IIporpaMmMupoBaHUe: TeOPEMBI U 3aJaUN
Alexander Shen

» To cite this version:

Alexander Shen. Ilporpammuposanme: teopemst u 3agaun. MCCME publishers, 2021, 978-5-4439-1560-9.
dirmm-03377918)

HAL Id: lirmm-03377918
https://hal-lirmm.ccsd.cnrs.fr/lirmm-03377918

Submitted on 14 Oct 2021

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal-lirmm.ccsd.cnrs.fr/lirmm-03377918
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

A. LLEHb

NPOrPAMMUPOBAHUE
TeopeMbl U 3apa4u

M3paHne cegbMoe, fOMONHEHHOe

Mocksa
NapaTtenscteo MLUHMO
2021



YIK 519.671
BBK 22.18
147

Illews A.
147 [TporpamMMupoBanue: TEOPEMBI U 3aAaYU. — 7-€ U3[., JOTOTHEH-
moe. — M.: MITHMO, 2021. — 320 c.: .

ISBN 978-5-4439-1560-9

KHura cogepXuT 3aja49yM M0 NPOrPAMMUPOBAHUIO PA3IUYHON TPYIHOCTH.
BoabmuuCTBO 3212 IPUBOIATCA C pemeHuAMH. [lerb KHUIM — HayIUTL OCHOB-
HBIM METOaM IOCTPOEHUSI KOPPEKTHHIX K OBICTPHIX AJICOPATMOB.

[las yaurenen nHGOPMATHAKY, CTAPIIEKIACCHUKOB, CTYJ€HTOB MJIAININX KYP-
COB BhICHIUX y4e0HBIX 3aBegeHun. [loco6me MOXeT OBITH UCIOJIBL30BAHO HA KPY K-
KOBBIX U (paKyJIbTATUBHLIX 3aHATHUAX B 006Ie06pa30BaTEIbHLIX YIPEXK IeHUAX, B
IMIKOJIAX C YrUyOJMEHHBIM M3y<deHMEeM MATEeMATHUKU U MH(POPMATUKY, d TAKXKe B
MHBIX [eJIAX, He MPOTUBOPEYAIINX 3aKOHOZaTeabCTBY PD.

IIpenwiaymee u3nanve KHUrK BuILIO B 2017 .

BBK 22.18

IMpegynpex geane. ABTOpP ABIACTCA HAYTHBIM
corpyauuxkoMm jgaboparopuu LIRMM B r. Moumnenne
(dpannusa) u moxer paccmarpusarbesa de facto
MPABUTEILCTBOM POCCHEN KAK «(MHOCTPAHHBIA ACEHT)
B CMBICJIE TIOTIPABOK K «3aKOHY 00 MHOCTPAHHBIX
areHTax», mpuHATHIX 21.11.2019.

ISBN 978-5-4439-1560-9 (© A.Ilens, 1995, 2021



Heckonbko 3amedaHuit BMECTO NpeancioBus

Knuea nanucana no mMamepuaiam 3aHAMUt Npo2pammuposaHuem co
WKOALHUKAMY MAMEMATMULECKUT KAaCC08 wroavt Ne 57 2. Mockebt

u cmydenmany maaduwuz kypcos (Mocwkosceruti 20cydapcemeenmvidi
ynusepcumem, Hesasucumblli mockoscrutl ynusepcumem, yrnusepcumem
2. Uppsala, Hlseyus).

Knuea nanucana 6 yoexcoenuu, wmo npo2pammuposanue umeem ceot npedmem,
HE CB00AWUTCA HU K KOHKDEMHLIM AZLIKAM U CUCTNEMAM, HU K MEMOJaM
nocmpoenus ObiICmpbly a120PUMMOB.

Kmo-mo 00naxcdol ckazat, 4mo moxncno yoedums 6 npasuibhocmuy ai20pumma,
HO HE 8 NPaBUALHOCTMU npozpammbl. O0Ha u3 Yeaet, KHu2u — NONbIMAMbCA
NPOJEMOKCPUPOBAMD, UMO IMO HE MAK.

B NPUHYUNE, BO3MOHCHOCTMD NPAKMUYECKO20 UCNOAHEHUAL NPO2PAMM HE
ABAACTNCA HENPEMEHHDBIM YCAOBUEM USYUEHUA NP O2PAMMUDOBAHUA. Oodnaxo ona
ABAAEMCA CUALHEUUUM CMUMYAOM — 6€e3 mako2o cmumyna 6pm3 AU Y KO20
reamum urHmepeca u mepnerHua.

Buibpanunviil scanp KHULU N0 HE0OTOJUMOCTU 02PAHUUBAET €€
(MPOPAMMUDPOBAHUCM 6 MAAOM), OCTNABAAAL 68 CTNOPOHE HEOOTOOUMYIO UACTD
NPOPAMMUCTCKO20 00PA3068aHUL — PaBOMY NO MOJUPUKAYUY 60D UUT
npozpamm. Aemop npodoarcaem meumamov o Habope YUEOHLIT NPOSPAMMHBLT
cucmem IMALOHHO20 KAUECmea, JoCMYNHLL das MOOUPUKAUUL ULKOABHUKAMU.

Kancemea, Xoap cxazan, wmo 3cmemuueckas npeaecms npopammbl, — 3mMo He
APTUMERMYPHOE USAUULECTNEO0, 0 MO, UMO OMAUUAEM 6 NPOSPAMMUP 06 AHUY
yenexr om weydavu. Ecau, pewas 3adavu u3 smot kuueu, wumamentsb
NOYYBCMBYEM NPEAECTb TOPOULO KANUCAHHOY NPOSPAMMBL, 6 KOMOPOT (HU
y6asump, HU NPUOABUMDbY, U COMHEHUSL 8 NPALEUALHOCTIY KOMOPOT KAHCYMCA
HEACNBIMU, MO G8MOP OYdem cuumams c80%0 yeaib JocmuHymot.

Xapaxmep 24a8 pazauuen: 8 00KUT NPEILA2AEMCA HAOOD MAAO CBAZAHHLIL IPY2
¢ dpyeom 3a0a% ¢ PEUWEHUAMY, 8 OPY2UL NO CYULLCMEY U3AA2AEMCA
0dun-eduncmeennvili aszopumm. Temvl 2406 60 MHO20M NEPECEKAOMCA, U Mbl
nPednousl Koe-KaKue nosmopenus GopmaibHbiM CCoLAKAM.

Yposeno mpydnocmu 3aday u 24a8 6ecoma pazauuen. Movi cmapaauce
BKANUUMb KAK Npocmbie 3a0aut, KOMOPbLIE MO2YM ObIMb NOAE3HbL 0%
HAUUHAIOWUET, MAK & MPYIublie 3a0a%L, KOMOPble MO2YM NOCALOUMb 8 AYHCY
cuabho2o wroaprurae. (Xoms u pedko, no 3mo 6bi6aem noae3no.)



B kauecmee a3vika das 3anucu npozpamm Obia 8b16pan nackaab. On
d0CMAMOUHO NPOCM, U ECMECTNBEH, UMEEM HENAOLUE PEasu3ayuy (Hanpumep,
cmapoie Komnusamopvt Turbo Pascal gupmvr Borland 6viau sviioscenvt das
6eCnaammo2o CKaUUBARUA) U NO3BOALEM 3ANUCAMD PEULEHUS BCET
paccmampusaemblr 3adau. Bozmoscno, Modyaa-2 uau Obepon 6biau 6b1 Goaece
UBAUHDLM BLIOOPOM, HO OHU MeHee J0CTIYNHbL.

Ipaxmuuecku éce 3adaui 4 AA2ZOPUMMbL, PA3YMEEMCA, He ABAAIOMCA HOBBIMIU.
(B nexomopuit peoKus CAYwaAT NPu6edendbl CColAKY Ha KOHKPEMMY KHU2Y UAY
KOMKpEMH020 ueaosera. CM. maKice cnucox xKnue 044 0aibHetue20 Ymenus.)
Buecme ¢ mem mvl Hadeemcs, 4mo 8 HeKOMOPHIT CAYUAAT AA20PUMMBL

(u ocobenno doxaszameabcmea) usdaoxcenvt 6oaee KOPOMKO U OMUEMAUBO.

Mo He MoAbKO U HE CMOALKO y’%66’HUK‘ das UWKOADHUKA, CKOALKO CNPABOYHUK
U 3a0auHUK 044 npenoaaeamefm, 20mosAue20CA K 3GHAMUN.

06 «asmoperur npasars: npaso Gopmysuposams 36004y U 00bACHAMYL €€
PeuLeHUe ABAAEMCA HEOMUYHCIALEMBIM ECTNECTBEHHBIM NPABOM BCAKOZ0, KMO HA
amo cnocoben. B coomeememeun ¢ 3mum mekem A8ALemces 6000010
pacnpocmparsemvim. Adpeca aemopa: shen@mccme.ru, sasha.shen@gmail.com,
alexander.shen@lirmm.fr. Ckazannoe omuocumes K pycckomy mexcmy; éce
npasa wa nepesodvi nepedanvt uzdamenbemsy Springer.

IIpu nodzomosxre mexema ucnoab306a4acs (C60600HO PACNPOCMPAHAEMAS)
gepcua BTEX a, skaouaowas cmuiesvie Gatiavl, cOCMABAEHHBLE
C. M. JIvsoscxum (cm. £tp://ftp.mccme.ru/pub/tex/).

A pad cayuaro nobaazodapums 6CeT, ¢ KeM UMEL YECTNL COMPYIHUUATID, NPENO-
00644 NPOPAMMUPOBAHUE, 0COOEHHO MET, KMO Obia (o IPY2Y0 cmopory 6appu-
Ka0bly, G MAKHCE 6CET NPUCALBULUT MHE 3AMEUGHUAL U UCTPABACHUA (CTEYUAAD-
nas 6aazodaprocms — 0. B. Mamusacesuuy). Aemop 6aaeodapum B. [Ilysasosa
3a zaonomuvt no éépcmre, a maxxce uzdameabcmeo MITHMO. Baaeodapio max-
ace Unemumym npobaem nepedavuy ungopmayuu PAH, Amepukancroe mamema-
muueckoe obuecmseo (Pond nomowu 6wswemy CCCP), dond Copoca, ynusep-
cumem 2. Bopdo, gond «Kyavmypnas urnuyuamuear, Gondws STINT (Iseyua),
CNRS (Ppanyus), Ecole Normale (JTuown, @Ppanyus), LIF (Mapceav, Ppanyus),
LIRMM (Mownneave, @panyus), ywusepcumem 2. Ynncasa (Ileeyus), acenm-
ecmeo ANR (epanwm RaCAF, ANR-15-CE40-0016-01), Poccutickuti gond dynoda-
menmanbubls uccaedosanut (epanmor 02-01-22001 HI[HHa, 03-01-00475 w dpy-
2ue), a maxxce Cosem noddeprcru nayunoir wroa npu IIpeaudenme PD (epanm
HIII-358.2008.1) 3a noddepacky. Bmecme ¢ mem codeprcanue KUY 0MPAHCALTT,
MOUKY 3PEHUA ABMOPA, 36 OWUOKY KOMOPO20 YKAZAHHBIE O0P2AHU3AGUUL U AUYG
omeememsennocmu ne necym (u naobopom).
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1. NMEPEMEHHBbIE,
BbIPAXKEHUA,
[MPNCBAVUBAHNA

1.1. 3apaumn 6e3 maccusos

1.1.1. [Jaumwur gBe messie mepeMenubie a, b. CocraBeTe HparMeHT mpo-
I'PAMMEBL, [IOCTIEe UCIOIHEHUA KOTOPOro 3HAUYEHUA IePEMEHHBIX TOMEHIINCH
Obl MecTaMy (HOBOE 3HAUEHME & PABHO CTAPOMY 3HAYEHUIO b 1 HA060DOT).

Pemenue. Beeném monoqHuTEIbHYIO HEAYIO TIEPEMEHHYIO t.

t 1= a;
a := b;
b :=t; O

IToneITKa 060UTUCHL G€3 JOMOMHUTEILHON IIePEMEHHON, HAIUCAB

a := b;
b := a;

HE IpUBOANT K neau (6e3BO3BPATHO yTPAIUBACTCA HATAILHOE 3HATCHUE IIe-
DPEMEHHOU a).

1.1.2. PemwnTe mpenbiayiryio 3agady, HE UCIOIL3YS TOMOJHUTEILHBIX
[EepPEeMEHHLIX (M IPEeANOIaras, ITO 3HAYCHUAMU LIEIbIX [EPEMEHHBIX MOIYT
ObITH TIPOU3BOJIBLHEIE IIEIBIE YUCTA).

Pemrenne. Havanwubie 3Ha4eHus a u b o6o3uavuMm a0, b0.

a0 + b0, b = b0}
a0 + b0, b = a0}
b0, b = a0} ]

a+ b; {a
a - b; {a
a - b; {a

T p
non

o
n



1.1. 3adauu 6e3 maccueos 9

1.1.3. [lauo menoe 9ucaIo a ¥ HATYPAIbHOE (LEJ0e HEOTPULATEILHOE)
Tmcao n. Berancmmre a®. Ipyrumm croBamu, HEOGXOTUMO COCTABUTE IIPO-
rpaMMy, IPK UCIOIHEHUH KOTOPOH 3HAYMEHUA IepeMeHHEIX a U N He MeHAI0T-
s, & 3HAYEHUE HEKOTOPOU IPYTOU MepeMeHHOU (Hampumep, b) CTaHOBUTCA
parurm alt. (Ilpu aTOM pasperaeTes NCTOMb30BATE U IPYTHe TepeMeHHbe. )

Pemrenne. Bregém menyio nepemennyio k, koTopas MeHseTcs oT 0 10 n,
npurdéM Mo AepKUBAETCA TAKOe CBOUCTBO: b = at).

k :=0; b :=1;
{b = a B cremenx k}
while k <> n do begin
k :=k + 1;
b :=b *x a;
end; O

[pyroe periennre TOU Xe 3a,Ta<u:

k :=n; b :=1;
{a B cremenu n = b * (a B cremenu k)}
while k <> 0 do begin

k :=k - 1;
b :=b *x a;
end;

1.1.4. PemwuTe mpebIaymiyio 3agady, ecau TpebyeTcs, ITOOBI HUUCIO
OEUCTBUY (BBIIOIHAEMBIX ONEPATOPOB IIPUCBAUBAHUA) OBLIO HOpALKa logn
(To ects He mpeBocxoauio 661 C'logn nsa mekoropon korcranTet C; logn —
5TO CTENEHb, B KOTOPYIO HY>KHO BO3BECTU 2, YTOOLL IIOLYIUTH 1).

Pemrenne. BuecéM HeKOTOpPBLIE U3MEHEHUA BO BTOPOE U3 MPEII0KEHHBIX
PEIeHNT TPEABIIYIIEN 34 JaYn:

k :=n; b :=1; c:=a;

{a B cremeru n = b * (c B cremenu k)}
while k <> 0 do begin

if k mod 2 = O then begin

k:= k div 2;
c:= c*c;

end else begin
k :=k - 1;
b :=b *x c;




10 1. Ilepemennbie, 8bIpaAHCEHUA, NPUCEAUBAHUS

Kax o Bropon pa3 (e pexe) OyAeT BLINOJIHATHCS NEPBHI BADUAHT
omeparopa BeIOOpa (ecau k HEIETHO, TO MOCJE BHIYATAHUA €IUHULBL CTa-
HOBUTCSl I6THBIM), TAK 9UTO 3a [BA LUKJIA BEIMYUHA K YMEHBIIAETCA IO
KpauHen Mepe BIBOE. O

1.1.5. [Mamwbr HATypaJdbHBIE YUCIA &, b. Buraucanre npoussenenue a - b,
HCIOJB3Ys B IpOrpaMMe JUMIb onepanuun +, —, =, <>,

Pertenne.
k :=0; c := 0;

{unBapuant: c = a * k}
while k <> b do begin

k :=k + 1;
c :=c + a;
end;
{c =a*xkuk=>, cunegoBaTenpHo, c = a * b} O

1.1.6. [Jawmwr HaTypanbHBEIE YncIa a u b. Beraucmure mx cymmy a + b.
Ucnonr3ynre onepaTopbl TPUCBANBAHUA JUIIL BALA

(mepemennasl) := (nepemennasn2),
(nepemennas) := (4UCI0),

(nepemennasnl) := (mepemennasn2) + 1.

