proposition B1], we consider the case where for all £ > 1, and for all infinite
paths (p;,i)i>1 in T, limy, o0 |01 -+ - 0n—1(pp)| is finite.



Let k£ > 1 be an integer and let (p;,7);>1 be an infinite path in 7. As, for all i > 1, p; is a prefix
of 0;(pit1), 01+ 0i—1(pi)is a prefix of o1 -+ 0;(piy1). The fact that lim, o |01 -+ 0p—1(py)| is finite
implies that there exists an integer N such that, for alln > N, |01+ 0n—1(pn)| = o1 on(Pns1)]- Tt
follows that, for all n > N, |p,| = |on(pn+1)| and so p, = op(pn+1). As for all n >0, o1+ 0p—1(pp)
is a prefix of o1 -+ 0y, (pnt1) and a prefix of w, the limit lim,, o0 01 -+ 0,—1(pn) converges to a prefix

m of w.
For any n > 1, |py| = k. Let us decompose p,, over letters. For ¢ with 1 < i < k, let p,; € A
such that p, = pp1---ppk. We have m = [o1---on_1(pn1)] - - [01---on—1(pNk)] and for all n > N

and for all 4, 1 <1i <k, pp; = 0n(Pn+1,). In other words, the prefix 7 of w can be decomposed into
k factors that are indefinitely desubstitutable with (oy,),>1 as directive sequence: 7 € StabUltLet(s)
with s = (O-n)nzl-

What is described before holds for arbitrary k& > 1 since we have assumed: for all £ > 1, and for
all infinite paths (p;,);>1 in Tk, limy, o |01 -+ - 0p—1(pn)| is finite. This means that w has infinitely
many prefixes in (StabUltLet(s))*. By Proposition [4.3] StabUltLet(s) is finite. Thus w belongs to
(StabUltLet(s))“.

Let us decompose w over StabUltLet(s). Let (u;);>1 in StabUltLet(s) such that w = [[,~; u;. For
each i > 1, let (u; ;);>0 be the sequence of desubstituted words of u;: w; = u; 0 and u; ; = O'j;l(uz‘d‘_i_l)
for j > 0. Let w; = [[,~; wi,;. By construction, w = wq and, for j > 0, w; = 0j41(W;11). Sow
belongs to Stab(S) and (0,,)n>0 is a directive sequence of w.

4.3 More on the structure on stable sets

For s € §¥, let Stab(s) denote the set of infinite words that can be indefinitely desubstituted using
s as directive sequence. Let adic(s) be the set of infinite words that are S-adic with s as directive
sequence.

Proposition 4.4. Let S C Subst(A) and let s € S¥. We have:
Stab(s) = GenStabFin(s)” U (GenStabFin(s))* adic(s)

Proof. The inclusion GenStabFin(s)* U (GenStabFin(s))* adic(s) C Stab(S) follows directly the def-
initions. For the converse, assume that w € Stab(s). Let s = (oy)p>1 and let (wy,),>0 be the
corresponding sequence of desubstituted words. Let also (ay,),>0 be the sequence (first(wy,))n>0. If
there exist arbitrarily large integers n such that |op(an)| > 2, then w(= wq) belongs to adic(s).
Otherwise we ultimately have a,—1 = o,(ay,). Set u = limy,_,o0 01 - 0p(ay). This word u belongs
to StabFin(s). Thus, by Relation 1 of Proposition 2] w = uw’ with v € GenStabFin(s)™ and
w’ € Stab(s). Hence the proof can end by induction on the length of prefixes of w. O

Let us observe that GenStabFin(s)* U (GenStabFin(s))* adic(s) may not be empty. This is the
case for instance when s = L¥ since a* = lim,,_,o, L] (b) and GenStabFin(s) = {a}.
The next result is a direct consequence of Propositions [£.4] and

Corollary 4.5. Let S C Subst(A). An infinite word w belongs to Stab(S) if and only if one of the
two following cases holds:

o w = f(uw') with f € §* and there exists a sequence s € S¥ such that u € StabLet(s)* and
w’ € adic(s).

o w=f(W) with f € §* and w' € (StabLet(s))“ for a sequence s € S¥.
The next result is a direct consequence of Corollary

Corollary 4.6. Let S C Subst(A). If |J,cs. StabLet(s) is empty, then the set Stab(S) is exactly the
set of S-adic words.

Let us observe that the converse of this lemma does not hold, as shown by Proposition
Let us observe also that the condition in Corollary is decidable when § is finite. Indeed the
set StabLet(S) can be algorithmically determined as follows. First construct the graph whose vertices



are letters and whose labeled oriented edges are the triples («, f, 5) with a, 3 letters and f € S such
that @ = f(). Elements of StabLet(S) are the vertices from which go at least one infinite path in the
graph. Labels of such paths are directive sequences of the desubstitutions. Finally, | J,cs. StabLet(s)
is empty if and only if there is no circuit in the graph. An open question is to decide, given a finite
set S of substitutions, whether the set Stab(S) is exactly the set of S-adic words.

4.4 Substitutive-adicity of balanced words

After Corollary LG, a natural question is: given a set S C Subst(A), does there exist a set &’ C
Subst(A) such that Stab(S) is the set of all S’-adic words. Although Proposition EL8 below provides
an example of positive answer, this does not hold in general as shown by the set {Id} with Id the
identity morphism over A*: Stab({Id}) = A“ but this set does not correspond to a set of S’-adic
words as shown by the next lemma. We say that a morphism is a permutation if {f(a) | a € A} = A.

Lemma 4.7. Let A be an alphabet containing at least two letters. There exists no set S C Subst(A)
such that A“ is exactly the set of all S-adic words. Moreover any set S such that A¥ = Stab(S) must
contain a permutation.

Proof. Let A be an alphabet with k& > 2 distinct letters aq, ..., ax. Let S C Subst(A) be such that A%
is the set of all S-adic words. By Proposition 1] A = Stab(S). Let w be an infinite word containing
all finite words over A as factors. There exists a substitution f in & and an infinite word w’ such that
w = f(w’). For each i, 1 < i < k, w has arbitrary large factors that are powers of a;. This implies
that there exists a letter a; € A and an integer ¢; with f(a;) = afi. Note that A = {a; | 1 <i < k}.
Hence w = f(w') belongs to {a{l, e ,ai’“ }¢. But there also exist arbitrarily large factors of w in
(arag---ag)*. As k > 2, for all i, /; = 1. The morphism f is a permutation.

