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Mathematical works of Vladimir A. Uspensky:
a commentary”

Alexander Shen'

Abstract

Vladimir Andreevich Uspensky [1930-2018] was one of the Soviet pioneers of the theory
of computation and mathematical logic in general. This paper is the survey of his mathe-
matical works and their influence. (His achievements in linguistics and his organizational
role are outside the scope of this survey.)

Harmonic functions

The first paper of Uspensky [3] appeared when he was an undergraduate student. It suggests
an elementary approach to harmonic functions that is based on the definition of a harmonic
function on R? as a function that has the mean value property. The main tool in the followin
observation: for fixed two poinst A, B the oriented angle ACB is a harmonic function of C
and this function is a locally constant function on any circle that goes through A and B.

Master thesis

Uspensky’s thesis advisor was Andrei Kolmogorov; the thesis [4] was written and defended in
1952. It contains the description of the model of computation suggested by Kolmogorov and now
known as Kolmogorov—-Uspensky machines. It is shown that this model is equivalent to partial
recursive functions (defined in terms of substitution, recursion and p-operator). Moreover,
this model is used to define relative computability with respect to some function f. For that,
the graph of f is represented as an infinite graph (a complex) that is available to the graph
transformation algorithm together with the input [definition (A) on p. 64]. This definition is
compared with other definition of relative computability. For that, Uspensky reformulates the
Turing—Post definition [84] [86], see definition (T) on p. 63, and shows that definitions (T) and
(A) are equivalent. Moreover, Uspensky proves the equivalence with one more definition given
in terms of the closure of the function f (and basic functions) under substitution, recursion
and p-operator.
The thesis advisor (Kolmogorov) writes in his opinion:

This paper analyses (in more details than it was done before) the very notion of
algorithmic computability.

(1) The author reproduces the only completely formal definition of algorithmic re-
ducibility (p. 22) that he ascribes to Boris Trakhtenbrot: a function + is reducible

*Vladimir Andreevich Uspensky was my teacher (and undegraduate and Ph.D advisor). Here I concentrate
on his mathematical works; I hope to express my deep gratitude to him elsewere.

TLIRMM, University of Montpellier, CNRS, Montpellier, France. Supported by RaCAF-ANR-15-CE40-0016.

IThis is easy to see, because both direction angles C A and C'B satisfy the mean value property and the
same is true for their difference.
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to another function ¢ if v belongs to the recursive closure of §. The author shows
that in fact such a reduction can be performed in some simple canonical way, using
some fized primitive recursive functions T(u) and w(u) and some primitive recursive
functions h(u,v,w) and @(m) that depend on v and §; see theorem on p. 28. This
s the main result of the paper from the purely mathematical viewpoint.

Trakhtenbrot’s definition, on the other hand, needs some “justification” that shows
that it corresponds to the intuitive notion of reduction: there is a “mechanical” way
of obtaining y(z) assuming that the values §(z) are somehow made “accessible” for
each . The general framework for such a justification were given by Post; the
translation of the corresponding part of Post’s paper [86] is reproduces in the thesis.
Then the author gives a completely formal definition of reduction that corresponds to
this idea (probably for the first time) and proves its equivalence to Trakhtenbrot’s
definition. This is also a very significant achievement of the author.

Also the paper contains a good survey of the definitions of algorithmic computability
for function y = () with numerical arguments and values. It is centered around
the definition suggest by myself. The thesis provides the motivation for this defini-
tion and proves that it is equivalent to the previous ones. In a sense this equivalence
can be considered as a “justification” for the previous definitions since my definition
makes especially clear the idea of an algorithmic computability; the algorithms that
are used are models of the real computation devices, only the amount of “memory”
15 assumed to be unbounded.

To understand the value of this paper, one should recall the historical context (now almost
forgotten). Let us make few historical comments.

Partial recursive functions

Ask an expert what is a partial recursive function. Most probably the answer would be: this
is a function that can be obtained from basic functions (projection function, zero constant and
successor function) using substitution, recursion and minimization (u-operator). This definition
can be found in the classical text of Odifreddi [I08], p. 127] and other sources (see, e.g., [100} 106]
or Wikipedia article [113]).

However, the original definition was different. The traces of this old definition can be found
in another classical textbook [70, Section 1.5] and in Wolfram MathWorld [114] site. This
definition in equivalent (gives the same class of partial function), but it is different, and one
should have this difference in mind while reading old papers.

Let us try to clarify the history. Recursive definitions were well known for a long time
(recall the Fibonacci sequence). They were systematically used to define arithmetic functions
in the paper of Skolem [72]. He realized that in this way one can define not only addition or
multiplication (by the recurrent formula like z+y' = (z+y) or -y’ = z-y+x, where 2’ is the
successor of x), but also many other functions that appear in the elementary number theory.
After these definitions are given, one could prove basic facts of number theory by inductionﬁy

Skolem did not explicitly consider the class of functions that can be defined recursively in
this way. However, in his 1925 talk Hilbert [73] says that “the elementary means that we have
at our disposal for forming functions are substitution (that is, replacement of an argument by
a new variable or function) and recursion (according to the schema of the derivation of the

2The goal was to show that many mathematical results can be proven by a simple and robust way, just
by using recursive definitions and inductive arguments. Now the corresponding theory is known as primitive
recursive arithmetic.



function value for n + 1 from that for n)”. He then considers the sequence of functions

901(01, b) =a-+ b, 902(017 b) =a- b7 903(a7 b) - abv

¢4(a,b) = [bth term in the sequence a, a®, a'®"), a . ]
that can be defined in general by the recurrent formula

(pl(av b) =a-+ b7 (pn-i—l(av ]-) = a, g0n+1(a, b+ 1) - QOn((l, (pn—i—l(a, b))?

and mentions Ackermann’s result saying that the function ¢, (a,b) “cannot be defined by sub-
stitutions and ordinary, step-wise recursions” (this result was later published in [74]). When
stating this negative result, Hilbert implicitly considers the class of function that can be de-
fined by “substitutions and ordinary, stepwise recursions” (even though this class is not defined
explicitly and there is no name for the functions from this class.)

Such a definition (and name) appeared in the classical work of Gédel [75], p. 179]: a function
is called recursive (rekursiv in German) if it can be obtained by a sequence of substitution and
recursion operation (we construct ¢ assuming that ¢ and u are already constructed):

00,29, ..., x,) = (22, ..., 2)
ok +1,z9,...,2,) = plk, ok, za, ..., 2), T2, ..., x,)

(scheme (2) p. 179). Godel proves that these functions could be represented in a formal system,
so for him this class of functions is more a tool than an object.

Godel’s definition does not cover more general recursive definition (like the one used by
Ackermann). How can they be treated? Herbrand (in a letter to Gddel and in [76]) suggested
that one could consider systems of functional equations that related the functions we define
with the already defined ones. He writes in [76, p. 5, p. 624 of the English translation]:

We may also introduce any number of functions f;(xy,...,z,,) together with hy-
potheses such that

(a) The hypotheses contain no apparent variables;

(b) Considered intuitionisticallyﬁ they make the actual computation of f;(z1,...,x,,)
of the fi(x1,...,x,,) possible for every given set of integers, and it is possible
to prove intuitionistically that we obtain a well-determined result.

The reference to intuitionism sounds a bit unclear; probably it means that it is not enough
to have a functional equation or a system of equations for which we can prove (using arbitrarily
powerful tools) that it has a unique solution. We require that the proof is constructive and
provides a method to compute the values of the functions starting from the equations. Indeed,
later Kalmar [89] gave an example of a system of functional equations that uniquely defines a
non-computable function.

Godel returns to Herbrand’s suggestion (Herbrand died in mountains just after sending his
paper [70] to the editors) in his Princeton’s lectures. (The lecture notes circulated at that time
and later were reprinted, see [76].) As before, he considers jjrecursive functions;; that can be
obtained from basic functions by substitutions and “ordinary” recursions; however, in Section 9
he mentions the recursive definitions of more general type. The functions defined in this way
are called “general recursive functions”. He says:

3This expression means: whey they are translated into ordinary language, considered as a property of integers
and not as a mere symbol. [Herbrand’s footnote]



One may attempt to define this notion [general recursive function| as follows: if ¢
denotes an unknown function, and 1,..., v, are known functions, and if the ’s
and the ¢ are substituted in one another in the most general fashions and certain
parts of the resulting expressions are equated, then if the resulting set of functional
equations has one and only one solution for ¢, ¢ is a recursive function.”

(and mentions Herbrand’s letter as a reference). Then he added some restrictions that clarify
Herbrand’s idea:

We shall make two restrictions on Herbrand’s definition. The first is that the left-
hand side of each of the given functional equations defining ¢ shall be of the form

gb(?/]il(l‘l, . ,l‘n),?/}ig(l‘l, . ,l‘n), e 777Z)il(x17 . ,l‘n))

The second (as stated below) is equivalent to the condition that all possible sets of
arguments (nq,...,n;) of ¢ can be so arranged that the computation of the value
of ¢ for any given set of arguments (nq,...,n;) by means of the given equations
requires a knowledge of the values of ¢ only for sets of arguments which precede

(nl, .. .,nl).

Godel does not specify the ordering on the tuples (used as arguments), so the exact meaning
of this definition is unclear. But later he specifies the derivation rules that allow to derive an
equality from the other ones, and says:

Now our second restriction on Herbrand’s definition of recursive function is that for
each set of natural numbers k1, ..., k; there should be one and only one m such that
¢(ky, ..., k) =mis a derived equation.

In this way Godel gives a quite formal definition of some class of functions called “general
recursive functions” (usually translated to Russian as «obmepexypcusnbie dyukimmns». However,
as Kleene explains in [I05], at the time of these lectures (1934) Godel was not sure that this
class of functions is general enough: jjHowever, Godel, according to a letter he wrote to Martin
Davis on 15 February 1965, “was, at the time of [his 1934] lectures, not at all convinced that
[this] concept of recursion comprises all possible recursions” i [105], p. 48]. Davis writes in [99]
p. 40]:

In the present article [Davis discussed [77]] Gédel shows how an idea of Herbrand’s
can be modified so as to give a general notion of recursive function (...) Godel
indicates (cf. footnote 3) that he believed that the class of functions obtainable by
recursion of the most general kind were the same as those computable by a finite
procedure. However, Dr. Godel has stated in a letter that he was, at the time of these
lectures, not at all convinced that his concept of recursion comprised all possible
recursions; and that in fact the equivalence between his definition and Kleene’s in
Math. Ann. 112 [this is [80] in our list] is not quite trivial. So despite appearances
to the contrary, footnote 3 of these lectures is not a statement of Church’s thesis.

Footnote 3 [99, p. 44| discusses the claim that every primitive recursive function (obtained
by substitutions and “ordinary recursions, see below) can be computed by a finitary process,
and says that “The converse seems to be true, if, besides recursions according to the scheme
(2) [primitive recursion], recursions of other forms (e.g., with respect to two variables simulta-
neously) are admitted. This cannot be proved, since the notion of finite computation is not
defined, but it serves as a heuristic principle”.

Rosza Péter in [78] studies the “ordinary recursions” and proves, for example, that one may
use several values of the function (for smaller arguments) in the recursive definition and still get
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the same class of functions. She introduces the name “primitive Rekursion” for the “ordinary’
recursions considered by her predecessors.

Then Kleene in [80] (1936) introduces the name “primitive recursive functions” («pumu-
TUBHO pekypcuBHble hyHkiun» in Russian) for functions that can be obtained by substitutions
and primitive (=“ordinary”) recursion. At the same time, Kleene suggests to consider a bigger
class of functions. He calls the functions from this class “general recursive function” (the title
of his paper is General recursive functions of natural numbers). This class is defined following
Herbrand and Godel; Kleene considered different versions of derivation rules for equalities and
shows that they lead to the same class of functions.

Kleene also introduces “c-operator”. Namely, ex[A(x)] is defined as the minimal = such
that A(z) or 0 if such an = does not exists. This operator is used in Theorem IV that says
that every general recursive function can be represented as ¢ (ey[R(z,y)]), for some primitive
recursive function ¢ and some primitive recursive predicate R (this means that R can be
represented as 7 = 0 for some primitive recursive function r), such that for every x there
exists y such that R(z, y)H The next Theorem V says that the reverse statement is also true:
every function that can be presented in this way is a general recursive function (in the sense of
Herbrand and Godel). There this representation can be considered as an equivalent definition
of the class of general recursive functions. Moreover, this definitions can be used to provide
some numbering of all general recursive functions if we add an additional argument e to R; not
all values of e lead to total functions. One could say that it this way we get a numbering of a
family of partial functions, but in this paper Kleene does not considers this class (later called
“partial recursive functions”).

Church (also in 1936) publishes his paper [79] where he defines some other class of functions
with natural arguments and values in terms of some calculus (called A-calculus) and claims that
this class captures the intuitive idea of computability:

The purpose of the present paper is to propose a definition of effective calculability®
which is thought to correspond satisfactorily to the somewhat intuitive notion.

Here (*) is Church’s footnote:

As will appear, this definition of effective calculability can be stated in either of two
equivalent forms, (1) that a function of positive integers shall be called effectively
calculable if it is A-definable in the sense of §2 below, (2) that a function of positive
integers shall be called effectively calculable if it is recursive in the sense of §4 below.
The notion of A-definability is due jointly to the present author and S.C. Kleene (.. .)
The notion of recursiveness in the sense of §4 is due jointly to Jacques Herbrand and
Kurt Gédel (...) The proposal to identify these notions with the intuitive notion of
effective calculability is first made in the present paper. ..

Church adds (a footnote in §7):

The question of the relationship between effective calculability and recursiveness
(which it is here proposed to answer by identifying the two notions) was raised by
Godel in conversation with the author. The corresponding question of the relation-
ship between effective calculability and A-definability had previously been proposed
by the author independently.

It is clear from this footnote that for Church the suggestion to identify the intuitive notion
of effective calculability with the formally defined class of functions (for which two equivalent

4Note that the clause in the definition of e-operator that lets the value to be 0 when 2 does not exists, is not
used in Theorem IV; so one can use the standard p-operator instead. (For p-operator the value is undefined if
y does not exst.)



definitions are given) is an important contribution. This suggested became known as Church’s
thesis.

Almost at the same time Turing publishes his paper [79] where he defines the model of
computation now called Turing machines. Turing calls them a-machines (‘a’ for ‘automatic’).
Turing also constructs the universal machine that can simulate any Turing machine when
equipped by a suitable problems. Turing uses this type of machines to define the notion of
a computable real number (the digits in the positional representation can be computer by a
machine), and also gives his proof of the undecidability of the Entscheidungsproblem (there
is no algorithm that can tell whether a given first order formula is logically valid, i.e., true
in all the interpretations of the language). Earlier similar results (for equivalent definitions of
computability) were proven by Gédel and Kleene, as well as Church (see [99, p.109] for details).

In an Appendix (added August 28, 1936) Turing sketches the proof of equivalence between
two definitions of computability of a sequence: in terms of a-machines and in terms of A-calculus.
Describing this result in the Introduction, he writes:

In a recent paper Alonzo Church has introduced an idea of “effective calculabil-
ity”, which is equivalent to my “computability”, but is very differently defined.
Church also reaches similar conclusions about the Entscheidungsproblem. The
proof of equivalence between “computability” and “effective calculability” [i.e., A-
definability] is outlined in an appendix to the present paper.

Independently of Turing (and almost simultaneously) Post publishes his paper [81], where he
introduces the notion of a “finite combinatory process” that is very similar to Turing machines.
Some technical details are different; one should mention also that Post never speaks about a
machine. He describes how a “problem solver or worker” follow “the set of directions” of a
fixed type. Then Post writes:

The writer expects the present formulation to turn out to be logically equivalent to
recursiveness in the sense of the Godel-Church development. Its purpose, however,
is not only to present a system of a certain logical potency but also, in its restricted
field, of psychological fidelity. In the latter sense wider and wider formulations are
contemplated. On the other hand, our aim will be to show that all such are logically
equivalent to formulation 1 [the definition suggest by Post]. We offer this conclusion
at the present moment as a working hypothesis. And to our mind such is Church’s
identification of effective calculability with recursiveness. (...) The success of the
above program would, for us, change this hypothesis not so much to a definition or
to an axiom but to a natural law.

In a footnote Post adds:

Actually the work already done by Church and others carries this identification
considerably beyond the working hypothesis stage. But to mask this identification
under a definition hides the fact that a fundamental discovery in the limitations
of the mathematizing power of Homo Sapiens has been made and blinds us to the
need of its continual verification

It is clear that in 1936 the puzzle (as we know it now) was almost completely assembled:
there are several definitions of computability that are shown to be equivalent (the classes of

5Probably now this “fundamental discovery” has lost its value and even may be its meaning: when speaking
about the equivalence between the intuitive idea of algorithmic computability and a formal definition, we assume
that this intuitive idea was developed independently of any model of computation or programming language.
But now it would be almost impossible to find anyone who learned the intuitive notion of algorithm before
having some programming experience.



computable functions are the same); these definition are considered as reflecting the intuitive
notion of an algorithm, and there are some intuitive arguments that support this thesis.

However, there are two points where the picture is different from the modern one. The first
is more about terminology: none of the papers that define recursive functions defines this class
using substitution, recursion and p-operator though all the tools to prove the equivalence are
ready and this equivalence is mentioned explicitly by Kleene in 1943 [85] p. 53, Corollary].

Second, more important difference is that all these papers consider only total functions
(defined for all natural arguments). Partial functions appear only later, in Kleene’s paper [83]
(published in 1938) where the computable notation systems for ordinal are considered (and
partial computable functions are essential). Kleene describes the process of derivation in the
sense of Herbrand and Godel and assumes that such a derivation exists only for one function
value (for given arguments). Then he writes:

If we omit the requirement that the computation process always terminate, we
obtain a more general class of functions, each function of which is defined over a
subset (possibly null or total) of the n-tuples of natural numbers, and possesses the
property of effectiveness when defined. These functions we call partial recursive.

In this way the notion of a partial recursive function is introduced[] Kleene considers substi-
tutions and recursions (that can be naturally extended to partial functions), and then defines
p-operator for partial functions:

py[R(m,y) =0] =n

for a partial function R if R(m,n) is defined and equals 0 while all previous values R(m, 0), ..., R(m,n—
1) are defined and are not zeros. It is obvious that n with this property is unique; however, it
may not exist, and in this case the p-operator defines a non-total function (that is undefined
on m). Kleene notes that the class of partial recursive functions defined in the language of Her-
brand and Gdédel is closed under all three operations (substitution, recursion and p-operator).
He notes also that for every n there exists a universal function ®,,(z,x) of n+ 1 variables such
that every partial recursive function of n variables x can be obtained from ®,, by fixing some
value of the first argument z. This universal function ®,, can be represented as

(I)n<z7 X) = S(Z, :uyTn(Z? X7 y))’

where S is some primitive recursive function and T, is a primitive recursive predicate (saying
that some primitive recursive function equals 0). Informally speaking, z is a natural number
that encodes a system of functional equations (in Herbrand — Gdodel style) that defines some
partial recursive function of n variables, and y is an encoding of a derivation that, starting with
these equations, establishes the value of this partial recursive function on x. The predicate T,
checks the correctness of this derivation, and the function S extracts the function value from it
This result is called “Kleene’s normal form theorem”; it implies that partial recursive function
could be equivalently defined as functions that can be obtained by substitution, recursion, and
p-operator. One may also require additionally that the p-operator is used only once (being
applied to a primitive recursive functions). However, this way of defining partial recursive
functions is not mentioned by Kleene.

The same framework and terminology is used in a later paper of Kleene [85] (1943, where
he consider the arithmetical hierarchy) and in his classical book of 1952 [65] that remained a
standard reference for logic and computability theory for a long time. Let us mention again

6The traditional Russian translation of this name is wacTuuno pexypcusnas dyuxmus. It sound even more
strange than obmepexypcusnasi dynkiust for general recursive functions; one could think that the function is
not completely recursive but only partially recursive.

"Kleene provides z as the first argument to the function S but this is not necessary.



a detail that may sound strange in our time: the statement of “Church’s thesis” (the equiva-
lence between the intuitive notion of computability and formal definitions) mentions only total
functions.

Relative (oracle) computability

One can define the notion of computability of a function relative to some other function (or set,
if we identify sets with their characteristic functions). This definition was first considered in
Turing’s Ph.D thesis (1939, see [84]); however, it was only a side remark and only reducibility
to some specific set was considered. Turing writes:

Let us suppose that we supplied with some unspecified means of solving number-
theoretic problems; a kind of oracle as it were. We will not go any further into the
nature of this oracle than to say that it cannot be a machine. With the help of the
oracle we could form a new kind of machine (call them o-machines), having as one of
its fundamental processes that of solving a given number-theoretic problem. More
definitely these machines are to behave in this way. The moves of the machine are
determined as usual by a table except in the case of moves from a certain internal
configuration o. If the machine is in the internal configuration o and if the sequence
of symbols marked with [ is then the well formed formula A, then the machine goes
into the internal p or t according as it is or is not true that A is dual. The decision
as to which is the case is referred to the oracle.

These machines may be described by tables of the same kind as used for the descrip-
tion of a-machines, there being no entries, however, for the internal configuration
0.

The definition of Turing reducibility for the general case was given by Post in his famous
article [86, Section 11] where he formulated Post’s problem (asking whether there exists a
recursive enumerable non-recursive set X that it is not Turing-complete: not all recursively
enumerable sets are reducible to X). Formally speaking, Post considers the case when both
sets (the one being reduced and the other to which it is reduced) and recursively enumerable,
but the definition is the same for the general case of arbitrary sets of natural numbers. The
Post’s definition follows the scheme sketched by Turing. Kleene in 1943 [85] suggests a different
approach: we define general recursive functions using Herbrand — Godel derivations but extend
the list of “axioms” adding the full information about the values of some fixed total functions

U1,...,%. The functions that are definable in this way are then called general recursive
functions i iy, ..., Yy:
A function ¢ which can be defined from given functions vq,...,v, by a series of

applications of general recursive schemata we call general recursive in the given
functions; and in particular, a function ¢ definable ab initio by these means we call
general recursive.

However, Kleene does not develop this idea (which remains a side remark), and does not define
relative computability for the case of partial functions (only total functions are considered).
In 1952 book Kleene extends the definitions to partial functions and proves that the resulting
definition (in Herbrand — Godel style) is equivalent to the definition of relative computability
given by Turing and Post [65, §69]. The oracle is assumed to a be total function (or a tuple
of total functions) but no other restrictions are imposed; recall that Post considered only
recursively enumerable sets as oracles.

A survey of different definitions of relative computability can be found in [I09, Section 4.3,
“History of Relative Computability”].



Now we can explain what was the Uspensky’s contribution in his master thesis Eﬂﬁ

e For the first time, the (now standard) definition of partial recursive functions in terms
of substitutions, recursions, and p-operator was stated explicitly (with a reference to an
“idea of Boris Trakhtenbrot” [4 p. 22]).

e It was shown (simultaneously with [65, §69] and in much more clear way) that this
definition is equivalent to other definitions of (absolute and relative) computability.

e For the first time, a “machine-independent” definition of relative computability was given.
Here machine independence means that the definition does not use any model of compu-
tation but only the class of computable functions. It was shown that this definition is
equivalent to other definitions of relative computability.

e Finally, it was the first paper that presents the model of computation suggested by Kol-
mogorov (later it was published in a joint paper by Kolmogorov and Uspensky [16]), the
definition of relative computability in terms of this model, and the proof of equivalence
of this definition to other definitions of relative computability.

The third item in this list requires some clarifications. The Turing — Post definition of
relative computability is a modification of the corresponding definition for (absolute) com-
putability: we extend the class of Turing machines by allowing them to get “answers” from an
oracle. Similarly, the Kleene’s definition of the relative computability modifies the definition of
the computable (partial recursive) functions. So even if we have already agreed on the definition
of (absolute) computability, we still may not left this definition behind when defining relative
computability. Instead, in the latter definition we need to return to the model of computation
and make some modifications (that allow some kind of “oracle access”).

On the other hand, Uspensky defines relative computability in terms of a dialog with an
oracle, and this dialog should be computable in the sense that some (partial) functions that
describe this dialog should be computable. These function should describe the dialog in the
following sense: they specify the next question to the oracle (or output if no more questions
are needed) given the input and the list of previous questions and oracle answers.

Now the “machine-independent” definitions of relative computability are quite standard.
For example, one of them can be found in the classic textbook of Rogers [70, Section 9.2
(without any references to previous work). One can also note that Uspensky’s definition has a
technical advantage: unlike the definition from [70] it can be naturally generalized to a partial
oracles 9, and the class of functions that are obtained in this way is equal to the closure of
the partial recursive functions and v with respect to substitutions, recursions and p-operator.
However, Uspensky did not consider this generalization and always assumes that oracle is a
total function (though the proof could be easily adapted to the case of partial oracles).

Godel’s incompleteness theory and theory of computability

The Godel incompleteness theorem and the class of recursive functions appeared not only at
the same time but also together like Siamese twins. The classical paper where Godel proved
incompleteness of Principia Mathematica and related systems [75] also introduced the notion
of a recursive function (a primitive recursive function in modern terminology, see above), and
this notion played an important technical role in the proof. Namely, several functions related
to the encoding of formulas and proofs by natural numbers (their “G6 numbers”) were defined

8Unfortunately this paper was not published, though both reports (by Kolmogorov, the thesis advisor, and
by Petr Sergeevich Novikov, the reviewer) recommended its publication. So — alas — it hardly could play any
role in the further developments.



recursively, and this definition was used to embed these notion into the formal system (thus
making self-referential statements and formal reasoning about proofs possible).

On the other hand, the first definition of general recursive functions was given in terms of
a formal system (calculus of equalities) that goes back to Herbrand and Gaédel.

One could that the separation of these Siamese twins was an important achievement both
in the theory of computation and in the proof theory. And historically it was not so simple
as it may seem now. The first step was done by Turing and Post that suggested models of
computation that do not refer to any calculus (formal theory). And then the general nature of
Godel’s incompleteness theorem was realized; this was done in 1940s by Kleene and (later, but
independently) Kolmogorov.

In 1943 Kleene noted [85] that Godel’s theorem essentially claims that the set of true
formulas is not recursively enumerablef] Tn 1950 he gave [87] a similar interpretation for the
Rosser’s version of incompleteness theorem: it corresponds to the existence of two inseparable
enumerable sets. So all the crucial observations were made by Kleene before 1950. Still the
exposition both in this 1950 paper and in the 1952 textbook [65] is intertwined with the language
of primitive recursive function (it is enough to say that the exposition in [87] starts by “Let T}
be the primitive recursive predicate so designated in a previous paper by the author”), and the
embedding of the inseparable sets into a formal theory is not described explicitly.

Shortly after than (but most probably, independently) Kolmogorov also realized the connec-
tion between Godel’s incompleteness theorem and theory of algorithms. As Uspensky writes in

51 p. 323],

At December 2, 1952 Kolmogorov explained me main ideas relating Goédel’s incom-
pleteness theorem for general calculi to the existence of [enumerable] sets that are
not recursive, and pairs of [enumerable| sets that can not be separated by a recursive
set. The explanation was quite concise (maybe, five minutes) but then he gave me
a short written note entitled “Goédel and recursive enumerability”, so I could read
and copy it. The note was written just for himself, and it was not easy for me to
understand both the note and his oral comments. Then it became more clear, and
on May 8, 1953 Kolmogorov submitted my short paper “Gdédel’s theorem and the
theory of algorithms” to Soviet Math. Doklady. When Kolmogorov worked with his
students, he made them feel that they are the authors (and he became a coauthor of
his students much more rarely than he deserved it) (...) a paper “On the definition
of an algorithm” was published in Yeneru mamemamuveckux nayx; in this paper
my role was essentially technical.

Here Uspensky speaks about two papers [0l [I6]. The second paper contains the detailed ex-
position of a model of computation based on graph transformations that appeared already in
Uspensky’s master thesis [4] and is known as Kolmogorov — Uspensky machines (see above).
The first paper [6] explains (without any reference to primitive recursive functions) that Godel’s
incompleteness theory (formal arithmetic is incomplete and cannot be completed) is a corollary
of two facts: (1) there exist recursively inseparable enumerable sets; (2) this pair of inseparable
sets can be embedded into the formal arithmetic (in modern language, can be m-reduced to
the pair (provable formulas, refutable formulas). Moreover, for every enumerable set of addi-
tional axioms (that keeps the theory consistent) one can effectively point out a formula that
is is neither provable nor refutable in this extended system, and this fact is a corollary of the
existence of two effectively inseparable sets.