Pemenmne.

{unBapuaur: c = a + k}

O

1.1.7. [Tano marypambHOe (II€0€ HEOTPUIATEILHOE) YUCIO a U eI0e
MONOXKUTETbHOE uncao d. Beraucanre wacTHOE M OCTATOK T TPU TETCHUN a
Ha d, HE UCMOIBL3Ys omeparui div u mod.

Pemenue. Cornacuo ompegenenumio, a=q-d+r, 0 <r <d.

{a >=0; d > 0}

r :=a; q := 0;

{unBapmant: a = q *d + r, 0 <= r}
while not (r < d) do begin

{r >= d}
r :=r - d; {r >= 0}
q :=q + 1;

end; O



1.1. 3adauu 6e3 maccusos 11

1.1.8. [lano marypauashoe n, Beraucaure n! (0!=1,nl=n-(n—1)!). O

1.1.9. IlocrenosarensHOCTs, PubGOHaYMIM ompejenseTca Tak: ag = 0,
ayg =1, agy =ay-_q1 + ayx-o upm k > 2. /[aHO n, BEIUCIUTE an. (I

1.1.10. Ta xe 3agada, ecau TPeOyeTCs, ITOOLI TUCIO OMEPAIUN OBLIO
mponopiuoHaAIbHO log n. (I[lepeMeHHbIe JOMKHEL OBITH HETOIUCICHHEIMU. )

[Ykazauue. [Tapa cocequux qucen PuGoHaTIN TIOLYIAETCSA U3 IPEALLLY-
e YMHOXEHUEM Ha MATPUILY
11
1 0

— TaK YTO 3aJa'a CBOJUTCA K BO3BEACHUIO MaTPUIBI B CTEIEHb 1. 3TO
MOXHO crenaTh 3a Clogn meucTBum TeMm ke CIOCOOOM, UTO U IJIA YU-
cen.] O

1.1.11. /TaHO HATYPATHLHOE N, BLEITUCIUTE

1 1 1
6T +'1T +...+ ol O

1.1.12. To xe, ecau TpeGyeTcs, ITOOB KOMMIECTBO Onepanui (BBIIOI-
HEHHBIX KOMAH/I IIPUCBaMBaHusi) ObLIO OBl mopsaaka n (ue 6oaee C'n nas He-
KOTOpOU KoHCTaHTH ().

Pemenme. NuBapuant: sum = 1/1! 4+ ... + 1/k!, last = 1/k! (BaxHO He
BLIUUCJATD 3aHOBO KaxK ALK pa3 k!). O

1.1.13. [TaHel nBa HATYPAIBHBIX YUCIA a U b, HE PAaBHLIE HYJIIO OITHO-
BpemenHo. Berancaure HOL(a,b) — HanGoablmy OOIUA IeJUTeNb a 1 b.

Pemrenmne. BapuanT 1.

if a < b then begin

| k := a;

end else begin
| k := b;

end;

{k = min (a,b)}

{unBapuanT: Hukaxoe umcio, 6ombllee k, He ABIASTCA
obumM menumTeneM (oHO 6Gonblle omHOrO M3 YMCeI a,b)}
while not ((a mod k = 0) and (b mod k = 0)) do begin

| k := k - 1;
end;
{k - obumy memmTens, GombuMe — HET}
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Bapuant 2 (amropurv Esximpga). Bymem cumrars, wro HOL(0,0)=0.
Torma HOL(a,b) = HOL(a-b,b) = HOA(a,b-a); HOL(a,0) = HOL(0,a) = a
I Bcex a,b > 0.

m := a; n := b;
{unBapuanr: HOL (a,b) = HOL (m,n); m,n >= 0 }
while not ((m=0) or (n=0)) do begin
if m >= n then begin
| m:=m- n;
end else begin
| n:=n-m;
end;
end;
{m = 0 umu n = 0}
if m = 0 then begin

| k := n;

end else begin {n = 0}

| k := m;

end; O

1.1.14. Hanumure MOoaupuunpOBaHHLIN BapuaHT ajropurMa EBkinia,
ucnoas3ytomunn coorromenus HOM(a,b) = HOO(a mod b, b) mpu a > Db,
HOL(a,b) = HOQ(a, b mod a) mpu b > a. O

1.1.15. [lanor marypaibHble a 1 b, #e papasie 0 oqgnospeMenno. Hanaure
d = HOL(a,b) u Takue nenasle x uy, 4rod=a-x+b-y.

Pemrenne. /lo6aBum B anroput™m EBkiamaga mepemMeHHbBIE p, g, T, S U BIIU-
1meM B MHBAPUMAHT YCIOBUA m = p*a+q*b; n = rkxa+sxb.

m:=a; n:=b; p :=1; q :=0; r :=0; s :=1;
{uuBapuanr: HOL (a,b) = HOI (m,n); m,n >= 0O
m = p*a + q*b; n = r*a + s*b.}
while not ((m=0) or (n=0)) do begin
if m >= n then begin
| m:=m-n; p:=p-1rr;q:=q-S;
end else begin
| n:=n-mr:=r-p; s :=s-q;
end;
end;
if m = 0 then begin
| k :=n; x :=1; y := s}
end else begin
| k :=m; x :=p; y :=q;
end; O



1.1. 3adauu 6e3 maccusos 13

1.1.16. Pemmre mpeguiayinyo 3amady, UCIOAL3YSA B aaropurme EBkin-
Ia JeJeHue ¢ OCTATKOM. [l

1.1.17. (9. Meukcrpa) Jobasum B anrropuT™m EBKInIa TOMOJHATEILHBIE
[IEPEMEHHEIE U, V, Z:

m := a; n :=b; u:=b; v := a;
{unBapuanr: HOL (a,b) = HOL (m,n); m,n >= 0 }
while not ((m=0) or (n=0)) do begin

if m >= n then begin

| m:=m-n; Vv :i=V+u;
end else begin

| n:=n-mu:=7u+v,;
end;

end;
if m = 0 then begin

| zZ:= v,

end else begin {n=0}
| zZ:= u;

end;

[lokaxuTe, ITO MOCTE UCHOJHEHUA AATOPUTMA, 3HAUEHUE Z PABHO YIBOCH-
HOMY HAUMEHBIIEMY OOIIeMy KPATHOMY 4mcern a, b: z =2 - HOK(a,b).

Pemrenwe. 3ameTnm, 9TO BeJMYIMHA M- U + N - V HE MEHAETCA B XOJE BBI-
nonHeHns anroputMa. OCTaéTcs BOCIOMB30BATHLCS TeM, YTO BHAYATE OHA
paBHa 2ab u uro HOL(a,b) - HOK(a,b) = ab. O

1.1.18. Hamumure BapUaHT anropuTMa EBKIN I, UCTOMB3Y IO COOT-
HOIIIeHU
HOI(2a, 2b) = 2 - HOLI(a, b),
HOL(2a,b) = HOL(a,b) npu HEUETHOM b,

HE BKIOYAIONMN TeJEHUs ¢ OCTATKOM, & UCIIOAb3Y IOLIUY JUIIE [eJeHUe Ha, 2
u nposepky 4étHocTU. (Hucno mercTBun TOKHO OBITH mopsnka logk mis
UCXOAHBIX TAHHBIX, HE MPEBOCXOIAIINX K.)

Pemenme.

m:= a; n:=b; d:=1;
{HOLI(a,b) = d * HOL(m,n)}
while not ((m=0) or (n=0)) do begin
if (m mod 2 = 0) and (n mod 2 = 0) then begin
| d:= d*2; m:= m div 2; n:= n div 2;
end else if (m mod 2 = 0) and (n mod 2 = 1) then begin
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| m:= m div 2;

end else if(m mod 2 = 1) and (n mod 2 = 0) then begin

| n:= n div 2;

end else if (m mod 2=1) and (n mod 2=1) and (m>=n) then begin

| m:= m-n;

end else if (m mod 2=1) and (n mod 2=1) and (m<=n) then begin
| n:= n-m;

end;

end;
{m=0 => orBeT=d*n; n=0 => orBer=d*m}

Ouenka 4mcaa IeACTBAN: KaxK 0€ BTOPOe NeUCTBUe AeJUT XOTA Obl OqHO U3
YUCEJ M U N TIOMOJaM. O

1.1.19. [lomosHuTE ATCOPUTM TPEALIIYINEN 331a91 TOUCKOM X U Y, IJ
KOTOpBIX ax + by = HOI(a, b).

Pewenue. (MUges coobwena /. 3oukunniv.) [Ipexne Bcero samerunm,
YTO OJHOBPEMEHHOE [IeICHNE a U b TOmoIaM He MEHAET UCKOMBIX X 1 y. Ilo-
DTOMY MOXKHO CIMTATh, 9TO C CAMOTO HAYAIA OTHO U3 IUCET a U b HeIETHO.
(3TO cBOUCTBO OyneT COXPAHATHLCA U JAJee.)

Tenepsb MOMBITAEMCSA, KAK U PAHbIIE, XPAHUTDL TaKUe IUCIA, P, d, T, S, ITO

m = ap + bq,

n = ar + bs.

IIpo6rema B TOM, YTO mpM AEJEHUU, CKAXKEM, M HA 2 HAAO PA3LEIUTH P
U q Ha 2, U OHU NIEPECTAHYT OBITH LUEJIBIMU (& CTAHYT IBOMYHO-DALMOHAb-
HBIME). [|BOMYIHO-DALMOHAIBHOE YHUCJIO0 ECTECTBEHHO XPAHATH B BUAE HapHI
(qucnuTennb, MOKa3aTelb CTeNeHN IBOMKY B 3HAMeHaTene). B uTore Mbl mo-
aydaeMm d B BuJe KOMOWHAIVK a U b ¢ ABOMYHO-PALMOHAIBHBIMU KO-
nreHTaMu. UHBIME CTOBaMM, MBI IMEEM

2id:ax+by

Ui HEKOTOPBIX IEJBIX X,y U HaTypaasHoro i. Uro mnesars, ecaum i > 17
Eciu x v y 9éTHBI, TO HA 2 MOXKHO COKPATUAThL. Eciau 5TO He Tak, MOJIOXKEHUEe
MOXKHO UCIPABUATH IPe0OPa30OBAHUEM

x:=x+Db,

y=y—a

(oHO He MeHseT ax + by). Yoequmca B sTroMm. HamoMuuM, 9T0 MBI cunTaeM,
9TO OHO u3 uucel a u b HewérHo. IlycTh »TO Oyier a. Ecan npu sTom
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y 9€THO, TO U X [NOMKHO OLITH Y6THBIM (HHAYE ax + by OyeT HedETHBIM).
A mpu HEYETHOM y BEIMUTAHUE U3 HEMO HEYETHOTO a NeJaeT y Y6THBIM. [

1.1.20. CocTaBbTe mPOrpaMMmy, MEYATAIIYI KBATPATHI BCEX HATY-
panbHBIX yrcenr oT 0 10 3aIaHHOT'O HATYPAJIBHOI'O N.

Pemenme.

k:=0;

writeln (k*k);

{unBapuanr: k<=n, HamevaTaHH Bce
KBaf[paTH [0 k BKINYUTEIBHO}

while not (k=n) do begin

k:=k+1;
writeln (k*k);
end; O

1.1.21. Ta xe 3amada, HO Pa3PEIIACTCA UCIOIL30OBATEL U3 apU(pMETHAIC-
CKUX OIEpALMU JUIIb CJIOXKEHUE W BBIYUTAHUE, IPUIEM O0IIee 9ucio Jeu-
CTBUU TOMKHO OLITH MOPAIKA, N.

Pemenne. Beegém nepemennyio k_square (square — kBajgpar), CBI3aH-
Hy10 ¢ k cooTHOmenneM k_square = k2:

k := 0; k_square := 0;
writeln (k_square);
while not (k = n) do begin

k :=k + 1;
{k_square = (k-1) * (k-1) = k*¥k - 2%k + 1}
k_square := k_square + k + k - 1;
writeln (k_square);
end; O

3amedganme. MOXHO OO0OUTHUCH 6€3 BLIYUTAHUA C TOMOMIBIO TAKOU XUT-
poctu:

while not (k = n) do begin

k_square := k_square + k;
{k_square = kxk + k}
k :=k + 1;
{k_square = (k-1)*(k-1)+(k-1)=k*k-k}
k_square := k_square + k;
end;

1.1.22. CocTaBbTe TPOrpaMMy, MEYATAIONIYIO PABIOKEHNE HA, MTPOCTHIE
MHOXUTEA 33 JAHHOrO HATYPAJIBHOr0 duciIa n > 0 (ApyruMu cJaoBaMu, Tpe-
OyeTCsa meYaTaTh TOABKO MPOCTHIE YNUCJAA U MPOU3BELEHNe HaMeuaTaHHBIX
“ICEeN NOMKHO ObITH PABHO N CIM I = 1, medaTaTh HAYIero He HAO).
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Pemenune. Bapuaut 1.

k :=n;

{uHBapuaHT: mpoM3BeleHMe HalmedaTaHHHX 4UCel ¥ K paBHO
n, HaledaTaHH TONBKO IPOCTHe YUCIat

while not (k = 1) do begin

1 := 2;

{unBapuanT: k He uMeeT memuTemex B mHTepBame (1,1)}
while k mod 1 <> 0 do begin

| 1:=1+1;

end;

{1 - HauMeHbNMY memuTens k, Gompumu 1, cIeZoBaTemBHO,
mpocTou}

writeln (1);

k:=k div 1;

end;

Bapuant 2.

k :=n; 1 := 2;
{mpousBenenue k u HameyaTaHHHX YUCEN PaBHO N; HaleYaTaHHHE
4ymcma MpOoCTH; k He MMeeT IemuTenmel, MeHbumMx 1}
while not (k = 1) do begin
if k mod 1 = 0 then begin
{k memuTca Ha 1 U He MMeeT IemuTeleln,
venbumx 1, 3HaymT, 1 mpocTo}
k := k div 1;
writeln (1);
end else begin
{ k "e pmemurcs Ha 1 }
1 := 1+1;
end;
end; O

1.1.23. CocTaBbTe TpPOrpaMMy PeleHusa TPeIBIIYIIen 38 1a91, UCTOThb-
3yIOLyI0 TOT (PAKT, ITO COCTABHOE UUCJIO UMEET NeTUTeNIb, He MPEBOCXO-
IAMANA KBAJPATHOTO KOPHS U3 DTOCO IUCIA.

Pemrenne. Bo BTOpoM BapuaHnTe pemreHus BMecTO 1:=1+1 MOXKHO HAIU-
caTb

if 1*1 > k then begin

| 1:=k;
end else begin
| 1:=1+1;

end; O



1.1. 3adauu 6e3 maccusos 17

1.1.24. IIpoBepbTe, ABAAETCA MU 33aJaHHOE HATYPAJBLHOE YUCIO n > 1
MIPOCTHIM. (I

1.1.25. ([Ina 3HaKOMBIX ¢ OcHOBaMu aireOpbl) /[aHO IeT0e rayCccoBO
Tmeao n 4+ mi (mpuHagnexaiee Z[i]).

(a) IposepbTe, ABasgeTCa a1 OHO TPOCTHIM (B Z[i]).