Observe that w' contains all finite words as factors. Thus, by induction, we can see that any
directive sequence of w as an S-adic word is a sequence of permutations. This contradicts the fact
that, for any directive sequence (oy,),>0 of w as an S-adic word, it should exist a sequence of letters
(an)n>0 such that w = limy,,_,oc 071 - - - 0y (ay). O

Let us recall that J. Cassaigne provides an example showing that all words of A“ are S-adic with &
a finite set of substitutions but the substitutions used in this example are defined on a larger alphabet
than A and the stable set Stab(S) contains elements that are not in A% (see, e.g., [2, Remark 3]). Let
us recall this example. Let w = (a;);>1 in A (a; € A). We have w = lim,,_, foa---0,(¢) with £ a
letter that does not belong to A and the morphisms f and (0;);>2 defined as follows.

) {— aq ) {— €a,~

f'{ou—>oz (e A) Ui'{ou—>oz (€ A)

Note also that the previous lemma is not true for a one-letter alphabet as a“ is the fixed point of
the morphism d defined by d(a) = aa.

The next result characterizes balanced words in terms of S-adicity.

Proposition 4.8. An infinite word over {a,b} is balanced if and only if it is Spe-adic.

Proof. First assume that a word w is Spy-adic. By Proposition Il w belongs to Stab(Spy;). Then
by Proposition [3] it is balanced.

From now on, assume that w is balanced. By Proposition Bl w € Stab(Spe). Let s = (0p)n>1 €
SY be a directive sequence of w. As already mentioned in the proof of Proposition B if s contains
infinitely many elements in {L,, R,} and infinitely many elements in {Lj, Ry}, then w is Spy-adic. In
the remaining cases, there exist an integer N > 1 and a letter a € {a,b} such that, for all n > N,
on € {La,Ra}. Let f =01+ -0on_1 and let w' be the element of Stab(S) directed by (o,)n>n such
that w = f(w’). Let 8 be the letter such that {a, 5} = {a,b}. Observe that w’ contains at most one
occurrence of 8. Indeed if it contains a factor a8 for some integer n, then for any i, 1 < i < n, the
ith desubstituted word of w’ (remember that o; € {L,, Ry}) would contain the factor Sa" ‘3. But
the nth desubstituted word cannot contain the factor 83 since it can itself be desubstituted using L.,
or R,. Hence w' = a® = lim,, oo L%(B) or W' = o*Ba* = LE(lim,, o R"(3)) for some k > 0. Hence
w’ and w = f(w') are Spq-adic. O

10



5 Two other examples of stable sets on binary alphabets

After Remark 23] while searching for examples of stable sets defined by a combinatorial property, it
is natural to consider properties for which we know the morphisms that preserve them. But this does
not provide systematically a stable set as shown by the next example.

An overlap-free word is a word that contains no factor of the form auaua with a a letter and
u a word. Since Thue [22], it is known that the morphisms that preserve overlap-free words are the
morphisms obtained by compositions of the morphism p (p(a) = ab, pu(b) = ba) and the exchange
morphisms F (E(a) = b, E(b) = a). As puE = Eu, one can check that Stab({u}) = Stab({u, E}* \
{E,1d}) = {M, E(M)} where M, the Thue-Morse word, is the fixed point of p starting with letter a.
It follows that no stable set corresponds to the set of binary overlap-free words. Also M and E(M) are
the unique overlap-free words that can be defined using S-adicity for a set .S of morphisms preserving
overlap-freeness (as by Proposition 1] S-adic words belong to Stab(S)).

5.1 Sturmian words

As mentioned previously the Sturmian words are the binary balanced aperiodic words. We show below
that the set of Sturmian words can be defined as a stable set but only with infinite sets of substitutions.

In the proof of Proposition Bl we have already recalled that Sturmian words are (exactly) the
elements of Stab(Sp,;) such that any directive sequence contains infinitely many elements of {L,, R,}
and infinitely many elements of {Lp, Ry} [3]. Using the contraction method already used in the
proof of Proposition Bl this can be reformulated using the set Ssyyrm = {La, Ra}{Ls, Rp} U
{Ly, Ry} {Lq4, Ry}. Thus we have proved the following proposition.

Proposition 5.1. A word is Sturmian if and only if it belongs to Stab(Ssturm)-

Proposition 5.2. There exists no finite set S of substitutions such that the set of Sturmian words is
equal to Stab(S).

For the proof of this proposition we need the next lemma.

Lemma 5.3 (see, e.g., [I7, chap. 2|). Morphisms that preserve Sturmian words are the elements of
the set (Spyy U{E})*.

Proof of Proposition [.3. Assume that the set of Sturmian words is the set Stab(S) for some finite
set S of substitutions. First observe that, by Remark 23] for all f in S, f preserves the family of
Sturmian words. Hence by Lemma B3l S C {L,, Ly, Ro, Ry, E}Y*. As EL, = L4E, EL, = L,FE,
ER, = RyE, ER, = R,F and EFE = Id, we have S C {Lg, Ly, Ry, Rp}*{Id, E}. Hence there exist
two subsets F and G of S;; such that S = FUGE . As S is finite, let F = {f; | 1 <i < £} and let
G={g:|1<i<k}

The following fact is important.

Fact. For i > 0 an integer, for f € Slgal and for an infinite word w, if the word f(w) contains a
factor ba’*2b with j > i, then f € {Ly, R, }".

Let us prove this fact by induction on 7. It is basically true for s = 0. Assume i > 1. Observe that
for any infinite word u, both words Lj(u) and Rp(u) does not contain aa. As aa is a factor of f(w)
and f € Slfal, it follows that f = L,g or f = R,g with g € Sg;ll. Whatever is the decomposition of f,
g(w) contains a factor ba? b = baU=D+2p, Asi—1 < j — 1, by induction, g € {Lg, Rq}"~!. hence
f€{La, R}

Now let M =2max({|fi| | 1 <i <} U{]gi| |1 < i < k}) (here, for f e S; | f| is the length of
f considered as a word over the alphabet Spy;). Let w be a Sturmian word that contains the factor
baM+2p. Let (0,)n>1 € S be a directive word of w (as an element of Stab(S)).

For any morphism f in (Spy U E)*, let f be the morphism obtained from the decomposition of f
over {Lg, Ly, Ry, Rp} replacing each occurrence of L, with Ly, each occurrence of R, with Ry, each
occurrence of Ly with L, and each occurrence of Ry with R,. Observe that fE = Ef.

Let o, o5, be the morphisms defined as follows.

e if 0y € F and 0y € F, set 0] = 01, 0, = 09 (note that oo = 0103);
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e if 0y € F and 0y € GE, set o} = 01, 0, = 02 F (note that ofoh = o109F);
e if 0y € GE and 09 € F, set o) = 01 E, o, = 73 (note that ofo) = 0102F);
e if oy € GE and 09 € GE, set 0] = 01 F, 0f, = 53E (note that oo}, = 0109).