Let me stress again that all these observations were made already by Kleene in [87]; it seems
that Kolmogorov and Uspensky did not see that paper at the time. Uspensky’s paper [6] has

9Now people say “computably enumerable” instead of “recursively enumerable”. Since we do not consider
other type of enumerations, we call these sets enumerable in the sequel.
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a reference to Kleene’s 1943 paper [85]; however, when speaking about inseparable enumerable
sets, Uspensky does not refer to Kleene’s 1950 paper [87] where they were constructed and
notes only that they were constructed by Novikov (and provides a reference to Trakhtenbrot’s
paper of 1953).

Generally speaking, there are two complementary views on Godel’s theorem. The original
Godel’s argument is a version of the liar’s paradox. This self-referential paradox notes that the
statement “This statement is false” cannot be either true or false. If we consider instead the
statement “This statement is not provable” (which can be, unlike the previous one, formulated
in the language of arithmetic), we get a statement that is true and (therefore) not provable
— or false and provable, but we assume that formal arithmetic is consistent. This reasoning
does not rely on the theory of algorithms; however, to show that one can translate finitary
arguments into the language of formal arithmetic one can use primitive recursive functions as
a technical tool (following Godel).

On the other hand, Godel incompleteness theorem is a consequence of the existence of an
enumerable undecidable set (or, in a more symmetric version, of the existence of two recursively
inseparable enumerable sets). In this way self-referential nature of the argument is hidden. But
it is just moved to the proof of the existence of an undecidable enumerable set (or an inseparable
pair). Indeed, this proof uses “diagonal argument” that goes back to Cantor, and this diagonal
argument is of self-referential nature (the “diagonal” function appear when we apply a function
to its own number, or run a program on its own text).

Much later Uspensky published a popular exposition of the proof of Godel’s theorem based
on the algorithms theory (together with the introduction to this theory) in [22]. The extended
version of this paper was published as a brochure [25] (in the series “Popular lectures in math-
ematics” published by Nauka publishing house in Moscow). This work is probably the most
accessible (and correct) non-technical exposition of Gédel’s incompleteness theorem in Russian
literature (at least if we consider its algorithmic side).

In addition to that, these publications [22, 25] suggest a way to explain theory of algo-
rithms that was quite unusual at the time (one may compare them to Rogers’ textbook [70]).
Usually the exposition started with a detailed analysis of some specific model of computation.
The choice of this model changed with time. Initially most expositions used partial recursive
functions; then Turing machine became the preferred model. In Russia Markov and his school
preferred the so-called normal algorithms. The analysis of this model required a lot of efforts
(and space). Only after that the readers can learn the basic facts like Post’s theorem (an enu-
merable set with enumerable complement is decidable), etc. Of course, the impatient reader
could skip the boring first part, but then all the considerations in the rest of the textbook
became baseless.

What can be done? Uspensky suggested the following approach used in [22] (and before in
his 1972/73 lectures, and may be even earlier). We consider the class of computable function
assuming that this class satisfies some properties (“axioms”). These properties include the
following ones:

e some specific functions (e.g., the pair numbering functions) are computable; some specific
constructions (e.g., the conditional execution or loops) preserve computability;

e The tracing axiom: for every algorithm A there exist a decidable set R whose elements
are called “traces”, and two computable functions o and w. Informally, elements of R
are traces of terminating runs of A on all possible inputs (that include all information
about the computation); this set should be decidable since one can check that the trace
is indeed a trace of A. The function a recovers the input from the trace; the function
w recovers the output. This is an informal explanation why this axiom is plausible; the
formal requirement is only that A(z) = y if and only if there exists » € R such that
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a(r) =z and w(r) = y.

e The program axiom: there exists a decidable set P (whose elements are called “programs”

and an algorithm U that can be used to apply an arbitrary program p € P to arbitrary
input z (so the input of U is a pair (p,z)). The axiom requires that every computable
function f has some program p such that U(p,x) = f(x) for every x. The last equality
sign is understood as follows: either both sides are undefined or both sides are defined
and equal.

After we agree with these axioms, we can prove results about computability without going
into the technical details. On the other hand, it is quite clear what is missing in this picture
to get a formally sound mathematical theory:

e We need to choose some model of computation.

e We need to be able to program (in this model) some constructions used in the proofs. In
fact, they could be not so simple (recall the priority arguments, for example).

e We need to prove the tracing axiom and the program axiom for this model.

This looks like a good plan for the first introductory course in the theory of algorithms
that postpones some things that could be postponed. The model of computation then could be
introduced later when proving the undecidability of specific mathematical problems or defin-
ing the complexity classes. Still a psychological barrier remains: many people who are quite
fluent in mathematics and can easily deal with complicated constructions still have a feeling
of uncertainty when they touch the algorithms theory, but at least this barrier becomes more
explicit

For the proof of incompleteness theorem we need one more axiom (that is not a consequence
of the previous ones): the arithmetization axiom saying that every computable function can
be expressed by an arithmetical formula. (Later this axiom can be proved for some specific
computation model.)

If we use this machine-independent approach to the computability theory, we are not allowed
to refer to a model of computation when speaking about (say) program transformations or
oracle computations. Instead, we should provide all necessary definitions using only the class
of computable functions. As we have said, the definition of relative computability that has
this form appeared (for the first time) in the master thesis of Uspensky. Then it was done
for enumeration reducibility. To deal with program transformations, Uspensky introduced the
notion of a “main numbering” (see the next section for the enumeration reducibility and main
numberings).

One can also note that this axiomatic approach to computability theory provide a formal
justification for the following standard observation: most results of the computability theory
can be “relativized”, i.e., remain true if we replace the class of computable functions by the
class of A-computable function for some oracle A. Here A can be a set or a total function.
Indeed, one could check that all axioms (except, of course, the arithmetization axiom) for this
class. After that we know that all theorems (derived from the axioms) are true for this class.

ONowadays the situation is a bit different; one should take into account that most of the people have a lot of
programming experience when starting to learn computability. A modern version of Uspensky’s approach could
be something like that: we start with a programming language that is familiar to the students, and add some
library functions: (a) an interpreter for this language, i.e., a function that gets two inputs, a program string
p and some other string y, and simulates program p on input y; this corresponds to the program axiom; (b)
a step-by-step debugger that gets also the number n of steps that should be simulated (a combination of the
tracing axiom and program axiom). One can even add a library function without arguments that returns the
program text, this would make the fixed point theorem obvious.
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Uspensky asked whether this observation fully explains the relativization mechanism, i.e.,
whether a statement that is true for A-computable functions for all oracles A, is a consequence
of his axioms. It turned out that the (positive) answer is easy to get (after the question is

stated), see [104].

Computable mappings of sets and enumeration reducibility

The notion of reducibility introduces by Turing and Post (and considered in the master thesis
of Uspensky, see above) can be called “decision reducibillity”. If A is reducible to B, and B
is decidable, then A is decidable. One may say that in this definition we “reduce the decision
problem for A to the decision problem for B”.

In [9] Uspensky gives the definition of enumeration reducibility where we reduce the task
“enumerate the set A” to the task “enumerate the set B”. This definition uses the notion of a
computable operation on sets (introduced in the same paper). Let us describe this notion.

Let us consider the simple case when unary operation is applied to subsets of N and maps
them also to subsets of N. Consider the set P(N) of all subsets of N as a topological space.
Namely, for each finite set X C N consider the family O(X) of all subsets of N that are
supersets of X. The families O(X) and all their unions are considered as open in P(N).
After the topology on P(X) is defined, we consider all mappings F': P(N) — P(N) that are
continuous with respect to this topology. It is easy to check that all continuous F' are monotone
(it U ¢ V, then F(U) C F(V)), and the value F(U) is determined by the values F(X) for
finite subsets X C U (is the union of F'(X) for all finite X C U. The values of F' on finite sets
X can be described by the set of pairs {(n, X) | n € F(X)} (here n is a natural number, and
X is a finite set of natural numbers.

Uspensky gives the following definition: a continuous mapping F: P(N) — P(N) is a
computable operation is the corresponding set of pairs (see above) is an enumerable sets. Note
that pairs (n, X') are finite objects, so the notion of an enumerable set of pairs makes sense.
Now the enumeration reducibility is defined: a set A C N is enumeration reducible to a set
B C N if there exists a computable operation F' that maps B to A. Uspensky notes that Turing
reducibility can be described in terms of enumeration reducibility: a total function ¢ is Turing
reducible to a total function ¢ (i.e., computable with oracle v) if and only if the graph of ¢ is
enumeration reducible to the graph of ¢». We can also characterize the Turing reducibility for
sets in the same way; for that we consider the graphs of characteristic functions of those sets.
He says also that one can characterize partial recursive operators in the sense of Kleene [65],
but here the terminology is confusing (see the discussion below).

Finally, in this paper ([9]) Uspensky notes that the definition of a computable operations in
terms of topology (discussed above) is equivalent to two “machine-dependent” definitions. The
corresponding notions are called “Kolmogorov operations” and “Post operations” by Uspensky
(though they do not appear explicitly in the works of Kolmogorov and Post).

In another 1955 paper ([10], see also an exposition of its results with some extensions in [12])
Uspensky introduces the notion of a numbering (following Kolmogorov’s talk given in 1954 at
the seminar on recursive arithmetic, Moscow State University mathematics department), intro-
duces the notion of a “main numbering” («rnasras mymepanus» in Russian) and related the
computable operations on enumerable sets (as defined in [9]) with algorithmic transformations
of their numbers.

Let us explain Uspensky’s contribution in more detail. Assume that we want to consider
computable transformations of programs for computable functions (or enumerable sets). Then
it is not enough to know which functions are computable (or which sets are enumerable). We
need also to make some assumptions on the “programming methods” (or languages, «croco6er
nporpammupoBanusy in Russian that are used for establish the correspondence between pro-
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grams and computable functions. Programs are usually strings (words), but one could identify
strings with natural numbers via some computable bijective numbering of strings. Then a
programming language (method) for computable functions defines a universal function of two
arguments: U(n,z) is the output of the nth program on input x (we assume that inputs and
outputs are also natural numbers). A programming language for enumerable set defines a uni-
versal set of pairs (n,z) such that z belongs to the nth enumerable sets. In a different (but
equivalent) language one may say that a programming method for computable functions (resp.
enumerable sets) is a natural numbering of the set of all computable functions (enumerable
sets), i.e., a (total) mapping of N onto the set of all computable functions (enumerable sets): a
number n is mapped to a computable functions (enumerable set) that corresponds to the nth
program.

Not all programming methods (numbering) are equally good. A reasonable theory that de-
scribes the algorithmic transformations of programs needs some additional assumptions. These
assumptions essentially appeared in Kleene’s work under the name of “s-m-n-theorem”, but
appeared explicitly for the first time in [10] where Uspensky defines the notion of a main num-
bering. This definition consists of two requirements. First, to be main, a numbering should
be computable. This means that the corresponding universal function is a computable partial
function of two arguments (for the case of sets: the corresponding universal set of pairs is
enumerable). Second, any other computable numbering should be reducible to the main num-
bering This means that for any other computable numbering of the same family there exists
a computable translation functions that transforms a number in this other numbering into a
number of the same function (set) in the main numbering.

Fix some main numbering for the family of enumerable sets. Then we may define computable
mappings of this family into itself. Here computability of a mapping P means that there exist
an algorithm that, given a number of some enumerable set X, returns (some) number for the set
P(X). In other words, we consider computable transformations of programs (or numbers) that
preserves the equivalence relation: if two program p and p’ are equivalent, i.e., are programs of
the same set, then they are transformed into two equivalent programs. Uspensky proved [10,
Section 6] that computable mappings of the family of enumerable sets are exactly computable
operations on the family of all sets, restricted to the subfamily of enumerable sets. He also
proved a similar statement for a subfamily of function graphs: every computable mapping of
the family of computable functions into itself is a restriction of a computable operation on the
family on all function graphs.

Let us describe the connections of this work of Uspensky to the other research of that time[3
Rice [88] considered completely recursively enumerable classes of enumerable set. A family X
of enumerable set is called completely recursively enumerable if the set of all programs for
all elements of X is enumerable. Rice formulated a conjecture [88, p.361]: every completely
recursively enumerable family is the family of all supersets of finite sets from some enumerable
family of finite sets. This conjecture becomes Theorem 5 in Uspensky paper [10, Theorem
5] (1955) and is a crucial point in the proofs of his results about computable transformations.

)

HThe definition of reducibility for numbering also was published in [9] with a reference to Kolmogorov
seminar talk, also probably for the first time.

2Unfortunately (see below the quote from Uspensky’s memoirs) all three publications of him [9] 10} 2] are
short notes in the Soviet Math. Doklady[9), [10] and a resume of a talk in the Moscow Mathematical Society [12];
they contain only the statements of the theorems and lemmas used in the proofs. The full proofs were published
in Uspensky’s PhD thesis [IT]. Formally speaking, this thesis was publicly available (it can be ordered and
accessed in few libraries in the USSR), but it hardly could influence the developments in the field. Probably the
short notes [9, [10], [12] were not read outside the USSR, too. Later Uspensky wrote a monograph [I§] that become
his “habilitation text” («mokTopckas muccepraiusi»); this book was translated into French. Unfortunately,
it included only the definition of main numberings, but not the results on computable transformations and
mappings.
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This conjecture also was proven in 1956 paper of Rice [92] where it is mentioned that the
same result was obtained by McNaughton, Myhill and Shapiro (and there is a reference only
to a short note of Myhill [90]). Also in the first (1953) paper of Rice it was shown that no
non-trivial property of enumerable set can be decided if a program for this set is given (the
generalization of this result appeared in [10] as a corollary to Theorem 5). So this statement
is usually called “Rice theorem”, and the result about completely enumerable classes (Rice
conjecture proven by Uspensky, McNaughton, Myhill and Shapiro) is usually called “Rice —
Shapiro theorem” (see, e.g., Cutland’s book [106, Chapter 7, §2]). The connection between
computable transformations of programs and computable operations on partial functions was
proven (also in 1955) by Myhill and Sheperdson [91], so it is usually called “Myhill — Sheperdson
theorem” (see, e.g.,[I06, Chapter 10, §2]). Since the Rice-Shapiro theorem is its special case,
it is also sometimes called “Myhill-Sheperdson theorem” (see, e.g., [I08, Theorem I1.4.2 or
Proposition 11.5.19]).

It is hard to tell how the notion of enumeration reducibility was rediscovered. In Rogers’
textbook [70] is given without any references (to Uspensky or anybody else). In the 1971 paper
“Enumeration reducibility and partial degrees” of Case [103] the references to Rogers’ book and
Myhill paper [07] are given. However, Myhill’s paper (as well as Davis’ book [93] referenced
by Myhill) does not consider enumeration reducibility (it considers only different definitions
of relative computability for functions). Modern survey by Soskova [IT1] does not mention
Uspensky’s works at all; it contains a reference to a paper of Friedberg and Rogers [95] that
in its turn refers to notes of Rogers’ lectures at MIT in 1955-1956 (distributed in 1957) that
were a starting point for his book [70]. One may guess that Rogers rediscovered the notion
of enumeration reducibility and its name (that is close to the Russian name «cBogumocTs 110
nepeancaumoctuy used by Uspensky).

The notion of a main numbering («rnaBuas mymepanusi» in Uspensky’s terminology) was
also rediscovered by Rogers (see [94]) under the name of “Gddel numbering”. Rogers starts
with a “machine-dependent” definition: “A Godel numbering is a numbering equivalent to the
standard numbering” (p. 333); however, later he provides a machine-independent characteri-
zation (as the maximal element with respect to reducibility — as in the Uspensky definition,
though without references to Uspensky). Nowadays the names “admissible numbering” (see,
e.g., Soare’s book [I12]) and “acceptable numbering” (see, e.g., [108, Definition I1.5.2]) are used;
in both cases a “machine-dependent” definition is given.

When comparing Uspensky’s work to the similar publications of others, one should have
in mind that there are different (and often mixed) notions of reducibility for partial functions.
Assume that f and g are two partial functions (with natural arguments and values). Consider
the following three definitions of “f is reducible to ¢” (=f is computable relative to g); each
of them is strictly stronger than the previous ones:

1. The graph of f is enumeration reducible to the graph of g.

2. Consider (following Uspensky) the family 4 of all partial functions with natural arguments
and values, and consider the following topology in U: the basic open sets are sets of
all extensions of some finite partial functions. Call a continuous mapping F': i — 4
a computable operation if its restriction to finite functions has an enumerable graph,
i.e., if the set of all pairs ((z,y),u), where z and y are natural numbers, u is a finite
partial function and [F'(u)](z) = vy, is enumerable. Then we require that there exists a
computable operation that maps ¢ to f.

3. We may extend Trakhtenbrot’s definition (see the discussion of Uspensky’s master thesis
above) to partial function and require that f belongs to the closure of the family of all
partial recursive functions with g added under substitution, recursion and p-operation.
(This requirement appears, for example, in [100].)
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The third condition in this list can be equivalently reformulated in the oracle computations
language. This reformulation repeats the definition from Uspensky’s master thesis but allows
partial functions (that were not considered by Uspensky). Namely, an algorithm, given z, com-
putes f(x); it is allowed to ask questions about g(y) for arbitrary y — but it should be done
sequentially and as soon as it asks for g(y) that is undefined, the computation hangs without
providing any result (so f(z) remains undefined for the corresponding z). The second require-
ment also can be reformulated in terms of oracle computations if we allow asking questions
about several values ¢g(y) in parallel (the computations continues while waiting for the oracle’s
answers; it is required that the result of the computation does not depend on delays before the
oracle answers are provided).

To see why each requirement is stronger than the previous one, we may consider two exam-
ples. The first example separates the first two requirements.

Let f be an arbitrary total function with natural arguments and values. Let g be a partial
function whose values are all zeros, and whose domain is the set of all numbers of pairs (n, f(n))
for all n. (We assume that some computable numbering of pairs is fixed.) Then the first
requirement is true for these f and g while the second one is false unless f is computable itself
(a computable mapping that maps ¢g to f should map the zero function to f, since the zero
function extends g). This example is mentioned in the Uspensky’s footnote to the Russian
translation of Rogers’ book [70, p.362] with a reference to D.G. Skordev; the original argument
of Rogers is much more complicated.

The second example [I08], Proposition 11.3.20, with a reference to Sasso’s 1971 thesis] shows
that the third property is stronger than the second one. Let g be an arbitrary partial function
with natural arguments that has only zero values. Construct another partial function f, also
with zero values, in the following way: the value f(n) is defined (and equals 0) if and only if at
least of the one values ¢g(2n) and g(2n+ 1) is defined. Then the second requirement is satisfied
for sure: for input n we ask in parallel what are the values ¢g(2n) and g(2n + 1); as soon as
one of the answers is given, we return 0. However, if we have to ask the oracle sequentially,
this argument does not work: if we first ask for g(2n) and ¢(2n) is undefined, then f(n) is
undefined even if g(2n + 1) is defined. (Of course, this is only an explanation why the previous
construction is no more valid; to show that indeed the third requirement may be false we need
a simple diagonal argument.)

The first requirement corresponds to the notion that is called “partial recursive operators’
in Rogers’ book [70, §9.8]. The second requirement corresponds to what is called “recursive
operators” in the same book.

Myhill and Sheperdson [70} §9.8] consider “partial recursive functionals” and refer to The-
sis I*T from Kleene’s book [65, p. 332]. However, this Thesis (see the top of p. 332) does not
use the name “partial recursive functional” that does not appear on p. 332 at all. The subject
index refers to page 326 for “partial recursive functional”, but this page does not mention such
a notion. It defines the notion of a partial function ¢ that is partial recursive relative to par-
tial functions 1)1, ..., 1 that corresponds to our first requirement (enumeration reducibility of
graphs) and mentions some “scheme” F' but does not say whether this scheme F' should define
a function for all possible 91, ...,y or only for the specific functions. (The numberings of all
functions that are computable with an oracle are considered only for the case when the oracle
is total.) Still Myhill and Sheperdson clarify the situation and say that for their result they
need partial recursive functionals that are defined (and produce functions) for all arguments
that are functions, so essentially they consider the second requirement (as well as Uspensky in
his 1955 papers).

Odifreddi in [I08, Definition I1.3.6] defines partial recursive functionals with reference to
Kleene [65]; however, he uses the third version of the definition (a composition of substitutions,
recursions and p-operators applied to partial recursive functions and input functions) — one

Y
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that does not appear in [65]. He uses the names “effectively continuous functional” or “recursive
operator” for the second requirement and the name “partial recursive operator” for the first
one. He uses topological notions in his definitions (as Uspensky did).

Let us summarize the contribution of Uspensky’s papers [9, [10] 12]:

e the historically first definition of enumeration reducibility;

e the definition of a numbering and reducibility of numbering was published for the first
time (with reference to Kolmogorov’s talk);

e the analysis of the properties of numberings of computable functions and enumerable sets
needed for the results about program transformation; the definition of main numberings
(later rediscovered by Rogers);

e the proof of Rice’s conjecture about completely recursive enumerable classes of enumer-
able sets (and similar results for functions, including the undecidability of all non-trivial
properties of computable functions);

e the definition of a computable operation (in topological terms) and the proof that algo-
rithmic transformations of programs for computable functions or enumerable sets can be
described as restrictions of computable operations on functions or sets.

As we have said, these achievements were unavailable to the international community and
the corresponding results were independently obtained by other researchers (at the same time
or a bit later). Let us note, to avoid possible misunderstanding, that Uspensky does not
consider algorithms that are defined on all programs of total functions and give the same results
for equivalent programs. The corresponding work of Kreisel, Lacombe and Shoenfild (1959,
see [96]) later generalized by Tseitin [08] to constructive metric spaces, have no intersections
with Uspensky’s work.

In the following quote from Uspensky’s memoirs ([63 p. 905-907, 912]) he recalls his 1955
results and the Third All-Union Mathematical Congress (1956) where these results were pre-
sented:

In the survey talk (June, 26) “On algorithmic reductions” I spoke about four kinds
of reductions and relations between them. These four notions are the following:
First, computability reduction where the task “compute f” for some function f is
reduced to the task “compute ¢g” for some other function g. Second, the decidability
reduction: the task “construct a decision procedure for A”, where A is some set, is
reduced for the same task for some other set B. Third, the enumerability reduction:
the task “enumerate A” for some set A is reduced to the same problem for some other
set B. Finally, this is reduction of mass problems that reduces one mass problem to
another one (...) The notion of mass problems was introduced by Yury Medvedev,
who was Kolmogorov’s student, who defined also the corresponding reductions. (...)

Another talk of mine (July, 2) was named “The notion of a program and com-
putable operators”, and a short communication (July, 3) “Computable operations,
computable operators and effectively continuous functions” was closely related to
that talk.

In the last communication I formulated (without proof, of course) the result which
now I consider as my main mathematical achievement and still remember the cir-
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cumstances when it came to my min; it was called “Theorem 319 (see below). This
result was the core of my Ph.D. thesis that was defended in October 1955. I never
published the proof of this result, except for the thesis itself; this thesis is available
(or at least was available) in the math department library. Why? Mostly due to
my laziness (shame on me). Another reason, may be less embarrassing, but stupid,
was my desire to present this result in the most general form (but one cannot reach
the limits of generalization). (...)

Theorem 3. Let g be a function with natural arguments and values. Assume
that this function has the following property: if m and n are programs of the same
computable s-ary function, then g(m) and g(n) are programs of the same unary
function. Then there exists a computable operator V' such that for every function 0
with program n the value V(0) is a function with program g(n).

A philosophical comment: a semiotic interpretation of Theorem 3 goes as fol-
lows: a “well-behaved” computable transformation of names is accompanied by a
computable transformation of named objects.

Constructivism and classical mathematics

The idea of a constructive interpretation of mathematical statements (and, more general, logical
connective) goes back to Brouwer and his “intuitionistic” school; later it was developed in a
different way by Andrei Markov, jr., and his students under the name of “constructivism”. In
particular, the constructive interpretation of the statement “for every x there exists y such
that...” is that there exist a way to get this “existing” y for every value of x.

Usually this constructive approach was combined with the change in the understanding
of logical connectives (that makes the excluded middle law invalid). Still there is another
possibility that initially was not very popular: consider the “effective” versions of classical
notions and results as a part of usual (“classical”, “non-constructive”) mathematics that uses
standard mathematical tools. Many people thought that if we are studying algorithms, this
should be done in some “constructive” or “finitistic” way. Uspensky stressed that this is
not the only option and one can study constructive notions inside the classical universum of
mathematics.

Here are two examples that he considered. The first is the notion of a computable real num-
ber. There are different construction of real numbers (Dedekind cuts, fundamental sequences,
common points of intervals of decreasing lengths, decimal expansions, etc.). For each of the
constructions one can consider its effective version. For example, we can consider Dedekind
cuts such that there exists an algorithm that says for a rational number whether it belongs to
the left or right part. For a fundamental sequence x,, of rational numbers one may require this
sequence to be computable (given n, one can compute z,), and also require the existence of a
computable modulus of convergence (an algorithm that, given rational € > 0, computes some
N such that |z — x| < e for all k,1 > N). For an infinite decimal fraction one may require
the computability of the function n — (nth digit), and so on.

Each of these definitions leads to some subset of R that consists of the numbers that have
effective representations in the corresponding sense. One can ask (still working in the framework
of classical mathematics) whether these definitions lead to the same subset of to different ones.

)

13Theorem 3 was interesting for me from the semiotic viewpoint, even if I did not know the word “semiotics’
at that time. I remember how I was walking along Moscow streets thinking about this question only. The
insight came when I was at my mother-in-law apartment (on Big Spasoglinitschevskii lane in Moscow). My
son was not born yet, my wife and her mother went to their jobs in the morning, there was no phone in the
apartment (and, of course, no mobiles!). Suddenly I've understood how it works. [Uspensky’s footnote]
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It is not difficult to see that they define the same subset (in different ways), and the elements
of this subset can be called computable real numbers (following Turing [82]).

This example can be used to illustrate the difference with Markov-style constructivism. For
constructivists there are no such things as “real numbers” in the usual sense, so they cannot
consider the set of computable real numbers as a subset of the set of all real numbers. For
the a (computable) real number is a pair of algorithms: one, given n, computes z,, and the
other computes the modulus of convergence. Note that not all definitions mentioned above
are equally good. For example, the definition with decimal fractions has problems: we cannot
define addition, i.e., there is no algorithm that transforms two constructive real numbers (i.e.,
the algorithms for their representations) into their sum (i.e., the corresponding algorithm).

However, as Uspensky notes, the same problem can be analyzed in the framework of classical
mathematics. For that, we consider numberings of computable reals that correspond to different
definitions. We may ask then whether these numberings are equivalent (whether one can
algorithmically transform the number of a computable real in one numbering into a number
of the same real in another numbering). And here the same problem with decimal fractions
reappears — and the other positional systems also have this problem. In [I8] Uspensky provides
necessary and sufficient conditions for the reducibility of two numberings of computable reals
(with different bases).

Another example studied by Uspensky [19]: the effective versions of the notion of an infinite
set of natural numbers. We may say that a set X is infinite if for every natural n the set X
contains at least n different elements. Or: X is infinite if it differs from any finite set X:
for every finite F' there exists some number that belongs to the symmetric difference F* A X.
Both definitions lead to natural effective versions. In the first case we require that there is an
algorithm that, given n, produces a list of n different elements of X. In the second case we
require that there is an algorithm that, given a finite set X, produces some element of F A X.
It is easy to see that these two effective definitions are equivalent (and we may even modify the
second definition requiring only that the algorithm gives an element of X \ F' for finite subsets
F of X). Using the terminology from Post’s paper [86] all these properties are equivalent to
non-immunity of X (i.e., to the existence of an enumerable infinite subset of X).

On the other hand, not all definitions of infinity lead to equivalent effective versions. For
example, we may say that x is infinite if for every n there exists an initial segment [0, V]
that contains at least n elements if X. The effective version of this definition would be: there
exists an algorithm that for every n computes some N with this property. This is a weaker
property of “effective infiniteness”: as Uspensky noted in [I5](answering the question of Kol-
mogorov; A.V. Kuznetsov and Yu.T. Medvedev independently answered the same question),
this requirement means that the set is not hyperimmune in the sense of Post [86].