(6) HaneuaranTe ero pasnoxenue Ha npocteie (B Z[i]) muoxuremu. [

1.1.26. Paspemum npumeHsaTs KOMaHIB write (i) smwmms mpu 1= 0,1,
2,...,9. CocraBbTe NPOrpaMMy, IEIATAOIIYIO TECATUIHYIO 3AMUCH 3aJAH-
HOro HaTypaabHoro ducaa n > 0. (Cayvan n = 0 ABuICA GBI HEKOTOPBIM UC-
KJIIOUEHNEM, TaK KaK OOBIYHO HyJIM B Hadale UUCIA He MeYaTaloTCd, & I
n =0 — meJaTarTCA.)

Pemenme.

base:=1;
{base - cremens 10, He mpeBocxomamas n}
while 10 * base <= n do begin
| base:= base * 10;
end;
{base - Makcumanvhas cTemens 10, He mpeBocxomamas n}
k:=n;
{unBapuanT: ocTamock HameyaTaTh kK C TeM Xe YHUCIOM
3HAaKOB, 4TO B base; base = 100..00}
while base <> 1 do begin
write(k div base);
k:= k mod base;
base:= base div 10;
end;
{base=1; ocTamocr HameyaTaTb OMHO3HAYHOE YUCIO K}
write(k); O

Tunuanas ommuoKa MPU PEIIEHNN STON 3a,Jad1: HEMTPABUILHO 00pabaATHI-
BAIOTCA YUCJA C HYJIAME Tocepenuue. [[puBeéHHBIA MHBAPUAHT IOMYCKAET
caydan, korga k < base; B 3TOM CIydae MedaTaHWe k HAMMHAETCA CO CTap-
[INX HYJEN.

1.1.27. To xe camoe, HO HAIO HATEYATATDb NECATUYIHYIO 3aTUCh B 00paT-
HoM nopszake. ([aa n = 173 Hago Hamedarars 371.)

Pemrenne.

k:= n;
{umBapuanT: ocTamock HameYaTaTb kK B o6paTHOM HOpALKel}
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while k <> 0 do begin
write (k mod 10);
k:= k div 10;
end; O

1.1.28. [lamo marypambuoe n. IlogcuuTanTe KOTUYIECTBO PEIICHUN HE-
pasercTBa x> + y2 < n B HATYPATbHBIX (HEOTPUNATETLHBIX IETHIX) THCTaX,
HE UCTIONL3YA TEUCTBUN C BEIIECTBEHHLIMU UUCIAMU.

Pemenne.

k :=0; s := 0;

{¥HBapuaHT: S = KOIMYeCTBO pelleHUN HepaBeHCTBa
x*x + y*y < n c x < k}

while k*k < n do begin

{t = umcmo pewemuy HepaBeHCTBa k*k + y*y < n
¢ y>=0 (upm mammoM k) }

k k +1;
s = s + t;
end;
{k*k >= n, mo>TOMy S = KONMYECTBO BCeX pelleHUN
HepaBeHCTBa}
3mech ... — TMOKa elé He HAMUCAHHBIA KyCOK MPOrPAMMBI, KOTOPBIU

OymeT TakKuM:

1 :=0; t := 0;

{unBapuanT: t = uMcIO peueHH}
HepaBeHCTBa k*k + y*y < n c 0<=y<1 }

while k*xk + 1*%1 < n do begin

1 :=1+1;
t =t +1;
end;

{k*k + 1*1 >= n, modToMy t = 4umcmo
BCeX pelleHMM HepaBeHCTBa k*k + y*y < n} (|

1.1.29. Ta xe 3agada, HO KOJIMIECTBO ONEPALUN JOMKHO OLITH IOPALKA
v/1. (B mpeeraymem pemennn, KAk MOXKHO HOJCIATATE, MOPALKA N OEPa-
Ui )

Pewenue. Hac unrepecyror Touku pemérku (C HeabIME KOODIUHATA-
MW) B TIEPBOM KBAJPAHTE, MOMAJAIONME BHYTPb KPyra pammyca +/n. M-
Tepecyiolmee HaC MHOXKECTBO (Ha30BéM ero X) cocTouUT W3 OOBEIMHEHUT



1.1. 3adauu 6e3 maccusos

BEPTUKAJILHLIX CTOJIOMOB yOLIBAIOIIEN BLICOTEL.

19

Wnes pemenus cOCTOUT B TOM, ITOOBLI «IBUTATLCA BIOJAL €0 T'DAHUIILDY,
CIOYCKasACHh TIO BEPXHEMY €r0 Kpaio, KaK 1o JecTHUIe. KoopIuHATHI ABUKY-
IIeNCsa TOYKYU 0603Ha4unM <k,1>. Beeaém emé oquy mepeMeHHyo s u OyaeM

oo4OePXKNBATh NCTUHHOCTD TaKOI'O yCJIOBUA:

<k,1> HaxoauTCca cpasy HaJ K-M CTOIOIOM;
S — YUCIO TOYEK B IPEILIIYIINX CTOJ0IAX.

DdopmanbHO:

e 1 — MmHUMAaJIbHOE cpenu Tex 1 > 0, 11a xkoTopeix <k,1> He mpuHAI-

JTeXUT X;

® s — YHNCJIO Iap HaTypPalIbHBIX X, Y, MJI1 KOTOPHIX X < k u <x,y> npu-

HagIexuT X.
O6o3uaxuM >tu yeaoeus depes (U).

k :=0; 1 := 0;

while <0,1> npunammexur X do begin

| 1:=1+1;

end;

{k = 0, 1 - vunumManeHOe cpemu Tex 1 >= 0,
nna xkoTtopux <k,l> He ImpuMHALIEXUT X}

s := 0;

{unBapuanr: N}

while not (1 = 0) do begin

s :=s + 1;

k :=k + 1;
BHU3, 4YTOO6H BOCCTAHOBUTL W}
| 1 :=1-1;

end;
end;

{#, 1 = 0, mosTomMy k-mM cTombeu M BCe CIeyluMe IyCTH, a

S paBHO MCKOMOMY YHCIy}

{s - 4mcmo Todex B cTombuaX KO K-T'0 BKIWYUTEIHHO}
{Touka <k,1> mexur BHe X, HO, BO3MOXHO, €& HAIO CLBUHYTbH

while (1 <> 0) and (<k, 1-1> He mpumagmexut X) do begin
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Ouenka 4uciia [eMCTBUN OYEBMIHA: CHAYAJa MBI ABMXKEMCA BBEPX He Oojee
YeM Ha /I [MAroB, a 3aTEM BHU3 U BIPABO — B KAXKIYIO CTOPOHY HE Gomtee
YeM Ha /N MIaroB. O

1.1.30. [laubr HaTypadbHbIe Yucia n u k, n > 1. Haneuaraure k gecs-
TuaHBIX 3HAKOB ducia 1/n. (Ilpu Hammauu OBYX AECATUYHBIX PA3JIOKEHUN
BLIOMPAETCA TO U3 HUX, KOTOPOE HE COAEPKUT AEBATKU B mepuoge.) IIpo-
rpaMMa, TOTXKHA, UCTOJL30BATEH TOJBLKO IENbIe TTePpEMeHHbIE.

Pewenue. CqBunyB B 4eCATUYHON 3anKCK YKcaa 1/n 3anaTyio Ha k MecT
BIIPABO, MOSYYIUM THUCIO 10k/n. Ham mamo mamedaraTb ero meayio 9acThb,
TO €CTb Pa3AeIuThb 10K ma n mameso. CrangapTaeim cmocob Tpedyer uc-
NOMB30BAHUA OOJBIIMX IO BEJWYHHE 9HUCEJ, KOTOPBIE MOTYT BBIATH 34
CPaHUIIE IUANA30HA MPENCTABUMBIX Yucea. [[03TOMY MBI CIeJaeM WHAYe
(cmeays OOBLIYHOMY METOMY «IETeHUA YLOAKOM») U OyZeM XPaHUTh «OCTa-
TOK» T:

1 :=0; r :=1;
{uus.: mamewaTamo 1 paspamoB 1/n, ocTamock HamevdaTaThb
k - 1 paspagmoB mpobu r/n}
while 1 <> k do begin
write ( (10 * r) div n);
r := (10 * r) mod n;
1 :=1+ 1;
end; O

1.1.31. [lamo marypanpHOe wuciao n > 1. Oupegenure mauHy mepuoia
IeCATUYHON 3amucu apobu 1/n.

Pemenue. Ilepuoa 1pobu paBeH Mepuoay B HOCICIOBATEILHOCTH OCTAT-
KOB (JJOKAXKUTE 5TO; B IACTHOCTH, HALO NOKA3ATh, ITO OH HE MOXKET OLIThb
MmenbIne). KpoMe Toro, B 3TON MOCIEIOBATEIBLHOCTH BCE MEPUOTUIECKY TTO-
BTOPAIOIINECA UICHBI PA3JWYHBLI, a TPEANepuo] UMeeT IJIUHY He Oojaee n.
MMosTomy moctarouno HauTu (n + 1)-U WIEH MOCIENOBATEIBLHOCTA OCTAT-
KOB U 3aTeM MUHUMAJIbHOE K, mpu KOTOpoM (n + 1 + k)-U <9ieH cOBmagaeT
c(n+1)-m.

1 :=0; r :=1;
{unBapuanr: r/n = pesymerar oT6pacuBaHua 1 3HakoB B 1/n}
while 1 <> n+1 do begin

r := (10 * r) mod n;

1 :=1+1;
end;
c :=

H
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~
[¢]
]

(n+1) -1 4IeH IOCIeNOBAaTEIBHOCTH OCTAaTKOB}
:= (10 * r) mod n;
k :=1;
{r = (n+k+1)-HV WIeH NIOCIeLOBATEIBLHOCTH OCTAaTKOB}
while r <> c do begin

r := (10 * r) mod n;

k :=k + 1;
end; O

H
1]

1.1.32. (Coobmmn }O.B.Maruacesus) [lana ¢ysxnus f: {1...N} —
— {1...N}. Hangure mepmon mocregoBaTtembHocT: 1,f(1),f(£(1)),...
KomudecTrO AeNCTBUN MOMKHO OBLITH TPOMOPIUOHATLHO CYMMApPHOU [IJH-
He Ipeanepuoja u neproga (3Ta CyMMa MOXKET OBITh CyLIIeCTBEHHO MEHb-
e N).

Pemenwe. Eciu 0T6pOCUTH HAYAIBHBIN KYCOK, MOCAEIOBATEILHOCTD TIe-
PUOIUYHA, IPUIEM BCE WIEHBI MEPUONA PA3IUIHHI.

{06o3mavuenne: f[n,11=f(£(...£(1)...)) (n pa3)}

k:=1; a:=f(1); b:=f(£(1));

{a=f[k,1]; b=f[2k,1]}

while a <> b do begin

| k:=k+1; a:=f(a); b:=f(£f(b));

end;

{a=f[k,1]1=f[2k,1]; f[k,1] BXOmUT B HmEepHOZUYECKYDL HACTBL}
1:=1; b:=f(a);

{b=f [k+1,1]; f[k,1],...,f[k+1-1,1] pasmuynwu}

while a <> b do begin

| 1:=1+1; b:=f(b);

end;

{nepuon paBer 1} (I

1.1.33. (9. Meukcrpa) Pyuxiua f ¢ HATYPATLHBIMA APTYyMEHTAMU U
3HaYeHMAMH ompegeneHa tak: £(0) =0, £(1) =1, £(2n) =f(n), f(2n+ 1) =
=f(n) + £f(n+ 1). CocraBbTe mporpamMMmy BerHuCIeHUs f(n) Mo 3agaHHO-
My 1, TpeOyoIyo nopsaika logn onepamui.

Pemrenne.

k :=n; a :=1; b := 0;
{unBapuanr: 0 <=k, f (n) = a * £(k) + b x £ (k+1)}
while k <> 0 do begin

if k mod 2 = 0 then begin

| 1 :=k div 2;
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{k=21, £f(k)=f(1), f(k+1) =
f (n) = axf(k) + bxf(k+1)
a :=a+b; k :=1;
end else begin
1 :=k div 2;
{k = 21 + 1, f(k) = £(1) + £(1+1),
f(k+1) = £(21+2) = £(1+1),
f(n) = a*xf(k) + bxf(k+1) = axf(l) + (a+b)*f(1+1)}
b :=a+b; k :=1;
end;
end;
{k = 0, f(n) = a * £(0) + b * £(1) = b, uTo u TpeboBamocn} J

£(21+1) = £(1) + £(1+1),
= (a+b)*f (1) + bxf(1+1)}

1.1.34. To e, ecmn £(0) = 13, £(1) = 17, £(2) = 20, £(3) = 30, £(2n) =
=43f(n)+57f(n+1), f(2n+1)=91f(n) + 179f(n+ 1) mpu n > 2.

[Ykazauue. Xpanure koahdUINEHTH B BhIpaxkenuu f(n) depes tpu co-
CeNHUX TUCIA.] O

1.1.35. [lanbl HaTypajbHBLIE 9KCIa a 1 b, mpuaéMm b > 0. Haugure gact-
HOE W OCTATOK MPU JEJCHUU a Ha b, ONepupys JWIlb C HEeJbIMUA IUCIAMEA
U He UCTOMBL3ysA omepanuu div u mod, 3a UCKIOUEHUEM TEICHUA HA 2 IET-
HBIX 9MCeT; YMCI0 MAroB He NOomkHO mpesocxonuthk Cylog(a/b) + Cy mna
HeKOTOpBIX KOHCTAHT (', Cs.

Peurenne.
bl := b;
while bl <= a do begin
| bl := bl % 2;
end;
{b1 > a, bl = b * (uexoropas crTemensr 2)}
q:=0; r:=a;

{uHBapwaHT: q, r - YacTHOe M OCTaTOK IpM NeleHM: a Ha bl,
bl = b * (uekoTopas cTemens 2)}
while bl <> b do begin

bl :=bl div 2 ; q :=q * 2;

{a=bl*qgq+r, 0<=r, r<2* bl}

if r >= bl then begin

r :=r - bl;
q:=q+ 1;
end;

end;
{q, r - 4acTHoe ¥ ocTaTok Ipu HemeHuu a Ha b} O
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1.2. Maccussbl

B crexyroummx 3agadax mepeMeHHBIE X, ¥, Z OPEIIOJAraI0TCA ONUCAHHBI-
mu Kak array[1..n] of integer (rze n — HEKOTOpPOE HATYPAILHOE IO,
6oubiee 0), ec/u UHOE He OT'OBOPEHO SBHO.

1.2.1. 3amosHuTe MaccuB X HyJAME. (DTO 03HAYAET, UTO HYKHO COCTar
BUTH (PPArMEHT MPOrPAMMEI, TOCJIE BHITOJHEHUA KOTOPOT'O BCE 3HAYEHU
x[1]..x[n] paBusaIUCH OBI HYJI0, HE3ABUCUMO OT HAYATLHOTO 3HAYEHU TI€-
DPEMEeHHON X.)

Pemrenne.

i = 0;
{uuBapuanT: mepewe i smavemuu x[1]..x[i] pammm 0}
while i <> n do begin

i =1+ 1;
{x[1]..x[i-1] = 0}
x[i] := 0;
end; O

1.2.2. TloxgcumranTte KoamdecTso Hyaen B Maccuse x. (CocTasbTe dpar-
MEHT MPOrPAMMBbI, He MEHSIONY 3HAUEHNUSA X, TOCIE UCTIOIHEHUS KOTOPOro
3HAYEHVE HEKOTOPOU IIEION TTePEMEHHON K PABHATOCH OBI YUCTY HYJIEH CPean
KOMIIOHEHT MacCHUBa, X.)

Pemrenme.

{unBapuanT: k = umcmo mymeu cpemm x[1]..x[i] }

O

1.2.3. He ucnonnsys onepaTopa IPUCBANBAHUA IJIs MACCUBOB, COCTABb-
Te (pparMeHT MPOTPAMMEL, S3KBUBAJICHTHRIN OMEPATOPY X : =Y.