In all cases, o] and o5 belong to S, and w = o o5(w’) for some infinite word w’. As |05 < M
and as w contains the factor ba™*2b, by the initial fact, we must have och € {L,, Ry}*, and so o},
ol € {Lq, Ro}*

If o1 € F, we get 01 € {Lq,Ro}*. If 01 ¢ F and o9 € F, from o) € {L,, Ry}*, we get oy €
{Lp, Rp}*. If 01 ¢ F and o9 & F, we have o109 € {L,, R,}*. But then, one of the words a* or v
belongs to Stab(S) with o¢’, 0§ or (c102)“ as a directive sequence. As these words are not Sturmian,
we have a contradiction with the hypothesis that Stab(S) is the set of Sturmian words. O

The previous result shows that the set of aperiodic words of a stable set of a finite set of substitu-
tions may not form also a stable set of a finite set of substitutions by themselves.

5.2 Lyndon Sturmian words

Let us recall that an infinite Lyndon word is a word smaller, with respect to the lexicographic order,
than its suffixes. Here, without loss of generality, we restrict our attention on the ordered alphabet
{a < b}, that is on the alphabet {a,b} with a < b. Results for the order {b < a} can be obtained
exchanging the roles of a and b. Let us show that the set of binary balanced infinite Lyndon words
form a stable set. Set Spyng = {Ly Ry, Ry Lo | n > 1}.

Proposition 5.4.

o A word is a Lyndon Sturmian word over {a < b} if and only if it belongs to Stab(Spynq) if and
only if it is Spyna-adic.

e There is no finite set S such that the set of Lyndon Sturmian words is Stab(S).

Proof. The first part is a direct consequence of Theorems 5.6 and 6.5 in [I5] from which we have: A
Sturmian word w is a Lyndon word over {a < b} or over {b < a} if and only if there exists a sequence
(dn)n>0 of integers such that dy > 0, d, > 1 for all k > 2 and

w = lim LOARPLERM ... [d2n-1 R (q)
n—roo

or
. dop—
w = lim L'RELIBRY ... 201 Rz (q)

n—oo

Consequently a Sturmian word w is a Lyndon word over {a < b} if and only if it is Sz,n4-adic. Observe
that, for any f in Spyng, |f(a)] > 2 and |f(b)| > 2. Hence the set UseSf ] StabLet(s) is empty. By
yn

Corollary A.6, the set of Spynq-adic words is equal to Stab(Sryna)-

The second part is a consequence of the fact that morphisms that preserve Lyndon Sturmian
words are the elements of {L,, Rp}* [20]. Assume that the set of Lyndon Sturmian words is Stab(S)
for some S C Subst({a,b}). By Remark 23] S C {L,, Ry}*. But no element of S can belong to L} or
R; as a“ and b (that are indefinitely desubstitutable over L, and Rj respectively) are not Lyndon
words. Hence any element f € S should be a concatenation of elements of {L,, Ry} with at least one
occurrence of L, and one occurrence of Rp. But then, as in the proof of Proposition 5.2, S cannot be
finite as otherwise the number of occurrences of the letter a between two occurrences of the letter b
would be bounded. O
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6 Episturmian words

In [Bl 10] an episturmian word is defined as an infinite word whose set of factors is closed under
reversal and that has at most one left special factor of each length (Let us recall that u is a left special
factor of a word w if au and bu are factors of w for a and b two different letters). The subset of
the strict episturmian words (or A-strict episturmian words with A the alphabet) corresponds to the
Arnoux-Rauzy words. 1t is the set of infinite words having exactly one left special factor of each length,
whose set of factors is closed under reversal and such that if w is a left special factor then all words
au, for ae € A, are also factors. Also an episturmian word is standard if its left special factors are its
prefixes.

The following morphisms are important when studying episturmian words. They extend to arbi-
trary alphabet the morphisms of Sy, and the exchange morphism E. For a,b € A, let E,; be the
substitution defined by Eg(a) = b, Ep4(b) = a and Ep 4(c) = ¢ for ¢ € A\ {a,b}. For a € A, let L,
and R, be the following substitutions:

I . { a— R { e

) B—~aBforf#a, BeA | B BaforB4a,feA

Let L ={Ly | a € A} and R = {Ry | « € A}. Let Exch be the set {E, 3 | a,3 € A}. Observe
that elements of Exch® are the permutations. The set Exch* is finite and its cardinality is #A!. Here
follows some useful relations. For pairwise distinct letters «, 3, v, we have

LoEgy = EgyLa (
RoEpy = EgyRa (
LoEypg=FE,pgLg (3
RoFBap = EapRps (

6.1 Standard episturmian words and stable sets

As far as we know, the next statement is the unique one that characterized explicitly a combinatorial
family of words in terms of a stable set before the current paper.

Proposition 6.1 ([10, Cor. 2.7]). The set of standard episturmian words is Stab(L).

Strict standard episturmian words correspond to the words whose directive sequence contains
infinitely many L, for each letter a (see [I0]). In the binary case they correspond to the standard
Sturmian words, also called characteristic words, that is, to the infinite binary words such that their
prefixes are exactly their special factors. It is known that the standard Sturmian words are the L-adic
words (see, e.g., [I7, Prop. 2.2.24]). This does not extend to strict standard episturmian words for
alphabets with three letters or more. Indeed over an alphabet containing three letters or more, being
L-adic does not imply that there exists a directive sequence such that, for each letter «, L, occurs
infinitely often in the directive sequence. For instance, the episturmian word directed by L.(LqLp)*
is L-adic but it not a strict standard episturmian word.

Let Lgirictstand be the set of all elements of £* whose decompositions on £ contain at least one
occurrence of each element of £ and the last substitution in the decomposition has no previous oc-
currence in the decomposition: f € Lsirictstana if f = LayLay -+ - Lq, for some letters aq,...,ag, if
for each a € A, there exists i, 1 < i < k such that a; = «, and if a; & {a1,...,ax_1}. (Observe
that the decomposition Lg, L, - -+ Lg, is unique: This can be verified directly using the fact that,
for an infinite word w containing a, L,(w) contains aa) For instance, when A = {a,b}, LstrictStand
= {LyLy,LyLg | n > 1}. From the definition of strict standard episturmian words and from the
definition of the set LsyrictStand, the first part of the next proposition may be directly verified.

Proposition 6.2. Let A be an alphabet containing at least two letters.
o The set of A-strict standard episturmian words is the set Stab(LstrictStand)

o There exists no finite set S C Subst(A) such that Stab(Lsrictstand) = Stab(S).
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o The set of standard episturmian words is the set of L-adic words.

Proof. The proof of the second part is similar to the proof of Proposition but we have to face a
combinatorial problem due to the fact that the alphabet may have more than two letters.