One may also note (though this has no relation to Uspensky’s work) that the basic definition
in algorithmic randomness, the definition of randomness given by Martin-Lof in 1966 [I01] is
also an effective version of the definition of a null set (a set of Lebesgue measure 0). This
classical definition says that a set X C [0,1] is a null set if for every € > 0 there exists a
covering of X by intervals whose total measure does not exceed €. For obvious reason we
may consider only rational values of ¢ and only interval with rational endpoints. Then both
¢ and the intervals are constructive objects, and one may consider the effective version of the
definition and require that an algorithm gets € > 0 and enumerates the intervals with required
properties. This is exactly what Martin-Lof suggested.

Many topics in algorithmic randomness can be interpreted as effectivization of classical no-
tion and results. For example, the Solovay’s criterion of Martin-Lof randomness is (as Alexander
Bufetov noted) the effective version of the Borel — Cantelli lemma. It turns out that its stan-
dard proof (that considers tails of a convergent series) cannot be effectivized and some other
argument (also natural and simple) is need, see [59] for details. Another instructive example
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of this type is a proof of an effective version of an ergodic theorem given by Vladimir Vyugin
(a student of Uspensky) [L10].

Algorithmic information theory

It is strange that Uspensky, being a student of Kolmogorov and his colleague at the Mathematics
Department of the Moscow State University, was not involved in the research initiated by
Kolmogorov in 1960s when he introduced the notion of algorithmic complexity of finite objects
(now known also as Kolmogorov complexity). I have asked him about that but it still remains a
kind a mystery for me. As Uspensky told me, he came into this field only when preparing (with
Alexei L. Semenov) the talk for the Urgench conference [24], 26]. In this talk Uspensky and
Semenov suggested a general scheme for defining different versions of complexity (or algorithmic
entropy, as Uspensky preferred to name them) known at the time: plain, prefix, monotone,
decision entropies, as well as conditional versions of entropy. Initially (see [107]) this approach
used the notions of fy-spaces and their continuous mappings. In a sense this can be considered
as an extension of the topological approach to computability suggested by Uspensky long ago.
However, this was definitely an overkill, and Uspensky and Semenov [24, 26] suggested a much
more simple version of this scheme that used only the “compatibility relation” on objects
and descriptions that is enough to cover most of the cases. Later this simplified scheme was
explained in [39, 41]; a detailed exposition from the topological viewpoint (but without fo-
spaces) can be found in [59]

The different notions of randomness are discussed also in a survey [35] and in a mono-
graph [59]. In 2005 Uspensky gave a talk at the “Modern mathematics” school for undergrad-
uates devoted to algorithmic randomness. A brochure based on this talk was published in
2006 [49] and was reprinted as a part of a monograph [59].

One of the questions asked by Uspensky, Semenov and An. Muchnik [44] remains open.
They asked whether the Martin-L.o randomness is equivalent to the absence of a computable
strategy in non-monotone games (“non-predictability”). See [50], [59] for more details.

Popular science

There are different ideas about “popular science” (in French one says “vulgarization”, and it
sounds embarrassing though partially correct). One may tell stories about life and fate of great
scientists. One can try to retell stories found in other popular science books adding more funny
jokes. All this may be a good thing, but Uspensky’s approach was different. During all his life
he tried to explain faithfully the real scientific achievements. These explanation could be easily
accessible or technically difficult (depending on the audience); still it was always a serious and
honest explanation of a material that can be explained with a clear indication of what remains
without proof (or clarification). And he never was afraid of explaining basic and “well known”
things: as Aristotle wrote in Poetics, “subjects that are known are known only to a few”.
While being a student, Uspensky (with a senior coauthor, Evgeny B. Dynkin) wrote a
book [4] that was based on the materials of mathematical circles in Moscow. Uspensky first
was a participant of these circles, and later one of the teachers there. The book covers several
topics (graphs’ coloring, the basics of number theory and probability theory). These topics are
presented as a sequence of problems (as it was done in the circles’ meetings), and the solutions
of these problems are provided. This was not the first problem book based on the materials
of mathematical circles, but and important new idea was that these problems, taken together,
form a coherent exposition of some mathematical theory. This book for a long time was very
hard to find (before it was reprinted in 2004 and before its appearance on the Internet).
Several popular brochures written by Uspensky were based on his lectures for high school
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students (in particular, for the participants of the mathematical olympiads) and appeared in
the series “Popular lectures on mathematics”. Some of there were not related to his own math-
ematical specialty: he wrote a brochure about applications of mechanics to mathematics [17]
and about Pascal’s triangle [20]. The latter includes also a philosophical discussion: what is a
combinatorial problem and why do we fix the list of operations that are allowed in the answer
for such a problem (e.g., including factorials but not the notation for binomial coefficients).

Two other brochures in this series written by Uspensky (“The Post machine” [23] and “The
Godel incompleteness theorem”) are covering topics from mathematical logic and algorithms’
theory. The first is quite elementary and is based on the lessons given by Uspensky to elementary
school students. The other one (as we have mentioned) is based on the article published
in Russian Mathematical Surveys and assumes significant mathematical culture (but still is
accessible to competent high school students). One more popular exposition [27] written by
Uspensky was devoted to the non-standard analysis where the tools from mathematical logic
are used to proved a mathematically correct approach to infinitesimals. The extended version
of this brochure was published few years later [31].

Like Josef Knecht (from Hesse’s Das Glasperlenspiel) Uspensky switched to more and
more basic things when becoming older. He started to preach mathematics among human-
ities students (and researchers). This preaching started in 1960 when he developed and
implemented the mathematics curriculum for the Division of Theoretical and Applied Lin-
guistics of the Philology Department of the Moscow State University. However, during
the two last decades of his life he addressed to a much wider audience. Several of his lec-
tures during the summer school on mathematics and linguistics (in Dubna, a town near
Moscow) were videotaped (thanks to Vitaly Arnold) and are available (see the references
in http://www.mathnet.ru/php/person.phtml?option_lang=rus&personid=20219)). They
give some idea about Uspensky’s approach to teaching, but one could fully appreciate it only
during university courses (first of all, a non-obligatory ones, «cmenkypcobi» in Russian). Us-
pensky always was preaching mathematics, not preaching “about mathematics”. He explained
simple things, but seriously and with proofs. One of his last books [50] is even called “Very
simple examples of mathematical proofs” (probably not a good name from the advertising
viewpoint). The other book [45] was named “What is an axiomatic approach?”, and it also
contains a lot of examples, including “school geometry” — not the part that is taught in high
school but the axiomatic part that is omitted. For example, this book explains how one can
derive from the axioms that for every line there is a point that does not belong to this line.

The materials from these two books were included in a collection of Uspensky’s paper
named “Mathematics’ Apology” [54], together with the some other (more general) essays about
mathematics. And strangely his preaching was successful — at least if we interpret success
in the same sense as for Saint Anthony of Padua’s preaching to the fish: in 2010 Uspensky
got the “Enlightenment” award established by Dmitry Borisovich Zimin, Russian engineer and
philanthropist, the founder and main sponsor of the Dynasty foundation.

In addition to his own books, Uspensky organized the translation and publication of many
classical textbooks: he translated (following the suggestion of Kolmogorov) R. Peter’s book
on recursive functions [64], was the editor for the translations of monographs of Kleene [65],
Rogers [70], Davis [71] (the latter translation probably was the first Russian-language book
about non-standard analysis), Church’s logic textbook [67], the first volume of the “Elements
of mathematics” by Bourbaki [68], and Ashby’s book on cybernetics [66].
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Matemarunueckune paboTel Biajumupa AHjapeeBuda
YCIeHCKOTo: KOMMeHTapun™

Anexcanp [ens!

AnHOTaIMSA

Moii yunrens Biaagumup Aungpeesuy Yeneunckuit (1930-2018) 6but oHuM U3 MuOHe-
POB TeOpHUU BHIYUCJIEHU U B 1ejoM MareMarudeckoii jjoruku B CCCP. B arom 0630pe
[PEJIIPUHUMAETCS TOIBITKA OIKMCATH €r0 MaTeMaTudeckue paboThl U UX POJIb B PA3BU-
Tun Teopun aaropurMoB u Maremarundeckoii joruku B CCCP. (Ero opranusaiontast
JIeSITEIbHOCTD U JIOCTUZKEHUs B JINHIBUCTUKE BBIXOJAT 3& PAMKH 9TOT0 0630Da.)

l'apmornydeckne pyHKINN

IlepBas (crymemntdeckas) pabora Ycmenckoro [3| mpesyiaraer jaeMeHTapHOE H3JIOXKEHHE OC-
HOBHBIX CBOWCTB TapMOHHNYECKHNX d)yHKHI/Iﬁ (C MUHHUMAJIbHBIM HNCIIOJIB30BaHUEM CBe,ZLeHI/H?'I us
aHaJIM3a— OLIPEJICJICHIEM CUUTACTCs yTBEPXKICHIE TeOpeMbl 0 cpeueM). M3ioxkenne ocHo-
BAaHO Ha TAKOM HAOJIIOJIECHHUN: YTOJI, 10JI KOTOPBIM BUJieH (DUKCUPOBAHHBI OTPE30K U3 Iepe-
MEHHO! TOYKH, SBJISETCS PapMOHUYECKON (DYHKIMEl 9TOH TOUYKH B TOM CMBIC/IE, YTO JIsI
HEro BepHa TeopeMa O Cpe,LLHeM u QYHKIUSA 3Ta ABJIAETCA CTYHEHYATON Ha OKPYKHOCTH,
IPOXOJISAIIEH Yepe3 KOHIIbI OTPe3Ka.

JunnnaomHuas padota

B mumomuoit pabore Ycmenckoro [4] msmaraercss Mojesb BBIMHCICHMUIA, IPE/IOKCHHAS
A. H. KomMoropoesiM u m3BecTHas Terepb Kak «MamuHabl Koamoroposa—Ycmenckoroy. Jlo-
Ka3bIBAETCsI, ITO ITA MOJEJb SKBUBAJEHTHA YACTUIHO DEKYPCUBHBIM (DYHKIIUASIM, OTpeie-
JIEHHBIM C TIOMOIIBIO MOJICTAHOBKH, PEKYPCUU U MUHUMU3AIUU (TO €CTh JaéT TOT JKe KJIacc
BbraucuMbIX yukiumii). Kpome Toro, B paMkax 9Toif MOJie I BBOAUTCS MOHSTHE BbIUUCIU-
MOCTHU OTHOCUTEJILHO HEKOTOpoi dbyuknuu f: rpaduk GyHkiun [ mpejacraBisercsd B BUIE
HeckonedHoro rpada (KOMILIEKca), JOCTYIHOTO aJlOPUTMY BMECTe CO BXOJOM |olpeiesieHne
(A) ma c. 64]. Dro oupeneseHre OTHOCHTEJLHON BBIMHCIUMOCTH CPABHHBACTCA C JIPYTHU-
mu. st sroro Yenenckuit nepedopmysupyer ompegesenne Triopunra—Ilocra (Mammuabt
¢ opakysiom [84 [86]) B TepMuHAX BBIYMCIUMOrO MPOTOKOJIA B3AMMOJIEHCTBUA ¢ OPAKYJIOM
[onpesiesierne (T) wa c. 63|, U JOKa3BIBAET, YTO MOJYUIEHHOE OIPEJIEJICHIE SKBUBAJICHTHO

*Baagumup Axzpeesnd YeneHcKuil 661 MOMM yuuTesieM (M HAYIHBIM PYKOBOJUTEIEM Ha CTAPIINX Kyp-
cax W B acHUpPaHType, Kak 310 GopmajbHO HasbiBaerca Ha Mexmare MIY). B srom o63ope rosopurcs
MpeXKJie BCErO O €ro MaTeMaTHIeCKuX paboTax; HaJeoCh BBIPA3UTH CBOIO HJIATOIAPHOCTD 3a BCE OCTATBHOE
B OTJIEJILHOM TEKCTE.

fLIRMM, University of Montpellier, CNRS, Montpellier, France. I'pant RaCAF-ANR-15-CE40-0016

1910 cnemyer m3 Toro, uTo cpeaHee HampapieHHe u3 (DUKCHPOBAHHON TOYKM HA HEPEMEHHYIO TOUKY
OKPY2KHOCTHU COBIIQJIA€T C HAIIPABJIEHUEM Ha €€ IeHTP.


http://arxiv.org/abs/2008.02773v1

onpe/iesieHuIo ¢ 6eckoHeIHbIM rpadom, kogupyomumM opakyi (A). Kpome Toro, B pabore jio-
Ka3aHO, UTO 9TU OLPEJIEJCHHsT OTHOCUTEHHON BBIYUCIUMOCTH SKBUBAJIECHTHBI OLPE/CJCHIIO
B TEPMUHAX 3aMbIKAHUSA OTHOCUTEIBHO Ollepaluii MOJICTAHOBKU, PEKYPCUU U MUHUMU3AIN
l[onipenesterne (R) Ha c. 64|. Koavoropos (Hay4HbI pyKOBOAUTEH) HHIIET B CBOEM OT3bIBE:

B Heit [nuriomuoii pabore| mogpepraercst 6oJiee OJTHOMY, YeM JI0 CUX [Op Jeja-
JIOCh, aHAJIM3Y CaMO MOHATHE AJTOPUTMUYIECKON BBIYUCIUMOCTH.

(1) ABTOp HPUBOAUT TOJIBKO OJIHO, HpeJJIaraBIiieecsi 10 Hero, GpopMaibHO 6e3-
YKOPU3HEHHO€e OIpejiesienne aaropiudMuaeckoil [B 91oM npeioxennn Koimo-
ropoB THIIET «aaropudmMuaeckoiny depes «by», Kak 1o jgenan A.A. Mapkos|
CBOJIMMOCTH, KOTOpOE OH Ha ¢. 22 npunucbiaer B. A. Tpaxmenbpomy: dynruus
v ceodumea K Gynrkuuu O, ecau Y NPUHAOACHCUM DEKYPCUCHOMY 3AMBIKAHUIO
0. ABTOD NOKa3bLIBAET, YTO B JCHCTBUTEILHOCTH TaKas CBOIAUMOCTD MOYKET OBITh
BCErJIa OCYIIECTBIIEHA 0%€Hb NPOCTNbIM KAHOHUYECKUM 00Pa30M NpU NOMOULY Pa3
nagce2da 3a0GHHHLT NPUMUMUBHO - PERYPCUSHHLT Pynrkuut T(u) u w(u) u 3a6u-
CAULUT OM Napvt Y, ) NPUMUMUCHO perypcusHur dynrkuud h(u,v,w) u @(m).
Cm. 06 amom meopemy wa cmp. 28. Omo 0cno6Holl HOGBIT ¢ YUCTNO MATNEMAMU-
weckoll MoKy 3peHUA PE3YALMam pabombol.

Onpenenenne cBoguMocTr 110 TpaxTeHOPOTY HYKIAETCsl B M3BECTHOM <OIpPaB-
JIAHUK» €r0 COOTBETCTBUSI MHTYUTHBHON Mjee CBOIAMMOCTH B CMBICJIE CYIIECTBO-
BaHUS <«MEXAHUIECKOrO» crocoba IOJIydeHus Tpu JI000M T 3HadeHus y(r) 6
npeodnosodceruU, ITO TOJMydeHre 3HadeHuii 0(x) CIeaHo KAKMM-TO CII0COOOM
«JTOCTYITHBIM> 7151 JTF000T0 2. ObIme KOHTYPbI BO3MOXKHO# (hopMasn3amyum 3Toi
wien 6Lt Hamedenbl [loycrom [tak Kosmvmoropos tmmmer dpamvuiuio [Tocra (Emil
Post)|. B autuiomuoii pabore MOJHOCTHIO BOCIPOU3BEIEH IEPEBOJ] COOTBETCTBY-
fomero Mecra cratbl [loycra [umeercsa B Buiy cratbs [86]]. Aemop dunaommoi
pabomut, no-eudumomy enepsvie, da€m coomeemcmeyrowee amot udee onpede-
AEHUE CB00UMOCTNY € NOAHOT OMUEMAUBOCNHIO U TIOKA3BIBAET €TI0 YKBUBAJICHT-
HOCTB ompejeieHnio TpaxreHOpora. DTO TOXKE BECbMa CYIIECTBEHHOE JIOCTUKE-
HUE aBTOpa JIUIJIOMHON PabOTHI.

(2) Kpome Toro B pabore CONEPKUTCsT XOPOITHA 0630p PA3JIUIHBIX TIPe/IaraB-
IIUXCsT paHee ONPEICICHUI AA20PUMMUYECKOT BbMUCAUMOCTU YUCA080T PYHK-
yuu y = y(r). B meHTpe n3/I0KeHUs MOMEIIEHO OMpEIeIeHUe, IPEJIOKEeHHOE
MHOIO, MHTEPEC KOTOPOI'O Ha MOIi B3IV YOEeIUTEJIHLHO apryMEeHTHPOBAH aBTO-
poMm urioMHoit pabotsl. Jlokazana paBHOCHILHOCTH 3TOTO ONPEJIE/ICHUs TTPEXK-
Jie TIpeJIaraBIIuMCcd. B U36eCmHom CMbiCAe CAOBA IMOM PESYALMAT, MOACHO
PACCMAMPUBAMD KAK «000CHOBAHUES NPEHCHUL Onpedesenuti, Mmax Kax 6 MOEM
onpedesenul. CMmaHoBUMCEA 0C00eHHO ACHOT OCHOBHAA UDEA AN20PUMMUECKOT
BHUUCAUMOCTU, KOMOPAA OMAUMAEMCA OM GOUUCAIUMOCTIY 00BIKHOGEHHIM Pe-
ANOHBM  CUEMMHBIM METAHUIMOM TMOAOKO HE02PAHUYEHHBIM 00BEMOM «3AMOMU-
HAOULE20 Ycmpolicmeay METAHUIMA.

Yr1o0bI O1eHUTh CcojepKaHue PadOThI, BaXKHO IPEJACTABIATH cebe UCTOPUIECKUN KOH-
tekcT. Ceiigac 9TOT KOHTEKCT HMOYTH 3a0BIT, 1 O HEM HaJI0 CKa3aTh HECKOJBKO CJIOB.
YacTuvHO peKypcuBHbIe DYHKIIUN

Ecau cripocnth, 910 Takoe 4acTUIHO peKypcuBHast yHKiug (partial recursive function),
OOJILIITMHCTBO COBPEMEHHDIX CIIEITUAJIMCTOB OTBETAT, 9YTO 9TO (DYHKIIHNA, KOTOPas MOXKET OBbITDH



nostydeHa u3 6a30BbIX QYHKIMI (Ipoekiwsi, HyaeBas QyHKIMs U QYHKIMs TPUOABIICHSI
eJINHUIIBI) C MOMOIIBIO OIEPAIlUii MOJICTAHOBKY, PEKYPCHH ¥ MUHMMU3AIUH ([-OLepaTopa).
D10 orpeiesieHe MOXKHO HailTh B Kiaccnaeckoit kaure Oudpemau [108, c. 127], B apyrux
yuaebnukax [100], 106] u B Buxkunexun [113].

Ho panbie onpesienierre ObLIO JIPYTUM, U CJIEJBI STOTO CTAPOrO OIPEesIeHNs] COXPAHNU-
JIICh B JIpyroM KjaccudeckoM yuebnuke [0, pazgen 1.5| u B cupaBounom pecypce Wolfram
MathWorld [114]. Xorst 910 omnpejiesieHue 1 9KBUBAJIECHTHO IIPUBEIEHHOMY BbIIIe (3a/aéT TOT
e Kiace byHKIU), HO PA3HUIYY MeXK/y HUMHU BaXKHO UMEThb B BUJLY IIPU YTEHHU CTAPBIX
paborT.

Wcropua Bompoca 31mech TakoBa. PeKyppeHTHBIe olpejiesieHus ObLIN W3BECTHBI JTABHO
(mocrarouno BcroMHuTh 0 PuboHAYYN), HO UX CHCTEMATHYECKOE UCIOJIB30BAHKE JJIsl I10-
crpoenns apudMeTuky nosgBusock B pabore Ckostema 1923 roga [72]. Ou nowsii, 4to Takum
00pa3zoM MOXKHO OIPEJIETUTh He TOJIBKO MPOCThlEe (DYHKIINU, CKaXKeM, CJIOXKEHWE U YMHO-
skerne (9To0bl PHOABUTH CJIEMYIONIee 3a Y YUCIO K &, HAaJO HPUOABUTH Y K & W B3STh
CTIeTyIONIee 9HCJI0; YTOOBI YMHOXKUTH T Ha CJIEyIOIee 3a Y UNCI0, HAQJI0 YMHOXKATE X HA Y
U NPUOABUTH ), HO U MHOT'O JIPYTHX (DYHKIIU{T, BCTPEUAIONIUXCS B 9JIEMEHTAPHON TEOPUU -
cest. [Tocte aToro 6azoBbie Pe3ysIbTATHI ITON TEOPUU MOXKHO JIOKA3ATh 110 WHIYKIIUU, UCXOJId
U3 PEKYPCUBHBIX ONpeJIe/IeHui

CkoJieM He paccMaTpUBAJI sIBHO KJacca BcexX (PYHKIMHA, KOTOPbIE MOXKHO IOJIYIUTD C
MIOMOIIILIO TAKOI'0 POJia PeKypcuBHLIX ompesesienuii. Ho yxke B noknaage 1925 roga ['miib-
Gepr [73] rosopur 06 onpejenenusix GyHKIUN «C MOMOIIBIO MOJACTAHOBOK U PEKYPCHii» U
paszjindaeT «OOBbIYHbBIE, MONIATOBbIE PEKYPCUU», Ijle 3HadeHne (PyHKIUU Ha KAKOM-TO YUCJIe
OIIpe/JIesIsieTcs Uepe3 e€ 3HaveHne Ha MPeJIbIIYIeM Yucjie, u 0oJjiee caoXKHbIe cxeMbl. B kade-
CTBe IIpUMepa TaKoil OoJiee CIOKHON CXeMbl OH IIPUBOIUT IOCIEI0BATEIHHOCTD (DYHKITHI

gol(a, b) =a+ b, QOQ(av b) =a- bv 903(0’7 b) - a’ba

. a (a®)
@4(a,b) = [b-it wren B mocaenOBaTeBHOCTH @), al”) a®" " .. ]
U TaK jajee, KOTOPYIO MOYKHO 33/IaTh PEKYPCUBHO PaBEHCTBAMU

(pl(av b) =a-+ b7 (pn-i—l(av ]-) = a, g0n+1(a, b+ 1) = gon(a, (pn—i—l(a, b))?

U yIOMHUHAET pe3yjbraT AKKepMaHa O TOM, YTO (DYHKIHUIO ¢, (a,b) Kak (DYHKIUIO OT TPEX
[IEPEMEHHBIX 7, 4, b HeJIb3sl 38/1aTh «OOBIYHBIMU» PEKYPCUAMH (9TOT PE3YJILTAT OIyOJIMKOBAH
nozxke B [74]). YnoMuHaHIE STOr0 OTPHUIIATELHOTO pe3y abrarta ['napbepToM 03HaYaeT, 9To y
[MuisbepTa 6bLT0 yKe MoHATHE 0 KJ1acce (DYHKINM, KOTOPBIE MOYKHO MOJIYIUTh «OOBITHBIMU»
peKypcusiMi (1 MOJICTAHOBKAMM ), XOTsI He OBLIO CIIeNNaIbHOIO Ha3BaAHUs [Tt (DYHKITHIA 9TOrO
KJlacca M He ObLIO SBHO JIAHO €ro OIIpe/IesIeHue.

Takoe Ha3BaHWE U TaKoe OINpeJeJieHre NOABUJIUCH B 3HaMeHuToil pabore [énens [75]
c. 179]: dynknus nHasbBaercss pekypcuBHON (rekursiv mo-HeMenkm), ecjim OHa MOJIYIaeTcst
[OCJIC/IOBATE/ILHBIM TPUMEHEHNEM HECKOJILKUX OIePAaInil MOJCTAHOBKU U OIEPAINU PEKYP-
cuu Takoro Buja (moctpoerue (hYHKIUN ¢, €CJIU 1) U (i y2Ke HOCTPOEHBI PaHee):

00,29, ..., x,) =U(x2, ..., 2)
ok + 1,2, ..., x,) = ulk, @k, 2, ..., Tpn), T2y ..., Tp)

2MoruBamnmeit 3Tol pabOTHI OLLIO — MOKA3aTh, ITO MHOTHE MATeMATHIECKHe Pe3yILTATE MOXKHO 0OOCHO-
BATh IMPOCTHIM U HAJAEKHBIM CIIOCOOOM, WHIYKTUBHO JOKA3BIBAs PABEHCTBA MEXKIY PEKYDPCHBHO OIIPEIETEH-
HBIME (DYHKIHAMEA. Terepb COOTBETCTBYIONIYIO TEOPUIO HAZBIBAIOT NPUMUMUBHO PEKYPCUSHOT apupmemu-
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(cxema (2) ma c. 179). [éxenp ucnosb3yer mpejcraBieHue 3tux GyHKIuA B hopMaabHOI
cucreMe Jjisd «apudMeTH3aluny YTBEPKICHUI O BBIBOAUMOCTH, TaK 9TO JJIs HEI'O OHU SAB-
JISTIOTCST He TTPEIMETOM HUCCJIEIOBAHNSA, & CPEJICTBOM.

Ho kak ObITh ¢ 60Jiee OOIUMU BIIAME PDEKYDPCUH (HAIPUMED, U3 YIIOMSIHYTOTO Pe3yJibTa-
ta Akkepmana)? Dpbpan npeyiokui (B mmcbMe [éermo, a Takxke B pabore [76]) pacemar-
pHUBaTh CUCTEMbI PYHKIIMOHAJILHBIX YPABHEHUN (CBA3BIBAIOIIUX OIPeE/IeisieMble (DYHKIIUU C
[IOCTPOEHHBIMU paHee), KOTOPbIE OJIHO3HAYHO OIPEJIE/ISIIoT HOBble (DyHKIuu. B ero crarbe
510 hopmysmpyercst Tak [0, c. 5, c. 624 aHramiickoro mepeBojal:

Mpbr MOKeM TaKzKe BBECTH HPOU3BOJIbHOE KOJIM4IecTBO (byHKIWA fi(z1, ..., Ty,)
BMECTE C YTBEPZKJICHUAMHI O HUX, €CJIN:

(a) 9T YTBEP2KAECHUA HE COACPZKAT CBASaHHBIX INEPEMEHHDbIX]

(6) paccmaTpuBaeMble ¢ HHTYHUIIMOHUCTCKOI TOYKN 3PEHNUs, TO €CTh KaK yTBEp-
JKJICHUs O HaTYPaJIbHBIX YUC/IaX, a He IIPOCTO KaK CUMBOJIbI, 9TU YTBEPKJIe-
HUSI TO3BOJISIOT BBIMUCINTL 3HadeHue fi(z1,...,&,,) g 1060ro Habopa
YUCJIOBBIX apI'yMEHTOB, M MOYKHO MHTYUIIMOHUCTCKH JOKa3aTh, YTO PE3Y/ib-
TaT OJTHO3HAYHO OIIPEJIEIIEH.