Pemrenme.
i = 0;

{uHBapuaHT: 3HaveHme y He m3MeHmnochb, x[1]=y[l] mpm 1<=i}
while i <> n do begin

i =1+ 1;
x[i] := y[il;
end; O

1.2.4. Hangure maxcumywm u3 x[1]..x[n].
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Pemenmne.

i :=1; max := x[1];
{unBapuanT: max = makcummym w3 x[1]..x[i]}
while i <> n do begin
i=1+ 1;
{max = makcumym m3 x[1]..x[i-1]1}
if x[i] > max then begin
| max := x[i];
end;
end; O

1.2.5. [Jau maccuB x: arrayl[l..n] of integer, npu4éM U3BECTHO, ITO
x[1] <x[2] ... < x[n]. Hamgure KOMMIeCTBO Pa3IMYHLIX YUCET CPEIN
DIEMEHTOB 3TOTI'0 MACCHUBA.

Pemenne. BapuanuT 1.

i::=1; k :=1;
{unBapuanr: k - xommuecTBo pasmuwyunx cpemu x[1]..x[i]}
while i <> n do begin

i=1+ 1;
if x[i] <> x[i-1] then begin
| k := k + 1;
end;
end;

BapuauT 2. Uckomoe wucnao Ha 1 GOJbIIEe KOMUYIECTBA TEX YUCET 1 w3
1..n-1, mua koropwix x[i] we pasmo x[i+1].

k :=1;
for i := 1 to n-1 do begin
if x[i]<> x[i+1] then begin
| k :=k + 1;
end;
end; O

1.2.6. [Jam maccuB x: array[l..n] of integer. Hanaure xoaumiecTBo
PABIMIHBIX YUCEN CPEIU DIEMEHTOB 5Toro maccusa. (Uuciao gencrsunn moo-
HO OBITH TIOpATKA nZ.) O

1.2.7. Ta xe samada, ecaum TpebyeTcs, 9TOOLI KOIUMIECTBO IEUCTBUI
65110 TIOpsigKa n logn.

[Ykazauue. Cm. rumasy 4 (CopTuposka).] O
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1.2.8. Ta ke 3amatda, ecaum U3BECTHO, YTO BCE DIEMEHTHI MACCUBA, —
qucaa oT 1 10 K 1 4uciIo JeMcTBUN TOMXKHO OBITHL MOpAgKa n + K. O

1.2.9. (Coo6umr A.JI. Bpyauo) [IpamoyromsHOe mose m X n pasbéuTo Ha,
mn KBAJPATHBIX KJIETOK. HEKOTOPBIE KIETKU MOKPAIIECHB B Y6PHBIA LIBET.
N3BecTHO, 9TO BCe YEpPHBIE KJIETKM MOLYT OBITH Pa3sOUTHI HA HECKOJBLKO
HEIEPEeCeKAIMNXCA M He UMEIOMMX OOMMX BEPIIMH YEPHBIX IPIMOYIOJIb-
urkoB. CumTas, 9TO I[BETA KIETOK TAHLI B BUIE MACCUBA TUIA

array [1..m] of array [1..n] of boolean;

DOACYATANTE IUCJAO IEPHEIX NPAMOYTOIBHUKOB, O KOTOPHIX IILIA Pedb. Un-
CJI0 JEUCTBUU TOJKHO OBITHL [IOPALKA M.

Pemenwe. Yucio mpsaMOyrolbHUKOB PABHO YUCIY UX JEBBIX BEPXHUX
yruioB. flBasercs nu kieTKa BEPXHUM yIVIOM, MOXHO Y3HATBH, IOCMOTPEB
Ha eé UBeT, a TakXke UBeT BepxHero u jaesoro cocexaen. (He 3abyabre, uro
UX MOXET He OBITb, eCIU KJIETKA, C KPAlo. ) ([

1.2.10. Mdaum maccuB x[1]..x[n] meawix uucen. He ucnonnsys apyrux
MAaCCHUBOB, MTEPECTABLTE DIEMEHTHI MACCUBA, B OOPATHOM MOPS IKE.

Pemenme. Jnementol x[i] u x[n+1-1i] HYXHO MOMEHATH MECTAMU JJIA
BCeX i, masa xOTopelx i<n+1—1, Toecth 2i<n+1 & 2i<n&
&i<n div 2:

for i := 1 to n div 2 do begin
| ...NMOMeHATHL MecTaMum x[i] u x[n+1-i];
end; O

1.2.11. (U3 xuwuru [I.Tpuca) Jau maccus measix gucea x[1] . .x[m+n],
pPacCMaTPUBAEMEIN KaK COSAMHEHUE IBYX €ro OTPE3KOB: Havdata x [1] . .x [m]
OBl m 1 KOHIA X [m+1] . .x[m+n] nauner n. He ucnone3ys momosHuTE B
HBIX MACCUBOB, [IEPECTaBbTe Hadaulo u KoHel. (Yucio gencTBuil mopsgka
m+n.)

Pemenne. Bapuaut 1. Tlepesepuém (pacmonokum B 06paTHOM MTOPAIKE )
OT/EJbHO HAYAJIO M KOHEIlI MacCUBA, a 3aTeM IePEeBEPHEM BeCh MACCUB KaK
€IUHOE IIeJI0e.

Bapuant 2. (A.T'. Kyumnupenko) PaccMaTpuBas MacCuB 3aluCaHHBIM 110
KPYTy, BUAUM, ITO TpebyeMoe IerCcTBIe — MOBOPOT Kpyra. Kax mssecTHO,
MIOBOPOT €CTh KOMIIO3UIAA OBYX OCEBBIX CUMMETPUN.

Bapuant 3. Paccmorpum 6osee oburyio 3agady — OOMEH IBYX ydacT-
xoB maccuBa x[p+1]..x[ql] u x[g+1]..x[r]. IIpesnonoxum, 4T0o AIUHA
JeBOro yvacrka (HazoBéMm ero A) He Goublie AIUHBI OPAaBOro (HA30BEM
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ero B). Boigeaum B B Hagajo Tou ke NauHBL, 9TO U A, Ha30BéM ero B,
a ocratok By. (Tax uro B = By + Bs, eciu 0603Ha9aTh ILUIIOCOM IIPUIN-
CBIBAHUME MaccuBOB APYr K apyry.) Ham mamo uz A + By + B nmonyuurs
By + By + A. Meussa mectamu y9acTku A u B| — OHU UMEIOT OIUHAKOBYIO
IIUHY, U COEJATh DTO Jerko, — mnonydaem By + A + B, u ocranoch momMe-
HATL MecTamu A u Bs. TeM caMBIM MBI CBEIU M0 K MEPECTaHOBKe IBYX
OTPE3KOB MeHbIen qmuubl. UTak, norydaemM Takyio CXeMy MpPOrpPaMMbI:

p:=0;q:=m; r:=m+ n;

{uuBapuanr: ocramocs mepecraBuTs x[p+1..ql, x[q+1l..r]}
while (p <> q) and (q <> r) do begin

{o6a yuacTka HemycTH}

if (q - p) <= (r - q) then begin

. .mepectasuts x[p+1]..x[q]l u x[q+1]..x[q+(q-p)]
pnew := q; qnew := q + (q - p);

P := pnew; q := qnew;

end else begin

. .nmepectaButs x[q-(r-q)+1]..x[q] u x[q+1]..x[r]
qnew :=q - (r - q); rnew := g;

q := gnew; r := rnew;

end;

end;

Onenka BpeMeH: pabOTHL: Ha OYepeJHOM IIare OCTABIINNICA IS 00pabOTKA
YIaCTOK CTAHOBUTCA KOPOUE HA, IIUHY A; IUCI0 TeUCTBUN MPU DTOM TAKKE
MPOTOPIMOHANBHO [IuHe A. O

1.2.12. Ko puimenTs MHOIOWIEH IEXKAT B MaccuBe a: array[0..n]
of integer (n — HaTypalIbHOE YMCJO, CTENEHbL MHOMOWIEHA). Boraucaure
3HAYEHME >TOM0 MHOIOWICHA B TOUKe X, TO ecTh a[n] x® + ... +a[1lx +
+alo].

Pemenne. (OnucniBaeMbIll alropuT™M Ha3BIBaeTCA cxemon ['opHepa.)

k := 0; y := a[n];
{umBapuanr: 0 <= k <= n,
y= a[nl*(x B cremennu k)+...+a[n-11*(x B cremenm k-1)+...+
+ a[n-k]*(x B cremenu 0)}
while k<>n do begin

k :=k + 1;
y :=y * x + a [nk];
end; O

1.2.13. ([nn 3makombix ¢ ocHoBaMu aHaau3a; coobmun A.[D. Kymmuu-
perko) [JononHuTre aaropuTM BLIMUCJICHUA 3HAYEHUA MHOIOWIEHA B 3a1aH-
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HOU TOYKE IO cxeme ['OpHepa BEIMUCICHMEM 3HAYEHHUA €ro IPOU3BOLHOU
B TOH K€ TOYKe.

Pemrenne. /[o6aBreHre HOBOrO KO3(hMUIMEHTA COOTBETCTBYET IEPEXOTY
ot MuoroureHa P(x) k muorowieny zP(z) + ¢. Ero npoussognas B TOU-
ke z paBHa P’ (x) + P(z). (310 pemmenne 061agaeT 3a0aBHBIM CBOUCTBOM:
He HaJ0 3HATH 3apaHee CTeIeHb MHOrodieHa. Eciu TpeGoBaTh BHINOIHEHNS
DTOr0 YCIOBUSA, A& €I MPOCATH BEIMUCIATH TOTHKO 3HAYEHWE MPOU3BOI-
HOM, He YIIOMMHAA O CAMOM MHOIOUJIEHe, TOAYIaeTCsa He TaKkasd YK IpocTas
3a1a4a. ) O

O6mee yTBepXK IeHNE O CIOKHOCTY BBIYUCICHUs MTPOU3BOIHBIX TAKOBO:

1.2.14. (B.Bayp, @.llIrpaccen) /Jana mporpaMMa BEIYUCICHUA 3HAYE-
HUA HEKOTOPOro MHOTOUIeHa P(x1, ..., %y), COAepKAIAL TOIBKO KOMAH IBI
mpucBanBaaua. VX mMpaBble 9aCTW — BBEIPAKEHUA, COACPKAIIE CIOKEHUE,
YMHOXEHWE, KOHCTAHTLI, IIEPEMEHHBIE T1, ..., T, U PAHEe BCTPEIABIIAECA
(B aeBon wacTu) nepemenssie. JJokaxuTe, ITO CYIECTBYET IPOrPAMMA, TO-
r'0 e TUIA, BEMUCIALIAL Bee n npousBonuuix 0P/0xy,...,0P/0x,,, upu-
9éM 00IIee IMCI0 apupMeTUIecKux ornepanuit He 6omee veMm B C pas mpe-
BOCXOIUAT YUCJIO apu(pMETHICCKUX OTepanyil B MCXOTHON porpamme. Kon-
craara C' HE 3aBUCHUT OT N.

[Ykazanne. MOXHO CINTATh, YTO KaXIasi KOMAHAA — CIOKEHHE OBYX
YUCeNT, YMHOXKEHNE IBYX YUCEeNT WIN YMHOXKEHNE HA KOHCTAHTY. Mcmonb3yn-
Te MHIYKIWIO IO YUCIYy KOMaH[, IPUMEHAA WHIYKTUBHOE IIPEeNIIOJOXKeHue
K IpOrpaMMe, HOLYYalomencs OTOPACEIBAHIEM IIEPBOH KOMAH IHL. | O

1.2.15. B maccuBax a: array[0..k] of integer ub: array[0..1] of
integer xpaHATCA KO3POUINEHTHI ABYX MHOrOWIEHOB crernenen k u 1. Tlo-
MecTuTe B MaccuB c: array[0..m] of integer ko>dpUIMEHTH UX IPO-
m3penenua. (Yucna k,1,m — HaTypaibHble, m = k + 1; BIeMEHT MacCUBA,
C MHIEKCOM i COmepkuT KO3 HUINEHT MPU CTENeH: 1.)

Pemrenne.

for i:=0 to m do begin
| c[i]:=0;
end;
for i:=0 to k do begin
for j:=0 to 1 do begin
| cli+jl := c[i+j1 + al[il*b[j]1;
end;
end; O
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1.2.16. IIpenoXeHHBIN BLIMIE AICOPUTM MIEPEMHOXKEHNS MHOIOYICHOB
TpebyeT mopAgKa n’ IeHCTBUI A1 MepeMHOXKEHN IBYX MHOTOWICHOB CTe-
neuu n. [Ipugymanre Gonee sdpdeKTUBHBIN (s GOMBIIAX 71) AICOPUTM,
KOTOPOMY ZOCTATOYHO mopsagKa n'°84/1083 reficrui.

[Ykazanue. [Ipegcrasum cebe, 9TO HALO MEPEMHOXKUTE JBA MHOI'OYIEHA,
crenenu 2k. Ix MOXHO NpeICTaBUTL B BUIE

Alz)z* + B(z) = C(z)z" + D(z).
IIpoussenenue ux paBHO
A(z)C(z) 2** + (A(z)D(z) + B(z)C(z)) z* + B(z)D(x).

Ecrectrennnn cnoco6 Beraucaenus AC, AD + BC, BD TpebyeT 4eThI-
PEX YMHOXKEHUN MHOTOWIEHOB CTErmeHu k, OMHAKO WX KOJUIECTBO MOXKHO
COKPATUTL [0 TPEX C MOMOIIBI0 Takou xurpoctu: Beraucauts AC, BD
u (A + B)(C + D), asarem 3ameruts, uro AD + BC = (A + B)(C + D) —
— AC — BD.] O

1.2.17. [laubr gBa BO3pacTatoommx MaccuBa x: array[1l..k] of integer
m y: array[l..1] of integer. Hamaure KommdecTBO OOIIMX DJIEMEHTOB
B DTUX MACCUBAaX, TO €CTh KOMUIECTBO TEX MEJIBIX t, I KOTOPHIX t =
=x[i] =y[j] mna mexoropwix i u j. (Hucno gencrsun nopsaika k + 1.)

Perrenne.

k1:=0; 11:=0; n:=0;

{uuBapumanr: 0<=ki<=k; 0<=11<=1;

UCKOMEI OTBET = N + KONUYECTBO O6UMX
snemenToB B x[k1+1]..x[k] u y[11+1]..y[1]}
while (k1 <> k) and (11 <> 1) do begin
if x[k1+1] < y[11+1] then begin

| k1 := ki + 1;
end else if x[k1+1] > y[11+1] then begin
| 11 := 11 + 15
end else begin {x[ki1+1] = y[11+1]1}

k1 := k1 + 1;

11 := 11 + 1;

n:=n+ 1;
end;

end;
{kl = k wmu 11 = 1, no>ToMy OLHO M3 MHOXECTB, YIOMAIHYTHX
B NHBapHMaHTe, IyCTO, a N PaBHO MCKOMOMy OTBETY} g
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3amevanue. B Tpernen aabTepHATUBE NOCTATOYHO OBLIO OBI YBEIUYH-
BaTb OQHY U3 mepeMeHHBIX k1, 11; BTOpas mobaBiaeHa s CUMMETPHUU.

1.2.18. PemmrTe mpenIaymyoo 3agady, €CIU MPO MACCUBBI W3BECTHO
aumib, aro x[1] < ... < x[k] n y[1] < ... < y[1] (Bospacranue samene-
HO HeyOLIBAHUEM).