Assume, by contradiction, that the set of A-strict standard episturmian words, (Stab(LstrictStand)
by the first part of the proposition) is equal to Stab(S) for some finite set S of substitutions. First
observe that, by Remark 23] for all f in S, f preserves A-strict standard episturmian words. Theorem
10 in [5] states that a substitution o € Subst(A) preserves A-strict standard episturmian words if and
only o € (CUExch)*. Hence S C (LUExch)*. By Equations () and @), S* C £* Exch* : any element
o of §* can be decomposed into o = fr with f € £* and 7 a permutation.

Let a and b be two different letters. The following fact is important.

Fact. Let i, j be integers such that i < j. Let w € A and f € L£'. If f(w) contains a factor
ba’*2b, then f = L..

We prove this fact by induction. It is basically true for i = 0. Assume ¢ > 1. Observe that for
¢ # a and for any infinite word u, L.(u) does not contain aa. As aa is a factor of f(w) and as
f € L', it follows that f = L,g with g € £~!. Consequently, g(w) contains a factor ba/~D*2p and
i—1<j—1. Hence g = L'~ by induction. So f = L%.

Now let M; = max({|f| | fmr € S,f € L*,7 € Exch*} (here, for f € L£*, |f| is the length of
f considered as a word over the alphabet £). Let M = (#A! + 1)M; Let w be a strict standard
episturmian word containing the factor ba™*2b. Let (0,,),>1 € S¥ be a directive word of w (as an
element of Stab(S)).

Let i, 1 < i < #Al4+ 1. For 1 < j <, as 0; € L*Exch®, there exist g; € £* and 7T;~ € Exch*
such that o; = gﬂr}. Using Equations (Il) and (3]), we can see that there exist f; € £* and 7; € Exch*
such that oy ---0; = fim;. Moreover |f;| = 2;21 lgj| and so |f;| < iM; < M. From the previous fact,
fi € {Lq}*. Since the cardinality of Exch™ is #A!, there exists ¢ and j such that 1 <i < j < #Al+1,
such that m; = m;. Set ™ = ;.

Let ¢; and £; be the integers such that oy ...0; = Lim and 01...0j = Lﬁjw. We have Lﬁjﬂ' =
o1...05=Lbiro; 105 Thus o 0j = Ly . By Equations () and (3]), there exists a letter
¢ such that Lﬁjf@iw = WLﬁjfzi. So ojq1 -0 = Lﬁréi.

Now observe that the word ¢* can be indefinitely desubstituted using the morphism Lﬁj 4 Thus
¥ € Stab(S). But ¢ is not a strict standard episturmian word as it does not contain all the letters
of A. This contradicts the fact that Stab(S) is the set of strict standard episturmian words.

Let us prove the third part of Proposition By Proposition [6.1] standard episturmian words
are the elements of Stab(L£). If an element w of Stab(L£) has a directive sequence (o,,),>1 containing
infinitely many occurrences of at least two elements of £ and if (w,),>0 is the corresponding sequence
of desubstituted words, then one can verify that lim, o |01 - - - 0 (first(wy,))| = oo, and so, w is L-
adic. If it is ultimately LY, then w = f(a®) for some f € L£*. As there exists a letter 5 different from
a, o = lim, o L2(B): f(a¥) is L-adic.

Conversely, by Proposition 1] the set of £-adic words is a subset of Stab(L). O

Let us recall some results on the family of LSP words. These words were introduced by G. Fici in
2011 [7] as the words having all their left special factors as prefixes. Standard episturmian words are
particular LSP words. The set of factors of these words is not necessarily closed by reversal. In [2]]
it was proved that the set of LSP words over {a, b} is the set Stab({L,, Ly }). By Proposition [6.1] this
means that on a binary alphabet, a word is standard episturmian if and only if it is LSP. This does
not hold on larger alphabets. Indeed by [21] there exist no finite set S C Subst(A) such that the set
of LSP words over A is Stab(S).

6.2 Recurrence, stable sets and Episturmian words

Justin and Pirillo [10] obtained also the next result on desubstitutions of episturmian words. Let us
recall that a word is recurrent if all its factors occur infinitely often, or equivalently, if all its factors
occur at least twice.
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Theorem 6.3 ([10, Th. 3.10]). An infinite word w is episturmian if and only if w € Stab(L U R)
and it has a sequence (Wy)n>0 of Tecurrent desubstituted words.

The previous theorem and Proposition Bl show that, in the binary case, the episturmian words
are the recurrent balanced words. On arbitrary alphabet, this characterization of episturmian words
can be simplified as follows.

Proposition 6.4. An infinite word w is episturmian if and only if it is a recurrent element of Stab(LU

To prove this proposition we need the next two lemmas. The first one is a slight variation of
Theorem 5.2 in [§] that concerns only the directive sequence and not the sequence of desubstituted
words.

Lemma 6.5. Let w be an element of Stab(L UR). There exist a sequence of infinite words (W, )n>0
and a sequence (0y)n>1 in (LU R)Y such that wo =w, for alln >0, wy, = opi1(Wni1), and, for all
k >0, if wi begins with the letter o, then o1 # R .

Proof. As w € Stab(LUR), there exist sequences (Wy,),>0 and (o,,)n>1 such that wop = w and for all
n>0,w,= Un+1(wn+1)-

We construct sequences (w},),>0 and (0},),>1 such that wy = w, w;, = o, (w),, ;) for all n > 0,
and, for all k& > 0, if w}, begins with the letter «, then o}, 41 # Ra. It may be emphasize that for all
k > 0, there will exist an integer nj > 0, such that wy, = first(wy)™* w/. The construction is done by
an infinite induction. Set w{, = wy.

Let k£ > 0 be an integer such that (w})o<;<r and (0})1<;<j are already defined.

Assume first that w), = wy,.

Let o = first(wy). If op41 # Ry (that is o1 = Rg with § # « or 0,11 = Lg (possibly § = «)),
set Wy = Wiy and o) | = Opq1.

If o)1 = Ra, from wi, = Ro(Wpy1), we get first(wy1) = . Let wj_, be the word such that
Wil = awy . Set 0 = Lo. We have wj = wp = Ro(Wii1) = Ra(aw), ) = aRy(W), ) =
La(Wi1) = 051 (Wigr)-

To continue the induction step, we now have to consider cases where wj, = o*w), for some letter
« and some integer n > 1. Observe that, since o"w), = Wi, = 0j41(Wy41), we cannot have o1 = Lg
with 3 # a. Observe also that if oy = Lg, then wy; begins with '3 where 3 = first(wy,).