CMBICJI 3TOI OrOBOPKH PO «UHTYMUIMOHUCTCKYIO TOYKY 3PEHUsI», BUIUMO, B TOM, UTO HAC
HE YCTPOWUT caMo 10 cebe (PYHKIMOHAJIBHOE ypaBHEHHUE, PO KOTOPOe M3 KAKUX-TO ODIINX
cOO0parKeHnit MOYKHO JIOKA3aTh, ITO €ro PelleHne CyIecTByeT U eMHCTBEHHO; HyKHO, ITO-
Obl 3TO JI0KA3aTE]bCTBO OBLIO B KAKOM-TO CMBIC/IE KOHCTPYKTUBHO U JIABaJIO CIOCOO BbI-
YHCJIEHUs] 3HAYCHUIT HHTEPECYIOMUX HAC (DYHKIUIA, NCXo/d u3 3ajamonmx ux paseHcts. (M
neitcrBuresibHo, Brocaeactsun Kambmap [89] npusén npumvep cucrembl hyHKIMOHATIBHBIX
YPABHEHW, OJJHO3HATHO 33/IAIOMIEll HEBBIUYUCTUMYIO (DYHKIUIO. )

[énenb Bo3BpalaeTcs K IpeyiozkeHnio dpbpana (Horubimero B ropax cpasy Mmocje OT-
IpaBku B pejakimio crarbu [70]) B cBoux jeknusax B [IpuHcToHe (3allMCKU KOTOPBIX ObLIN
Pa3sMHOMKEHBI €IIE TOTJa, a Mo3/Hee nepernedaranbl, cM. [77]). OH mo-npekHemy Ha3bIBAET
«PEKYPCUBHBIMU» (DYHKIINK, KOTOPBIE IOJIYYIAIOTCs U3 0a30BBIX € IMOMOIIBIO TOJICTAHOBOK M
«OOBITHBIX» PEKYPCHUil, HO B pasjese 9 rOBOPUT O PEKYPCUBHBIX OIpPeJie/IeHnsIX boJtee obIe-
ro BUJA W 3a/1aBaeMbIX UMH (QYHKINIX, Ha3biBas ux “‘general recursive functions”. I'€mennb
BOCITPOU3BOJIAT TIPE IJIOZKeHNne DpOpaHa Tak:

One may attempt to define this notion [general recursive function| as follows:
if ¢ denotes an unknown function, and 1, ..., are known functions, and if
the ¢’s and the ¢ are substituted in one another in the most general fashions
and certain parts of the resulting expressions are equated, then if the resulting
set of functional equations has one and only one solution for ¢, ¢ is a recursive
function.”

(B mpumedannu k 3romy onpejesiernio [é1ennb cebliaercs Ha nuchbMo Dpbpana.) lasee on
J100aBJIIeT OrpaHUYeHns], YTOUHSAIONNEe 3aMbIces DpbpaHa:

We shall make two restrictions on Herbrand’s definition. The first is that the
left-hand side of each of the given functional equations defining ¢ shall be of the
form

Qb(wil(xla e ,l‘n),wiz(l‘l, e ,l‘n), e ,’ll)il(l‘l, e ,l‘n))

The second (as stated below) is equivalent to the condition that all possible sets
of arguments (nq,...,n;) of ¢ can be so arranged that the computation of the
value of ¢ for any given set of arguments (nq,...,n;) by means of the given
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equations requires a knowledge of the values of ¢ only for sets of arguments
which precede (ng,...,n).

[€nenn He yTounsier mOpsiJIOK HA HAOOpPAX apryMEHTOB, TAK YTO TOYHBII CMBICJ 3TOrO He
odeHb sceH. Ho jaJibiie onmchIBaloTCAd KOHKPETHBIE MPaBUIa BBIBOJIA OJHUX PABEHCTB W3
JIPYTUX U TOBOPUTC:

Now our second restriction on Herbrand’s definition of recursive function is that
for each set of natural numbers ki, ..., k; there should be one and only one m
such that ¢(ky,..., k) =m is a derived equation.

Tem caMbIM JTaéTCst BIIOJIHE TOYHOE OIPE/IETICHIe HEKOTOPOro Kjacca (DYHKIUi, Ha3BAHHBIX
“general recursive functions”; mo-pyccku OOBIYHO MEPEBOIAT TOT TEPMUH (HEMHOIO 3ara-
JOYHO) Kak «00miepekypensable dyHKImny. Oaaako, Kak muier Kianan B [105], B MomenT
grenust jeknuii (1934) cam [€mesb emé we GbLT yBepeH B TOM, YTO 9TOT KJjacc dyHKIHMIT
jocrarouno mupok: «However, Godel, according to a letter he wrote to Martin Davis on
15 February 1965, “was, at the time of |his 1934] lectures, not at all convinced that [this]|
concept of recursion comprises all possible recursions” [105, p. 48]. B [99, p. 40| upo 310
TOBOPUTCST TaK:

In the present article [peus uzér o [77]] Godel shows how an idea of Herbrand’s
can be modified so as to give a general notion of recursive function (...) Godel
indicates (cf. footnote 3) that he believed that the class of functions obtainable
by recursion of the most general kind were the same as those computable by
a finite procedure. However, Dr. Godel has stated in a letter that he was, at
the time of these lectures, not at all convinced that his concept of recursion
comprised all possible recursions; and that in fact the equivalence between his
definition and Kleene’s in Math. Ann. 112 |[peus uaér o [80]] is not quite trivial.
So despite appearances to the contrary, footnote 3 of these lectures is not a
statement of Church’s thesis.

Footnote 3 [99] p. 44] orHOCHTCSE K YyTBEPXKIEHHUIO O TOM, YTO BCSKAsS IPUMUTHBHO DEKYPCHB-
Hasg QYHKINUA MOMXKET OBbITb BBIYUC/ICHA C MTOMOIIBIO KOHEYHOW MpoIeyphl, u rooput “The
converse seems to be true, if, besides recursions according to the scheme (2) [upumuruBHast
pekypcus|, recursions of other forms (e.g., with respect to two variables simultaneously) are
admitted. This cannot be proved, since the notion of finite computation is not defined, but
it serves as a heuristic principle”.

Posza Iletep B [78] u3y1uaer BO3MOKHOCTH «OOBIMHBIX PEKYpPCHil» (HAIIPHMED, TOKA3BIBAET,
YTO pa3peleHne UCo/b30BaTh HECKOJILKO 3HAYCHIH (DYHKITUN B MEHBIINUX TOYKAX CBOIUTCS
K CXeMe C OJ[HAM IPEJIIIECTBEHHUKOM) U BBOAUT TepMmuH ‘primitive Rekursion” st sTmx
CAMBIX «OOBIMHBIX PEKYPCHil».

Crenys eit, Kimau B 1936 roxy [80] BBOAMT TepmuH “primitive recursive functions” (mpu-
MHUTHUBHO DEKypCUBHBIE (DYHKINM) JJisi TeX (DYHKIA, KOTOPbIE MOIy9alOTCs € MOMOIIBIO
[OJICTAHOBOK ¥ IIPUMUTHUBHBIX PEKypcuii u KoTopblie [é1en B [75] HasbBaI IPOCTO «pEKyP-
cuBnbiMuy. OHoBpeMenno Kimnu rpejijiaraer paccMorpersb OoJiee o0IImii Kiace pyHKIHiA,
9JIEMEHTBI KOTOPOrO OH Ha3biBaeT “general recursive functions” (ero crarbsi Tak U Ha3bIBa-
ercsa, General recursive functions of natural numbers). DTOT KIacc ONpeeaseTcs B JIyXe
Opbpana u [€es1s, pu 3TOM paccMaTpPUBAIOTCH Pa3HbIE MIPABUJIA BBIBOJA OJHUX PABEHCTB
U3 JIPYIHUX, KOTOPbIe, OMHAKO (Kak JIoKa3biBaeT KuinHn), 3a/1a10T OJIMH U TOT JKe KJIAacC (DyHK-
1870788



Kimuu takke BBoguT e-oneparop £x[A(r)] Kak HauMeHbIee YUC/I0, YAOBIETBOPSIONIEe
yeaouio A(x), ecim TakoBOe CYIIECTBYET; B HPOTHUBHOM CJIydae 6epércst Hyjb. DTOT olle-
paTop durypupyer B Teopeme IV, KoTOpas yTBEpKIaeT, YTO BCAKasg OOIIEPEKYypPCUBHAs
dbyukIHs MOXKeT 6bITH pesicTaBiena B Bue ¥ (ey[R(z, y)]), nie ¥ —HekoTopast IpUMUTUBHO
pekypcuBHast (byHKIMsI, & R—IPUMATHBHO PEKYPCUBHBIN [PEJINKAT (9TO 03HAYAET, YTO [IPe-
JMKaT R 3ammchiBaeTCs KaK PABEHCTBO HYJII0 HEKOTOPON MPUMUTHBHO PEKYPCHUBHOMN (DyHK-
N ), TPUIEM JIJIsi BCSIKOTO T CyIiecTByeT ¥, npu kotopoMm R(z,y) ! Teopema V yrBepxaer,
ITO BEPHO W OOpaTHOE: BCsiKasi (PYyHKIS, TIPeJICTaBUMast B YKa3aHHOM BHJIE, PEKYPCUBHA B
CMBICTIe OTpejiesieHnit B yxe Dpbpana u [€aemnsa. Tem caMbiM Takoe MpeICTABICHIE MOYKET
paccMaTpuBaTh KaK 9KBUBAJEHTHOE OIpeJieIeHre TOHATHsT PeKypcuBHOi (yukimu. Kpowme
TOrO, U3 3TOr0 MOXKHO HM3BJIeYb HEKOTOPbIN CIOCOO HyMepaluu BCeX PEKYyPCUBHBIX (DYHK-
Wi, BBEJIsI JIONOTHUTE/IbHBI [TapaMeTp € B IPUMUTHBHO PEKYPCUBHBIN mpejukar R (xoTst
He IIPH BCEX € TOJIyYaeTCd BCIO/LY Olpejie/énnas (pyHKIU; MOXKHO ObLIO ObI CKa3aTh, 9TO
HyMepYIOTCs YacTHYIHble (DYHKIMN, HO NOKa KJIMHN UX He paccMaTpuBaer).

B tom xe (1936) roay Yépu mybuamkyer crarbio [(9], B KOTOPOi NPUBOIUT Jpyroe
OlpeJIeJICHHEe HEKOTOPOTO KJjIacca YHCIOBBIX (DYHKIUil (B TepMUHAX TaK HA3BIBAEMOIO A-
HCUYHC/ICHNs ) KaK (DOPMAJIN3AINI0 HHTYUTHBHON MU BBIYHCIHUMOCTH:

The purpose of the present paper is to propose a definition of effective calculability?
which is thought to correspond satisfactorily to the somewhat intuitive notion.

B nosierpounom npumedanun () Yépu numer:

As will appear, this definition of effective calculability can be stated in either
of two equivalent forms, (1) that a function of positive integers shall be called
effectively calculable if it is A-definable in the sense of §2 below, (2) that a
function of positive integers shall be called effectively calculable if it is recursive
in the sense of §4 below. The notion of A-definability is due jointly to the present
author and S.C. Kleene (...) The notion of recursiveness in the sense of §4 is
due jointly to Jacques Herbrand and Kurt Godel (...) The proposal to identify
these notions with the intuitive notion of effective calculability is first made in
the present paper. ..

u jo6asiser (npumedanue B §7):

The question of the relationship between effective calculability and recursiveness
(which it is here proposed to answer by identifying the two notions) was raised
by Goédel in conversation with the author. The corresponding question of the
relationship between effective calculability and A-definability had previously
been proposed by the author independently.

BI/IZLHO, q9T0 qepq CIUTaET BaKHBIM JI€JIOM OTOXKJIECTBJICHUE MHTYUTUBHOT'O IIOHATUA BbI-
YHCMMOCTH C TIPUHAJJIEZKHOCTBIO K TOYHO ONPEJICIEHHOMY KJiaccy yHKIWA (Jj1s1 KOTOporo
€CThb J[BA SKBUBAJEHTHBIX OIPEJICJICHUST ). DTO OTOXKJIECTBICHUE U HA3BAJIHM [IOTOM TME3UCOM
Yépua.

[Touru B TO )K€ Bpemsi Triopunr mybiukyer coto pabory [82], B koropoit oH ompeje-
JIIeT MaIllMHBI, Ha3blBaeMble Terepb Mmawunamy Toropunea (cam ThropuHr ymnorpebiiser
TepMuH a-machine, or cjoBa ‘automatic’), u crpouT yHHUBEpCAJBHYIO MaIlUHy (KOTOpPasi

3Ta wacTnB ompemenenus e-omepaTopa, Iie pe3yabTaT HOJATAeTCS PABHLIM HYJIIO, KOTa ICKOMOTO Y He
CYIIECTBYET, IIPU 9TOM POJiK He UrpaeT. Takum 00pa3oM, 37eCh MOXKHO 3aMEHUTH £-0IepaToOp HA CTAHIAPT-
HBIIl [4-OTIEpATOP, B KOTOPOM 3HAYEHUE CUUTAETCS HEOIIPEJIEJIEHHBIM B CJIy4ae OTCYTCTBUSI HCKOMOTO Y.



MOXKET MOJICJINPOBATD JIIOOYIO0 MaruHy, Oyydun cHaOXkKeHa MOXOJsIeil mporpaMmoii). B
TepMuHAaX 3TUX MamuH ThIOPUHT ompesesgeT KIaCcC BBIYUCIUMBIX JIEHCTBUTETbHBIX YHCET
(Te, 3HAKM KOTOPBIX MOI'YT BBIUHCJISATHCS MAIMHOM) U AT CBOE JOKA3aTeIhCTBO Hepaspe-
mumoctn Entscheidungsproblem (Her ajropurMa, KOTODbIH PACIO3HAET OOIIE3HATUMOCTD
dopMyIT A3bIKa TIEPBOTO MOPAJIKA; PAHEE 9TO— /s SKBUBAJCHTHBIX OIPEICICHUN BHITHC/TH-
MocTr— JoKazaan [énens u Konnn, a takxke Yépu, em. nogpobuee B [99, p.109]).

B npusoxennn (Appendix), mobassiennom 28 asrycra 1936 roja, Triopunr Hameudaet jio-
Ka3aTe/IbCTBO SKBUBAJIEHTHOCTH BBIYUCIMMOCTH IIOCJIE/I0BATEIBHOCTI C ITOMOIIBIO IIPEJIIIO-
JKEeHHBIX UM MAIuH U A-orpeenMocTu. ONUChIBas 3TOT Pe3yIbTaT BO BBEJIEHUN K paboTe,
OH TIUIIIET:

In a recent paper Alonzo Church has introduced an idea of “effective calculability”,
which is equivalent to my “computability”; but is very differently defined. Church
also reaches similar conclusions about the Entscheidungsproblem. The proof of
equivalence between “computability” and “effective calculability” [umeercs B
BUJLy A-OIpeiesinMocTh| is outlined in an appendix to the present paper.

Hesapucumo ot Twiopunra u outn ofaoBpemento ¢ Hum [locr mybamkyer padory [81],
IJI€ OIUCBIBAET CBOE OIIpe/iesienne «(UHUTHOINO KOMOMHATOPHOTO IIPOTIECCay, OTJINIAIONICeCs
or MarmmH ThHIOPUHTa JIMITH TEXHUYECKUMU JIETAJSIMHU, & TaKyKe TEeM, UTO OH HE T'OBOPHUT
O MallliHe, a OIKCBhIBaeT, Kak ‘problem solver or worker” ciemyer ykasanusm (the set of
directions) onpezenénnoro Buja. Jdasee [locr 3amedaer:

The writer expects the present formulation to turn out to be logically equivalent
to recursiveness in the sense of the Godel-Church development. Its purpose,
however, is not only to present a system of a certain logical potency but also, in
its restricted field, of psychological fidelity. In the latter sense wider and wider
formulations are contemplated. On the other hand, our aim will be to show
that all such are logically equivalent to formulation 1 [npemnoxenusiii [Toctom
BapuanT onpejenenus|. We offer this conclusion at the present moment as a
working hypothesis. And to our mind such is Church’s identification of effective
calculability with recursiveness. (...) The success of the above program would,
for us, change this hypothesis not so much to a definition or to an axiom but to
a natural law.

n ,ZLO6&BJIH€T B IIpUME€YaHNN:

Actually the work already done by Church and others carries this identification
considerably beyond the working hypothesis stage. But to mask this identification
under a definition hides the fact that a fundamental discovery in the limitations
of the mathematizing power of Homo Sapiens has been made and blinds us to
the need of its continual verification [

Bungno, ato k 1936 romy y»Ke cI0KHUIACh TOYTH YTO COBPEMEHHAsI KAPTUHA: €CTh HECKOJTh-
KO 9KBUBAJICHTHBIX (3aJIAI0NIUX OJMH U TOT 2Ke KJiacc MyHKIMIT) onpeieeHnii BbIauC MO~
CTH, €CTh IIOHUMaHNEe, YTO OHU OTPazkKaloT UHTYUTUBHYIO UJCIO aJllOPUTMa U BPAJL I YTO-TO
YIIyIIeHo (¥ JjaKe eCTb HEKOTOPbIE HHTYUTUBHbBIE OObsICHEHUS, TIOYEMY 9TO TaK ).

4Ceituac, moxkasnyit, aTo dbyHntamentatbioe oTkpeiTe (fundamental discovery) yrke mpakTuueckn yTpa-
THJIO CMBICIT: YTOOBI TOBOPUTH O COOTBETCTBUN MHTYUTUBHOM UJIeN BEIYUCIUMOCTH (U7eH ajaropurMa B Hedop-
MAJIbHOM CMBICJIE ITOrO CJIOBA) U (hOPMAJILHO OUPEIEIEHHOrO KJIacca aJrOPUTMOB, HYXKHO, 4TOOBI 9Ta UHTY-
UTUBHAS Hjies Obl1a chopMUpOBaHa HE3ABUCUMO OT IIPOIPAMMUCTCKOIO OIBITA—a TJIe TelePb HANTH JIIOIEl,
KOTOpBIE ObI TO3HAKOMUJIUCH C HMJIeell aJI'OPUTMa, HE MMesl y2Ke IIPOrPaMMUCTCKOTO OIIbITa?
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Ho ectb gBa oTytmdmst OT COBpEMEHHO# KAPTUHBI: OJHO CKOPee TEPMUHOJIOTUYECKOE, a
Jipyroe 6o0Jjiee NPUHIUANIAATILHOE. T€PMUHOIOITIECKOE COCTOUT B TOM, YTO HU B OJIHON U3
paboT, TOBOPAIINX O PEKYPCUBHBIX (DYHKIINSIX, OHU HE ONPEIETAIOTCA KaK (DYHKIUH, TTOJTy-
YAEMBIX C TIOMOIIBIO TIOJCTAHOBKHU, PEKYPCUU U [i-OMEPATOPA, XOTsI BCE MHI'PEIUEHTHI JIJIS J10-
Ka3aTe/IbCTBA SKBUBAJIEHTHOCTH 9TOTO OIpPee/IeHNsT IPYTUM €CTh U caMa SKBUBAJTEHTHOCTD
sirO ynomunaercst Kunu B 1943 roay 85, p. 53, Corollary].

Bo BTOpbIX, BO BCeX 9TUX paboTax rOBOPUTCS O 6C100Y onpedesénivir MyHKIuAxX (orpe-
JIeJIEHHBIX HA BCEX HATYDAJIbHBIX YHCIax). Jacmuunsie QYHKIUN MOABIAIOTCS 9yTh IT03XKe,
B sipyroit pabore Kinnu [83], riae crposiTest BbraucamMble cHCTeMbl 0603HAYEHUN [T OP/IH-
HasioB (TyT 6e3 JacTu9HbIX (DYHKIWH yzxke He oboiituchk). Omucas mponecc BbIBOJIA yTBEp-
JKJIeHus O 3HavdeHnn (BYHKIIUKA U3 PABEHCTB B Jiyxe Dpbpana u ['€1e/1s u mpeinoaoKus, ITo
on J1aéT He Gojiee OJHOTO OTBETA JIJI UCKOMOT'O 3HAYEHUsI, OH IUIIET:

If we omit the requirement that the computation process always terminate,
we obtain a more general class of functions, each function of which is defined
over a subset (possibly null or total) of the n-tuples of natural numbers, and
possesses the property of effectiveness when defined. These functions we call
partial recursive.

Taxum 00pa3oM BIEPBbIE MOABJSETCS MOHATHE “aCMu4Ho pekypcuenol dyakimn (partial
recursive function)” Kaunu pacemarpuBaer (ecrecrBeHHBIM 00pa3om 0606IIaeMble Ha da-
crudHble (DYHKIMN) OIEPAIlNK TIOJICTAHOBKU M PEKYPCHH, a TaKyKe Olpejesser JeidcTBre
[-OTIepaTopa JjId CIydas YacTUYHON (byHKINU:

py[R(m,y) = 0] =n

1yt qactuaHoit byHkiuu R, ecin R(m,n) onpeseseHo n paBHO HYJIO, & BCe MPEeIbIILyIIie
snadenns R(m,0),..., R(m,n — 1) onpenesensl n me pasubl Hymo. (O4UeBuaHO, 9TO TaKoe
N eIMHCTBEHHO, €CJIM CYIECTBYET; €CJIH YK€ HEeT, TO OlPeJieJisieMasi ¢ HOMOIIIbIO fi-0llepaTopa
dbyukuus ve onpeesnena na m.) Kak ormeuaer Kiunu, Bce Tpu onepanuu (11ojicTaHOBKa, pe-
KYDCHsI U [(-OTIePATOP) He BBIBOJSIT U3 KJIacca YaCTUIHO PEKYPCUBHBIX (DYHKITHI (Ompe1e18H-
HBIX 110 Dpbpany u [E1em0). OH OTMeUYaeT TakzKe, YTO i KJIacCa YaCTUIHO PEKYPCHBHBIX
dbyukumii or soboro uncia (n) nepeMeHHBIX CYIIeCTBYeT yHuBepcaiabhas dbynkus D, (z, X)
or n + 1 nepemennoil. (YHUBEPCAJIbHOCTH O3HAYAET, YTO (PUKCAIMEH IepBOro apryMeHTa 2
u3 P,, MOKHO HOJIYIUTH JTHOOYIO YACTUIHO PEKYPCUBHYIO (DYHKIIMIO OT 1 IEPEMEHHBIX.) DTa
yHUBepcaJbHas (yHKIMs MOXKeT ObITh IIPeJICTaBIeHa B BUJIE

rjie S—HeKoTopas MPUMUTUBHO PeKypcuBHas QpyHKIus, a T}, —HEKOTOPBII IPUMUTUBHO Pe-
KYDPCHUBHBII TIpenKaT (3a/aBaeMblii yCJIOBHEM OOpAIleHusl B HYJIb HEKOTOPOil IPUMHUTUBHO
pekypcuBHOil dyHKIuu). B sT0M 1peicraBiennn, HedopMagIbHO TOBODsI, 2 KOAUpPYyeT (B BU-
Jle HATYPAJIbHOIO YHCJIA) CHCTEMY DABEHCTB, 3a/Iaf0INX YaCTHIHO PEKYPCUBHYIO (B CMBICTIE
Opbpana u [€xens) QyHKIMIO OT N IEPEMEHHBIX, a ¥ SIBJSETCs IIPOTOKOJIOM BBIBOJA U3
9TOIl CHCTEMBbI PABEHCTB YTBEpKJeHUs O 3HadeHun byHknuu Ha Bxose X. lIpemukar T,
IIPOBEPSieT KOPPEKTHOCTH 9TOTO BBIBOA, a (DyHKINS S W3BJIEKAET U3 9TOTO BBIBOIA YCTAHOB-
nennoe 3uavenue Gynknuuld 13 sToro pesysibrara (KOTOpHI Ha3bBaOT «Teopemoii Kinan

SPyccknit TepMmH TYT, TIO¥KaJyii, emg Gojiee CTPAHHBI, YeM CJIOBO «OBIIEPeKypPCHBHBIC» JIJIs BCIOIY
OIIPEJIEJIEHHBIX BBIYUC/IMMbBIX (DYHKIUI: CO3MaéTCsl BIleYaT/IeHne, 9T0 (PYHKIIUsI JIUIIb OTYACTU PEKYPCUBHA.
Awurymiickuit TepMUH JTydine, MOTOMY 9TO B HEM cJioBo ‘partial’ orHocuTces K coBy ‘function’.

5B dopmymuposke Kiaman ecTsh em@ mmepseIif apryMeHT z y dyHKOHE S, HO ero MOMXKHO OLLIO OLI I
OILyCTHUTh.



0 HOPMAJILHOW (OpMe») y2Ke BBITEKAeT, 9TO MOXKHO SKBUBAJIEHTHO OIPEJETUTD TaCTHIHO
PEKYPCUBHBIE (DYHKIIN C OMOIIBIO TOJICTAHOBKU, PEKYPCHU 1 [i-0riepaTopa (1 JazKe J0I0JI-
HUTEJIBHO TOTPEOOBATH, YTOOBI [4-OIEPATOp NMPUMEHSJICS TOJIBKO OJIMH pa3 K HPUMHUTHUBHO
pekypcuBroit dynkiun). Ho takoit Bapuant onpenesnenns KinHu mo-ipeskHeMy He YIOMU-
Haer.

[TpumepHO 3Ta Ke cucTeMa IIOHATU, TEDMIHOJIOTUS U CIIOCO0 N3JI0ZKEHUST HCIOIb3YI0TCs
B Gostee o3aHeit crarbe Kimnnu [85], nocssménnoii B ocHoBHOM apudMeTnuecKoil nepapxu,
u B ero xke yueOnuke 1952 roza [65], craBimem Ha MHOrHe necaTusieTus KiaccuaeckuM. Or-
METHUM, ITOMHIMO CKa3aHHOI'O BBIIIE, eIl¢ OJJHY HEIIPUBBIYHYIO JJIA HAC Belllb: (DOPMYyINPOBKA
«tesuca Yépuay (OTOXKIECTBIICHIE HMHTYUTHBHON WIeN BBIYUCIUMON (DYHKIUN C TOIHO OIpe-
JEJEHHBIM KJIACCOM (DYHKINIT) OTHOCHTCS TOJIBKO K BCIOJLY OLPEAETCHHBIM (DYHKITHSIM.

OTHOCUTEJbHAsA BHIYMCJINMOCTD (BI)I‘II/IC.TII/IMOCTI) C OpaKy.TIOM)

MozKkHO ompeaeuTh OTHOCUTE/IHHY IO BRITUCIUMOCTD OJIHON (DYHKIIUN OTHOCUTE/IHHO JAPYTOit
(M OTHOCHTETHLHO HEKOTOPOIO MHOXKECTBA, KOTOPOE MOXKHO OTOXKJIECTBUTH C €0 Xapak-
TepucTuaeckoii dyHkimeit). Briepsbie 06cyKaemMoe onpeieieHne CBOANMOCTH TPE/TOKIIT
Triopunr B cBoeii guccepramun (1939, cm. [84]), Ho 510 6bUTO TaM MOGOUHOIN TeMOlt 1 pac-
CMAaTPUBAJIOCH JIUITH B HEKOTOPOM YaCTHOM CJiydae (CBOAMMOCTH K HEKOTOPOMY KOHKDPETHO-
My MHOX)KecTBY). OH nurmer:

Let us suppose that we supplied with some unspecified means of solving number-
theoretic problems; a kind of oracle as it were. We will not go any further into the
nature of this oracle than to say that it cannot be a machine. With the help of
the oracle we could form a new kind of machine (call them o-machines), having
as one of its fundamental processes that of solving a given number-theoretic
problem. More definitely these machines are to behave in this way. The moves of
the machine are determined as usual by a table except in the case of moves from
a certain internal configuration o. If the machine is in the internal configuration
o and if the sequence of symbols marked with [ is then the well formed formula
A then the machine goes into the internal p or t according as it is or is not true
that A is dual. The decision as to which is the case is referred to the oracle.

These machines may be described by tables of the same kind as used for the
description of a-machines, there being no entries, however, for the internal
configuration o.