Pemrenwe. YcioBue Bo3pacTanus ObLIO UCIOJB30BAHO B TPETHEU ATbTEP-
HaTuBe BRIOOpa: cABMHYB k1 u 11 Ha 1, MBI TeM CaMBIM yMeHbIIAIX Ha 1
KOJIUYIECTBO OOmmX saemMeHToB B x [ki1+1] ...x[k] u x[11+1]...x[1]. Te-
TIepb DTO MPUAETCA IEeIATh CAOXKHEE.

end else begin {x[k1+1] = y[11+1]1}

t = x [ki+1];
while (ki<k) and (x[k1+1]=t) do begin
| k1 := k1 + 1;
end;
while (11<1) and (x[11+1]=t) do begin
| 11 := 11 + 1;
end;
n :=n + 1;
end; O

3aMedaHue. JTa MporpaMma uMeeT AedeKT: [IPU IPOBEPKE yCIOBUI
(k1<k) and (x[k1+1]=t)

(uu BTOPOro, aHAJOTMYHOrO) IIPU JOXKHOU [IEPBOU CKOOKE BTOPAs OKaKeT-
¢ GecCMBICACHHON (MHAEKC BBHILAET 3a CPAHUIBLI MACCHBA) U BO3HUKHET
ommbka. Hekoroprie Bepcun mackasns, BerMucasa A and B, cHadasa BbHMu-
cagroT A u mpu JoxuOM A He BEramcasioT B. (Tax Bemér cebsa, mampumep,
cucrema Turbo Pascal Bepcun 5.0 — Ho e 3.0.) Torga onucaxnas ommnoka
HE BO3HUKHET.

Ho ecau MBI HE XOTHUM MOJATATHCA HA TAKOE CBOUCTBO MCIOIL3YEMOU
HAMU peau3anuyu nackand (He mpenycMoTpenHoe ero asropoM H. Bup-
TOM), TO MOXHO MOCTYNUTH TakK. BBENEM TOMOJIHUTEILHYIO TEPEMEHHYIO
b: boolean u Hanumem:

if k1 < k then b := (x[kl+1]=t) else b:=false;
{b = (ki<k) and (x[k1+1] = t)}
while b do begin

kil:=k1+1;

if k1 < k then b := (x[kl+1]=t) else b:=false;
end;
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MoxH0 Takxke CcaeJaThb MHa'de:

end else begin {x[k1+1] = y[11+1]1}
if k1 + 1 = k then begin

k1 := k1 + 1;

n:=n+ 1;
end else if x[ki1+1] = x [k1+2] then begin
| k1 := ki + 1;

end else begin
k1 := k1 + 1;
n:=n+ 1;

end;
end;

Tak 6yneT Kopote, XOTA MeHee CUMMETPUIHO.
Haxomren, MOXHO yBeAIn4YuThL Pa3MeP MACCUBA B €r'0 OMACAHUN, BKIIOYUB
B Hero (pUKTUBHEIE DIEMEHTEL.

1.2.19. [lausr gBa HeyObIBaOUMX MaccuBa x: array[1l..k] of integer
uy: array[1l..1] of integer. Hangure 9ucao pa3saudHBIX SIEMEHTOB CPe-
o x[1],...,x[k],y[1],...,y[1]. (Yucao meucrBun mopsaaka k +1.) [

1.2.20. [lamer gBa maccuBa x[1] < ... <x[k] my[1] <... < y[1]. «Co-
egquaure» ux B Maccus z[1] < ... < z[m] (m =k + 1; KaxK b1l DIEMEHT A0~
KE€H BXOAWTb B MACCHUB Z CTOJILKO Pa3, CKOJILKO Pa3 OH BXOAUT B OOIIEN
CJIOXKHOCTU B MACCHUBHL X U y). JUCJIO IEUCTBAN MOPAIKA M.

Pemenne.

ki := 0; 11 := 0;

{unBapuanr: ormer momyuurca, ecmu x z[1]..z[k1+11] mo6aBuTh
cupaBa coegnuHenue MaccuBoB x[ki1+1]..x[k] = y[11+1]..y[1]}

while (k1 <> k) or (11 <> 1) do begin

if k1 = k then begin

{11 < 1}

11 := 11 + 1;

z[k1+11] := y[11];

end else if 11 = 1 then begin

{k1 < k}

k1 := k1 + 1;

z[k1+11] := x[k1];

end else if x[k1+1] <= y[11+1] then begin

k1 := k1 + 1;

z[k1+11] := x[k1];

end else if x[k1+1] >= y[11+1] then begin
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11 := 11 + 1;
z[k1+11] := y[11];
end else begin
| { Takoro me 6mBaer }
end;
end;
{kl1 = k, 11 = 1, MaccuBH COeIWHEHH} O

ODTOT OPOLECC MOKHO MOACHUTH TAK. IlyCTh y HAC €CTb IBE CTONKU Kap-
TOYEK, OTCOPTUPOBAHHLIX TIO asdaBuTy. MbI coequHseM X B OTHY CTOI-
Ky, BLIOMPAA KaX I Pa3 TY U3 BEPXHUX KAPTOUIEK 06EUX CTOMOK, KOTOPAsa
uAET paHbIIe B aapaBUTHOM TOpAAKe. KCau B OTHOU CTOMKE KAPTOIKU KOH-
YMIACh, 6ePEM UX U3 IPYTOM CTONKMU.

1.2.21. Mawmwr geamaccuBa x[1] < ... <x[k] uy[1] <...<y[1l]. Han-
IUTE UX «Iepecedenuey, To ectb Maccus z[1] < ... < z[m], cogepxamun nx
O0IIME AMEMEHTHI, TPUIEM KPATHOCTD KXk IOT0 DIEMEHTA B MACCUBE Z PAB-
HAETCA MUHUMYMY U3 €r0 KPATHOCTE! B MACCUBAX X U Y. UUCIO NercTBUA
nmopsagka k + 1. (I

1.2.22. [HMawmer gBa maccuBa x[1] < ... <x[k]l my[1] <...<y[1] u um-
cio q. Hangure cymmy Buga x[i] 4+ y[j], naubonee Gauskyio x 4ducay q.
(Yucno gencTBul nopsagka k+1, NOMOJHATENbHAA NAMATH — (QUKCAPOBAH-
HOE YUCI0 MEJIHIX EPEMEHHBIX, CAMU MACCABLI MEHATL HE PA3PEIIAeTCA. )

[Ykasanue. Hago HallTu MuUHHMAJIBHOE DACCTOSHUE MEXIY SJIEMEHTa-
vz x[1] <...<x[k] mwq—y[l] <...<q—yl[1], 9T0o HETPYAHO CcreTATH
B XOJle UX CIMSHUA B OAUH (BOOGPAKAEMbIN) MACCHB. O

1.2.23. (I3 xuuru [.Tpuca) Hexoropoe €ucio comepXKurca B Kaxk-
OOM U3 TPEX LEJOYUMCJICHHBIX HeyObBarommx maccuBoB x[1] < ... < x[p],
y[11 <...<ylqdl, z[1]1 < ... < z[r]. Hangure oguo u3 rakux uuncer. u-
CJIO JEUCTBUU NOMKHO OLITH MOPAAKA P + q + T.

Pemenme.

pl:=1; ql=1; ri:=1;

{unBapuanr: x[pl]..x[pl, ylqll..y[lql, z[r1]l..z[r]
comepxaT o6umH >IeMEHT}

while not ((x[p1l=y[q1]l) and (y[q1l=z[r1])) do begin
if x[p1l<ylql] then begin

| pl:=pl+i;
end else if y[q1l<z[r1] then begin
| ql:=ql+1;

end else if z[r1]l<x[pl] then begin
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| rl:=ri+1;
end else begin
| { Tax me 6umaer }

end;
end;
{x[p1] = yIqll = z[r11}
writeln (x[p1l); O

1.2.24. Ta xe 3amada, TOJLKO 3apaHee HE W3BECTHO, CYIIECTBYET JIU
OOLINH JIEMEHT B TPEX HEyOBIBAIOLUINX MACCUBAX U TPEOyeTCAa 3TO BLIACHATL
(1 HaUTH OAUH U3 OOIIMX DIEMEHTOB, €CJAN OHU ECTh). O

1.2.25. OmemenTaMu MaccuBa all..n] ABIAIOTCA HEyOLIBAIOIINE MACCH-
BeI [1..m] IeIBIX YMCer:

a: array [1..n] of array [1..m] of integer;
al1][1]1 <...<al1]l[m],...,a[n][1] <...<a[n][m].

MsBecTHO, 4TO CcymecTByeT €m0, BXOAsinee BO Bce MaccuBbl alil (cy-
IIIECTBYET TAKOE X, UTO AJA BCAKOTO i w3 1..n maugérea j wz 1..m, ana
koroporo ali] [j] = x). Hanaure oaHO U3 TAKUX YUCET X.

Pemenne. Beeném maccus b[1]...b[n], ormedaromuy HavaIo «0CTAIO-
menca dactuy mMaccusos al1],...,aln].

for k:=1 to n do begin
| blk]:=1;

end;

eq := true;

for k := 2 to n do begin
| eq := eq and (al1l1[b[1]1] = alkl[b[k11);

end;

{unBapuanT: ocTaBuMecs YacTH ImepeceKanwTCA, T.e. CYWECTBYeT
Takoe X, 4To mnaA BcAkoro i u3 [1..n] maumérca j ms [1..m],
He Menbumee b[i], mma koroporo al[il[j] = x; eq <=> mnepsue
3NeMeHTH OCTABUMXCA YacTeld paBHH}

while not eq do begin

s :=1; k := 1;

{als] [b[s]] - vunumanenoe cpemm al[1][b[1]]..a[k][b[k]]1}

while k <> n do begin

k :=k +1;
if alk][b[k]] < als][b[s]] then begin
| s := k;

end;
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end;
{als][bl[s]] - vumumanemoe cpemm al1][b[1]]..a[n][b[n]]1}
b [s] :=b [s] + 1;
for k := 2 to n do begin
| eq := eq and (al[11[b[1]1] = alkl[b[k11);
end;
end;
writeln (al1][b[1]11); O

1.2.26. IIpuBenéunoe perierne nNpeiblIyIIed 3a1a9u TPeOyeT MOPAIKA
mn? gericTeui. I[IpugyMaiTe cnocod ¢ GHCIOM AEMCTBHH IOPALKA M.

[Ykazauue. [Ipugérca noxepTBOBATH CUMMETPUEN U BHIODATH OLHY 13
CTPOK 3a OCHOBHYI. /[BUTAsCH IO OCHOBHOU CTPOKE, MO/ IEPKUBAEM TAKOE
COOTHOIIIEHNE: BO BCEX OCTATBHBIX CTPOKAX OTMEYEH MaKCUMATLHBIN BJe-
MEHT, HE [IPEBOCXOMAIIUNA TEKYILEroO JIeMEeHTa OCHOBHOU CTPOKM. ] O

1.2.27. ([Isowunwwm mouck) Jana mocrenosareasrocts x[1] <...<x[n]
HEJBIX YUCET W 9UCAO a. BEICHUTE, CONEPKUTCA U a B DTOU MOCAeNOBA-
TEILHOCTU, TO €CTh CymecTByeT au i um3 1..n, mis xkoroporo x[i] = a.
(KosmyecTso mencTeui nopagka logn.)

Pemenmne. (IIpexnomaraem, aTo n > 0.)

1l :=1; r := n+l;

{r > 1, ecmun a ectr Boobme, To ecTb u cpemu x[1]..x[r-11}
while r - 1 <> 1 do begin

m:= 1+ (r-1) div 2 ;

{1<m<r}

if x[m] <= a then begin

| 1l :=m;

end else begin {x[m] > a}
| r := m;

end;

end;

(O6pature BHEMaHEE, 9TO U B clydae x[m] = a mHBapumanT He HapyIua-
ercs.)

Kaxauin pa3 r — 1 yMEHBINAETCA TPUMEPHO BIBOE, OTKYIA U BEITEKAET
TpebyeMas OIEHKa, YUCIa TeUCTBUN. O

3aMmedanue.

14 (r-1)div2= (21 + (r — 1))div2 = (r + 1)div2.
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B sTon 3a1ate CymecTBEHHO, ITO MACCUB YIOPAAOTICH — MOKMCK B HEYIIO-
PALOYEHHOM MACCHBE TPEOYET BPEMEHH, MPONOPIMOHATLHOrO JINHE MACCH-
Ba. (IToGEL y6eauThCa, ITO KAKOrO-TO IUCIA HET B MACCUBE, HALO IPOCMO-
TPETH BCE er0 DIEMEHTHI. )

1.2.28. (U3 kuwmrm [I.Tpuca) Wwmeercs maccue x: array[l..n] of
array[1..m] of integer, ymopsJOYEHHEIN IO CTPOKAM U TIO CTOMOIIAM:

x[11[]

1 <x[il[j+1],
x[1][j]

x[i+11[3],

NN

u uuciao a. TpebyeTcs BLLACHUTE, BCTpedaeTcs au a cpenu x[1] [].

Pemenue. [Ipencrapiaaa cebe MACCUB X KaK MATPUILy (IPAMOYTOILHUK,
3AIOJHEHHBIN YUCJIAMIE), MBI BLIOEPEM TPAMOYTOILHUK, B KOTOPOM TOJIBKO
U MOXKET COIEPKATHCA &,  OyIeM ero Cyx)aThb. [[pAMoyroisHuK 3TOT Oy aeT
comepxkath x[1][jlmpm 1 <i<luk<j<m

1 k m

(IOMyCKAITCA MyCTHE IPAMOYTOABHUKY Ipu L =01 k =m + 1).

l:=n; k:=1;
{1>=0, k<=m+1, ecmu a ecTh, TO B ONMCAHHOM IPAMOYTOIbHUKe}
while (1 > 0) and (k < m+1) and (x[1][k] <> a) do begin

if x[1][k] < a then begin

| k := k + 1; {meBuit cTombem He COIepXUT a, yhandaeM ero}
end else begin {x[1]1[k] > a}
| 1 :=1 - 1; {uuxHAA cTpoKa He COLEPXUT a, yLandeM ed}
end;

end;

{x[1]1 (k] = a umm npamMoyrombHUK IycT }

answer:= (1 > 0) and (k < m+1) ;

3ameuanue. 3aech Ta ke ommbka: x[1] [k] moxer oxasaTbca Heompe-
penéunbiM. (E€ ucnpasnenue npegocrasisercsa auTaTerio. ) O
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1.2.29. (MockoBckas omuMmaga mo nporpaMMupoBanuio) [lan HeyObI-
BAIOIINN MACCHUB IOJOXKUATEIbHBIX Hmeablx umcera al[l] < al2] <...<aln].
Hanaure HanMeHbIIee [e10€e MOJOKUTEALHOE IUCI0, He IPEICTABIMOE B BH-
€ CyMMBI HECKOJIBKUX DJEMEHTOB DTOT0 MACCUBA (KAXKIBIM DIEMEHT MacC-
CMBa MOXET OBITH UCIONL30BAH HE 60Mee OJHOrO pasza). ducio nencTsun
IopALKa n.

Pemenue. I[lycTs u3BECTHO, YTO YMUCIA, TPEICTABAMEBIE B BUIE CYMMEI
anemenToB al[1],...,alk], sanomusaioT orpesok ot 1 mo mekoroporo N. Ec-
anm a[k+1] > N+1, 7o N+1 u Oy1eT MUHUMATBHBIM YUCJIOM, He MPEICTABUMBIM
B BUIE CyMMBI »aeMeHToB MaccuBa al[l]...a[n]. Ecan xe alk+1] < N+1,
TO YUCIA, IPEICTABAMBIE B BUIe CyMMBI ieMenToB al[1] ... a[k+1], zamon-
HAIOT OTpe3okK oT 1 mo N+al[k+1].

k :=0; N := 03
{uHBapuanT: uucma, npencTaBMMHe B BULE CYMMH DIIEeMEHTOB
maccuBa al[l]..al[k], 3amommawTt oTpesok 1..N}
while (k <> n) and (al[k+1] <= N+1) do begin
N := N + alk+1];
k :=k + 1;
end;
{(k = n) mwmn (alk+1] > N+1); B oboux cmyyaax orer N+1}
writeln (N+1);

(CuoBa TOT ke medeKT: B YCIOBAUW IUKJIA TPU JOKHOM TEPBOM yCIOBUM
BTOPOE HE OIPEIEIEHO. ) O

1.2.30. ([lna 3HAKOMEIX C OCHOBaMU aireOpwl) B memoumcaeHHOM Mac-
cuse a[1] ...a[n] xpanurca nepecranoBka ducesa 1...n (Kaxgoe u3 ducen
BCTPEYAETCS IO OLHOMY Da3y).