If opy1 = Lo and o # 3, let wy,; be the word such that wy,; = a”*1w2+1. Set 0}, = Ra.
From o"w), = wi = La(Wit1) = Lo(a"'wi, ) = o ' Lao(w), ), we get aw), = Lq(w},,;) and so
Wi = Ro(Wii1) = 0 (W)

If 0py1 = Lo and a = f3, let wj | be the word such that wi1 = a"w) ;. Set 0}, = L,. From
a"wi = Wi = La(Wit1) = La(a"Wj 1) = a"La(Wj 1), we get Wi = Lo (W} 1) = 0} (W)

If 0111 = Rp for some letter § # «, from o”"w), = w; = Rg(Wy41), we deduce successively that
first(wpy1) = @, wy begins with a8 and n = 1. Let wj_; be the word such that wi1 = aw) ;.
Set 0}, = Lg. From aw) = Rg(aw)_ ) = afRg(w} ), we get w;, = BRg(w_ ) = Lg(w}, ) =
Thoy1(Whp1)-

If op41 = Ra, from o"w), = wi, = Ro(Wyy1), we deduce that wyy begins with o3 with f
the first letter of wj. If a # j, let wj_, be the word such that w1 = a"wj_ ;. Set 0}, = Rq.
From o"wj, = R(a"w) ) = a"Ra(W)_ ), we get Wi, = Ro(W), ) = 07,1 (W}, ). If w1 begins
with a™T!, let wj_; be the word such that wy, 1 = oz"“w;ﬁ_l. Set 0}, = Lo From o"wj =
Ro(a"wi 1) = a"aRa (W) ), we get Wi = aRa(Wjy) = La(Wi i) = 051 (W)i)-

Observe that, in all cases, we have by construction o} | # R O

wy,)*
Lemma 6.6. Let w be an infinite word and let « be a letter.

o If Lo(w) is recurrent then w is recurrent.

o If Rg(aw) is recurrent then aw is recurrent for any letter B # o

15



Proof. Assume by contradiction that w is not recurrent. It has a factor u that occurs only once. Let
v = Lq(u)a. Any occurrence of v in L, (w) must come from an occurrence of w in w. This contradicts
the recurrence property of L, (w).

Assume by contradiction that aw is not recurrent. As a # 3, we have Rg(aw) = afRg(w) =
aLg(w). As Rg(aw) is recurrent, Lg(w) is recurrent and, from what precedes, w is also recurrent.
Hence aw has a prefix v such that awv occurs only once in aw. As Rg(aw) is recurrent, the word
Rg(aw) occurs at a non-prefix position in Rg(aw). This implies that av also occurs at a non-prefix
position in aw. A contradiction. O

Proof of Proposition [6.. Assume that w is a recurrent element of Stab(LUTR). There exist sequences
(Wn)n>0 and (0y,),>1 as in the statement of Lemma By induction, using Lemma we get the
recurrence of all words w,,. By Theorem [6.3] w is episturmian.

The converse also follows immediately from Theorem O

One can observe that while desubstituting balanced words in the proof of Proposition Bl we get
directly a sequence of desubstituted words and a directive sequence as in Lemma

6.3 Characterizing the set of episturmian words as a stable set

Let &£ be the set of episturmian words. Proposition provides characterizations of £ as a stable set
and as a set of adic words. We first need a technical result.

Lemma 6.7. Any episturmian word, considered as an element of Stab(LUR), has a directive sequence
containing infinitely many occurrences of elements of L. In other words, any episturmian word belongs
to Stab(R*L).

Proof. Let w in Stab(£L UR) and let (wy,)n>0 and (0,,)p>1 as in Lemma Observe that, for any
infinite word u and any letters «, 3, the word Rg(u) begins with « if and only if u begins with a.
Assume that (0,,)p>¢+1 € RY for some integer . Let a be the first letter of w,. From the previous
observation, it follows that « is the first letter of wy for all k > ¢. The hypothesis “if w; begins with
the letter «, then op1 # R,”, implies that o # R, for all k > ¢+ 1. Hence, for any k > ¢, a occurs
only as a prefix of the words oy - - - o () whose lengths grow to infinity. As these words oy - - - o () are
prefixes of wy, a has only one occurrence in wy and the word wy is not recurrent. Using Lemma [6.6
and the previously recalled hypothesis, by inverse induction, we can show that w; is also not recurrent
for every i, £ > i > 0. Hence, by Proposition [6.4] wq is not episturmian. Thus, for all £ > 1, there
exists k > ¢ such that o}, € £, that is, w € Stab(R*L). O

Proposition 6.8. Consider an alphabet containing at least two letters. The set £ of episturmian
words is the set Stab(R*L) and it is also the set of all R*L-adic words.

Proof. From Theorem and Lemma [6.7] £ C Stab(R*L).

Assume now that w € Stab(R*L). Let (0y,),>1 be a directive sequence of w (o, € R*L for all
n > 1). If there exists a letter a such that o, € R!L, for arbitrarily large n, then, w = f(a“) for
some f in (R*L)*. As there exists a letter b # a, a* = lim,,_,o L7 (b): w is R*L-adic. Otherwise, let
(Wn)n>0 be a sequence of desubstituted words of w using (o, ),>1. For any integer n > 0, there exists
m, m > n, such that |, - o (first(wy,))| > 2. Hence w is (R*L)-adic.

Assume now that w is R*L-adic. A first case is that w = f(a“) for some letter a and some f in
(LUR)*. In this case w is recurrent as any periodic word is. Moreover it belongs to Stab(L U R)
with fL¥ as a directive sequence. By Proposition [6.4] w is episturmian.

Assume now that the first case does not hold (but still w is R*L-adic). By Proposition [A.T],
w € Stab(R*L). Let s = (0)n>1 be the directive sequence of w as an element of this stable set (for
all n > 0, o, belongs to Stab(R*L)) and let (w,,),>0 be the sequence of desubstituted words. Observe
that there cannot exist a letter a and an integer N such that, for all n > N, o,, € (R} Ls). Indeed, for
any infinite word u and any element f of (R’ Ly)¥, f(u) begins with o*. Hence the existence of o and
N would implies that wy = o and that we are back in the first case. From the previous observation,
we deduce that, for all n > 0, there exist an integer m > 1 and a letter b # first(w,,) such that
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|opt1 -+ om(first(wy,))|p # 0. This implies that, for all n > 0, first(w,,) has at least two occurrences
in w,,. Observe that any factor of w is a factor of a prefix of w and so a factor of oy - - - o, (first(wy,)) for
some integer n. Hence any factor of w occurs at least twice in w: w is recurrent. By Proposition [6.4],
w is episturmian.

O
As R*L is infinite, the next proposition answers a natural question.

Proposition 6.9. Assume that the alphabet A contains at least two letters. There is no finite set
S C Subst(A) such that the set € of episturmian words is Stab(S).

For proving this result, we need a characterization of the set of endomorphisms preserving epis-
turmian words.

Let P be the set of all endomorphisms f for which there exists a letter a such that, for all letter
bin A, f(b) € at. For any infinite word w and f € P, f(w) is periodic: it is the word a“ for some
letter a. Finally, let Sepi = (£ UR U Exch UP)*.