Ob1riee onpesiesienue cBojuMocTu 110 Thiopunry npeyioxkui [loct B cBoeit 3nameHuTOd CcTa-
the [86, pazmen 11|—roit camoii, B KoTopoii on chopmyuposas npobaemy Ilocma o cyme-
CTBOBAHUU TIEPEUUCIUMOIO HEPA3PEIINMOTr0 MHOXKECTBA, HE SBJISIIOIIEroCs MOJTHBIM (K KOTO-
POMY CBOJISITCSI HE BCe MepedrncanMble MHOKecTBa). PopmasibHo rosopst, [loct B cBoéM ompe-
JIeJICHUN OIPaHUYMBAETCA CBOJMMOCTBIO OJIHOIO IIE€PEYUCIUMOI0 MHOXKECTBA K JIPYroMy, HO
peaJibHO TpeboBaHue IEePEeInCIUMOCTH B €ro TeKcTe He ucnoJbdyercs. Oupejesnenne [locra
caesryer cxeme ThIOpUHTa U UCIIOJIB3YeT MAIIUHbI ¢ OpakysioM. Kiunu B crarbe 1943 roja [85)]
IpeJiiaraeT JIPyroii BApUaHT OIPEJIC/ICHUS: K ONPE/IC/IEHUI0 OOIEPEKYPCUBHBIX (DYHKITHIT C
MIOMOIIIHIO BBIBOJIOB B HCYUCJICHUU PABEHCTB MOXKHO JIOOABUTH PABEHCTBA, BHIPAZKAIOIINE Ta0-
JIMILY 3HAYEHUH JIJIs IPOU3BOJIbHBIX (BCIOJLY OIPEJICJIEHHBIX) QYHKINI 11, . . ., g, U HA3BATH
Te (DYHKIMH, KOTOPbIE MOYXKHO OIPEJIE/IUTh TAKUM CIIOCOOOM, 00WePERYPCUBHBIMU OMHOCU-

MEALHO W, . . .y Vgt

A function ¢ which can be defined from given functions 1, ..., ¢y by a series of
applications of general recursive schemata we call general recursive in the given



functions; and in particular, a function ¢ definable ab initio by these means we
call general recursive.

Ho sro onucanue jjaspiiie He pa3BUBaeTCd U HE UCHOIB3YETCsA, OCTABAsICh JIUITb TOSICHEHUEM
K JIaBAEMOMY JIAJIbIIIE OMPEJIEJICHUIO, U JJIsi YACTUIHO PEKYPCUBHBIX (DYHKIHU (B OT/IHTIE
OT OBINEPEKYPCUBHBIX) OTHOCUTE/IbHASI BBIYUCIMMOCTD He paccMarpuBaercs. B kuure 1952
rojia Kimnu roBopuT M 0 9acTHYHBIX (DYHKIUAX U UX BBIYUCIUMOCTU U JIOKA3BIBAET, YTO
TaKOe OIpeJieIeHne OTHOCUTETHHON BBIYUCIUMOCTH (C BBIBOJAMHU B HUCUYHCIEHUN DABEHCTB
110 Dpb6pany u [éemo) sxsuBasienTHo onpejesennto Triopunra—Ilocra [65, §69|. TIpu sTom
OpAaKyJI JIOJIZKEeH ObITh BCIOJLY Onpeie/ieHHoi dyukueii (nm nabopoMm takux dyuknuii). Ho,
B omymame ot ctarbu [locTa, rie paccMarpuBauch JTUITL IEPEYUCIIMbIE MHOYKECTBA B Kade-
CTBE OPaKYJIOB, 3Ta (DYHKIUS MOXKET OBITH IIPOU3BOJILHOM BCIOLY ONPEIETEHHON (DYyHKITHEI.

O630p PasIMIHBIX ONpeJIeJeHI OTHOCUTEIbHON BBIMUCIUMOCTH MOKHO Haiitu B [109]
Section 4.3, “History of Relative Computability”|.

Terepb MbI MO2KEM yKa3aTh, B 9éM OblLIa HOBU3HA PAOOTHI Venenckorof]

e BIEPBbBIE ObLIO SIBHO YKa3aHO (€O cebLIKoi Ha TpaxTenbpora—BUIMMO, HA HEOIYOJIU-
KOBAHHOE COODIIEHHE) IPOCTOE ONPEJIE/IEHIE TACTHIHON PEKYPCUBHOCTH, abCOIIOTHO
U OTHOCHUTEJIHHOM, C MTOMOIIBIO OTEPAITHI OJCTAHOBKY, DEKYPCUH ¥ MUHUMU3AIINH (fi-
orepaTopa);

e Obuta gokasana (oxmoBpemenno ¢ kuuroii Komunm [65] n ropasmo 6osee oTuéTimso)
9KBUBAJICHTHOCTD 9TOTO OLPEJIEJICHHS C IPYTUMH ONPE/CTICHNAME BEIYUCINMOCTH (a0-
COJIIOTHO! 1M OTHOCHTEJILHOI);

e OLLIO JIAHO (BnepBbIe) onpeaeacHue OTHOCUTEAbHOU BBIYUCJIUMOCTH, HE CBA3aHHOE HU
C KaKOM KOHKPETHOI BBIYMCJIUTEJIbHON MOJIC/IBIO, & HCIIONb3YIOIee JIUIIbL KJacC Bbl-
YUCUMBIX (DYHKIHH, U JJOKa3aHa 9KBUBAJIEHTHOCTD 3TOTO OIPEJIEICHUs IPYTUM Olpe-
JeJIECHUAM OTHOCUTEJLHON BBIUUCIIUMOCTU;

® HAKOHEIl, B JIUIIJIOMHON padoTe YCIEHCKOro Obljla BIIEPBbBIC U3JI0KEHA KOHCTPYKITHS
marma Kosmoroposa (1o3zke omy6mKoBaHHAsl B COBMECTHOIT crarbe Kosmoroposa u
Yenenckoro [16]), 1ano onpejieienue OTHOCUTETHLHON BEIYUCIMMOCTU B TEPMUHAX ITOM
MOJIE/TN U JIOKA3aHa 9KBUBAJIEHTHOCTH 9TOTO ONPEIEICHIS JIPYTUM.

Tperuit myHKT 3TOTO TIepedHsT TpedyeT HEeKOTOPhIX mnoscHennit. Onpeaenenne TrhopuH-
ra—Ilocra 19 oTHOCHTE/NLHON BBIYUCIMMOCTH SABJISETCA MOJIU(pUKAIUEH COOTBETCTBYIOIIE-
IO OIpejiesIeHus JIJisi A0COJIIOTHON BBIMUCIUMOCTHU: Mbl PACIIUpPsIeM KJIacc Mara ThiopuHra,
JIOTIOJTHATEJIBHO paspertias MoJydarTh OTBEThI OT OpaKyJsa. AHAJTOTHIHBIM 0OPA30M OIIpe/ie-
Jlenne KJmmHuU 11t OTHOCUTEILHOM BBIMUCIUMOCTU MOJAUMUIIUDYET OIpPejie/IeHue IacTUIHO
pekypcuBHOil yHkuu. Takum obOpa3oM, Jarke ecju Mbl JIOTOBOPUIUCH, KaKue (DYyHKIIUN
MBI canTaeM (abCOTIOTHO) BBIYUCIMMBIME, HAM HEJb3s €Il 3a0bITh PO KOHKPETHYIO MO-
JieJIb BBIYUCJIEHU W He BO3BPAIATbCS K Hell: OIpejiesisgs OTHOCUTEIbHYIO BBIYUCIUMOCTD,
HAJIO CHOBa BCIIOMHHUTL O Mojiesin u €€ mojudunupoBats. B omimane ot 9Toit curyarmmu,
B OIIpejiesieHnn U3 pabOThl YCIIEHCKOIO0 OTHOCHTEIbHAS BBIYUCIUMOCTD OIPEJIEISeTCs C 10-
MOIIBIO AJITOPUTMOB JIUAJIOTa C OPAKYJIOM, TO €CTb TPEOYeTCd BBIMHCIUMOCTD HEKOTOPBIX
(qacTu9HBbIX ) DYHKIWIA, 3a/a10MuX STOT quajor (yHKIi, yKa3bIBAOIMX CJIEYIONIHHA BO-
[IPOC K OPaKyJLy [PHU U3BECTHOM BXOJIE, IPEBIAYIINX BOIPOCaX W OTBeTax Ha HuX). Takum

"K cosKaJsieHnio, UIIOMHas paboTa He GbLIa Omy6IMKOBAHA, HECMOTPS Ha, PEKOMEH/IAIINN B OT3BIBAX, TAK
YTO BpsiJ JIX LOBJIMsIIA HA JaJibHelilee pa3BUTHe COOBITUI, HO TEM He MEHee.
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00pa30M, JIjIst MOHUMAHUS CMbICJIA 9TOTO OLPE/EICHIs JOCTATOYHO 3HATh, Kakue (QyHKINIH
CUMTAIOTCS BBIMHCIHMBIMIL.

BuociescrBun Takoro pojia («MalnHHO- HE3aBUCHMBIE» ) OIIPEJIeJICHNs] OTHOCHTEJILHOI
BBIYUCIMMOCTU OBUIN JIAHBI JIDYTUME aBTopaMu. Harnpumep, 0JHO U3 HEX MOXKHO HaiiTu B
yuaebnnke Pomkepca [70), pasmen 9.2] (6e3 cepuiku Ha Kakux ObI TO HE OBLIO HPE/IIICCTBEH-
HIKOB). MOKHO €I OTMETUTH, ITO OIIPEIEsICHIE YCIEHCKOIO UMEET TO IPEUMYIIECTBO, ITO
oHO (B OT/IMYMe OT OLpEJIeJeHNs U3 KHUTH Po/pKepca) eCTeCTBEHHO PaCIPOCTPAHSETCS Ha
IIPOM3BOJIbHBIE YACTUYUHBIE OPAKYJIbl M IIPH 9TOM COXPAHIETCs SKBUBAJIEHTHOCTD C IIPUHA/I-
JIEXKHOCTBIO YACTHIHO PEKYPCUBHOMY 3aMBIKAHUIO (DYHKIMH, UCIOJB30BAHHON KAK OPaKyJl.
Ho cam Ycnenckuit 9Toro He jiejiaer, paccMaTpuBast TOJILKO (DYHKIME € [HEePedrCIUMOii 06-
JIACTBIO ompejiesieHnst (X0Ts JJOKa3aTeIbCTBO I OOIIEro cirydas He TpebyeT CyIIeCTBEHHBIX
U3MEHEHMU ).

Teopema I'€ nesist u Teopust ajaropuTMoB

Teopema ['€1esist u TeOpUst BEITUCIUMBIX (DYHKITHI MOSBUJIMCH HE TOJBKO OJHOBPEMEHHO, HO
U BMecTe, KaK cuamckue Ojimsmnerpl. B Kiraccudeckoit crarbe [€1es1, ryae jokazan ero pe-
3yJIBTAT O HEMOJTHOTe (POPMAJIBHBIX TEOPHil, OJITHOBPEMEHHO OBLIO BBEJIEHO MOHSATHE PEKYP-
cuBHOi (byHKIMHU (TO, YTO Teleph HA3ZBIBAETCS «IIPUMUTHBHO PEKYDPCUBHBIMUY (DYHKITHSAM,
CM. BBIIIE), U 9TO MOHATHE OBLIO BAYKHBIM TEXHUYECKUM CPEJCTBOM B JIOKA3ATEILCTBE. A
UMEHHO, pa3/ndHble (DYHKIUU, CBA3AHHBIE ¢ KOJAUPOBaHUEM (POPMYJI U BBLIBOJIOB HATYPAJIb-
HBIMU YUCJIAMU (MX «DEJIEIEBBIMU HOMEPAMU», KaK PAHBIIE TOBOPUJIN), OBLIN OIPE/Ie/ICHbI
PEKYPCUBHO, U 3TO OIIPE/IeTIEHNE HCIIOTb30BAJIOCH JJIS TOTPYZKEHIS PACCYZKIEHII O BBIBOTAX
B (POPMATBHYIO CHCTEMY.

C npyroii cTOpPOHBI, OIpejie/ieHue O0IEePEeKyPCUBHBIX (DYHKITHMI ObLIO JIAHO B TEPMUHAX
dbopmasbHOll cucTeMbl (MCIMCIEHIsST PABEHCTB), BOCXO/siIei K Dpbpany u ['€xerto.

Mozkno, noxkaJiyit, cka3aThb, YTO OJJHUM W3 IE€PBBIX JOCTHKEHUN U B 00JIACTH TEOpUU
BBIUNCJIEHNI, 1 B 00/IACTH TEOPUU JOKA3ATEIbCTB, OBLIO pa3/ie/leHne 3TUX «CHAMCKUX OJIn3-
HEIOB», U OBLIO 9TO HE TaAKMM IIPOCTBIM JIeJIOM, Kak cefiuac Kaxkercd. Cuadasa Tohiopunr u
[Tocr mpesyroxkuam Mogesb Bbrancaenuii (mamunbl Thropunara—Ilocra), mo3BosuBIILyIO OMpe-
JIEJINTH BBIMUCIUMOCTD 0€30 BCAKOIO yHoMuHaHUsi (hOPMaIbHBIX TEOPHil ¥ BLIBOJIOB B HUX.
Ob6mas npupojia TeopeMbl [€j1e/1st 1 €€ CBA3M ¢ Teopueil ajropuTMoB ObLIM OCO3HAHBI B
1940-e rompl, BujimMo, B repByio odepeib Kimmau u KosmMoropoBbiM.

B crarhe Kimrn 1943 roga [85] 6buia ykasano, aro Teopema [é/eis 1o cytecTBy o3Ha-
JaeT HelepedrcIMMOCTh MHOXKeCTBa MCTHHHBIX (opMmys1, a B crarbe 1950 roma [87] amasio-
ruvHasi mHTepIpeTanus Obuia jJana jiisa TeopeMbl [€1ems B popme Poccepa n ykazamno, aro
OHa COOTBETCTBYET HOCTPOEHUIO Mapbl 3PHEKTUBHO HEOTIECJUMBIX MEPEUUCIUMBIX MHOYKE-
crBa. Ho xors 110 cymiecTBy Bce HEOOXOMMbIe HAOJIIOECHUS ObLIN yKe ClesaHbl, 10 (opme
uzsnoxkerne Kimuau u B 91oit crathe 1950 roma, u B KiaccnaeckoM ydueObnuke 1952 roga [65]
OCTa€TCs eIé TECHO CBA3AHHBIM C S3BIKOM TEOPHHM IPUMUTHBHO DEKYPCUBHBIX (DYHKITHIA
(mocraTouHo ckazaTh, 4To u3sIokenue B [87] naunnaercs ciaosamu “Let T) be the primitive
recursive predicate so designated in a previous paper by the author”), u mporeypa morpyzxe-
HUS HEOTJIEJIUMBIX MHOXKECTB B (DOPMAJIbHYIO TEOPHUIO CKOPEE MO/ IPA3yMEBACTCH, YeM SBHO
OTIMCaHA.

[IpumepHO B TO 2Ke BpeMs, U, BEPOSATHO, HE3aBUCUMO K IIOHUMAaHUIO COOTHOIIEHUS MEKITY
TeopeMoit [€nena u Teopueit asropurmon npumén Komvoropos. Kak pacckazpiBaer Ycien-
ckuit B [51 c. 323],

2 nekabps 1952 1. KosiMmoropoB msjioKua MHE BeCbMa KpPaTKO, B T€UEHUE IIATU
MHUHYT,—HO 3aTO JIaJI CIUCATb C 3arOTOBJICHHON UM OYMaXKKH, O3ar/IaBJICHHOMN
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«['é1es1b 1 peKypcuBHAS MEPEYNCIUMOCTD», —OCHOBOIIOJIAraIoNINe UIEN O CBA3U
TeopeMbl ['€1e7151 0 HEMOTHOTE AKCHOMATHIECKUX CHCTEM (JJ1si CaMbIX OOIIUX HC-
YHUCJIEHUTT) € CyNECTBOBAHUEM MHOXKECTB, HE SIBJISIONIMXCS PEKYPCHBHBIMU, W
1ap MHOXKECTB, He SIBJISIONIUXCS PEKYPCUBHO OTICIUMBbIMU. Bymazkka OblLra Ha-
nucaHa UM «Jjisd cedsi», 1 pa3odpaThed B Hell, a TeM 00J1ee B €ero COIy TCTBYIOITUX
YCTHBIX KOMMEHTapPHUsX, MHE ObLIO Torja Hernpocto. [loroM BeE Kak-TO BBICTPOU-
joch, n 8 mast 1953 r. Kosmmoropos npejcrasui B «/lokmagsr AH CCCP» moro
3aMeTKy «Teopema ['€yesiss 1 Teopus aaropuTMOBy, HAIMMCAHHYIO Ha OCHOBE €TI0
ujieii. Boicokoe mckycctBo KosimoropoBa Kak ydmuTesisi COCTOSJIO B YMEHUU CO-
3/IaTh Y yYEHUKA BIEYATICHUE, YTO UMEHHO OH, YUEHUK, ITOJIHOIEHHBIA aBTOD
craTbu. Ko/iMOropos Bo MHOTO pa3 pezke, 4eM UMeJI Ha 3TO BCE IIPaBa, BHICTYIIA
B POJIX COABTOPA CBOUX y4eHUKOB (...) B 1958 1. B «Ycrmexax MaTeMaTuiecKux
HayK» I10J] JIBYMs HAIIUMU (paMUJIMIMU BBINLIA CTaThbd «K ompeseseHuio aaro-
puTMay, B KOTOPO MHE TPUHAJJICYKUT, 110 CYIIECTBY, JIUIIL YepHOBad paboTa.

(Crarbu, 0 KOTOpbIX WIET peub: [0, [16]. Bropast u3 HUX COAEPKUT U3JI0KEHUE BHIUUCTUTE b
HOIl MoJIe)n ¢ IpeobpazoBaHueM rpados, KoTopas (hurypupoBaJa yzKe B JIUIJIOMHON padoTe
YereHckoro. )

B crarbe Yenenckoro 1953 roga [6] 66110 oraérimso ykazano, yxke 6e3 BCAKOTO yIOMUHA-
HUs O IPUMUTUBHO PEKYPCUBHBIX (PYHKIUAX, 9TO TeopeMma [€Jess 0 ToM, 9TO JOCTATOYHO
Goraras dopmasbHas cucreMa (ckazkeM, popMaibHAs apUMDMETHKA) HEIIOJIHA U HE MOYKET
OBITH TIOIOJIHEHA, CJCIYeT U3 TOr0, YTO CYIIECTBYIOT MEPEUUCTUMbBIC HEOTACTUMbIE MHOXKE-
CTBa M 9TO 3Ta I1apa MHOXKECTB MOTPyKaeTcd B (DOPMAIBHYIO CUCTEMY —KaK ceffuac cKa3aJin
Obl, CBOJUTCS K mape (JoKasyeMble (hOpMYJIbl, OlpoBepzKuMbIe hopMmysibl). A adderTuBHast
HEIOMOJTHUMOCTH (TOT PaKT, 94TO 110 PACITHPEHUIO (OPMATHLHO CUCTEMBI JIOTIOJIHUTE/IbHBIMA
AKCHOMaMU MOYKHO aJITOPUTMUYECKH YKa3aTh (hOpPMyJIy, KOTOpas OCTaéTcs HeJI0Ka3yeMoil u
HEOIPOBEPKUMOiT) citeryer u3 cyriecrBoBanus 3hGEKTUBHO HEOTIETNMbIX T€PEUNCTUMbIX
muO)KecTB. Ho, moBTopuM erié pas, Bcé 910 10 cyIiecTBy yKe 06110 B pabore Kiman [87], o
KoTopoit KosiMoropoB u YcreHcKuii, cyjd 1o BceMy, TOTJIa He 3HaJIU. YCIEHCKUN CChLIaeTCs
na pabory Kmunu 1943 roga [85], roBopst 0 peKypcuBHBIX (DYHKIHSIX, HO TOBOPSI O CYIIECTBO-
BAHWU [EPEUUCTUMBIX HEOT/IEJMMbIX MHOXKECTB, He cchliaercs Ha [87], riie onn nmocrpoensr, a
TOBOPUT JIHIIIb, 9TO OHU ObLIH MOCTPOeHbI HOBUKOBBIM (He yKa3bIBasg HUKAKOW ITyOJIMKAIK
Hosukosa, a juiib jJaBast ccbliky Ha pabory Tpaxrtenopora 1953 roma).

['oBopst 0 cuTyalum B 1IEJIOM, MOYXKHO CKa3aTb, YTO €CThb JIBA B3AUMHO JIOIOJTHUTETHHBIX
B3VIsA1a Ha Teopemy [€nens. C ool CTOPOHBI, OHA SIBJIIETCS Peasn3aliueil mapajoKkca JizKe-
1a (B OJIHOM M3 BAPHAHTOB OH OBOPHT, Y9TO yTBEPXKJEHUE «DTO YTBEPIKICHUE JIOKHO» HE
MOXKeT OBITb HU JIOXKHBIM, HU UCTUHHBIM): €CJIH BMECTO ITOTO CIEJIATh YTBEPKIECHUE «DTO
YyTBEPIKJIEHNE HEJ0KA3yeMO», TO OHO OyJeT MCTHHHBIM (M MOTOMY HEOIPOBEPXKUMBIM), HO
HEJIOKA3yeMbIM. DTO 00bsICHEHNE HE CChLIAETCI HA TEOPHUIO AJITOPUTMOB, XOTsI JI/isT 000CHO-
BaHUs BO3MOYXKHOCTH 3alUCaTh HedOpMaIbHbIE PACCyXKjienus B (popMajbHOM apudmeTnke
MOXKHO, cjenys [€1eimo, UCIob30BaTh NIPUMUTUBHO PEKYPCUBHBIE (DYHKIIMA KAK TEXHUIe-
ckoe cpejictBo. C sipyroit ctoponbl, Teopema [€/1e1st siB/IsIeTCst CJIEJICTBUEM CYIIECTBOBAHUS
Hepa3peIMMbIX [EePEIUCTUMbIX MHOXKECTB (WM, B CHMMETPUYHOM BapHUaHTe, CyIeCTBOBa-
HUsI HEOT/IEJIMMBIX TT€PEUNCIUMbIX MHOKECTB), I B TAKOM U3JIOXKEHUN HUKAKO «CaMompuMe-
HUMOCTH» He 3aMeTHO. Ho, KoHe4YHO, OHa HUKY/a He JIeJ1aCh, IEPEMECTUBIINCH B KOHCTPYK-
M0 HEPA3PEIIMMOrO IePEIUCIMMOIO MHOYKECTBA (UM HEOT/IETMMbBIX MHOYKECTB). DTa KOH-
CTPYKIIHS CJIeIyeT Hjee «IUaroHaJbHOTO aprymMeHTas KaHTopa, KOTopasi, B CBOIO OYepe/ib,
stBJIsieTCst (QOPMOI TIPOSIBJICHUST CAMOTIPIMEHUMOCTH ( «IHarOHAJIb» COCTOUT U3 PE3YJIbTaTOB
[PUMEHEHUS BBIYUCIUMON (DYHKIIMKM K CBOEMY HOMEPY, WJIM AJITOPUTMA K €ro COOCTBEHHOMY
TEKCTY ).
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Brocneacrsun Yerencknii omyOInmKOBa IOAPOOHOE N3JIOXKEHHE JOKA3aTEIbCTBA TEOPe-
MBI [€/1e/151 ¢ TOMOIIIBIO CPEJICTB TEOPUH AJIrOPHTMOB (& TaKKe M3JI0KEHHe HAdasl 9TOi Teo-
pun) cnadasa B Buje craten [22], a 3aTem (B pacmupentoM Brje) 6pormiopsr [25] B ceprn
«IlomysipHbIe JIEKIMU [T0 MaTeMaTHKe». DTO M3JI0KEHHe JIO CHX 0D OCTAaETCsl, TOKAJIYIA,
HanboJIee JOCTYIHBIM U KOPPEKTHBIM U3JIOXKEHHEeM TeopeMbl ['é1esist Jjisi HeClennancTon
(1o KkpaiiHeil Mepe eciim FOBOPHUTD O €€ AJITOPUTMUTIECKOM ACIIEKTE).

[Tomumo storo, B [22, 25] Gbia HaMedeHa (coBceM He OYEBHIHASI B TO BPEMs, JOCTATOY-
HO CPaBHUTH ¢ TeM ke yuebnukom Pomxepca [70]) cxema m3iokeHns Teopun aJropuTMOB.
Tpaaurmonso (B ToM vmcsie U B KHUTe camoro Ycmenckoro [18]) mssoxkenue Teopun aro-
PUTMOB HAYMHAJIOCH C TIOJPOOHOrO pasbopa KaKoii-TO BBIYUCIUTEIBHON Mojesn (CHAYaa B
9TOM KadeCTBe OBLIN HOIY/IAPHBI PEKYPCUBHBIE (DYHKIMHU, IIOTOM MarmuHbl Thiopunra; Map-
KOB HCIIOJIH30BAJI JJIs 9TOI0 HOPMAJIbHBIE AIrOPHQMBI), K 9TO 3aHUMAJIO JIOCTATOIHO MHOT'O
MecTa W BpeMeHH. JIUIb 1ocsie 9Toro ocraBImecs caymarean (IUTaTesn) 3HAKOMIIUCE C
npocreitiuvu dbaktamu Bpojie TeopeMbl [locTa (mepedncimmoe MHOKECTBO € HEPETUCIIU-
MBIM JIOTIOJTHEHIEM Pa3perinmo), u T.11. KoHedHO, MOXKHO GbLIO MPOIYCTHTH HEPBYIO YacTh,
C MOCTPOEHUEM KOHKPETHON BBIYMCIUTEIHHON MOJEJN, U HAYHHATEL IIPSMO CO BTODOIi, pac-
cy K/iasl Kak B aHEK/I0Te 0 OeCIIpOBOIOYHOM Tesierpade («IpejcTaBbre cebe TIMHHYIO KOIIKY,
KOTOPYIO B OJJHOM IOpOJie JEPraioT 3a XBOCT, a B JIDYI'OM OHA MsyKaeT—3TO IPOBOJIOYHbIH
Tesierpad, —a Terepb TO XKe camMoe, HO 0€3 KOIIKW» ), TOTJa PACCYKICHNsT CTAHOBHUJINCH PO~
CTBIMU W HALJISTHBIME, HO OECIIOIBEHHBIMU.

Boixou, npeiozkennbiiit Yenenckum B [22] (a 10 9T0ro MCIosb30BaHHBIN B €r0 JIEKIHsIX
1972/3 rona, Ho, BEPOSTHO, U B IPEJILILYIIAE TOJIBI), COCTOS B CIEYIOMIEM: MBI PACCY K IAeM
0 KJIaCCe BBIYUCINMBIX (DYHKIM, IIPUHSB HA BePY (B KadeCTBE «AKCHOM» ) HEKOTODBIE CBOTi-
CTBa 9TOTO KJIACCa, OTYETIINBO CHOPMYIUPOBAHHBIE, HO OCTaBJICHHBIC 0€3 JOKA3ATEILCTBA.
[ToMuMO BBIYHCIUMOCTH KOHKPETHBIX (DYHKIHIT (& TaKyKe COXPaHEHUs BBIYUCIUMOCTU TIPH
KOHKDETHBIX MOCTPOEHUAX ONHUX (DYHKIUI U3 JAPYrux), YCHEHCKHUH BBIIESET JBa TaKuX
CBOMCTBA, HA3BIBAsI UX «AKCHOMOIl IIPOTOKOJIa» U «aKCHOMOI IIPOrPaAMMBI».

Axcuoma npomoroaa yTBEPXKIAET, ITO JIJIS BCIKOIO aJropuTMa A CyIecTByeT pasperii-
MOe MHOYKeCTBO R, 9JIeMEHThI KOTOPOI'O HA3BIBAIOTCS «IIPOTOKOJIAMI», M J[BE BBIYUCIHMBIE
dbyukm o n w. HedopmanbHo ToBOps, 31eMeHTHl R SIBISIIOTCA TPOTOKOIAMU (IIpOrpaM-
MECTBI CKa3aJIi Obl: «JIOTaMU» ) BBIUUCJEHHUs aaropuT™Ma A, To ecTb 3ammcsMu BeeX IoCye-
JIOBATEJILHBIX IIArOB €ro PaboThl Ha HEKOTOPOM BXOJIe, B T€X CJIydadx, Korja 3Ta pabora
3aBepIIaeTcsa U JaéT Kakoi-To pesysnbrar. OYHKIW ¢ BBIIEISET U3 IPOTOKOJIA HCXOHOE
naHHOe (BXOM), & w—pe3yabrar paborsl (Bbixomn). PopMaibHO Ke TPeOyeTcs: BBIIOJTHEHIE
TAKOIO CBOMCTBA: BBIXOJ aJropuT™a A Ha BXOJe T PaBeH Y TOrJa U TOJBKO TOTJa, KOrja
cymecTByer r € R, s kotoporo «(r) =z u w(r) = y.