(a) Ompegenure uétHOCTE HepecranoBku. (U B (a), u B (6) xommdecTBo
IEUCTBUN TIOPALKA 1. )

(6) He ucnonbays Apyrux MacCUBOB, 3aMEHUTE [IEPECTAHOBKY Ha 06paT-
Hyo (ecau 10 paboThl mporpaMmer a[i] = j, To mocme gomkHO 6BITEL alj] =
=1i).

[Ykazauue. (a) T6THOCTH IEPECTAHOBKH O A TCA KOINIECTBOM LU~
K10B. ITOOLI OTIMIATEL yiKe MPONICHHBLIC IUKIEL, ¥ UX DIEMEHTOB MOXKHO,
HAIpuMep, MeHATH 3HaK. (6) O6palerre IPOM3BOAUM [0 LIUKJIAM. ] O

1.2.31. [am maccus al[l..n] u uucao b. [lepecTraBbTe YncTa B MaccuBe
TakuM 06Pa3oM, IYTOOHI CJIEBA OT HEKOTOPOU MPAHUIIBI CTOAIA YUCIA, MEHb-
Ve WK PABHEIE b, a cIpaBa OT rpaHulbl — 64abime nin pasabe b. Jucmo
OEUCTBUN HOPAIKA 1.
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Pemenmne.

1:=0; r:=n;

{uuBapuanr: all]..a[ll<=b; alr+1]..al[n]>=b}
while 1 <> r do begin

if a[l+1] <= b then begin

| 1:=1+1;
end else if a[r] >=b then begin
| r:=r-1;

end else begin {a[l1+1]>b; a[r]l<b}
. .momMenaTs al[l+1] u alr]
1:=1+1; r:=r-1;
end;
end; O

1.2.32. Ta xe 3agada, HO TpeOyeTcsa, ITOOBI CHAYAIA ILIA SJIEMEHTEHL,
MeHbINIe b, 3aTeM paBHBIE b, a JuIlbL 3aTeM OOabIIIe b.

Pemenne. Teneps moTpeOyOTCA TPU MPAHUIEBL 1O HEPBOU OyAyT UATH
DJIEMEHTHI, MEHBLIIEe b, OT MEepBOM 1O BTOPOM — paBHLIE b, 3aTeM Heus-
BECTHO KaKWUe IO TPEThEd, & Mocae TpeTben — Odabmme b. (Boaee cum-
METPUYHOE PelIeHNe UCIOIbL30BAM0 ObI YeTHIPE MPAHUIILI, HO BPSA JU UIPA
crouT cBed.) B kadecTBe 0U€pEIHOrO PACCMATPUBAEMOrO IEMEHTa OepéM
BJEMEHT CIIPaBa OT CPEIHEN CPAHUIILL.

1:=0; m:=0; r:=n;
{uuBapuant: a[l..1]1<b; a[l+1l..m]=b; al[r+1]..a[n]>b}
while m <> r do begin
if a[m+1]=b then begin
| m:=m+1;
end else if a[m+1]>b then begin
.obMenaTs a[m+1] u alr]
r:=r-1;
end else begin {a[m+1]<b}
.obMenaTs a[m+1] u a[l+1]
1:=1+1; m:=m+1;
end;
end; O

1.2.33. (BapuasT mpenbiayIien 3a1a491, HA3BAHHLIA B KHUTE [[eUKCTPHI
3agaden 0 ro/IaggckoM ¢uare.) B maccuse IIuHBL n cTOAT ¥mcaa 0, 1 u 2.
IlepecTaBbTe NX B HOPAIKE BO3PACTAHNA, €CIN eIUHCTBEHHON Pa3PeIIeHHON
onepanuen (IOMUMO 9TEHUs) HAJ MACCUBOM ABIAETCA IEPECTAHOBKA ABYX
2JIEMEHTOB. 1cIo IelCTBUN HOPAIKA N. O
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1.2.34. [Maum maccus all..n] u gucio m < n. 19 Kaxk 1000 yIacTka u3
M CTOAMX PAJOM <WIEHOB (TAKUX YIACTKOB, OYEBUIHO, n — m + 1) BbIYU-
caure ero cymmy. ObIee 9ucao0 [eMCTBUU TOMXKHO OBITH TOPAIKA N.

Pemenme. Ilepexons or yvyacTka K cocegHeMy, MBI TOOABIAEM OIWH
WIEH, & IPYTOU BLIYUTAEM. O

B 5TOM pemerun KIo9IeByo poab UTPAET BO3ZMOXKHOCTE BEIMUTAHNAA —
CKaxkeM, e OBl HALO OBLIO BBIYUCAATH HE CYMMY, 8 MAKCHMYM, TO TakK
IEHCTBOBATH OBLIO Heab3sA. TeM He MeHee 5TO TOXKEe BO3MOXKHO, KAK MOKa-
3pIBaeT caepyoman 3agada (coobmun A.T'. Koran):

1.2.35. [Mam maccus all..n] u wucmo m < n. 19 Kaxx 1010 ygacTka u3
M CTOALIMX PALOM WIEHOB (TAKUX yIaCTKOB, OY€BUAHO, n — m + 1) BEIYUCIA-
Te MAKCUMYM 3HAYEHUUN Ha 5>TOM ydacTke. OOIee Iucao JeUCTBUN TOTKHO
OBITH TOPAIKA 1.

Pemrerne. Pa3zo6ném MaccuB Ha OJOKU O M DJIEMEHTOB, U IIA Ka¥K IOr0
DAEMEHTA BBIMUCIUM MAKCUMYM DIEMEHTOB, CTOAIINX B TOM e OJ0Ke CIeBa
OT HEro, a TAKXKe MAKCUMYM DIEMEHTOB, CTOAIIMX B TOM Xe OJOKe CIpa-
Ba OT Hero (BKJIOYAsA CaM 3TOT DIEMEHT). JTO MOXKHO CAEJAATH, IIPOUIL O
Kax oMy OJOKY CJeBa HaIIpaBo, a Takxke cipasa HameBo. QcTaioch 3aMme-
TUTh, YTO KAXK LI YIACTOK IJIUHEL 1M JUO0 COBMATAET C OHUM U3 OIOKOB,
60 Pa3bUBAETCA TPAHUIICH OJOKA HA, IBE YACTU, A KAXKIOU U3 KOTOPBIX
MaKCUMYM MBI VK€ BBITUCIVLIN. O

Takou €croco6 TOAUTCA IJA JHOON ACCOMUATUBHON Omepaiu (a He TO-
JBKO I MAKCUMYMA).

1.2.36. [Tana xBagparuas Tabmuma all..n][1..n] u qucmo m < n. s
KaxK [Or'0 KBAAPaTa m X M B 3TON TAOIUIE BLIYUCAUTE CYMMY CTOSIINX B HEM
aucen. Obmmee TUCIO IeHCTBUHE mopaika n2.

Pemenme. Chadana ojia KaxK OO0 TOPU3OHTAJLHOIO MPAMOYTOJILHUKA,
pasMepoM m X 1 BuUmcageM cymmy croammx B HéMm uucen. ([Ipu casure
TAKOrO MPAMOYTOILHUKA, M0 TOPU3OHTAIA Ha 1 HYXKHO TOOABUTHL OIHO YU-
CJIO U OJHO BBEIYECTH.) 34TEM, UCIOMb3YA DTU CYMMbI, BEIYUCIAECM CyMMbI
B kBagparax. ([Ipu casure kBagpara o BepTUKAIXA NOOABIAETCS IOJOCKA,
a Apyrasi mojocka yOoaBJaseTcs.) O

1.2.37. Kak pemmrs npeguIayuyo 3a1a4dy, eCId CyMMa [0 KBAIPATy
3aMEHEHa, Ha MaKCUMyM?

[Ykasanue. Cpasuute s3agaun 1.2.34 u 1.2.35.] O
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1.2.38. B maccuse al[1]...al[n] BcTpedatoTcs mo oqHOMY pa3y Bce Iie-
JIBIEe 9nciIa oT O 10 n, KpoMe OfHOro. Haumaure npomyessoe 9ucio 3a BpeMs
[OPAIKA N U C KOHEYHOU IONOJHUTENILHON HaMATHIO.

[Ykazauue. CroxuTe BCe IUCIa B MACCUBE.] O

1.3. WnaykTueHble dpyHkuymnu (no A.T. KywHupeHko)

IIycts M — mexoTopoe muOX)ecTBO. DyHKums £, aprymMmesTaMu KOTOPOu
SIBISIIOTCSL TIOCJEJOBATEILHOCTY DIEMEHTOB MHOXECTBA M, a 3HAYeHusAMu —
DMEMEHTHEl HEKOTOPOrO MHOXKECTBa, N, Ha3BIBACTCA uHIYKMUBHOU, ecrn eé
3HadeHMe Ha nocaegoBarersbHOCTH X[1]...x[n] MOXHO BOCCTAHOBUTHL IO
eé 3Havenuto Ha mocaenoBaTeabHocTH X[1] ...x[n-1] m mo x[n], To ecTn
ecau cymectByeT pyHknusa F: N X M — N, maa koTopon

f((x[1]1,...,x[n])) =F(£((x[1],...,x[n-11)),x[n]).

Hanpumep, pyHkima sum (CyMma BCEX WIEHOB MOCIEI0BATEILHOCTY) UH-
IYKTUBHA, TIOCKOIBLKY OYEPEIHON WIEH TOCIe[OBATETLHOCTY TPUOABIACTCS
K €€ cymMme:

sum((x[1],...,x[n])) = sum((x[1]1,...,x[n-1]1)) + x[n].

Jpyron mpuMmep MHAYKTUBHON (DYHKINM — [IJIWHA MOCIEJOBATETLHOCTH.
B sroMm caygae F(n,m) =n + 1.

Hamporus, cpegnee apudMeTnieckoe He ABIAETCI UHIYKTUBHON QYHK-
[UeN: eCJ MBI 3HAEM CPenHee apudMeTUIeCKOe HEKOTOP OU OCAE40BATE b
HOCTH, HO HE 3HAeM €€ IJIMHBL, TO HE MOXKEM IPENCKa3aTh, KAKAM CTa-
HET cpegHee apudMETUIECKOE IIOCE JONUCHIBAHUA HEKOTOPOro (M3BECTHO-
r'o HAM) YNCTA.

Cxema AITOPUTMa BBITUCICHUA I/IHFZ[yKTI/IBHOI‘/JI beHKI_[I/II/K

k :=0; £ := £0;

{unBapumant: f - 3Havenme oymkwmm Ha <x[1],...,x[k]>}
while k<>n do begin
k :=k + 1;
f :=F (f, x[k]);
end;
3nece £0 — 3HavYeHUe (PYHKIUYM HA IIyCTOU MOCAEIOBATEILHOCTHU (HO-

caepoBarensHocTu gauasl 0). Ecin ¢ynkuusa f ompenenena Torbko Ha He-
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MIYCTHIX MOCAEIOBATEIBHOCTAX, TO MEPBAsA CTPOKA 3aMEHACTCA Ha
k:=1; f:=f(<x[11>);

Eciu pyukuus £ He ABIACTCA UHIYKTUBHOU, TIOJIE3HO UCKATH €€ undyk-
mueroe pacwuperue — TaKylo THIYKTUBHYIO (PYHKIINIO g, 3HAYCHUA KOTO-
pou ompeneraoT 3HadeHusa £ (3TO 3HAYUT, ITO CYMIECTBYET Takasd (pyHK-
ousa t, ITo

f((x[1]...x[n])) =t(g((x[1]...x[nl)))

npu Beex (x[1]...x[nl)). MoxHO nOKazaTh, YTO Cpegu BCEX MHIYKTUB-
HEIX DACIIMPEHUN CYMIECTBYET MUHUMAILHOE pacilmpenue F (MuHUMATD-
HOCTb O3HAYAET, 9TO A/ JIOOOT0 HHIYKTUBHOIO PACIIMPEHU g 3HAYeHUA F
OUPENENAIOTCA 3HATCHAAMY ).

1.3.1. YkaxuTe MHIYKTUBHBIE PACIIUPEHU [ CAETYIOIIX (HyHKITIN:

(a) cpemHee apudMETHIECKOE MOCIENOBATEILHOCTY TUCE;

(6) 4UCI0 BIEMEHTOB MOCIEJOBATEIBHOCTY LEJIbIX IUCEJ, DABHBIX €€ MaK-
CUMATBLHOMY DJIEMEHTY;

(B) BTODOU MO BEIUYUHE DIEMEHT MOCACIOBATEILHOCTU MEIBIX HTUCET
(ToT, KOTOPEI GyAET BTOPHIM, €CINA TEPECTABATL WICHE B HEYOBIBAIOIIEM
HOPSAIKE);

(r) MakcHMaIbHOE YUCI0 UAYLIMX HOAPAL OLUHAKOBBIX DJIEMEHTOB;

(@) MakCUMATBLHAA IJIMHA MOHOTOHHOT'O (HEyOBIBAIOUIErO WU HEBO3DA-
CTAIOIIEr0) YIaCTKa U3 UAYIIUX TOAPAL DIEMEHTOB B MOCIEOBATEILHOCTH
HEMBIX TUCET;

(e) ImCa0 IPYNn U3 eIVHUL, Pa3AeJEHHBIX HyIAMU (B IOCIEJOBATEIBHO-
CTHU HyJeU U eIUHUII).

Pemenwe.

(a) (cymMMa BCeX WIEHOB MOCJIENOBATEILHOCTY; JINHA);

(6) (4mMCAO DIEMEHTOB, PABHBIX MAKCAMAILHOMY; 3HAMEHUE MAKCUMATb-
HOT'0);

(B) (HAMOOMBIINY BIEMEHT MOCTIENOBATENLHOCTH; BTOPOK MO BEIMYNHE
DJIEMEHT);

(r) (MaxcuMaIbHOE YUCIO UAYIIUX HOAPAL OLUHAKOBEIX DIEMEHTOB; IU-
CJIO UAYIIUX HOAPAL OIMHAKOBLIX DJIEMEHTOB B KOHIIE IOCJAEI0BATEILHOCTH;
MOCJEJHAN DIEMEHT ITOCIeI0BATEILHOCTH);

(m) (MakcuMambHAsA IIMHA MOHOTOHHOTO YYACTKA; MAKCUMATLHASA M-
Ha HEyOBIBAIOIIETO YYIACTKA B KOHIIE MOCIEI0BATENLHOCTH; MAKCUMATLHAS
[JMHA HEBO3PACTAIOIIErO yIaCTKa B KOHIE HOCJAEI0BATEILHOCTHU; MOCAE-
HUU 9WIEH [TOCJIEeN0BATEIbHOCTH);

(e) (4mcamo CpyNN U3 €AWHUL, MOCAEIHAN <ICH). O
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1.3.2. (Coobumn [.B.Bapcanopres) [JaHbl nBe MOCIEIO0BATEILHOCTH
menbix gucen x[1] ...x[n] mwy[1] ...y [k]. Beiacuure, sBasercs jqu BToOpas
MOCJIEI0BATEIBLHOCTD TTOAMNOCAE [OBATEILHOCTBIO TIEPBOY, TO €CTh MOXKHO 1
U3 TIEPBOU BBIUEPKHYTL HEKOTOPBIE WIEHBI TaK, YTOOLI OCTATACH BTOPASI.
Yucmo gencTBU MOPAIKA h + K.