Proposition 6.10. The set of endomorphisms preserving £ is Sepi.

Proof. Let us first verify that any element of Sepi preserves £. It is sufficient to consider elements
of LUR U ExchUP. As for any letter a the word o is episturmian, this holds for elements of P.
Changing the alphabet of a word does not change the property of being episturmian. Hence this holds
also for elements of Exch. Finally, as £ = Stab(R*L) by Proposition [6.8] elements of (£ U R) also
preserve &.

To prove that any endomorphisms preserving £ is an element of Sepi, we need the next two lemmas.

Lemma 6.11. Let f, g in Subst(A) and a € A such that f = Log or f = Rog. We have: f preserves
E if and only if g preserves &.

Proof. We have just seen that elements of £ U R preserve £. Hence if g preserves &, f also preserves
E.

From now on, assume that f preserves £ but not g. This means that there exists w in £ such
that g(w) ¢ € and f(w) € £. Observe that g(w) is recurrent as w is recurrent. By definition of
episturmian words, g(w) has two left special factors of the same length or its set of factors is not
closed by reversal.

First assume the existence of two different left special factors. Considering them of minimal length
we may assume that these words are ua; and uag for a word u and different letters a; and as. There
exist letters by, ba, c1, co with by # ba, ¢; # co such that bjuaq, bouaq, cruas, couas are factors of
g(w). As g(w) is recurrent, we can consider non-prefix occurrences of the previous words.

If f = Lag, then the words byL,(u)aay, boLo(u)aay, c1Le(u)aas, caly(u)aas are factors of
o(g(w)). To verify this assertion it may be observed that (for instance) byL,(u)aa; is a factor of
o(bjuay)a which is a factor of L, (g(w)) (note that moreover aja = aa; when a1 = «).

If f = Rag, then the words byjaR,(u)ay, beaRy(u)ar, ciaRq(u)as, caaRy(u)as are factors of
R, (g(u)). To verify this assertion it may be observed that (for instance) bjaR,(u)a; is a factor of
aRy(bjuay) which is also a factor of R,(g(w)) as we consider a non-prefix occurrence of byuaj.

In both cases, f(w) has two left special factors of the same length and consequently it is not
episturmian. A contradiction.

From now on, assume that g(w) contains a factor u but not its reversal 4. The word L,(g(w))

L
L

contains the factor L, (u)a but not its reversal. Indeed if it contains Ly (u)a = oLy (u) = aRq (1) =
L (@), then the word g(w) contains the factor @: a contradiction. Similarly the word R, (g(w)) con-
tains the factor aR,(u) (remember that g(w) is recurrent and so there exists a non-prefix occurrence
of u) but not its reversal aR(@). As f(w) = Lo(g(w)) or f(w) = R(g(w)), f(W) is not episturmian.
This contradicts the facts that w is episturmian and that f preserves £. Hence g preserves . U

Lemma 6.12. Let f € Subst(A) \ Exch® be a morphism that preserves €. All images of letters by f
begin with the same letter, or, all images of letters end with the same letter.
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Proof. Let last(w) be the last letter of a non-empty finite word w.

Let f € Subst(A)\ Exch® be a morphism that preserves £. We start with the following observation:
For any episturmian word w, there exists a letter « such that any factor of w of length 2 contains «.
This follows directly from Theorem that states, that for any episturmian word w, there exists a
letter o such that w = Ly (w') or w = R, (w’) for some episturmian word w’.

Case 1. Assume first that there exist letters a and a such that aa is a factor of f(a). Then, by
the previous observation, for any episturmian word w containing a, f(w) cannot contain a factor v
with 5, v two letters with 8 # « and v # «. This implies that there cannot exist letters b and ¢ such
that first(f(c)) # « and last(f(b)) # «. Indeed there exist episturmian words containing both a and
be: their images by f would contain both aa and the word last(f (b)) first(f(c)) which is impossible.
Thus all images of letters begin with a or all images of letters end with «.

Case 2. Assume now that the previous case does not hold but that there exist pairwise distinct
letters o, such that af or fa is a factor of an element of f(A), and, ay or vy is also a factor of an
element of f(A).

Assume first that there exist an episturmian word w containing all letters, and, two letters d; and
do different from « such that 4199 is a factor of f(w). Then by initial observation, as the previous
case does not hold, 0102 € {8v,v5}. It follows that no other letter than «, 5 and 7 occurs in words of
f(A). Indeed otherwise, f(w) would contain two factors written on different letters: a contradiction
with the initial observation. Assume now by contradiction that there exist images of letters that do
not begin with the same letter and images of letters that do not end with the same letter. Then there
exist a letter x € {«, 3,7} such that z = first(f (b)) and = = last(f(a)) for some letters a and b. Let w
be an episturmian word containing all letters and the factor ab. The episturmian word f(w) contains
xx and a factor of length 2 that does not contains x. This contradicts the initial observation.

Hence, for any w € £, f(w) cannot contain a factor 6102 with d1, d2 two letters different from o.
We end as in the Case 1.

Case 3. Assume now that the previous cases do not hold but that there exists a letter b such that
)] = 2.

Note that, as the two previous cases do not hold, there must exist distinct letters o and [ such
that factors of length 2 of elements of f(A) are necessarily a3 and fa. This implies that the first
letter of f(b) is o or B. Without loss of generality, assume f(b) begins with a.. Hence, for some k > 1,
£(b) = (aB)F of £(b) = (af)far

Case f(b) = (af)¥. There cannot exist letters a, ¢, v, § such that v # 8, a # 8, v = last(f(a)),
§ = first(f(c)). Indeed otherwise f(abc) would contain the factor v(a3)¥s. Since 3 is not a factor of
~va and « is not a factor of 34, for any episturmian word w containing abe, the word f(w) would not
be an episturmian word by the initial observation. Hence all images of letters begin with «, or, all
images of letters end with 5.

Case f(b) = (af)¥a. Assume that there exists a letter a such that last(f(a)) = v with v # a.
As all length 2 factors of images of letters are a8 and fa, if v # , then f(a) = ~. In this case,
for any episturmian word containing aab, f(w) contains both 7y and af contradicting the fact that
it is episturmian. So v = 3. Moreover f(a) = (afB)’ or f(a) = (Ba)’B for some £ > 0. The case
f(a) = (aB)’ has already been considered. Hence assume f(a) = (3a)’8. Let w be an episturmian
word containing the factor bbbabb. The word f(w) contains the factor

a(ap)ra(ap)Fa(Ba) BlaB) aa

which is equals to
a(aﬂ)ka(aﬂ)kJrHlJrkaa

As f(w) € Stab(L UR) by Theorem 6.3, f(w) = Lo(w') or f(w) = R,(w’) for some episturmian
word w’. Thus w’ should contain the factor afFap* 1+ a. As k+ ¢+ 1+ k > k + 2, this implies
that both £**! and BF«a are left special factors of w’: this contradicts the fact that w’ is episturmian.
Thus for each letter a, last(f(a)) = a.