Axcuoma npozpammve yTBEPIKIAET, ITO €CTh HEKOTOPOE Pa3peInMoe MHOKECTBO P 31e-
MEHTBI KOTOPOI'O HA3bIBAIOTCS «IIPOrpaMMaMUy, 1 ajroput™ U IpuMeHeHus TPOU3BOILHOIL
porpaMMbl p € P K IIPOM3BOJILHOMY BXOy & (TakuM 00pa3oM, BXOJ0M ajropurma U siBiis-
erca napa (p, x)). [lpu sToM Jsr0bast Beraucmmas GyHKIusA f 3a1a8Tcst HEKOTOPOIi IPOrpaM-
Moit p B ToM cMmblcite, ato U(p, ) = f(z) ana Becex x. Ilocseniiee paBencTso HOHIMAECTCs
Tak: 00€ ero 9acTH OJHOBPEMEHHO OIIPE/IEICHBl HIIN OTHOBPEMEHHO HE OIIPE/IE/ICHBI, I DABHDI
B TOM CJIydae, KOIJIa OIIPEJIEJICHBL.

[IpuHSB 9TH aKCHOMBI, MOXKHO Pa3BHBATH TEOPUIO AJTOPUTMOB, HE BJABasiCh B TEXHU-
YecKHue JIeTaJll MOJIEJIN BbIUUC/AeHHA. Bmecre ¢ TeM 0CTaéress COBEPIIEHHO MOHSATHO, Yero
HEJIOCTAET B 9TUX PACCYZKJCHUSIX: MbI JOJZKHBI yKa3aTh KOHKPETHYIO MOJIEJb BBIYUCIICHNUS,
Hay4IUThCs B HEfl IPOrpaMMHUpPOBATH T€ KOHCTPYKIIMH, KOTOPBIE HCIOJIBL30BAHbl B JIOKA3a-
TeJbCTBAX (M KOTOPbIE HE TaK YK U IIPOCTBI, JIOCTATOYHO BCIIOMHUTH, CKAZKeM, METOJL IIPH-
opuTeTa), a TaKyKe IIPOBEPHUTDH BBIOJIHEHIE AKCHOM IIPOTOKOJIA U IIPOTPAMMBI JJIst 9TOH MO-
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Jiesi BeraucseHuit. Koneuno, n mocJie 3Toro HeKOTOPbIN IICUXOJIOTHIECKIil bapbep ocTaérces
(MHOTHM JIIOJISIM, KOTOPBIE JIEPKO OPUEHTHPYIOTCS B JIOCTATOYHO CJIOKHBIX MATEMATUICCKUX
KOHCTDYKIIMSIX, TEOPUS BBIYUCTUMOCTH BCE 7Ke KazKeTCsl YeM-TO CTPAHHBIM ), HO 110 KpaiHeil
Mepe OH CTaHOBUTCs 0OJiee SIBHBIM M OTYET/IMBO BUIHBIM,

Jlns mokazaresibcTBa TeopeMbl [ €1e1st HyKHa U TPEThsI aKCHOMA, He CJIeIYIONAsd U3 ITUX
JIByX—9TO BCIKYIO BBIYHCIUMYIO (DYHKIIHIO MOYKHO BBIPA3UTh apudMeTndecKkoit (hopmy.ioit
(1 TYT CHOBa MPUXOAUTCs 00PAIIATHCA K KOHKPETHOM MOJIEIN BBIYUC/ICHUIT ).

3aMeTnM, 9TO IIPHU TAKOM «MAITHHHO-HE3aBUCUMOM» U3JIOXKEHUN TEOPUN BBIUUCIUMOCTH
MBI HE MeeM ITpaBa BHOBb BO3BPAIATHCS K BBITUCIATETHLHON MOJIEN, PACCY XK Tasl, CKayKeM,
0 TTpeoOPA30BAHMUAX TIPOTPAMM UJIU O BBIUUCIEHUAX C OPAKYJIOM, & JIOJI2KHBI JIaBATh BCe HEOO-
XOJIUMBIE OIPEJICJIEHNSA, CChLIAsACh TOJbKO Ha IMOHSITHE BHIYUCJAUMON (yHKIMU. Kak MbI yKe
TOBOPWJIN, TAKOE OIPEJIEJICHHE JIJIsi OTHOCHTEIBHON BBIYUCIUMOCTH OBLIO (BIIEPBBIE) JTAHO
VcneHckuM B JIUIIOMHONM paboTe, 3aTeM 3TO ObLIO CAeJaHO JIJIsi CBOIUMOCTHU II0 IIEPEYNC-
JIIMOCTH, & TaKyKe JJIsl «CIocobOB MporpaMMupoBaHusi» (hopMaansaimeii KOTOPbIX CTAI0
BBEJIEHHOE YCIIEHCKUM IOHATHE DIaBHOW HyMeparmn). O6 9THX JBYX MOCJIEIHUX JOCTUZKE-
HUAX YCIIEHCKOIO MbI TOBOPUM B CJIEJIYIOIIEM pasjielie.

Emé MoKHO OTMETUTH, 9TO 3Ta aKCUOMATU3AIMS TCOPUN AJITOPUTMOB ITO3BOJISIET CTPOTO
000CHOBATH M3BECTHOE HAOJIIOACHHE O TOM, YTO OOJIBIIHHCTBO PE3YJIbTATOB TEOPUU AJIrO-
PUTMOB «PEJISITUBU3YIOTCS», TO €CTh COXPAHSIIOT CHUJIY, €CJIM BBIYUC/IUMBIE (DYHKITUH 3aMe-
HUTH (DYHKIUSIMU, BBIYUCIUMBIMUA C HEKOTOPBIM (DUKCHPOBAHHBIM OPaKyJIoM (B KadecTBe
KOTOPOT'O MOYKHO B3sTh MHOYKECTBO WJIM BCIOJLy olpejiesiénnyio dyHkimo). B camom sere,
JIOCTATOYHO MPOBEPUTH, YTO JJIsi ITOIO PEIATUBU30BAHHOIO KJiacca (QyHKIMN, BBIYHCIH-
MBIX C JIAHHBIM OPaKyJIOM) BBIIOJIHEHBI BCE aKCHOMBI TEOPHH aJI'OPUTMOB (KPOME CBONCTBA
apudMeTHIHOCTH, €CTECTBEHHO), ¥ IOTOMY BBITIOJIHEHBI 1 BCE TEOPEMbI, BHIBOJIMMBIE U3 9THX
AKCHOM. YCIIEHCKUIi IIOCTABUJI BOIIPOC, IOJHOCTHIO JIH OObSICHSIET 9TO HAOJIIOIEHNE BO3MOXK-
HOCTH PEJISITUBU3AIINN, TO €CTh BEPHO JIU, UTO BCSIKOE YTBEPIKICHUE, BBITOJTHEHHOE JJIST BCEX
KJIACCOB BBIYHUC/IMMBIX C HEKOTOPBIM OpaKy/JIoM (DYHKIUM, SIBJIAETCs CJIEICTBUEM yKa3aHHBIX
uMm akcnoM. OKa3ajioch, 9TO KOIyIa 9TOT BOIPOC MOCTABJIEH, MOJYUYUTH HA HEro (I0JIOXKHU-
TEJIBHDIN) OoTBeT y2Ke Hecstoxkuo [104].

Boeruucianmebie oTrodbparkeHnss MHOXKECTB U
CBOAMMOCTD IO IEePEeYnCIMMOCTU

Ilonarue csogumoctu, BBeacHHOoe Thlopunrom u Iloctom m paccMoTpeHHOE B JIMIIJIOMHOM
paboTe YCIEHCKOro (CM. BBIIIE), MOXKHO Ha3BaTh «CBOJAMMOCTBIO 110 PA3PEIIIMOCTH»: CBO-
JIIMOCTb MHOKecTBa A K MHOXKecTBY B rapantupyer, 4to eciau B paspemnmmmo, 1o u A
pazpemnMo. MOXKHO CKa3aTb, 9TO B 9TOM OIIPEJIEIEHUN MBI «CBOJUM 33J1a9y Pa3penieHus
MHO)KecTBa A K 3ajade pasperenns MHo)KecTBa B». B pabore [9] Yenenckuit npemiaraer
omIpeJiesIeHne c800UMOCTU 1O NEPEYUCAUMOCTNU, B KOTOPOM Pedb UJIET O CBEJECHUH 3a/adn
Hlepedncjienns MHOXKecTBa A K 3aJlade IePednc/IeHusl JIpyroro MuHoxecrsa B. Dr1o ompe-

8Ceituac CUTyaIMs C METOUIECKON TOUKY 3PEHUS N3MEHNIACh, IIPEK/IE BCErO IIOTOMY, ITO GOJIBIIHHCTBO
MIPUCTYMAIONNX K M3y I€HUIO0 TEOPUU BBIYUCIUMBIX (DYHKIIAN y2Ke MMEIOT IMPOrPAMMUCTCKUH OmbIT. Bo3moxK-
HO, COBDEMEHHAasI Pean3alius NeJarorTnIecKuX uaell YCIIEHCKOr0 COCTOsiIa Obl B TOM, 9TO MbI IIPE/JIATAEM
CJIyTIATEJsIM MPEICTABUTH cebe 3HAKOMBIN UM SA3bIK [IPOrPAMMUPOBAHUS, K KOTOPOMY JI00aBJIeHBI OHMOJIMO-
TeuHble GYHKIINN HHTEPIPETATOPA STOTO 2Ke sI3bIKa (apryMeHTaMi KOTOPOTO SIBJISIFOTCST CTPOKA, IOHIMAaeMast
KaK OPOrPaMMa, U BXOJ[; 9TO COOTBETCTBYET AKCHOME IIPOTPAMMBI), & TaK¥Ke MOIIAroBOro OTIAIInKa (KOTo-
PBIit KOMOMHUDYET aKCHOMY IIPOTIPAMMBI ¢ AKCHOMOU MPOTOKOJIA; HA BXOJ, €My IOJAI0TCS TEKCT IPOTPAMMEI,
BXOJ[ M 9HCJIO IIaroB paboThl OTIaXKUBaeMoii nporpaMmbr). Eciau k aromy no6aButh emé u dyunkimo (6e3
ApPryMEHTOB), BBIIAIONLYIO TEKCT TEKyIIel UCIIOJHAEMOl IIPOrPAMMBI, TO OBJIErYUT U JOKA3ATEIHLCTBO TEO-
PEMBI O HEIOBUKHOM TOUYKe, CJejiaB €€ CAMOOYEBUIHOM.
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JIeJIEHNE HCIOJIb3yeT BBEJIEHHON B 3TOM 2Ke paboTe HOHATHE 6b4UCAUMOT ONepayul, HaJl
MHOZKECTBAMH.

B mpocreiimem ciaydae (opHOMECTHAsI Omepaliysi, apryMeHTaMi U 3HAYCHUSIMU KOTOPOii
SIBJISIFOTCST TIOJIMHOZKECTBA HATYPAJBHOTO PsiJIa) BHIYUCIUMBIE OIIEPAITN OLPEIETSIOTCS TaK.
Beenénm na muoxkectse P(N) Beex MOJAMHOKECTB HATYPATBLHOTO Psijia TOMOJIOrUI0. [I7is Kazk-
noro koneunoro muoxkectBa X C N pacemorpum cemeiicrso O(X) Bcex €ro HaJIMHOMKECTB,
u Oyznem canrarh oTKpeITeiMU B P(N) Bee Takue cemeiicTBa u Bce ux o0bequnenus. Temepn
PacCMOTPHUM BCe HElPEpPbIBHbIE B CMBICIe 9T0ii Torosorun orobpaxkenus F': P(N) — P(N).
Jlerko mpoBepuTh, UTO Bee Takue oTobpazkenus Monoronisl (ecm U C V1o F(U) C F(V)),
n 3nadenue F na jobom muHOXkKecTBe U omnpejiesnigercd 3HadYeHUsAME [ HA KOHEYHBIX ITOJI-
muoxkectsax U (mamo obwvemunnts F(X) jqaa Beex komeunsix X C U). Buadenus F Ha
KOHEYHBIX MHOXKECTBaX MOXKHO ormcaTb MHOXkecTBoM map {(n,X) | n € F(X)} (3mech
n—HaTypaJbHOEe YUCI0, 8 X —KOHEYHOe MHOXKECTBO HATYPaJbHBIX unces). HempepbiBHoe
orobpazkenne F': P(N) — P(N) VcreHckuit Ha3bIBaeT 6u4UCAUMOU onepayuetl, eCiim cooT-
BETCTBYIOIEe €My MHOKECTBO I1ap MePedrcauMO (3aMeTHM, YTO ITH Hapbl sIBISAIOTCA KO-
HEYHBIMU OObEKTAMH, TAK UTO MOXKHO T'OBOPUTH O MEPEUUCTIMOCTH MX MHOX)KecTBa). [Tocse
9TOI'0 OIIPEJIEIAETCS CBOJUMOCTD 10 II€PEYHCIMMOCTH: MHOKECTBO A ceodumcs no nepevuc-
AUMOCTIU, K MHOXKECTBY DB, eciii cyliecTByeT BbIYMC/IMMAast onepalud F', nepesojsias B
K A. OTmeqaercs, 9T0 CBOAUMOCTD 110 THIOPHHTY MOXKHO ONPEIENTh B TEPMUHAX CBOJIU-
MOCTH MO TIE€PEIUCIUMOCTH: BCIOJY OIpe/ieséntas MyHKIA ¢ BBIUUCINMa 0 THIOPUHTY C
OPaKYJIOM /I BCIOJLY OLPeJIe/IEHHON (DYHKIMU 1) TOIVIa U TOJILKO TOIJa, Korja rpaduk ¢
CBOJIUTCS 1O IlepedncynMocT K rpaduxy . Orciona ke 10JydaeTcss U KpUTEPUil CBOJIU-
MOCTH MHOXKECTB (IIEPEXOIOM K HMX XapaKTEePUCTUIECKUM (DYHKIHAM). YKa3bIBACTCs, ITO
B 9THX XK€ TEPMUHAX MOKHO MOJIYIUTH OIPEIEINTh U HOHATHE TaCTHIHO PEKYPCHBHOTO
oneparopa B cMblcste Komun ([65], cm. obcyzxaenme mmzxke).

Hakomer, B 9T0i1 ke paboTe yKa3blBACTCs SKBUBAJICHTHOCTD IIPEJJIOKEHHOTO OIpeee-
HES BBIYUC/IMMOIL OLIEPAlUy C JIBYMsI «MAalllMHHO-3aBUCHUMBbIMU» olnpejestenusamu. Coorser-
CTBYIOIIUE IIOHATHA YCIEHCKHH Ha3bIBaeT «olepanusmu Kosimoroposa» u «onepanusMn
[Tocra» (xorst B stBHOM BuJe OHHU B myOsmKarusix Kosmoroposa u Ilocra He BeTpevarorest).

B apyroit pabore 1955 roga ([10], cMm. Tak:ke nsioxeHHe pe3yJabTaTOB 3TOH pabOThI ¢
HekoTopbiMu jtobasiaennsmu B [12]) BBomuTcsa (co ceplikoit Ha Jokiaz Kosmmoroposa na
ceMmHape 10 peKypcuBHOil apudmernke B 1954 rojy) MOHATHE HYMEPAIUN, OIPE/IeIeTCs
HOHATHE [VIABHON HyMePAIUU CUCTEMBI II€PEYHCIMMbIX MHOXKECTB U yCTAHAB/INBAETCH CBA3b
BBIYHICIUMBIX OTI€PAINii Ha EPEINCINMBIX MHOXKECTBaX B cMblcie [9] ¢ aaropurMuaeckuMu
IpeoOpa3oBaHUsIMU HOMEDOB.

Boutee noipobno. IlycTh MBI XOTUM TOBOPUTH 00 aJrOPUTMHYCCKUX ITPECOOPA3OBAHUAX
npo2pamM BHIMUCTUMBIX (DYHKIMN (MM HePeIHCINMBIX MHOXKeCTB). Torma nam Majio 3HaTh,
Kakue QYHKIMI BEIMUCIAMBI (KAKAe MHOYKECTBA IIEPEINCIUMBI ), HO Hy?KHO €IIIE 1 OTOBOPHUTh
KJIACC «CII0COOOB IPOIPAMMUPOBAHUS», NCIIOJIB3YEMBbIX JIs 3anucu ux mnporpamm. [Iporpam-
MBI ABJIIOTCA OOBIMHO CJIOBAME B HEKOTOPOM asihaBHUTEe, HO UX MOXKHO OTOXKJCCTBUTH C Ha-
TYpaJIbHBIMU YucIaMu (IIPU KaKO#-TO ecTecTBeHHON HyMmeparnuu cjioB). Torma crocob mpo-
I'PAMMUPOBAHHS BBIYUCIUMBIX (DYHKIUH IIPEBPAIIAETCS B YHUBEPCAIbHYIO (DYHKINIO JIBYX
aprymentos: U(n, x) ecTb pe3ysibTaT IPUMEHEHHsI IPOrPAMMBbI ¢ HOMEPOM 71 B BXOJLY &, KOTO-
PBIit MBI TOZKE CIMTAEM HATYpaIbHbIM 4icIoM. CHocoO IPOrpaMMHUPOBAHUS [IE€PETUCIUMBIX
MHOKECTB TOIJIa CTAHOBUTCSI YHUBEPCAJIBHBIM MHOYKECTBOM Hap (1, ), JJis KOTOPBIX T MPH-
HAJJIEXKAT [EPEIUCIUMOMY MHOXKECTBY, IIPOrpaMMa KOTOporo mmeeT nomep n. Ha mpyrom
(HO SKBUBAJEHTHOM) A3BIKE MOXKHO CKa3aTh, ITO CIIOCOO TPOrPAMMUPOBAHNST BBIMHCINMBIX
dbyHKIWit (epeancInMBIX MHOXKECTB) IPEJICTABIIET COO0H HAMYPAALHYI0 HYMEPAUUIO MHO-
JKECTBA BBITUCIUMBI (DYHKIHIA ([IEPEIHCINMBIX MHOKECTB), TO €CTh 0TOOpazKeHne BCEro Ha-
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TYPAJIbHOTO Psijla Ha MHOYKECTBO BBIYUCJIUMBIX (DYHKIUi (COOTBETCTBEHHO MEPEIUCIMMBIX
MHOKECTB): YUCJIY T CTABUTCS B COOTBETCTBUE BBIUUC/IUMAs (DYHKIUS (II€PETUCTUMOE MHO-
JKeCTBO), MPOrpaMMa KOTOPOIO MMEeT HOMED .

Ecii He HaKIQBIBATH HA CIIOCOOBI IPOrpaMMUPOBaHUst (HyMepalni) HUKaKIX OrpaHne-
HUIi, TO OKA3bIBAETCS, UTO HE BCE OHU OJIMHAKOBO XOPOIIH. PazyMHasi TeOpusi, OIUCHIBAIOIIAS
AJITOPUTMUYIECKHE TTpeoOpa30BaHus IIPOrpPaMM, TpedyeT HEKOTOPBIX JIOIOJTHUTE/IBHBIX OI'pa-
uraennii. [lo cymecrBy onn Berpedasucs B Kiaccuieckux paborax Kimuu (s-m-n-teopema),
HO sIBHO BIiepBble Obun copmyauposanbl B [10]. A mmenno, Tpebyercsi, 9T0ObI HyMepa-
st Oblta 24a6H0%0. OnpeiesieHne IIABHON HyMepAaIil BKJIIOYAeT B cebsi jiBa TpeOOBAHUSI.
Bo-1niepBbix, HyMepalus J0JKHa OBITh BBIYUCIUMOI: 9TO 3HAYUT, UTO COOTBETCTBYIOIIAs
yHUBepCcaIbHas QYHKIHs SIBJISIETCS BBIYUCUMON (dacTudHoi) QyHKIMEd IByX apryMEeHTOB
(BapuaHT JIjIsi MHOXKECTB: COOTBETCTBYIOIEE YHUBEPCATHLHOE MHOXKECTBO Tap JOJZKHO OBITH
[EePETUCIIMMBIM MHOXKECTBOM T1ap). Bo-BTOPBIX, K 9TOI HyMepaIun JoKHA c600UMbCA O
Oast apyras BeITHCIUMAasi HyMepalusl] 9To TpeboBaHMe 03HAYAET, ITO I JIFOOOH JPyTroit
BBIUICIUMOl HyMepalnuy TOTro »Ke MHOYKECTBa CyIIeCTBYeT (BCIOLY ONpeJe/IeHHAsI) BbIUUC-
JmMas (pyHKIHSA, Ipeobpasyrolias HOMepa B 9TOI BTOPOH HyMepallud B HOMEpa B IepBOit
(ry1aBHOIA).

Hcnonb3ys noHdaTre IIaBHON HyMepaluu Jijis HePEeYUCTUMbBIX MHOXKECTB, MOYKHO pPac-
CMOTPETDb BBIYUCIUMbIE OTOOPAYKEHHS CEMENCTBa MePEIUCTUMbBIX MHOXKECTB B cebs. Buiuuc-
AUMOCTMb 03HAYAET, UTO €CTh aJITOPUTM, KOTOPBIiA 110 (11060i) mporpaMMe [MepedrcamMoro
MHOXKECTBa JIA6T (KaKylo-TO) ImporpamMmy ero obpasa. pyrumu cioBamMu, Mbl paccMaTpu-
BaeM BCIOJLy OIpeIeIEHHbIE TPpeodpa30BaHMs IIPOTPAMM, KOTOPBIX COXPAHAIOT SKBUBAJIEHT-
HOCTH (9KBHUBAJICHTHBIE IIPOIPAMMBI, TO €CTh IPOIPAMMBI, 33JIAI0IINE OJHO M TO YK€ MHOYKE-
CTBO, PeoOPa3yoTcs B SKBUBAJEHTHBIE TIPOrpaMMbl). Ycrenckuii qokassisaer |10, pasmen
6], 9To BbIYUCMMBIE OTOOPAYKEHHsT CeMeHCTBA MEePEINCTUMBIX MHOXKECTB B ce0s1 B TOUHOCTH
[PEJICTABJISIOT OO0 OrpaHIYEHUsT BBIYUCIUMbIX Ollepaliii (Ha ceMeficTBe BCeX MHOKECTB)
Ha KJIACC MEPEYUCTMMBIX MHOXKECTB. AHAJOTHYIHOE YTBEPXKJIEHUE JeJIaeTCsd U JJIs T0JIce-
MeiicTBa yHUGOPMHBIX MHOXKECTB 1ap (rpadukoB (bYHKIIHIT): BBIYUCIUMbIE OTOOPAYKEHIMsI
ceMefcTBa BBIYUCUMBIX (DYHKIHI B cebsi TIPEJICTABIIAIOT COO0M OrpaHUYIeHUsT BHIYUCIMMbIX
oTepalnii, 0TOOPAXKAIONIUX CEMEHCTBO YHIUMOPMHBIX MHOXKECTB B ceDsl.

OrmurieM CBsI3W 3TUX pabOT YCIEeHCKOro ¢ paboTaMu JPYyTUX aBTOPOB TOTO YK€ IePHO-
ﬂa Paiic [88| paccmorpen snoane nepeuucaumvie KAaCCh, TEPEIUCTUMBIX MHOXKECTB, TO
€CTh TaKHe KJIACCHI MEePEUYUCTUMBIX MHOYKECTB, JIJIsd KOTOPBIX MHOYKECTBO 6CEX IPOrpaMM
BCEX MHOKECTB 9TOI'0 KJIAaCCa IMEePECIUCTUMO, U C(DOPMYJIUPOBAJI THIIOTE3Y O TOM, YTO BCAKMUIA
TaKON KJIACC COCTOUT M3 BCEX HAJIMHOYKECTB MHOYKECTB M3 HEKOTOPOI'O IEPEYUCTUMOIO Ce-
MeiicTBa KOHEYHBIX MHOXKeCTB. DTa runoresa npusoaurcs B [10] kak Teopema b u siBJiseTcst
KJIIOUEBBIM IIArOM B JIOKA3aTEIbCTBE YIIOMSIHYTHIX PE3YJIbTaTOB O BBIMUC/IUMBIX OTOOPaKe-
nusix. OHa Takxke JoKazaHa B crarhbe camoro Paiica 1956 roma [92], rae rosopurcs, 4to

90mpenenenne cBoMMOCTH HyMepalmit Taxske omybmkosano B [10] co ceptkoit na moxiaa Komvoroposa
(BuaMMO, BIIEDBBIE).

0K coxanenmio (cM. HEYKe OTPBIBOK M3 BOCIIOMHHAHMI YCIIEHCKOTO), BCE TPH TyOJHKAIINH YCIEHCKO-
ro [9, [10, 12] upencrasmusitor coboit kparkue 3ameTku B Jokinagzax Axagemun vHayk CCCP (nepsbie qBe) u
pestoMe JIOKJIaa B MOCKOBCKOM MATEMATHYECKOM OBIEeCTBe (TPeThsl), Iie MPUBOIATCS TOJIBKO (hOPMYJIn-
POBKHU TEOPEM U JIEMM, HCIIOJIb3yEMbIX B UX J0Ka3arTeabcTBax. CaMu TOKa3aTebCTBA ObLIN OIyOIMKOBAHBI
B KaHIMIATCKON muccepranuu Ycnerckoro [I1], koropas xorsa dopmanbHo u ObLia J0CTyNIHA (€€ MOXKHO
ObLIO 3aKa3aTh U MOJYYUTh B Heckoybkux 6ubsmorekax B CCCP), HO Bpsi Ju OB HA JajbHeiinee
passutue obiactu. da u crareu ¢ kparkuM nsaoxenuem [9) 10 [12], sumumo, ocTamics HEM3BECTHBIMA BHE
CCCP. Tosxe kuura Yenerckoro [I8] (yue6HUK 1o Teopuu BEIYUCAUMBIX (yHKIHUH, KOTOPBIH CTAJ JOKTOD-
cKofi muccepraimeii YcermeHCKoro) Oblia nepesejieHa Ha (DPaHIy3CKuil sI3bIK—K COYKAJIEHWIO, B HEE BOIILIO
JINIIb OTIPEieJIEHrE TJIABHOM HyMepPAaIlnu, HO He Pe3yJIbTaThl O BEIYUCIUMBIX OIEPAIuIX U OTOOPaKeHUIX.
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He3aBUCUMO TOT Ke pesyibrar mnoayumim MakHoron, Maiixuin u [Tlanupo (cepuiku Ha nx
paboThl He IPUBOJIATCSI, KPOME CChLIKK Ha KpaTkyio 3amerky Maiixuuia [90]). Kpome Toro,
yke B niepBoii crarbe Paiica [88] mokazano, uro HEUKaKoe HETPUBHAJBHOE CBOHCTBO MEpednc-
JIIMBIX MHOYKECTB HEJIb3sl aJIFOPUTMHIIECKN PACIIO3HATD 10 €ro HoMepaM (0600IeHre 3Toro
pesyibrara chopMynmupoBaHo Kak ciejnctsre TeopeMbr 5 B [10]). D10 yTBepXKIeHue 10ITO-
My B aHIVIOA3BIYHOI JIMTEPATYPE Ha3bIBAIOT OOBIMHO «TeopeMmoil Paiicar, a yTBepxKieHnue o
CTPOEHWHU BIIOJIHE TIEPEUUCTUMBIX KJIACCOB IEPEUNCTUMbBIX MHOXKECTB (M AHAJOTWYHBIH pe-
3yJIBTAT O BIIOJIHE MEPEUNCTUMBIX KJIACCAX BBIYUCIUMBIX (DYHKIIHNIA) HA3BIBAIOT «T€OPEMOil
Paiica—ITlarmpo» (cm., mampumep, [1006, rrasa 7, §2]). Pesyabrar o CB3M BBIYHMCIUMBIX
0TODOpasKeHUl K/IacCa BBIYUCTUMBIX (DYHKIUI B ceOs M BBIYUCIUMBIX OIlepaIiii Ha Kjacce
dbyukumit (o vHazBanuem “partial recursive functionals”) 6b11 q0Ka3aH Takke Maiixuiom
u [Menepaconom [91] B Tom ke 1955 romy, Korja GbumM OMYGIMKOBAHBI CTATHU YCIEHCKO-
ro [9, 10] u moromy B aHIIOSI3BIMHON JUTEpaType HasbiBaeTcs «Teopemoit Maiixumia—I1le-
nep/conas (cm., nanpumep, [106, roasa 10, §2|. (Ero gacrtHbIM citydaem siBjisieTcst Teopema
Paiica—IITampo, mosromy ona unorjia Toxke HasbiBaercs Teopemoit Madixusra—lernepico-
ua, cM., Harnpumep, [108, Theorem I1.4.2 wiu Proposition I1.5.19].)