Pemrenne. BapuauT 1. Bygem cBoauTh 3amady K 3amade MEHBIIETO Pas-
Mepa.

nl:=n;

kil:=k;

{uuBapwanT: umckoMmmlt oTBeT <=> Bo3MoxHOoCcTb 3 x[1]..x[n1]
nomywurs y[1]..y[k1] 3}

while (n1 > 0) and (k1 > 0) do begin
if x[n1] = y[k1] then begin

nl := nl - 1;

k1 := k1 - 1;
end else begin
| nl := nl - 1;
end;

end;

{nl = 0 wmx k1 = 0; ecimm k1 = 0, To oTBeT - ma, ecmm k1<>0
(¥ n1 = 0), To oTBeT - HeT}

answer := (k1 = 0);

Mgt ucnionb3oBaiu To, uto ecant x [n1] = y[k1] wy[1]...y[k1] — mox-
mocrepgoBareabHOCTh x[1] ... x[n1], o y[1]...y[k1-1] — moamocrexosa-
TeabHOCTL X[1] ... x[n1-1].

Bapuant 2. @yuxmusa (x[1] ...x[n1]) — [MakcumamsHOe k1, M1 KOTO-
poro y[1]...y[k1] ects moamocregosarensHocTs x[1]...x[n1]] nagyk-
TUBHA. O

1.3.3. Jauwr gee nociegoBarensrocTr x[1]...x[n] wy[1]...y[k] me-
Jpx 4qncen. Hamaure MakcMMaibHYIO LIUHY ITOCAEIOBATEILHOCTH, ABJA-
IOIIENCA [IOAIOCAeJ0BATEILHOCTELI0 00enx mnocaenoparenbaocren. Koanae-
CTBO OMEpAaIy MOPAIKa n - K.

Pemenue (coobmeno M. H. Baunnsaurom, A. M. Tumentmanom). O6o-
sHauuM 4depes f(p,q) MAKCUMAMBHYIO IJIUHY OOIIEN MOATIOCIEI0BATEALHO-
cru mocaegosarensaoctent x[1] ...x[p]l u y[1]...y[q]. Toraa

x[pl #ylql = £(p,q) =max(f(p,q—1),f(p—1,9));
x[pl =ylql = £(p,q) =max(f(p,q—1),f(p—1,9),f(p—1,9—1)+1).
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(IMockoasky f(p — 1,9 — 1) + 1 > f(p,q — 1),f(p — 1,9), BO BTOPOM CJIy-
Jae MAKCUMyM TPEX YUCea MOXKHO 3AMEHUTH HA TPeThe u3 Hux.) IosTomy
MOXKHO 3aIIOJHATEL TAOMUIly 3HAYCHHN PYHKIuM f, MMEIOIIyI0 pa3Mep n - k.
MoxXHO 060UTUCH U MTAMATHIO TOPALKA k (11K n), eciu UHIYKTUBHO (110 P)
BurancaaTh (£(p,0),...,f(p,k)) (kax QyHKIUS OT p >TOT HAGOD MHIYK-
TUBEH). O

1.3.4. (I3 xuuru [.Tpuca) [Jaxa nocaeqoBaTeIbHOCTD LEJIBIX HHCEI
x[1],...,x[n]. Hamaure MakCUMAaIbLHYIO IIMHY €€ BO3PACTAIOIEX ITIOIIO-
CJIEI0BATEMLHOCTU (YUCIO NEUCTBUY TOpALKa n logn).

Pemenme. Vickomas QpyHKIMA HE UHAYKTUBHA, HO UMEET CJIACAYIOIIEE
VHIYKTUBHOE PACIIUPEHUE: B HErO BXOAAT MOMUMO MAKCUMAIBLHOU IJIUHBI
BO3PACTAIOLIEN [OANOCIENOBATEILHOCTH (0003HAYMM €8 K) TakKe U IUCaa
ul1],...,ulk], rge uli] — MUHUMATLHBIA U3 MOCAETHUX WICHOB BO3PACTA~
IOIUX ToATocTefoBaTenbuocTen mmuabl i. Ovesuano, ull1] < ... < ulk].
[Ipu nobGaBieHUM HOBOT'O WIEHA B X 3HAYEHUS U U K KOPPEKTUPYIOTC.

nl :=1; k :=1; u[1] := x[1];

{unBapuauT: k ¥ U COOTBETCTBYWT LAHHOMY BHIlE ONKUCAHUL}
while n1 <> n do begin

nl :=nl1 + 1;

{i - Haubompmee U3 Tex uMcen orpeska 1..k, mma
xotophx ul[i] < x[n1]; ecmum Takux Her, TO i=0 }
if i = k then begin
k :=k + 1;
ulk+1] := x[ni1];
end else begin {i < k, ul[i] < x[n1] <= u[i+1] }
| uli+1] := x[n1];

end;
end;
dparmMeHT ... UCIOAB3YET UACI ABOMYHOIO [IOUCKA; B NHBAPUAHTE YCIOB-
o mosaraem ul0] paBHBIM MuHyC OeckoHedHocTH, a ul[k+1] — mwioc Gec-

koneunocTu. Hama neas: ulil] < x[n1] <uli+1].

i:=0; j:=k+1;
{ulil < x[n1] <= uljl, j > i}
while (j - i) <> 1 do begin

s =i+ (j-i) div 2; {i < s < j}
if x[n1] <= u[s] then begin
| j = s;

end else begin {uls] < x[n1l}
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| i:= s;
end;
end;
{ulil < x[n1] <= ul[jl, j-i = 1} g

3ameganue. Bomee npocroe (HO He MUHUMAIBLHOE) MHIYKTUBHOE PAaC-
LMIMPEHNE MMOJIYIUTCA, €CIN IJIA KAXKIOr0 i XPaHUTh MAKCUMAJILHYIO IJIAHY
BO3PACTAIOLIEN IIOAIOCAEI0BATEALHOCTH, OKaHIuBammencsa Ha x[i]. 9o
pacImpenue IPUBOIUT K ATTOPUTMY C UICIOM JeHcTBui mopsaika n?. EcTs
U JPYrOM U3AIIHBIA ATCOPUTM C KBAJPATUYHEIM BPEMEHEM paboThl (Co-
o6umn M. B. Boorun): HaUTU MaKCUMAIBHYIO OOLIYIO TIOAMOCIEI0BATE b
HOCTB MCXOJHOU IOCJAEI0BATEILHOCTY U OTCOP TUPOBAHHON IOCIEI0BATE b
HOCTH C IOMOIIBIO MPENLIIYIIeN 38, A,

1.3.5. Kaxue m3aMeHeHUSA HYXKHO BHECTU B PEINEHUE MPEILITYIICH 3a-
Jadu, eCcaIu HaO0 MCKATh MAKCUMATBLHYIO HEYOBIBAIOIIVIO MOCIEIOBATETb-
HOCTB? O



2. NMOPOXAEHUE
KOMBUHATOPHbBLIX
OB BEKTOB

31ech coGpaHbl 331a491, B KOTOPLIX TPEOyeTCs MOAYYUTb OMUH 33 IPY-
T'UM BCe dJeMEHTHI HEKOTOPOI'0O MHOXKECTBA.

2.1. Pa3melyeHus ¢ NOBTOpeHUAMU

2.1.1. HamewarauTe BCE TMOCICIOBATEILHOCTY IIUHLI K u3 uncen 1. .n.

Pemenne. Bynem nevarats ux B JeKCUKOrpaduaeckoM nopaake (mocuae-
IOBATEIHLHOCTDL a IPEAIIECTBYET MOCIEJOBATENFHOCTHU b, €CIN 1 HEKOTO-
POro s UX HAYANBHLIE OTPE3KU JJUHBL S PABHHL, a (s+1)-1 WIeH mocaen0Ba-
TeJBHOCTH a MeHblue). [lepBon Oyger mocieqoBaTeabHOCTh <1,1,...,1>,
TMOCAeTHEN — TOCAeIOBATEILHOCTD <n,1, . . .,n>. Bygem XpanuTs mocrea-
HIOI HAMEYATAHHYIO TMOCIeIOBATETLHOCTE B MaccuBe x [1] . .x[k].

...x[1]..x[k] momoxure paBHrME 1
.. .HameyaTaTb X
...last[1]..last[k] momoxuTe paBHHM n
{HamevaTaHH BCe IO X BKINYMTEIBHO}
while x <> last do begin
.X != cIefybllad 3a X IOCIELOBATEIbLHOCTH
.. .HameyaTaTh X
end;

Onumem, Kak MOXKHO TIEPEUTH OT X K CACAYIOMIEN TOCICI0BATEILHOCTH.
CoracHO OmIpeIeneHno, ¥ CIeqYOMeN TOCAeI0BATEILHOCTH IEPBHIE S e~
HOB [NOJ/OKHBI OBITH TAKUMU XKe, a (s+1)-u — Gosbine. OTO BO3MOXKHO, €CJIA
x[s+1] menbe n. Cpeau Takux s HYXKHO BHIOpATh Hamboubliee (MHATE
MOy IeHHASA [OCAEI0BATEILHOCTD He OyIeT HEMOCPEACTBEHHO CJELYIOIEN).
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Cooreercryiomee x [s+1] Hyxuo yseaunuuts Ha 1. UTak, HALO, IBUrAiACH
C KOHIIA [MOCJIEL0BATEMLHOCTH, HAUTY CAMbIN [IPABBIN “WIEH, MEHbIIMA 0 (OH
HAUAETCA, T. K. [0 NPEAIONOKEHNIO x<>last), yBeauIuTh ero Ha 1, a umy-
e 38 HAM WICHBI TTOJOXKUThH PABHBIME 1.

p:=k;

while not (x[p] < n) do begin

| p :=p-1;

end;

{x[p] < n, x[p+1] = ... = x[k] = n}

x[pl := x[pl + 1;

for i := p+l to k do begin

| x[i]:=1;

end; O

3ameqanne. Eciu wienamu nmocie0BaTeqbHOCTU CINTATD IUCAA HE OT 1
no n, a ot 0 10 n-1, TO mepexo K CAeIYIOIMEMY COOTBETCTBYeT IpubaBiie-
HUIO €IVHUILI B N-MYHOU CUCTEME CUUCICHU.

2.1.2. B npemioxeHHOM AITrOPUTME UCIOIB3YETCA CPABHEHNE IBYX Mac-
cuBOB (x <> last). Ycrpauute ero, nqo6aBuB OyJeBCKYH MEPEMEHHYH 1
U BK/IIOYUB B MHBAPUAHT COOTHOIIICHIIE

1 & HOCIeI0BATEILHOCTD X — MOCETHS. O
2.1.3. HameuaraiTe BCe IIOIMHOXECTBa MHOXkecTBa {1..k}.

Pemrenne. [ToqMuOXeCTBa HAXOMAATCA BO B3AUMHO OTHO3HAYHOM COOT-
BETCTBUU C TOCTENOBATEILHOCTAMYI HYJeW U €IVHUIL JJUHEL K. O

2.1.4. HanegaTauTe BCe IOCIELOBATEILHOCTH MOJOXKUTETHLHBIX IEILIX
YUCeN IVHBI kK, ¥ KOTOPBIX i-U WIEH HE MPEBOCXOMUT 1i. O

2.2. [lepecTaHoBKM

2.2.1. HameuaTauTe BCE MEPECTAHOBKY Yucea 1. .n (TO eCTh MOCIEI0BA-
TeJbHOCTU [JINHLI N, B KOTOPBIE KaX0€ U3 DTUX YUCEN BXOAUT IO OTHOMY

pasy).

Pemenne. Ilepecranosku Gymem xpauuth B maccuse x[1]..x[n] u me-
garaTh B Jekcukorpaduaeckom mnopanke. (Ilepsou mpu 3ToMm OGymeT mepe-
cranoBka (12...n), mocreguen — (n...21). s cocTaBieHus aaropurma
mepexona K CAeAyIOer MepecTaHOBKe 3a0aAUMCS BOIPOCOM: B KAKOM CJIy-
yae k-0 9IeH MepPecTAHOBKUA MOXHO YBEIUYUTH, HE MEHAA MPEIbIIYIINX !
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OTBeT: eciu OH MEHBIIE KAKOTO-IU00 U3 CIEAYIOLMX WIEHOB (T.€. WICHOB
¢ Homepamu Ooubine k). Mbl JO/KHBL HanTU HAubOJbIIEE kK, IPU KOTOPOM
3TO Tak, T.e. Takoe k, 4T0

x[k] < x[k+1] >...>x[n]

ITocne sToro 3uauenue x[k] HYKHO YBEIMYUTH MUHUMAIBHBIM BO3MOXK-
HBIM CIOCOOOM, T.e. HauTu cpenn x [k+1] . .x[n] manmenswIee yucio, 601b-
mee ero. [TomensB x[k] ¢ HUM, OCTAETCA PACIONOKUTE TUCAA C HOMEPAMHA
k+1..n Tak, 9TOOLI MEPECTAHOBKA OLLTa HAMMEHLIIEH, T.€e. B BO3PacTaio-
[IEM MOPATKE. DTO OOMErIaeTCA TEM, YTO OHU yKe PACIOIOXKEHBI B yOLIBA-
IOLIEM MOPSIIKE.

Anroputm mepexona K CAEIYIOMEN MepeCTAHOBKE:

{<x[1] ... x[n]> <> <n ... 2 1>}

k:=n-1;

{nmocnegoBarenbHocTs cnpaBa oT k y6uBawmas: x[k+1]>...>x[n]}
while x[k] > x[k+1] do begin

| k:=k-1;

end;

{x[k] < x[k+1] > ... > x[nl}

t:=k+1;

{t <=n, Bce umemm orpeska x[k+1] > ... > x[t] 6ombwe x[k]}
while (t < n) and (x[t+1] > x[k]) do begin

| t:=t+1;

end;

{x[k+1] > ... > x[t] > x[k] > x[t+1] > ... > x[n]}
...obMeHaTs x[k] u x[t]

{x[k+1] > ... > x[n]}

...nepecTaBuTs yyacTok x[k+1]..x[n] B o6paTHOM mopazmke [

3amedanmue. [IporpaMma umeeT 3HaKOMEBIN qedeKT: ecan t=n, To x [t+1]
HE OIPEeNeNeHo.

2.3. llogmHOXecTBa

2.3.1. [Tnasagauusix nu k (k < n) nepeducanre Bee K-3JIeMEHTHBIE O~
MHOXeCTBa MHOXecTBa {1..n}.

Pemenue. Bynem npeacTaBiaTs Kaxk 10€ MO IMHOKECTBO MTOCIEIOBATENb-
wocteio x[1]..x[n] Hymen u eguuUI] IIUHEI n, B KOTOPOU POBHO K emu-
uuu. ([Ipyrou cnocob npexcrasienus paszbepém nosxke.) Takue mocienosa-
TEJIBHOCTH YIOPALOYNM JeKCUKorpadudecku (cM. Boiie). O9eBu IHBIN CIIO-
cO0 peleHns 3a0a9u — MepedbupaTh BCe MOCASIOBATEILHOCTH KAK PAHbIIE,
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a 3aTeM OTOMPATL CPEIU HUX T€, y KOTOPBIX K €IMHUIl — MBI OTOPOCHUM,
CUUTAs ero HESKOHOMUYHBIM (IMCIO MOCIEIOBATEILHOCTEN C K eIMHUIAME
MOXKEeT ObITH MHOI'O MEHBIIE YUCJa BCEX MOCJAeI0BaTenIbHOCTeN). By nem uc-
KATb TAKOU ATTOPUTM, YTOOLI MOMYUEHUE OUePEIHON MOCIeI0BATEILHOCTH
Tpeborano He Gosee C-n TEUCTBUN.