Case 4. It remains to consider the case where all images of letters are of length 1. As f ¢ Exch*, if
all images are not the same, then there exist pairwise different letters a, b and ¢ such that f(a) = f(b)
and f(a) # f(c). Setz = f(a),y = f(c) (z and y are letters). Let w be an episturmian word containing
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the factor acc. The word L,LyL.(w) contains the factor cabaabacabac and the word fLyLyL.(W)
contains the factor yzSyx3y. Hence 23y and x* are both left special factors of fLqLyL.(w). This is
not possible for an episturmian word: we have a contradiction with the fact that f preserves £. Thus
all images of letters are equal. U

Let us continue the proof of Proposition

From now on, let f be an endomorphism preserving episturmian words. Let ||f[| = > c4 [f(a)].
We prove by induction on ||f|| that f € Sepi.

Assume first that ||f|| = #A. If f(A) = A, then f € Exch® C S,p;. Otherwise by Lemma [6.12]
fePC Sepi-

From now on, assume that ||f|| > #A and assume f ¢ P. By Lemma [G.12] all images of letters
begin with the same letter, or, all images of letters end with the same letter. Assume that the first
case holds (the second case is symmetric) and let « be the first letter of images of letters. Let w € &.
By hypothesis f(w) € £. As £ C Stab(£L UR) by Theorem 6.3l f(w) = Lg(w’) or f(w) = Rg(w’) for
some letter 3 and some word w’.

When f(w) = Lg(w’), we have a =  and we can find a morphism g such that f = L,g. By
Lemma [6IT], g preserves €. As f & P, ||g|| < ||f|| and by induction g € Sepi. So f € Sepi-

Assume now that f(w) = Rg(w’). If all images of letters by f end with /3, then f = Rgg and,
as in the case f = L,g above, f € Sepi. If some image of a letter by f does not end with 3, as the
image of letters is followed by a in f(w) and by § in Rg(w’), we get o = 5. Hence f = Lyh for some
morphism h, and as previously f € Sepi- O

Proof of Proposition[6.9. The proof is similar to the proof of the second part of Proposition [6.2] but we
have to take care of elements in R. Assume by contradiction that there exists a finite set S C Subst(A)
such that the set of episturmian words is Stab(S). By Remark 23] elements of S preserve £ and so,
by Proposition [6.10] S C Sepi = (LU R U Exch UP)*.

Observe that S N Exch®* = (. Indeed if f € S N Exch*, f acts on the alphabet as a permutation
and there exists an integer n such that f” is the identity. Then any infinite word belongs to Stab(S):
a contradiction.

From now on, we consider only aperiodic episturmian words. These words can be desubstituted
only on elements of SN (LU R U Exch)*. From Relations (1)) to ), any element of (£ U R U Exch)*
can be decomposed into e with o € (LUR)* and e € Exch®, that is, it can be viewed as an element
of (CUR)* Exch”.

Let a and b be two different letters. The following fact is important.

Fact. Let 4, j be integers such that i < j. Let w € A and f € (L UR)". If f(w) begins with
ab’*2a, then f = R}

We prove this fact by induction on 4. It is basically true for ¢ = 0. Assume ¢ > 1. As f(w) begins
with abb and f € (£ UR)?, necessarily f = Ryg for some g € (LU R)*" 1. Moreover g(w) has a prefix
abli=D+2g and i — 1 < j — 1. Hence g = Rz_l by induction. So f = Rg.

Now let My = max({|f| | fm € S,f € (CUR)*,m € Exch*}. (here, for f € (CUR)*, |f] is
the length of f considered as a word over the alphabet £LUR). Let M = (#A! 4+ 1)M;. Let w be
an episturmian word having ab™*2a as a prefix. Let (0,,),>1 € S¥ be a directive word of w (as an
element of Stab(S)).

Let i, 1 <i < #Al+ 1. For 1 < j <14, as 05 € (LUR)*Exch®, there exist g; € (L UR)* and
77; € Exch” such that o; = gjwé». Using Equations () and (), we can see that there exist f; € (CUR)*
and m; € Exch® such that oy---0; = f;m. Moreover |f;| = Z;Zl lgj| and so |f;| < iM; < M.
From the previous fact, f; € {Rp}*. Since the cardinality of Exch* is #A!, there exists i and j,
1<i<j <#A' 41, such that m; = 7. Set m = 7;.

Let ¢; and ¢; be the integers such that o1...0; = Riiﬂ' and 01...0; = Rf;jw. We have Ri’ﬁ =
o1...05 = RiiwaiJrl ---0j. Thus woj1---05 = Rﬁj_eiﬂ. By Equations @) and (), there exists a
letter ¢ such that Rf;j*ziw = WRﬁjfgi. So giy1 0 = Rirgi.
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Observe that, for d a letter different from c (the alphabet A contains at least two letters), RY is a

directive sequence of the word dc*. Thus (Rﬁj 7&)“’ is a directive sequence of the word dc¢”. Hence this
word dc¢* belongs to Stab(S) although it is not episturmian (by Theorem [6.3] since it is not recurrent).
We have obtained a contradiction with Stab(S) = €£. O

6.4 Strict episturmian words

Theorem recalls only a part of Theorem 3.10 in [10]. This latter theorem also implies that an
infinite word w is A-strict episturmian if and only if there exist an infinite sequence of recurrent infinite
words (W )p>0 and a sequence (o,,)p>1 in (LU R)“ such that, for each letter o in A, L, or R, occurs
infinitely often in (0, )n>1. Let Sgrictepi be the set (CUR)* LILUR)* NNaca(LUR)*{Lq, Ra}(LUR)*
of all elements of (£ UR)* having a decomposition over £L U R with at least one element of £ and at
least one element of {L,, R,} for each letter a.

From what precedes, using Lemma [6.5, we can see that the set of A-strict episturmian words is
included in Stab(Sgtrictepi). Conversely, acting as in the proof of Proposition [6.8, we can deduce that
any element of Stab(Sgtyictepi) is recurrent. The next result follows.

Proposition 6.13. The set of A-strict episturmian words is Stab(Sstrictepi)-

In [10, Th. 3.13], it is proved that (LURU Exch)* is the set of endomorphisms of A* that preserve
A-strict episturmian words. Using this result, as done for the proof of Proposition [6.9] we can prove:

Proposition 6.14. There is no finite set S C Subst(A) such that Stab(S) is the set of A-strict
episturmian words.