TpynaHo ckazarh, KakK ObLIO IEPEOTKPLITO MOHATUE CBOJUMOCTHU 110 HMEPEUYUCIUMOCTU; B
kuure Poszkepca 1967 roga [70] coorsercryiomiee onpesenenne (“enumeration reducibility”)
NPUBOJINTCA 0€3 KaKUX Obl TO HU OBLIO CCBLIOK Ha, YCIIEHCKOTO MJIM KOro-jmubo emgé. B cra-
the [103] (“Enumeration reducibility and partial degrees”, 1971 rosa) maHbl CCHITIKA HA KHUTY
Pokepca u crarbio Maiixuia [97], no B crarbe Maidixuia (kak u B kaure Issuca [93], na
KOTOPYIO OH CCBLJIAETCs) CBOAUMOCTD IO TIEPEUUCUMOCTH He OIPEJIE/ISIeTCs], & PACCMATPUBA-
I0TCs Pa3/IMIHbIe BAPUAHTHI OTHOCUTEILHOM BBIMUCIUMOCTH i pyHKIuil. B coBpementom
o63ope [111] paborbr Ycrenckoro BoobIe He YIOMHHAIOTC, a JAETCs CChLIKA Ha PaboTy
®puabepra u Pomzkepca 1959 roma [95], koropast B B0 0vepe/ib CCHLIAETCSA HA 3alUCKH
neknuit Pomzkepca B MIT 195556 rojioB, onyb/nkoBasHbIe (pa3sMHOKeHHBE) B 1957 roy, u3
KOTOPBIX 110ToM Bbiuia Kaura [70]. Bugumo, Pozkepe 4yTh 11032k YCIIEHCKOrO HE3ABUCUMO
HPUIIET K TOMY K€ MOHATHIO (M C TeM Ke Ha3BaHUEM ).

[TonsiTie raBHOI HyMmepanuu Takzxe ObLIO mepeoTkpbiTo Pomkepcom (cm. [94]). Pou-
’)Kepc HasbiBaeT 310 nougarue ‘Godel numbering”. Crnavasia on JaéT «MAITHHHO-3aBUCAMOE»
omnpenenerne: “A Goédel numbering is a numbering equivalent to the standard numbering”
(c. 333), HO MOTOM TPUBOJUT ¥ MAITHHHO- HE3ABUCUMYIO XapaKTepHU3aIuio (Kak MaKCHMaJb-
BIil 9JIEMEHT OTHOCHUTEJIbHO CBOJUMOCTH, KAK Yy YCIIEHCKOrO—XOTsl U 6€3 CChIIKU Ha Hero).
B coBpemenHoii uTeparype uHOTIA yHoTpedbsgeTcd Takzke TepMuH “‘admissible numbering”,
cM., mampumep, Hemapuioro kuury Coapa [112], a takwxke “acceptable numbering” [108]
Definition 11.5.2]; B 06oux ciydasx IPUBOJUTCS «MAIINHHO-3aBHCHMOE» OIIPEJIeJICHHE.

CpaBuuBasi pabOTBl YCIIEHCKOI'O C JAPYIUMU IyOJUKAIUAMUA HA OJIM3KHUE TEeMbI, HYZKHO
UMEThb B BHJLY, 9TO C OIPEJEJICHUsIMI CBOJUMOCTU (OTHOCHTEIHHON BBIYHCIUMOCTH) JIJIsi
YACTUIHBIX (DYHKIUI MMeeTCs Iy TaHUIA, KAK TEPMUHOJIOITYECKasd, TaK U 110 cyIiecTBy. EcThb
TP PAa3HBIX MMOHSTHST BBIAUCIUMOCTH OJIHON YAaCTHIHON (DYHKIIMA OTHOCHTETHHO JIPYTOA.
[Iycrs f u g—jape wacTudnble GyHKINM (C HATYPAJIbHBIMU apryMEHTAMU U 3HAYCHUSIMN).
Cogumocth f K g (BBIYUCIUMOCTD f OTHOCHUTE/IBHO §) MOXKHO TOHUMATH B TPEX CMBICJIAX
(KaXKJIBIi CJICIYIOIIUI CUJIbHEE TIPEIBIIYIIETO).

1. I'paduk f cBOAMTCS IO TIEPEIUCTUMOCTH K rpaduky g.

2. Pacemorpum, ciienys Ycienckomy, cemeiictBo U Bcex dacTudHbIX GyHKIui n3 N B
N ¢ Tomosiorueit, B KOTopoit 6a30BBIMU OTKPBITBIMU MHOXKECTBAMU SIBJISIIOTCS CeMeii-
CTBa BCEX IMPOJIOJIKEHII HeKOTOPoi Koneunoit pbynknuu. HerpepwiBnoe orobpazkenue
F: 4 — 0 Mbr OyjeM Ha3bIBaTh BBIYUCIUMON OIlepallieil, eciu ero orpaHuveHue Ha
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KOHeUHbIe (QYHKIUN UMeeT [ePETNCINMbIi rpaduK, TO €CTh €CJIM MHOZKECTBO BCEX AP
({(x,y),u), Tae * 1 y—HATyPAJIbHBIE THCIIA, & U—KOHedHad JacTuanas Gynknusd u3z N
B N, 1 ipu atom [F(u)](x) = y, nepeuncimmo. Tenepsb BBIUUCIUMOCTD f OTHOCHTEIHHO
g MOXKHO TIOHHMATh KaK CyIECTBOBAHME BBIYUCIMMOI Oleparuu, epeBojsiiei g B f.

3. Moxno pacrpocrpanuTs onpejesenue Tpaxrenbpora (cm. 06CYKIEHHE JUMIIIOMHOMN
paboThl BBIIE) Ha YacTUIHbIE (DYHKIMH U TOBOPUTD, 9TO YacTUYHAas (DYHKIWs [ BbI-
IUCIUMa OTHOCUTETBHO JaCTUIHONW (DYHKIUU ¢, ecau f MPUHAJIEKUT TaCTUIHO Pe-
KYyPCUBHOMY 3aMBIKAHIIO MHOYKECTBA YaCTUYIHO PEKYPCUBHBIX (DYHKIHUI, K KOTOPOMY
nobasyiena Gyukius g. (dro onpejesnenue, nanpumep, npusogurcst B [100].)

Tperbe omnpejiesienne UMeET SKBUBAJIEHTHYIO 11€pedOPMYJINPOBKY B TEPMUHAX MAIIUHDBI
¢ OpaKyJIOM. DTa 1epedOpMyIMPOBKA 110 CYIIECTBY MOBTOPSET OIPE/Ie/ICHNE U3 JIUTLIOMHO
paboThl YCIEHCKOr0, HO JIJIsi YaCTUIHBIX GyHKIui. A nMenHo, 3Havdenue f(r) BbIUUCIIET-
¢ aJITOPUTMOM, KOTODPBII IMOTy9aeT Ha BXOJl & W MOXKET 3allpaIllNBATh 3HAYEHUA (DYHKINN
g B IIPOM3BOJIbHBIX TOYKAaX, HO KaK TOJILKO OJHO U3 3allPOIIEHHBIX 3HAYEHWIl ¢ OKayKeTCs
HEOIIPE/IC/IEHHBIM, BBIYUCICHUE «3aBUCAET» (IpepbiBaeTcs 6e3 pesysbrara) u f(x) ocraérest
HeoIIpeJIeIEHHBIM. BTOpoil BapuaHT ompejiesieHns] MOYKHO TOXKe epedOpMYyINpOBaTh B TeP-
MHUHAX MAIlWH, JIONOJHUTEJBHO Pa3PENInB IapaJllesIbHble 3allPOChl HECKOJIBKNX 3HAYEHUN
GYHKIINN ¢; KaxKIbIil 13 9TUX 3alIPOCOB HE OCTAHABINBAET BBIUNCIIEHIE, KOTOPOE IPOJIOJIZKA-
ercs U nojydaer nadOpMaIUio O 3aIlPOIIEHHbIX 3HAYEHUAX, €CJIU OHU OIIPEJIEJIEHBI, Yepe3
kakoe-To BpeMs. [Ipu srom Tpebyercs, ITOObI PE3y/IbLTAT BBIUYUCIEHUS HE 3aBHUCE OT TOTO,
yepe3 KaKoe BpeMsl IOCTYIIAT 3allpOIIeHHbIe 3HAUEHNUS.

DT TpU OnpeieseHIs PA3INIAIOTCS: KazK/I0e CIIejiyoliee CuibHee mpeptyero (6osee
OrPaHMIUTETHHO). PasHUILy MEXK/y STHMU OIPEJICICHUIMI MOYKHO MOSICHUTH JBYMsI [IPUMe-
pamu. IlepBblit TpuMep, pa3/esdionuii MepBbIil 1 BTOPOIl BAPUAHTHI OIPE/Ie/IEHNs, TaKOB.
[Iycty f—mupousBosibHas BCIOJY ompejie/éHHas PyHKIUs, a ¢ —QGYHKINA, TPUHIMAIONIAST
TOJIKO HYJIEBbIe 3HAUeHUs, U 00JIACTD OIpejie/ieHus (PYHKIUU ¢ COCTOUT U3 BCEX HOMEPOB
nap (n, f(n)) (g Kakoit-To BerancaMOil Hymeparmu nap). Torma f cBoanTCs K g B CMbICTIE
[IEPBOTO OIPe/JIe/IeH sI, HO He 00s3aTeJIbHO CBOJUTCS B CMBICJIE BTOPOTO. (DTO paccyzkieHne
[PUBEJICHO B IIPUMEYaHuu YCIEeHCKOro Ha ¢. 362 pycckoro nepesoja kuuru Poskepca [70]
co ceouikoit na [I. I'. Ckopuesa; npusesénnoe Pojzkepcom paccyzkjienne CyImecTBEHHO CJI0XK-
Hee. )

Bropoit mpumep [108] Proposition 11.3.20, cebuika Ha aucceprammio Sasso 1971 roma| mo-
Ka3bIBaeT PA3HUILY MeXK/Iy BTOPBIM M TPeTbUM ompeneseHusMu. [lycTs g—mponsBoiabHasd
JacTHIHAs! (DYHKIS HATYPAJIbHOIO apryMeHTa, IPUHUMAIOIIAas TOJIHKO HYJIEBble 3HAUEHUS.
[TocTtpoum jpyryio gactuunyio GpyHKIuio f, KOTopas TOXKEe HPUHUMAET TOJBKO HYJIEeBbIE
3HAYEHUs, 1Ipu 5ToM f(n) ompesesieHo (M paBHO HYJIIO) TOIJIA M TOJBKO TOIJIA, KOIJA XO-
T Obl oHO U3 3uadenuit ¢(2n) u g(2n + 1) onpexereno. Torna dbynknus [ BeraucanMa
OTHOCUTEJIBHO ¢ B CMBICJIE BTOPOTO OIIpEJIeIeHNsI, HO He 00I3aTeIbHO BBIUYHMCJINMA B CMBIC-
Je Tperbero. (B TepMumHax MaImH: ecyim paspelieHo MapasilelbHO 3anpammBarh ¢(2n) u
g(2n + 1), oxxuyasi, MOKa OJMH M3 ITUX 3alPOCOB OYIET YJIOBJIETBOPEH, TO BBIYUCIUTH f
JIETKO, HO €CJIM MOXKHO JIUITb 3allpaliuBaTh WX IOCJEI0BATEIBHO, TO HUYErO HE BBINAJIET,
MIOTOMY YTO HEYJIOBJIETBOPEHHBIN MEPBBIil 3aIIpoC MOMENIAeT MepeiiTu Ko Bropomy. Koned-
HO, 9TO JINIIb HedOpMaIbHOE MOsICHEHNE, /IS J0KA3aTeIbCTBA PA3ININs HY?KHO CTPOUTH
COOTBETCTBYIONTHI TpuMep (DYHKINK ¢ JUATOHATBHBIM METOJOM, U 9TO JIETKO CJIeJIaTh. )

[TepBoe ompejiesieHne COOTBETCTBYET TOMY, 4To B Kaure Pozkepca |70, §9.8] nazsano «4a-
CTHYHOPEKYPCUBHBIMU OmieparopaMu» (partial recursive operators). Bropoe coorBercTByer
TOMY, YTO HA3BAHO TaM XK€ «PEKypPCHBHBIME OlleparopaMu» (recursive operators).
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Maiixuin u Mlenepacon [91] rosopsar o “partial recursive functionals”, ccbutasich Ha
Thesis I* na c. 332 kuuru Kiunu [65], 1o 10T Tesuc (navano crpanuipt 332) He UCHOIL3YeT
tepmuH “partial recursive functional” u Boob1ie SToT TepMmuH Ha ¢. 332 He Berpedaercs. [Ipes-
METHBI yKazaresb 91oii Kiurn [65] orcsuraet k c. 326 1o ciosy “partial recursive functional”,
HO ¥ 9Ta CTPAHUIA HE COJEPKUT COOTBETCTBYIOIIEro yrnoMuaanus. [Ipasma, Ha 910 cTpanm-
e JIaéTcsd omnpejesienne YacTUYHON PEeKYPCUBHOCTU YACTUIHON (DYHKIMUA ¢ OTHOCHTEIHLHO
YACTUIHBIX (PYHKIUH 91, . .., 1k, COOTBETCTBYIONIEE CBOAMMOCTH I'DAMDUKOB I10 MEPEUUCIIH-
MocTu (HepBbIii BADUAHT U3 NMPHUBEJECHHBIX BBIIE TPEX). M TOBOPHUTCA O «cxeme» (scheme)
F', HO Kakue TpebOoBaHUS MPEIbSABIISIOTCS K 9TON cxeMe (JI0ZKHA JI OHA JIaBaTh (DYHKIIUIO
TOJIBKO B IPUMEHEHUH K (QYHKIUAM U1, . . ., Uy, WK K J00bIM k (DYyHKIMSM), U3 TEKCTa He
sicHO. (A HyMepaIn KJIacca BHIYUCIUMBIX C JIAHHBIM OPaKy/I0M (QYHKIHH PACCMATPUBAIOTCS
TOJIBKO JIJIsl CJIydasi, KOIJIa OPAKYJI IIPEJICTaB/IsgeT cOO0i MHOXKECTBO UJIU BCIO/LY OIPE/IeIEH-
uyto dyskimo.) Ho Maiixmmt n [llenepacon yTodHSOT, 9TO B UX pe3yJbrare pPedb HIET
OT YaCTUYHO PEKYPCUBHBIX (DYHKITMOHAIAX, ONPEIEJIEHHBIX (U JaformuX QYHKIINK) JJIsT BCEX
¢yHKINIT B KAUeCTBe apryMeHTOB, UYTO SKBUBAJIEHTHO BTOPOMY OIIPEJIeJIEHNIO, KaK U JOJZKHO
ObITh.

Omudpenau [108, Definition 11.3.6] onpeessier 9acTudHo pekypcuBHble PyHKITOHAJBI
co cebuikoit Ha Kumnu [65], HO creayer Tperbemy BapuaHTy onpejesieHus (KOMIIO3UIHST
orreparyii MoICTAHOBKY, MUHUMU3AIMN U PEKYPCUH, TPUMEHEHHBIX K TaCTUIHO PEKYPCUB-
HBIM QYHKIUAM U aprymeHTaMm ), Kotopsiii B [65] #e Bcrpevaercs. [lonstue, coorBercrByio-
1ee BTOPOMY BapuaHTy onpejiesenns, o HazbiBaer “effectively continuous functional” wm
“recursive operator”, a mepsomy— ‘partial recursive operator”.

Bosepamasich k paboram Yenenckoro [9) [10, [12], moxkao ormeruTs ciieyionie 10CTu-
JKEHUS:

® BIICPBLIC OBLIO JdaHO OolIpeJejieHrue CBOJUMOCTH 110 IIEPEIUCIUMOCTHU;

e BIEpBbIe 6bLIO OMyOMKOBaHO (Bocxosiiee K KoaMoropoy) ornpe/iesieHre HyMepalim
U CBOJIUMOCTU HyMepaIuii;

e ObLIM IIPOAHAJIM3UPOBAHBI CBONCTBA HyMepalluil BBIYUCIUMBIX (DYHKIUA U IIepevunc-
JIMMBIX MHOXKECTB, HEOOXOJIMMBIC JIJIsi PACCYXKJICHUII O HOMepax IIPOorpaMM, BBEICHO
HOHSITHE [VIABHOM HyMmepanun (BIIOCIEJICTBUH IEPEOTKPBITOE PojizKepcoMm);

e Obura JloKazaHa (/10 TOro, Kak 91o cienas cam Paiic) runoresa Paiica 06 onumcanum
BIIOJIHE TIEPEYUC/IMMBIX KJIACCOB MEPEUUCINMBIX MHOYKECTB; IOJIYIeHbl TaKXKe aHaJIo-
IUYHBbIE PE3YJIbTATHI JIJIS BBIYUCIUMbIX (DYHKIUH (BMECTO MEPEIHCINMBIX MHOKECTB);
B YaCTHOCTH, JIOKa3aHa HEBO3MOXKHOCTH PACIIO3HaBAHUA HETPUBHUAJJIHLHBIX CBONCTB BbI-
YUCIUMBIX (DYHKIINN 110 BX HOMEpaM B IJIABHOW HyMepalluu;

e ObLIO JIAHO OIpeJiesIeHne BBIYUCIUMON OllepaIlii B TEPMUHAX TOIOJIOTUYIECKOTO M0JIX0-
Ja (BBIYUCIMMOCTh KaK HEKOTODBII CriennasbHbI CIydaii HEIPepbIBHOCTH) U JIOKA3a~
HO (oaHOBpemenHo ¢ Maiixustom u [llenepicorom), 4To OrpaHUYeHNsT BHIYUCIIMBIX
orepaleil Ha BBIYUCIUMBIE (DYHKIIUU MOYKHO SKBUBAJIEHTHO OIKMCATH KaK aJrOPHUT-
MUYecKue 1mpeodpa3soBaHus IPOrPaMM, & TAKXKe J0Ka3aHa aHAJIOIMIHas TeopeMa Jiis
olepalyii HaJ| IepeYNCIUMbIMI MHOXKECTBAMMU.

Bo usbexkanue HeJopasyMeHUil OTMETHUM, 9TO YCIIEHCKHUI He PacCMaTPUBAET aJIOPHUT-
MBI, OIIPEJICICHHBIE Ha BCEX IPOrpaMMax 6ctody onpedesérnvir MyHKIUNA 1 JTalonme OQuHa-
KOBBIE 3HAUEHMsI Ha SKBUBAJCHTHBLIX IIporpaMMax: 3Tu paborsl Kpaiizens, Jlakomba, 111én-
dbuna [96] (mosaree 0606mEHHEbIe [eiituabiM [98] HA KOHCTPYKTHBHBIE METPUYECKHE PO~
CTPAHCTBA) HUKAK He IIEePECceKAlTCs ¢ PabOTaMi YCIEHCKOTO.
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[TpusenéM oTpbIBOK U3 BocromuHanuii Yenenckoro [63, ¢. 905-907, 912|, rue on numer
0 cBomWX pe3ysibraTax 1955 roga m 06 mxX mpejcTaBiaeHuNd Ha TperbeM BCECOI3HOM MaTeMa-
TaeckoM cbeszie (1956):

B coenarrom 26 mroHst 0030pHOM J0KIade «O0 aJIropuTMIIECKOR CBOIUMOCTH
s1 PACCKA3BIBAJI O YETHIPEX BHUJIAX CBOIUMOCTH W CBA3SIX MEXKJIy HUMU. JTO CE0-
AUMOCMD NO GHHUCAUMOCTNU, COCTOSIAS B CBEJIEHUN BBITUCICHUST OTHON (DYHK-
A K BBIYUCJICHHUIO JPYTOil. DTO C600UMOCTb NO PA3PEWUMOCTNU, COCTOSIIA
B CBEJICHUH 3aJIa9l ITOCTPOEHUs PA3PEIIAIOIIEr0 aJTOPUTMA JJIsT OJTHOIO MHOYKE-
CTBa K 3a/1a1e MOCTPOEHUsT PA3PEIIAIONIEro aJroOpuTMa I IPYTroro MHOKECTBA.
DTO c800UMOCTDL NO NEPEUUCAUMOCTNAU, COCTOAIIAA B CBEICHUN IEPEIUCICHIS
OJIHOT'O0 MHOXKECTBA K IIEPEUUC/ICHUIO JIPYTOT0. DTO C80OUMOCTND NPOodAEM, COCTO-
SIIas B CBEJIEHUU PEIIEHUs OJHON MpoOJeMbl K pernenuto apyroi. (...) [Toso-
psi O MOHATUYU CBOJUMOCTHU TIPOOJIEM, YCIIEHCKUI YKA3BIBAET HA €ro UCTOYHUK:|
B 1955 rojy uaTEpecHyI0 pa3HOBUIHOCTH Ipob/eM BBET yueHuk Kosmoroposa
1O. T. Menpenes; oH »Ke OIpeIen MOHSITHE CBOAUMOCTH JIJI TAKUX IIPOOJIEM.

(.)

HanmenoBanue moero jiokiiajia 2 uiosig o6ou10 «llongrre mporpaMMbl U BbIMHC-
JINMbIE OTIEPATOPBI», & COOOIEHNS 3 U0/ — « BbhIaucmmble onepauu, BbIIuc/iv-
MbI€ OIEPATOPbI U KOHCTPYKTUBHO- HellpepbiBHbIe hyukiuny. Jlokra u coodie-
Hue ObLIM TECHO CBA3aHbI TEMATHYCCKU.

B coobmmennu 3 urosist 6611 n310KeH (pasymeercsi, 6€3 J0Ka3aTeIbCTBA) Pe3yilb-
TaT, KOTOPBIH 51 CYNTAIO CBOMM TJIABHBIM MATEMATUICCKUM PE3YIbTATOM; S IIOM-
HIO 00CTOSITEILCTBA €TI0 HOﬂyquI/I—TeopeMa 3 (cm. mHuzke). OH cocTaBui Oc-
HOBY MO€ KaHIMJIATCKON JUccepTaliy, 3aluiieHHoi B okTsaOpe 1955 roma. Jlo-
Ka3aTeJIbCTBA 3TOr0 Pe3y/IbTaTa, KpOMe TeKCTa, JIMCCEPTAITNN, XPaHIIelcs — I
TOJIBKO y?Ke XpaHuBIeiics —B Oubimoreke MexmaTa, s TaK HUKOIIa U He OIy0JIn-
koBaJ1. OcHOBHASI IPUYNHA, KAK HU CTBIJIHO B 9TOM IIPU3HATHCS, OaHAIbHAS JICHbD.
JlomomnurebHast TPUYUHA, HE CTOJIb IMOCTBIIHAs, HO TJIyHas, 3TO IIPECJIe/I0BaB-
1ee [B TeKcTe: mpeciieyiomee]| MeHsl, MOKa s He TI0OB3POC/Ie], KeJIAHNEe U3JI0KUTh
BCE B MaKCHUMAaJILHO ODOIIEM BHUJIE, HO JOCTUYD IIpejiesia B 00OOIIEHUN HepeabHO.

(.)

Teopema 3. [Tycmv ynKkyus g ¢ HAMYPAALHLMU AP2YMEHMAMU U 3HAMEHUAMU
obaadaem caedyprowum ceoticmseom. Ecau m u n cayorcam npoepammamu, 00not
u mot orce suucAuUMOl Pynkyuu om s apeymenmos, mo g(m) u g(n) max-
2HCE CAYNHCAM, NPOZDAMMAMU 00HOT U MOT dce PYHKUUL 0m 00H020 APLYMEHMA.
Toz0a cywecmeyem evivuciumbit onepamop V- co caedyrowum ceoticmeom. s
scakol dynkyuu 0 ¢ npoepammoti n 3nauenuem V(0) onepamopa V- na dynryuu
0 asasemces dynryua ¢ npozpammots g(n).

®Punocodckuit KoOMMeHTapuii. CeMUOTHYECKIiT CMBICJI TEOPEMBI 3 TAKOB: «XO-
poliiees BBIYUCIUMOE ITpeobpa30BaHue UMEH COITPOBOXK/IACTCH BHIYUCIMMBIM ITPE-
00pa3oBaHMEM COOTBETCTBYIONINX OOBHEKTOB.

HTeopema 3 mHTEpecoBasa MeHs ¢ CeMUOTHYECKOH TOUKH 3PeHHus, (...) XOTs CJI0Ba ‘CeMHOTHKA s TOT/Ia,
CKOpee Bcero, emé He 3uaj. [JoMHIO, Kak s OpOAMII IO yJIuIaM U IyMaJl TOJBKO 00 sroM. O3apeHune IpuIiio,
KOTJIa B T€YEHNE HEKOTOPOT'O BPEMEHH si ITPOBOIUII JHEBHBIE 9achl B KBapTupe Moeil Térmu B Bosbmom Craco-
rIMHAIIEBCKOM 1tepeysike. ChIH eIé He POJIIICs, XKeHa U TEIa yXOoIuin Ha paboTy, TenedoHa B KBAPTHPE HE
661710, MOOHIIbHBIE TestebOHBI elé He ObLIN n300peTeHbl. BOoT B 9TOI 06CTAHOBKE MEHsT BHE3AITHO OCEHUJIO.»
[[Tpumevanue B. A. Ycenenckoro]
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KOHCprKTI/IBHOCTb B KJIACCMYECKOII MaTeMaTuKe

Wnes o Tom, 9TO MOKHO MOHUMATh MaTEMaTUIECCKUE YTBEPKJICHUST KOHCTPYKTUBHO, ObLIa
M3BECTHA JIABHO («MHTYUIMOHU3M» Bpayspa u ero mocsejoBaTesieil u mo3xKe «KOHCTPYKTH-
Bu3M» MapkoBa U ero y4eHWKOB). B 9acTHOCTH, yTBEp:KIEHUS BUJA <«JJIs BCEX T CyIle-
CTBYET TaKOM Y, 4TO. ..» IPU KOHCTPYKTUBHOM ITOHUMAHUU ITPEJIIIOIATAIOT, YTO CyIIEeCTBYET
HEKOTOPDIH CIIOCOD OJIyYeHHs 3TOI0 CAMOI0 «CYIIECTBYIOIIETO» ¥ MO JIIOOOMY JIAHHOMY 3Ha-
YEHUIO .

OOBITHO BMECTE € 9TUM TIPe Taraji H3MEHUTDb U caMy JIOTUKY, TOHNMasi KOHCTPYKTUBHO,
B YACTHOCTH, CBSA3KY «WJIM» U He MOJIb3YsICh 3aKOHOM HCKJIIOUEHHOTO Tperbero. /Ipyroe (Ha
HIEPBBI B3IVIsA/I, HATIPAIIIMBAIOIIEECs ) [IPE/JIOKEHIEe, & UMEHHO, pPaccMaTpuBaTh «3(MdekTus-
HbIE» AHAJIOTU KJIACCHYECKUX OIPEJIEICHU 1 PEe3YJIbTATOB BHYTPH OOBIYHON ( «HEKOHCTPYK-
TUBHOI» ) MaTEMaTHKH, YAUBATEIbHBIM 00PAa30M CHadYaJIa OBbLIO MEHee MOIYJIAPHO, U YacTo
CYUTAJIOCH, YTO €CJIM Y2K MBI paccyzKjaaeM 00 aJropuTMax, TO 9TO OYEMY-TO OOSI3bIBACT HAC
PACCyKIaTh «KOHCTPYKTUBHO», «(PUHUTHO» U T.I. B omyimane or 9T0# Tpaaunun, YCIeHCKni
CUCTEMATUYIECKH ITPOIATraHMPOBA/I «KJIACCUIECKUIT» IMO/IX0J K aJrOPUTMUYECKUM OHATH-
saM. Bor nBa npumepa u3 ero pabor.

Ecrp pasable KOHCTpYyKIMHU JeficTBuTebHbIX quces (cedenus [lepexunma, dbyHmaMen-
TaJIbHBIE TIOCTIEI0BATELHOCTH, BJIOYKEHHBIE OTPE3KH, OECKOHEUHBbIE JIeCATUIHbIE Tpodu).
st Kark 101t U3 HUX MOYKHO PaccMOTpeTh €€ 3 dekTuBHbIl BapuanT. CKaxkeM, JJIisd cetve-
uunit /leekunia MO2KHO TpeOOBATH CyIIECTBOBAHUS AJITOPUTMa, KOTOPbI 110 PAIMOHAILHO-
My YHCJIy TOBOPHUT, B KAKOM U3 JBYX MHOXKECTB ceueHust oHo JiexkuT. g dpynmamenrasin-
HOIl I10CJI€/IOBATEILHOCTU PAIMOHAJIBHBIX YUCE €CTECTBEHHO TPeDOBATh CYIIECTBOBAHUS
AJITOPUTMA, BBIYHC/IAIONIETO €€ HYJICHBI, & TaKXKe <«PEry/asiTopa CXOJIUMOCTU» — aJrOpUTMa,
HAXOJIAIIEro 1Mo (paroHaabHoMy) € > (0 TO MeCcTo, HaunHas ¢ KOTOPOIrO YWIEHBI MOCJIe[0Ba~
TeJIbHOCTU OTJINIAIOTCS MeHee ueM Ha €. [l OeckoHedHOl JecaTuaHoil 1podu ecTeCTBEHHO
TpebOBaTh CYIIECTBOBAHUS AJITOPUTMa, KOTOPBIH 110 1 yKa3bIBaeT N-10 mudpy JApodu, n Tak
Jrasee.

B kaxkJ1oM 13 9TUX C/IydaeB BO3HHKAET HEKOTOPOE ITOIMHOXKECTBO MHOXKECTBa JICHCTBU-
TeJIbHBIX 4HCesT (COOTBETCTBYIOIIEE T€M UHCIaM, JJisi KOTOPBIX UMEOTCs Takue 3hheKTuB-
Hble mpeJicTaBienns ). MoKHO OCTaBUTh, OCTaBasSCh B pPaAMKaX <«KJIACCHYECKOW MaTeMaTH-
KI», BOIIPOC O TOM, JIAIOT JIU [IEPEUHNC/IEHHbIE BAPUAHTHI OIPEJIEICHIIT OJTHO U TO YK€ TIOJIMHO-
JKeCTBO W paszuble. HeTpynHo yOe uTbes, ITO OJHO U TO YK€, U €ro JIeMEHTbl HA3BIBAIOT
BHIUUCAUMBLMU DETCTNEUMENDHHMU YUCAAMU.

3/ech XOpOIIO BUJHA PA3HUIA ¢ KOHCTPYKTHBHCTCKUM IIOJXOJIOM (CKAyKeM, B CMbIC/Ie
mkosibl A. A. Mapkosa). JIis1 KOHCTPYKTHUBUCTOB HUKAKUX «OOBIYHBIX JEHCTBUTEIbHBIX M-
cesl» He CYIIECTBYET, U MHOXKECTBO KOHCTPYKTHBHBIX JEHCTBUTE/ILHBIX UUCENT HE SBJISIETCS
[IOJIMHOZKECTBOM HHKAKOT'O DOJIBIIEr0 MHOXKECTBA. BMecTo 9TOro KOHCTPYKTUBHBIM JIefiCTBI-
TeJIbHBIM IHCIOM HA3BIBAETCS T1APa AJITOPUTMOB (OJIMH BBIUUCIISIET YJIEHBI [IOCJIEI0BATE/IbHO-
CTH, JIPYTOMl SIBJISIETCST PErYJISITOPOM CXOJMMOCTH ), W PACCY?KJIATh O TAKUX Mapax Ipejiara-
eTcsd B paMKax KOHCTPYKTHBHOI jioruku. [Ipu 9TOM He Bce BapuaHThI Olpe/ie/IeHus JeHCTBY-
TEJILHBIX YUCET PABHO3HAYHBI C TOUKHU 3PEHUs UX KOHCTpyKTuBm3aruu. CKaxkeM, MOJIXOJI C
JIECATUIHBIMU JIPOOSAME HEYIaUHbIi — I0TOMY, HAIIPUMED, UTO JJIs TaK OIPEJIe/IEHHBIX KOH-
CTPYKTHBHBIX JIEHCTBUTEIHHBIX YUCET HEJIb3si KOHCTPYKTUBHO OIPEJIC/IUTD CJIOKeHre (Kak
npeobpa3oBaHme, KOTOpoe 10 aJropuTMaM Jijisd JIBYX Jpo0eil JaBajio Obl aJropuTM JIjId UX
CYMMBI).

Ho sror ke nedekT, 3aMedaeT YCIEHCKU, MOXKHO ITPOAHAJTM3UPOBATD U B paMKax KJ1ac-
CUYECKOil MaTeMaTuku. ByaemM mHTEepecoBaThCsl He TOJBKO TEM, OJIMH M TOT YKe KJIacc Jeii-
CTBHUTEJIbHBIX YHUCEJT BO3HUKAET B PAMKAX PA3HBIX OIPEJIEJCHUIl WM Pa3Hble, HO TAKXKe U
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60J1ee TOHKUM BOIIPOCOM: SKBUBAJEHTHDI JTU HYMEPAIIUA MHOXKECTBA BBIYUCIUMBIX JI€HCTBY-
TeJIbHBIX YUCEJI, KOTOPBIE MOJIyYAIOTCsl M3 ITUX ONpPEeJeHUil (MOYXKHO JIM [0 HOMEDPY BbI-
YUCJIUMOTO JIEHCTBUTEILHOIO YUC/IA B OJHON HyMepaIuu aJrOPUTMUIECKH TTOJIyIUTh HOMEP
TOrO 7Ke "ncsia B Apyroii). U TyT BosHEKaeT Ta xKe caMast IpobJieMa ¢ JeCITHIHBIME JPOOIMU
(1 ¢ apobsimMu B JIOOBIX cucremMax caucyenus). [loapobro sror Bompoc pazobpan B [18], riae
JIaHBI HEOOXO/IUMbIE U JIOCTATOYHBIE YCJIOBUS, [IPU KOTOPBIX IIEPEX0J] OT OJHOIO0 OCHOBAaHUS
K JIpyromy (B HO3UIMOHHOI 3armcu) 3(hheKTUBEH.

Hpyroit pumep, pazobpanubiii YenenckuMm B [19]—sddexrususzanust onpenenenus Gec-
KOHEYHOI'0 MHOXKECTBa. MOXKHO OIpeIe/InTh OECKOHETHOCTh MHOXKECTBA X TakK: JIjId BCAKOIO
n B MHOKecTBe X €CTh He MeHee n 3jieMeHTOB. Mm Tak: Jjid BCAKOTO KOHEYHOT'O MHOYKE-
ctBa F' ectb uncio, koropoe omiudaer F' or X, TO ecThb NPUHAJIEKUT CUMMETPHIECKON
pasnoctu F' /A X. Ob6a s1tu onpejiesieans MOXKHO 3P dEKTUBH3NPOBATH, TOTPEOOBAB CyIIle-
CTBOBAHUS COOTBETCTBYIOIIUX aJrOPUTMOB. B miepBoM ciiydae pedb HIAET 00 aJirOpUTMe, KO-
TOPBII 110 N YKa3bIBACT CIIMCOK U3 1 9JIEMEHTOB MHOXKECTBa X ; BO BTOPOM CJIydae pedb UJIET
00 ajropuT™Me, KOTOPBIN MPUMEHUM K JIIOOOMY KOHEYHOMY MHOXKeCTBY F' M JaéT KaKOi-TO
sstemeHT pasnoctu F' /A X. MoKHO mpoBepuTh, 9TO 9TU CBOiiCTBa (CYIECTBOBAHUE TOTO U
JIPYTOT0 aJI'OPUTMa) SKBUBAJIECHTHBI (U Jlazke MOYKHO 0O€3 HApPYIIeHUsT SKBUBAJIEHTHOCTU TPe-
6oBaTh, 4T0ObI 110 F' gaBajics siaement pasHoctu X \ F)). B repmunosornu ITocra [86] o6a
9TU CBOWCTBA PABHOCHUJIBHBI TOMY, 9TO MHOYKECTBO X He SIBJISIETCSI UMMYHHBIM (COJEPIKUT
HECKOHETHOE TIePEUNCIIMOe MTOJMHOYKECTBO).

He Bce ecrecrBentbie orpejiesienns 66CKOHETHOCTU TPUBOJIAT K SKBUBAJIEHTHBIM 3D deK-
tuBu3anusaM. CKazkeM, MOXKHO CKa3aTb, YTO MHOXKeCTBO X OECKOHEUHO, €CJIM JIjIs BCAKOTO
N MOXKHO yKasaThb HauabHbIH oTpe3ok [0, N| HaTypaabHOro psijia, cojepKaiiuii mo kpaii-
Hell Mepe 1 3/1eMeHTOB MHO)KeCcTBa X . DMPEKTUBHBIN BapUAHT TOTO OlpejiesieHns: Tpedyer,
9TOOBI CYIIECTBOBAJ aJrOPUTM, yKasbiBatomuit N 1o n. 1o bostee ciaboe ompeesenne 3¢-
bekTuBHOIT HECKOHEYHOCTH, KOTOPOE, KaK JoKa3aJl YcreHnckuii B [15], paBHOCHIBHO TOMY, UTO
MHOKECTBO He sIBJIsieTCsl TUiepuMMyHHBIM B cMbicie TTocra [86]. (TTapasuienbro n nezaBucu-
Mo, oTBedasi Ha Borpoc Kosmoroposa, a1o xe jgokazamu A. B. Kysuenos u FO. T. Measees.)

NuaTepecno oTMETUTH, XOTdA 3TO W HE MMEET OTHOIICHHT K paboram YCIEHCKOIO, YTO
BazkKHelIee JOCTUXKEHUE aJITOPUTMUAYCCKON TEOpUN CIAy4YaiHOCTHU, & UMEHHO, Olpe/ie/IcHue
cayqaitnoct no Maprun-JIédy, nannoe um B 1966 roxy [101], Tozke MoKHO paccMaTpuBaTh
KaK eCTeCTBeHHY0 3 MEKTHBU3AIMIO KJIACCHIECKOr0 (BO BCEX CMBICJIAX TOTO CJIOBA) OIpe-
JIeJICHUsT HYJIEBOI'O MHOYKECTBa (MHOXKECTBa HYJIEBOi Mepbl B cMmbicsie Jlebera). B srom kiac-
CUYIECKOM OTIpEJIeJIeHUH (CKazKeM, Jisi MOJMHOXKECTB OTPe3Ka) FOBOPHUTCS, YTO MHOXKECTBO
X C [0, 1] siBaisteTcst HyJIeBBIM, €CJIn JIJIsg BCIKOTO € > () cylecTByer MOKPBITHE MHOXKeCTBa, X
UHTEPBaJIaMu ¢ CyMMO JIiuH He OoJibie €. [[o o4eBUIHBIM TpUYIHHAM MOYKHO OI'DAHUIUTH-
cd PAIMOHAJILHBIMY 3HAUCHUSIMU € U MHTEPBAJAMU C PAIMOHAJILHBIMU KOHIIAMU. Toria oHu
Oy/IyT KOHCTPYKTUBHBIMUA OOBEKTAMU U MOKHO 3(DEKTUBU3UPOBATDH Olpeiesienue, moTpedo-
BaB, YTOOBI CYIECTBOBAJI AJITOPUTM, KOTOPBIi, MOJIYUUB Ha BXOJ £, IEPEUUC/IAET HHTEPBAJIBI
MOKPBITHUS ¢ TPeOYEMBIMEU CBOWCTBAMM. DTO 1 mpeaoxua Maprun-JIéd.

MozkHO 100aBUTH, 9TO MHOTHE BOIIPOCHI U PE3Y/ILTATHI JITOPUTMUICCKON T€OPUH CIIydaii-
HOCTH MOKHO MHTEPIPETUPOBATDH KaK BOIIPOCHI 00 3 DeKTUBU3AINN KJIACCUIECKUX TTOHATHI
u Teopem. CkazkeM, kpurepuit CojtoBest ciryqaiinoctu mo Maprun-JIEdy, kak 3amernst Arek-
canjip Byderos, sBisercsa s3dpdeKTUBHBIM BapUAHTOM KJiaccu4ueckoil jjemmbl Bopess—Kamn-
Tesii. [Ipy 9TOM HHTEpECHO, YTO CTaHJIAPTHOE €€ JO0KA3aTeIbCTBO (XBOCTBI CXOMSIIErOCsT
psijia MOIYT ObITh CKOJIb YIOJHO MaJibl) He 3(h(EeKTUBU3UPYETCs, U MPUXOIUTCS UCIIOTH30-
BaTh JIPyroe (TOXKe eCTeCTBEHHOE U HeCJIoXKHoe, cM. noapobuoctu B [59)]). pyroit noyun-
TeJIbHBII IPUMED TOro Ke pojia—obHapyzkennoe B. B. Beiornabiv (yueHHKOM YCIIEHCKOTO)
JIOKA3aTeI5CTBO 3 MEKTUBHOrO BapuanTa sprojudeckoii Teopembt [110)].
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AnropurMudeckasi Teopus mHoOpMaIu

CrpanabiM 0Opa3oM YcreHcKuit, Oyayan yaernkom Kosmoroposa u padboTas psjaoM ¢ HUM
na mexmare MI'V, 6611 B 1960-e roabr B cTopoHe oT uccienoBanuii Kommoroposa, cBsizaH-
HBIX C OIpeJIe/IEHUEM TTOHATUS CJI0KHOCTU KOHEIHOTO 00bekTa. [lo ero ciioBaMm, on BriepBbie
BILIOTHYIO 3aHsJICs 9TOi 00s1acTbio, roroBst gokJal (¢ A. JI. CeménoBbiM) Ha KOH(bEPEHIHN B
Yprenue [24, 26]. B srom pokaie Oblia IpejioxkeH MOIX0/ K KIACCH(MDUKAIMN DA3JITIHBIX
BUJIOB CJIOXKHOCTH (WMJIHM, KaK IIPEJIIOYNTa] TOBOPUThH YCIIEHCKUI, «IHTPOIUI» ) JIJIs KOHEY-
HBIX OOBEKTOB, OIPEETIEHHBIX K TOMY BpeMeHH (Tpocrasi, npedbUuKCHasi, YCJIOBHAs, MOHO-
TOHHAs SHTPOINH, & TaKyKe SHTporus paspertennst). Vsnauansro (cm. [107]) sror momxox
ObLII IIPEJIJIOYKEH B TEPMUHAX fo-IIPOCTPAHCTB U Ollepaluil Ha i HUMU, YTO MOYKHO PacCMaTpPH-
BaTh KaK Pa3BUTHE IOJXO0J/Ia YCIEHCKOIO K OIPEJIEICHUIO BLIYUCIUMBIX OTOOparKeHUul Kak
YACTHOI'O CJIydas HenpepbiBHBIX. OJHAKO JId Ieseil KIacCupUKAIMN PA3JIMIHBIX BUJOB
KOJIMOTOPOBCKOH CJIOKHOCTH MOXKHO OBLTIO 000HTHCH U 6e3 fi-TIpOCTPaHCTB, U YCIeHCKU
¢ CeménobiM B [24], 26] mpeyroxkusm 6ostee mpocToil BapuaHT onpejesieHns (B TepMUHAX
OTHOIIIEHUsI COTVIACOBAHHOCTHU HA ONMUCAHUSX U 00bEKTaX ), JOCTATOUHBIN JIIsl 1eJieil KJ1accu-
dbukarnuu. BriocseacrBuu 310 yupommgntoe onucanue 66110 uzsoxkeno B |38, 40]; moapobuoe
UBJI0ZKEHUE C TOIIOJIOIMMIECKOil TOUKH 3penusi (HO 6e3 fo-npocTpancTs) MoxKHO HajiTu B [59).

Anropurmurdeckoit Teopun naGoOpManun (TOUHee, PA3IHIHBIM OIPE/IeJEHUSIM TTOHSITHSI
carydaifHOCTH) TOCBSIIEH Takke 0030p [35] u monorpadus [59)]. [Homynspuas neknus (st
CTYJIEHTOB- MJIAIIIEKYPCHUKOB), TOCBAIIGHHAS DPA3JIUIHBIM ONPEJEICHUSM CJIyIailHOCTH,
ObLIa TpounTaHa YCIeHCKuM Ha JjerTHell mkose «CoBpemennasi maremaTukas B Jlybne B
2005 rojy, u MaTepuaJibl 3TOM Jiekiuu 6Lt u3jansl [50] u BonLIM B KaYecTBe MPUIOKEHUST
B MoHOrpadmio [59).

Jlo cux mop ocTaérest OTKPBITHIM BOIIPOC, TIOCTaBIeHHBIH YcrmenckuM, CeméHoBbiM 1 Myt-
koM B [43] o Tom, coBnasatoT sm nousiTus caydaitnoctu mo Maprun-JIédy u «Henpecka-
3yeMOCTH» (OTCYTCTBHSsI BBIUTPBIIIHON BBIYUCIUMON CTPATErH B HEMOHOTOHHBIX UI'PaX, CM.
noapobuee B [50, HI]).

Ionmynapuzanus

Ecrb pasHble mpejicTaBIeHnsI O TOM, 9TO TaKOe <«IOIy/IApHu3aius HayKuy» (1mo-dpaHIly3cKu
9TO Ha3bIBAIOT vulgarisation, 4To JijId pyccKOro yxa 3BYYUT OOHMJIHO, XOTd U HE COBCEM
He3acayKeHHO). MOKHO pacckasbiBaTh OGallku O TPYAHOI cy/pbe mim OCOGEHHOCTSIX JIMY-
HOIl YKU3HU BBIJIAIONINXCA YICHBIX. MOXKHO 1epecKa3biBaTh HEJIABHO IPOYUTAHHOE B JIPYTOil
HOITYJIAPHON KHUTe, J100aBJIsist «OYKUBJIAXK». BUJINMO, 3TO IOJI€3HOE JIeJI0—HO YCIIeHCKU
BCIO YKU3Hb 3aHUMAJICS JIPYTUM, HBITAsICh YeCTHO O0bACHUTH «CyTh Jiejiay. [Ipu arom cirox-
HOCTb TE€MbI, €CTECTBEHHO, 3aBHCE/Ia OT TOr0, HA KOO PACCIUTAHO OObICHEHHE, HO BCErJIa
9TO OBLIO HACTOsAIIEE O0BACHEHUE TOTO, 9TO OOBIACHUTD MOYXKHO, C OTYETIUBBIM yKa3aHUEM,
YTO UMEHHO OCTaBJICHO 0e3 JloKazaTe/bcTBa Uan yrounenus. [Ipu sTom on ne Gosticss 00b-
SICHUTH OYEBUJIHOE, MOMHsI, YTO M3BECTHOE U3BeCTHO HeMHOruM («Yro MblI 3HaeMm o Jmce?
Huuero, u To He Bce» —rmcas coce, Kosmoroposa 110 jiade, 3HaMEHUTBIIN JIETCKUIT TTHCATE b
Bopuc Baxozep.)

Emgé 6yayan crygenTom, YcreHckuii (BMecTe co crapiimM coaBTopoM, Esrennem Bopu-
coBuveM JIpIHKUHBIM) Hammcas Kaury «Maremarunaeckue Gecenp» 5] mo marepuaniam mare-
MaTUYECKUX KPYZKKOB, IJie OH CHavaJia ObLI yYaCTHHUKOM, & IOTOM pyKoBojuTesaeMm. B meit
HECKOJILKO TeM (pacKpacka rpadoB, Hauaja TEOPUH YHUCEJI U TEOPUU BEPOSITHOCTEl) Mpe-
CTaBJIEHbI B BUJIE ITOCJIEI0OBATE/IHLHOCTH 3a/1a9, KAK 9TO U JIe/IaJI0Ch HA KPY2KKE, U ITPUBEJICHBI
pertienust 3tux 3aa4. U 10 9T0oro n3maBaanch KHUKKA € 33/1a9aMU MATEMATHIECKUX KPY K-
KOB, HO TYT Hjied OblLjla B TOM, 9TO 9TH 3aJIa9l B IEJIOM 00pa3yiOT U3JI0KEHUE HEKOTOPOI
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MareMaTu4eckoit reopun. Knura /Ipinkuna u Yceneunckoro 6nuia 6ubdbmmorpadudeckoii pejiKo-
CTBIO, 1OKA He ObljIa Iepens3/iana yxKe CpaBHUTEIbHO HelaBHo, B 2004 roy (1 He mosBHIaCh
B HHTEPHETE).

YCIeHCKUHA IUTas JIEKIUKA JIJIsl TKOJBHUKOB (B YACTHOCTH, JJisi YIACTHUKOB MaTeMa-
TUYECKUX OJINMITNAJ]) U HAIMCAJ HECKOJIbKO MOIyJIsIpHBIX Opornop B cepun «Ilomymsipabie
JIEKITUU 110 MATEMATUKE», HUKAK He CBI3aHHBIX C €r0 COOCTBEHHBIMU HAYIHBIMU UHTEPECAMU
(MaTeMaTHIeCcKOl JIOTHKOM U Teopueil aJropuTMOB): PO PUMEHEHHEe MEXaHUKH B MaTeMa-
tuke [17] u npo tpeyroapauk Ilackans [20]. Brupouem, mocienssis 6pormopa 3aTparusaer
U JIOTUYECKU BOIPOC: 9TO O3HAYAET PelnTh KOMOMHATOPHYIO 33849y W MOYeMYy HYKHO
buKCcHpoBaTh CIMCOK Pa3peeéHHbIX orepanuii (CKazkeM, BKJIIOYUB B HEro (haKTOPUATIBI, HO
HCKJTIOUNB 0003HAYEHUsI JIJIsT OUHOMUAJIBHBIX KOIPPUIMEHTOB).

Hge sgpyrue 6pomtopsl B 310ii cepun («Mammuna Tlocrar [23] u «Teopema T'énenst o
HerostHOTe> [25]) yrKe MOCBSIIEeHbl TeMaM U3 MATeMaTHIeCKOil JIOTMKH W TeOPUU ajrOpUT-
MOB. [lepBast w3 HIX cOBCeM 3/IeMEHTApHA M OCHOBAHA HA 3aHSTUSIX C MJI/ITEK/TACCHIKAMHA,
BTOpasi, HA0OOPOT, HAIMCAHA HA OCHOBE CTAThU B «YCIIeXaxX MareMaTHIecKuxX HaykK» [22] u
[IpeJIIoJiaraeT HeKOTOPYI0 MaTEMATUIECKYIO KYJILTYPY, HO BIIOJIHE MOYKET ObITH IIPOYNTAHA 1
MOHATA IPOJABUHYTHIMU CTapiieKaaccHukamMu. [lomyisspHoMy M3J10yKeHUIO eIé OJIHON TeMBbI,
TaK HA3bIBAEMOI'0 «HECTAHIAPTHOI'O aHAJIN3a», B KOTOPOM METOJbl MaTeMaTUIeCKON JIOTrH-
KU HCIIOJIB3YIOTCS JIJIsT MATEeMAaTHIeCK KOPPEKTHOTO PaCcCMOTPEHNsT OECKOHETHO MAJIBIX W
HeCKOHETHO DOJIBIINX BEJMYUH, TOCBsIeHa Opormopa [27]; eé pacimmupeHHbIi BApHAHT OBLT
onybmKoBaH 3areM u3zareabersoM «Haykas [31].

Kak repoit «Urpor B 6ucep» l'ecce, cranossich crapiie, YcreHcKuii o0bsicHsT BCE 0O-
Jiee u OoJiee 0a30BbIE BEIM, 3aHABIINCH I[POIOBE/ILI0 MATEMATUKHU CPEJIU «IyMaHUTAPU-
eB». Brpodem, Havajoch 3To yxke JaBHo, B 1960-e rojpl, Korjga oH paspadarbiBaj U OCY-
IECTBJISIT KypPC MaTeMaTHKN JIs OTJEJeHN TEOPEeTUIeCKON ¥ MPUKJIaTHONW JIMHIBACTH-
ku dusosorndeckoro daxkyabrera MY, HO B mocsegnue jaBa JeCATUICTHA CBOEH >KU3HU
oH obpariajicd K ropasio OoJiee IUPOKOH ayauropuu. Heckoabko ero Jekiuii Ha Jier-
HUX IIIKOJIAX 110 MaTeMaTuke W JUHrBuUCTUKEe B JlyOHe, K cYacTbio, COXPAHW/INCH KAK BH-
neozanucu (npexkie Beero Guarofapst Burasmio ApHosbiy), W 1m0 HUM (CM. CCBUIKHA B
http://www.mathnet.ru/php/person.phtml?option_lang=rus&personid=20219) Mox-
HO COCTaBUTH IPEJICTABICHIE 00 YCIIEHCKOM KaK JIEKTOPe—XOTsI, KOHEIHO, B TIOJIHOH Mepe
OIIEHUTH €r0 MOYKHO OBLIO TOJBKO HA YHUBEPCUTETCKHUX JIEKIUAX, OCOOEHHO CIIEIKYpPCax.
[Ipu sTOM TIpOIIOBE/IL YCIEHCKOTO ObLIa MMEHHO IIPOIOBEILI0 MATEMATHKH, & He «O MaTe-
Matnkes. OH paccKka3bIBaj MPOCTHIE BEIU, HO BCEPHE3, C ONPEIEICHUSIMI, TPUMEPAME 1
nokazareabcrBamu. OJiHa U3 ero mocsenHux KHmKek [H0] tak u HasbBaercs: «IIpocreiinie
[PUMEPBl MaTeMaTUIeCKUX JI0Ka3aTebecTBy. Jpyrasg kumkka [44] waseiBaerca «Uro Takoe
AKCHOMATHYECKHUIT METOJ!» —HU TaM TOXKe MOJPOOHO pa3zobpaHO MHOYKECTBO HPUMEDPOB (B
YACTHOCTHU, U3 IIKOJILHOM T€OMETPUU, TOUHEe, U3 TOW YacTU MIKOJILHOW NeOMEeTPUHU, KOTOpast
B IIIKOJIAX Ipoiryckaercs). Hampumep, o0bsICHsIETCsI, KAK BBIBECTH U3 AKCHOM, UTO JIJIsI BCsi-
KOIi MpsiMOi HAAETCA TOYKA, HA Heil He Jiexkalas. MaTtepuajbl U3 9TUX JIByX KHUT' BOIILITH
B cOOpHUK «Armosiorust Maremarukn» [54] (BMecre ¢ IpyruMu craTbsaMmi, yzke Oosee o6Imero
xapakrepa). U yauBuTebHbIM 00pa30oM IIPOIIOBE/b YCIEHCKOrO MMeJia ycrex (1o KpaiiHei
Mepe B TOM Ke cMbicsie, 9ro y Anrtonus [lajyanckoro): Ycmenckomy Obuia MpHUCY2KIEHA
npemusi «IIpocBernrenby (yupexpéunas [Imurpuem BopucoBuuem 3umusbiM 1 (HDOHIOM
«Inractusy) 3a 2010 rog B 06/1aCTH €CTECTBEHHBIX U TOYHBIX HAYK.

IToMmMO COBCTBEHHBIX KHHUT, OOJIBIION 3aC/Iyroif YCIEHCKOro (TO, 9TO HA3bIBAIOT II0-AaH-
DIMiCKM community service) siBjisieTcsi OpraHU3alns U3JaHUS MHOIUX KJIACCHIECKUX KHUD
[0 MATEeMATUIECKOI JIOTMKE U TEOPHH aJIFOPUTMOB Ha PYCCKOM sI3bIKE: OH IepeBOamI (1o
unnnmaruse Kosvoroposa) kuury P.Ilerep o pekypcuBnbix dyukiusx [64], pepakrupo-
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BaJl 1epeBoji Kiaccudeckux monorpaduit Komuu [65] 1 Pomkepca [70], kmurn Issuca o
HectanaprHoM anasuse [71] (Buaumo, mepBoro M3joxKeHns ujieil HeCTaHIapTHOIO aHAJIN3a,
HOSIBUBIIIEIOCS 1TO-PYCCKHM ), dyHIaMeHTaaIbHoro yaebnnka Yépua no joruke [67], mepsoro
toma «Hauan maremarukn» Bypbaxu [68], a Takxke kuurn Dmbn o kudbeprernke [66].
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