7 Conclusion

Stable sets formalize the concept of infinite desubstitutions using a set of nonerasing endomorphisms.
We have shown that several known sets of words are stable sets: the set of binary balanced words,
the set of Sturmian words, the set of Lyndon Sturmian words, the set of standard episturmian words
(which corresponds, in the binary case, to the set of LSP words), the set of strict standard episturmian
words (which corresponds, in the binary case, to the set of standard words), the set of episturmian
words and the set of strict standard episturmian words. Among all these sets, only the set of binary
balanced words and the set of standard episturmian words are stable sets of a finite set of substitutions.
A first natural question is whether there exist other sets defined by combinatorial properties that are
stable sets of a (finite) set of substitutions.

A characterization of a set of words as the stable set of an infinite set of substitutions may be more
difficult to understand and to use than a characterization as a subset of a stable set of a finite set
of substitutions using conditions on directive sequences. For instance, it is probably more interesting
to know that standard Sturmian words are the elements of Stab(£ U R) whose directive sequences
contain infinitely many occurrences of L, and infinitely many occurrences of L; than to know that
they are the elements of Stab(Sstanad), even if this latter formulation states the same result in a more
compact form. Similarly, it may be more interesting to know that episturmian words are the recurrent
elements of Stab(£ UR) than to know that they are the elements of Stab(R*L). More generally one
can search for a characterization of a set of words as a subset of a stable set whose directive sequence
of elements verify a particular condition. Such a result was obtained for the set of LSP words [21].
Moreover this approach is often done w.r.t. the concept of S-adicity instead of stable sets (see, e.g.
the case of Sturmian words or the paper [2] and its references).

Some extensions of the notion of stable set could also be studied. For instance it should be quite
natural to search for sets of words that are images by a morphism or by a set of morphisms (not
necessarily endomorphisms) of a stable set. But except the morphic words, the author knows no
example among classical sets of words.

Another direction of study could be to have a better formalization of the possible changes of
alphabets. Indeed, remember that in the definitions of S-adicity, the considered morphisms are not
necessarily endomorphisms. Also in the examples of stable sets one can observe that some elements
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of stable sets have desubstituted words written on alphabets whose cardinalities may decrease (see for
instance the word L.Ly(a®)).

Acknowledgements

Many thanks to Robert Mercag and Daniel Reidenbach for their invitation to talk to the Words 2019
conference that stimulated the writing of this paper.

References
[1] P. Arnoux, M. Mizutani, and T. Sellami. Random product of substitutions with the same incidence matrix.
Theor. Comput. Sci., 543:68-78, 2014.
[2] V. Berthé and V. Delecroix. Beyond substitutive dynamical systems: S-adic expansions. In S. Akiyama,
editor, Numeration and Substitution 2012, volume B46 of RIMS Kokyturoku Bessatsu, pages 81-123, 2014.
[3] V. Berthé, C. Holton, and L. Q. Zamboni. Initial powers of Sturmian sequences. Acta Arith., 122:315-347,
2006.
[4] V. Berthé and M. Rigo, editors. Combinatorics, Automata and Number Theory, volume 135 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, 2010.
[5] X. Droubay, J. Justin, and G. Pirillo. Episturmian words and some constructions of de Luca and Rauzy.
Theoret. Comput. Sci., 255:539-553, 2001.
[6] S. Ferenczi. Rank and symbolic complexity. Ergodic Theory Dynam. Systems, 16:663-682, 1996.
[7] G. Fici. Special factors and the combinatorics of suffix and factor automata. Theoret. Comput. Sci.,
412:3604-3615, 2011.
[8] Amy Glen, Florence Levé, and Gwénaél Richomme. Directive words of episturmian words: equivalences
and normalization. Theor. Inform. Appl., 43(2):299-319, 2009.
[9] E. Godelle. The stable set of a self-map. Adv. in Appl. Math., 45:438-448, 2010.
. Justin and G. Pirillo. Episturmian words and episturmian morphisms. eoret. Comput. Sci., -
10] J. Justi d G. Pirillo. Epi i ds and epi i hi Theoret. C t. Sci., 276(1
2):281-313, 2002.
[11] J. Leroy. Contribution & la résolution de la conjecture S-adique. Doctoral Thesis, Université de Picardie
Jules Verne, 2012.
. Leroy. Some 1improvements of the S-adic conjecture. v. App. Math., 48:79-98, .
12] J. L S i f the S-adi j Adv. App. Math., 48:79-98, 2012
[13] J. Leroy. An S-adic characterization of minimal subshifts with first difference of complexity p(n+1)—p(n) <
2. Discrete Math. Theor. Comput. Sci., 16(1)(1):233-286, 2014.
[14] J. Leroy and G. Richomme. A combinatorial proof of S-adicity for sequences with linear complexity.
Integers, 13(Article #A5), 2013.
. Levé and G. Richomme. Quasiperiodic Sturmian words and morphisms. Theor. Comput. Sci., 15—
15] F. Levé and G. Rich Quasiperiodic S i ds and hi Th C t. Sci., 372(1):15
25, 2007.
. Lothaire. Combinatorics on Words, volume 17 of Encyclopedia of Mathematics and its Applications.
16] M. Lothai Combinatori Word 1 17 of F lopedi Mathemati d its Applicati
Addison-Wesley, 1983. Reprinted in the Cambridge Mathematical Library, Cambridge University Press,
UK, 1997.
[17] M. Lothaire. Algebraic Combinatorics on Words, volume 90 of Encyclopedia of Mathematics and its Ap-
plications. Cambridge University Press, 2002.
[18] M. Morse and G. A. Hedlund. Symbolic dynamics II. Sturmian trajectories. Amer. J. Math., 62:1-42,
1940.
19] N. Pytheas Fogg. Substitutions in Dynamics, Arithmetics and Combinatorics, volume 1794 of Lecture Notes
gg
in Mathematics. Springer, 2002. (V. Berthé, S. Ferenczi, C. Mauduit, A. Siegel, editors).
[20] G. Richomme. Lyndon morphisms. Bulletin of the Belgian Mathematical Society, 10(5):761-786, 2003.
[21] G. Richomme. Characterization of infinite LSP words and endomorphisms preserving the LSP property.
Internat. J. Found. Comput. Sci., 30(1):171-196, 2019.
[22] A. Thue. Uber die gegenseitige Lage gleigher Teile gewisser Zeichenreihen. Kristiania Videnskapsselskapets

Skrifter Klasse I. Mat.-naturv, 1:1-67, 1912.

21



	Introduction
	From fixed points to stable sets
	Balanced words: an example of  stable set
	About the structure of stable sets
	
	
	
	Substitutive-adicity of balanced words

	Two other examples of stable sets on binary alphabets
	Sturmian words
	Lyndon Sturmian words

	Episturmian words
	Standard episturmian words and stable sets
	Recurrence, stable sets and Episturmian words
	Characterizing the set of episturmian words as a stable set
	Strict episturmian words

	Conclusion