B kakom cryvae s-U WiIeH MOCAENOBATENBLHOCTUA MOXKHO YBEIUYUTH, HE
Mensas npeasiayiume? Ecaun x[s] menserca ¢ 0 Ha 1, TO IIA COXpaHEHUA
O0IIero 4mcaa eIuHuIl HyKHO crpaBa oT x [s] samennTs 1 ma 0. las sTo-
ro HaJgo, 9To0HI cupasa oT x[s] eguuunsl 6putn. Ecan Mbl xoTuMm nepentu
K HEMOCPEACTBEHHO claenywoomemMy, TO x[s] momxeH ObITh HEpPBBLIM CIIPABa
HYJEM, 38 KOTOPBIM CTOAT eIUHUIEL. JIerKo BUAeTh, uTo x [s+1]=1 (unaue
x[s] ue nepsem). Takum 06pa3zoM HALO UCKATHL HAMOOJBIIEE S, LA KOTO-
poro x[s]1=0, x[s+1]=1:

x| [o[1..1]0..0]

3a x[s+1] MoryT uaTH emé HeCKOJBLKO eIUHUII, 3 MOCAE HUX HECKOIBKO HY-
qaen. 3amenus x[s] Ha 1, HATO BEIOPATH UAYIIKE 33 HUM WIEHBI TaK, ITOOBI
MOCJEI0BATEIBLHOCTD ObLTA OBl MUHUMAIBHA C TOUKY 3PEHUS HALIET'O MOPAI-
Ka, T. €. ITOOLI CHAYAJA, T HYJIU, & TTOTOM eIMHUIIEL. BOT 4TO momyvyaeTcs:

nepBas moCaeI0BATEILHOCTD: 0. .01. .1 (n-k myzen, k equnui);
HOCJAEIHAA NOCIEN0BATEIBHOCTE: 1..10. .0 (k equnun, n-k Hymxen);

anropuT™M Tepexona K craemyromen 3a x[1]..x[n] mocaemosarennHOCTH
(mpenmosaraeM, 9TO OHA €CTh):

s :=n - 1;

while not ((x[s]=0) and (x[s+1]=1)) do begin
| s :=s8 - 1;

end;

{s - umen, mommexaumi um3MeHeHub c O Ha 1}
num:=0;

for k := s to n do begin

| num := num + x[k];

end;

{num - wmcmo emmuuu ma ywactke x[s]..x[n], wucmo mymen
paBHo (mmmHa - uMcimo exmmuuim), T.e. (n-s+1) - num}

x[s]:=1;
for k := s+1 to n-num+l do begin
| x[k] := 0;

end;
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{ocramoce momMecTuThr num-1 emuHMI B KoHIe}

for k := n-num+2 to n do begin

| x[k]:=1;

end; O

[pyron crnoco6 mpencTaBIeHnsa IOIMHOXKECTB — DTO MEePeInCICHIe UX
2JIeMEeHTOB. UTOOB KaxKI0€ MOIMHOXKECTBO UMEI0 POBHO OTHO MIPEICTABIIE-
HUE, TOTOBOPUMCA NMEPEIUCTATH SIEMEHTHI B BO3PACTAIOIIEM MTOPATKE. HpI/I—
XOIUM K TAKOU 3aJade.

2.3.2. llepeuncauTe Bce BO3PACTAOIINE MOCAEIOBATETLHOCTA AIUHBI k
u3 umcen 1..n B gexcukorpaduaeckom mopaske. ([Ipumep: npu n=5, k=2
nomygaem: 12 13 14 15 23 24 25 34 35 45.)

Pemenne. Munumansaon Oyger nocaegoBaTeasHoCTs (12. .. K); Makcu-
mambHOn — ((n-k+1)...(n-1) n). B kxakom ciydae s-U 9ieH IOCJELOBa-
TEIbHOCTH MOXKHO yBeanduTh? OTBeT: eciu oH MeHbine n-k+s. Ilocae yBe-
JIUYEHNA S-TO DJIEMEHTA BCe CIENYIOIe TOIKHBI BO3PACTATH C IIANOM 1.
ITonyuaeM TAKOM ATCOPUTM TEPEXOAA K CAEAYIOUIEMY:

s:=k;

while not (x[s] < n-k+s) do begin
| s:=s-1;

end;

{s - HoMep >meMeHTa, HommeXaWlero yBeIUYEHUNO};

x[s] := x[s]+1;

for i := s+l to k do begin

| x[i] := x[i-1]+1;

end; O

2.3.3. IlycTb MBI pemmin IpencTaBIATh K-3IeMeHTHBIE TOIMHOKECTBA
MHOXKeCTBA {1..n} yOBIBAIOIIMME MOCAEIOBATEILHOCTAMUA JIAHBL K, yIIO-
PALOYEHHBIMU TO-TpexHeMy Jekcukorpadudecku. ([Ipumep: 21 31 32 41
42 43 51 52 53 54.) Kak BHINIAIUT TOMJa AINOPUTM MEPEXofa K CIeLy-
fommen’?

Orser. Umem Hanboasbmee s, naa Koroporo x[s+11+1 < x[s]. (Ecam
TaKoro s Her, moiaraem s=0.) Yeeauuus x [s+1] Ha 1, KIa1éM OCTATLHBIE
MUHUMAJIBHO BO3MOXHBIME (x[t]=k+1-t musa t>s). O

2.3.4. PemuTe 1nBe TpembIAyIIAE 3aTady, 3aMEHUB JEKCUKOTDaduIie-
CKUU MOPSAIOK Ha OOpaTHBIM (paHbIIe MAYT T€, KOTOPHLIE OOJIbIIE B JEK-
CUKOTPAPUIECKOM TIOPAIKE). O

2.3.5. Ilepeunciure Bce BaokeHUs (PyHKUUM, HEPEBOAALIME DA3HLIE
DJIEMEHTHI B pa3Hble) MHOXKecTBa {1..k} B {1..n} (upeamomaraercs, aro
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k < n). [Mopoxkgenue ogepegHoOro mjaeMeHTa LOMKHO TpPeGOBATHL He Gouee
C -k meucTBum.

[Ykazauue. JTa 3aJada MOXKET ObITH CBEIEHA K MEPEINCICHUIO O IMHO-
KECTB U NMePECTAHOBOK DIEMEHTOB KaXkKI0r0 MOAMHOXKECTBA. | O

2.4. PazbueHus

2.4.1. Tlepeuncaure BCe pa3sOHEHUs IEJOTO IMOJOKUTEILHOIO HUUCAA N
HA IIETBIE TIOJOKUTEIbHBIE craraeMbe (pa3OueHus, OTINIAIIINECA JHUIIhL
HNOPAIKOM CIATAEMBIX, CIUTaTCA 3a oxHO). (IIpumep: n=4, pazOuenus
1+1+1+1, 2+1+1, 242 3+1, 4.)

Pewenue. [Jorosopumcs, uaro (1) B pazbueHusx caaraeMble UIyT B He-
BO3PACTAOIIEM TIOPALKE, (2) caMu pa3sOUeHUsA MBI MEPEInCAieM B JEKCUKO-
rpadguueckoM mopagke. Pasbuenne xpanuMm B Hadaae maccusa x[1] . .x[n],
IpU DTOM KOJMYECTBO BXOIAIIMX B HErO 4ucen o603uaumM k. B mauamne
x[1]=...=x[n]=1, k=n, B koume x[1]=n, k=1.

B xakom ciaydae x[s] MOXHO yBeIMYUTH, HE MEHAA NPEALIIYIINX’
Bo-mrepBrix, momxuO ObITh Xx[s-11>x[s] wmam s=1. Bo-BTOpBIX, S TOIXK-
HO ObITH HE TOCJACIHUM JJEeMEHTOM (yBEINYCHUE S HAJ0 KOMIEHCUPOBATH
YMEHBIIICHUEM CICAYIOIINX). YBEAUYUUB S, BCE CACIYIONIAE DJIEMEHTHI HAT0
B3ATH MUHUMAJILHO BO3MOXKHBIMU.

s :=k - 1;

while not ((s=1) or (x[s-1] > x[s])) do begin
| s := s-1;

end;

{s - nommexamee yBemumuenuw craraemoe}
x [s] := x[s] + 1;

sum := 0;

for i := s+1 to k do begin

| sum := sum + x[i];

end;

{sum - cyvMa umenos, crosBumx mocme x[s]}

for i := 1 to sum-1 do begin

| x [s+i] :=1;

end;

k := s+sum-1; O

2.4.2. Ilpencras/isas mo-mpexHEMY pa3ONeHns KaK HEBO3PACTAOIINE O~
CJIeIOBATENBHOCTHY, IEPEYNCINTE UX B MOPIIKe, OOPATHOM JEKCUKOrpadu-
geckoMy (/11 n=4, HanpuMep, JOKHO ObITH 4, 3+1, 242, 2+1+1, 1+1+1+1).
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[Ykazanue. YMeHbIIATE MOXKHO [EPBLIY CIIPABA WIEH, He DABHLIN 1; Hal-
IS ero, YMEHBIIM Ha 1, & CIeaylomue BO3bMEM MAKCUMAIBLHO BO3MOXKHEI-
Mu (PABHBIMU €My, IIOKA XBATAET CYMMHI, & HOCIEIHUN — CKOIBKO OCTa-
HeTCA). | O

2.4.3. Ilpencrasiaas pa3OueHus Kak HEYOBIBAIOIIUE ITOCIECIOBATEILHO-
CTHU, MEPEUUCAUTE UX B JeKCUKOTrpaduwiaeckoM mopsanke. [Ipumep mas n=4:
1+141+1, 14142, 143, 2+2, 4.

[Ykazauue. IlocreHUN WI€H YBEAWYUTH HENb3sl, a MPEINOCIETHAN —
MOXHO; €CIU TOCJAe YBeIUUeHUs Ha 1 MpeamociefHero tWiIeHa, 3a CIET IMo-
CJIeIHEr o HapYyIINTCA BO3pacTaHue, TO U3 IBYX WIEHOB HAIO CIeIaTh OIMH,
€CJIM HeT, TO MOCJAeTHUN WIeH HAJO PAa3OUTh HA CJIATAEMEIE, PABHBIE IIPeIbI-
OYIIEMY, 1 OCTATOK, HE MEHBIIUI ero.| O

2.4.4. Tlpencrasias pa3OueHus Kak HEyOBIBAIOIIUE ITOCICIOBATEILHO-
CTH, MEPEYNCINTE UX B MOPsALKEe, OOpaTHOM JeKcukorpaduieckomy. IIpu-
Mep maa n=4: 4, 2+2, 1+3, 1+1+2, 1+1+1+1.

[Ykazauue. UTo6br daemedT x[s] MOXHO OBLIO YMEHBIIUTDL, HEOGXO IU-
MO, 94TOOBI s=1 mau x[s-1]1<x[s]. Ecau x[s] He mociaeguuu, TO 3TOro u 10-
crarouno. Ecim on mocneguuin, To Hyx)HO, 9To0b x [s-1] < [x[s]1/2] wmn
s=1. (3gecpb || 0603HAUACT LETYIO YacThb .)] O

2.5. Kogbl ['pes u aHanoru4yHbie 3aga4m

Nuorzma GbIBaeT MOJIE3HO TMEPEIUCIATH OOBEKTH B TAKOM MOPAIKE, ITO-
OBl KQXIBIU CACIYIONMA MUHUMAILHO OTIMYAICA OT MpeIbIIyIero. Pac-
CMOTPHUM HECKOTBKO 337349 TAKOT'0 POJIA.

2.5.1. TlepeuncauTe BCe MOCAETOBATETLHOCTH MAWHBI h w3 umcen 1..k
B TAKOM TIOPAIKE, YTOOLI KaXKAad CIEIYIOMAA OTINIATACH OT TPEILIIYIIen
B €IMHCTBEHHOU Iudpe, npuiéM He 6Gosee, 1eMm Ha 1.

Pemenue. PaccMOTpuM mIpsAMOYTOJBHYIO HOCKY IIUPWHBI I U BHICOTHI K.
Ha xaxgou BepTukaim OyZeT CTOATH IIAMIKA. 1akuM 00pa3oM, IIOJIOXKe-
HUA [MIAIIEK COOTBETCTBYIOT MOCAENOBATEMLHOCTAM U3 4ucesn 1. .k IIuHBL n
(s-71 wieH mOCIeNOBATEIBLHOCT COOTBETCTBYET BLICOTE IIAIIKA HA, S-U BEP-
Tukann). Ha Kax 10U malrke HApUCyeM CTPEJOYKY, KOTOPAA MOXKET OBITh
HAIIPaBJIEHA BBEPX WIN BHU3. BHadase BCE MIAIKU MOCTABUM HA HUKHIOK
POPU3OHTANB CTPEIOYKON BBepX. /asee IBUraeM IIAITKY [0 TAKOMY TTPABU-
JIy: HAUs CAMYIO TIPABYIO MIAIIKY , KOTOPYIO MOXKHO MO IBUHYTh B HAIIPABJIE-
HuY (HADUCOBAHHOU HA HEW) CTPEIKHU, IBUrAaeM €€ HA ONHY KJIETKY B 3TOM
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HAIPABJICHUN, a BCE CTOAIME [IpaBee Heé mamku (OHU YHEPIUCh B KPau)
pasBopadmBaeM KpPyrom.

ScHO, 9TO HA KAXKAOM IIare TOIBKO OLHA MIAIIKA CABUTAETCS, T. €. OAUH
WIEH TOCAeI0BATEILHOCTH MeHAeT A Ha 1. [JokaxeM MHAYKIMeRN o n, ITO
MPOXOAATCA BCE MOCaeqoBaTenbHOCTH U3 uncen 1. .k. Ciyvgan n=1 oueBugen.
IIycTe n>1. Bee Xoaul momenuM Ha, Te, TAe MBUTACTCA TTOCACTHAA IIAITKA,
U Te, Iie IBUCAETCS HE MOCJHEAHsSsA. BO BTOPOM CiIydae MOCTEIHSS IIAIIKA
CTOUT Y CTEHBI, X MBI €€ IIOBOPAYUBAEM, TAK 9TO 3a KAXKABIM XOA0M BTODO-
ro tuna crepyer k-1 XOZOB MEPBOrO THITA, 38 BPEMs KOTOPBIX MTOCIEIHSIA
ImIamKa moOBIBAET BO BCEX KAeTKaX. ECam MbI Temephb 3a0ymeM O MOCTe[-
HEW IIAIKe, TO IBUXKEHUA MEePBLIX n—1 M0 MPEANONOKEHIIO UHIYKIIUU TTPO-
6eramT BCe HOCJIEJOBATEIHLHOCTY [IWHBEL N—1 1O OJHOMY DPa3y; [BUKEHUs
XKe TIOCJAETHEN MIANKA U3 KAXK T0U MOCIeI0BATEILHOCTU IJINHLI n—1 TeaaT
k mOCJIeI0BATEIBLHOCTEN [IMHLI 1.

B nporpamme, momumo mocaemosarensaocTu X [1]..x[n], 6ymem xpa-
unTh MaccuB d[1]..d[n] u3 umcen +1 m -1 (+1 COOTBETCTBYeT CTpenKe
BBEpPX, -1 — CTpEJIKe BHU3).

Hauansnoe cocrosuume: x[1]1=...=x[n]=1; d[1]=...=d[n]=1.

[Ipuseném aaropuT™ mepexofa K CIeayoLUen nocaeI0BaTeasHocTa (01-
HOBPEMEHHO BEISCHAETCS, BO3MOXKEH JIM TIEPEXO] — OTBET CTAHOBUTCA 3HA-
YeHneM OyJIEeBCKOU TIEPEMEHHON P).

{ecnu MoxHO, chmemaTs mAr ¥ NONOXUTH p := true, ecmm Her,
momoxuThk p := false }
i := n;
while (i > 1) and
(((d[il=1) and (x[il=n)) or ((d[il=-1) and (x[il=1)))

do begin

i:r=i-1;
end;
if (d[i]l=1 and x[i]l=n) or (d[i]=-1 and x[i]l=1) then begin
| p:=false;
end else begin

p:=true;

x[1] := x[i] + d[il;

for j := i+l to n do begin

| d[31 := - d[31;

end;
end; O

3ameqanue. /[ m0CIe10BATEILHOCTEN HYJIEH U €IUHUI] BO3MOXHO IDY-
roe peleHue, UCnoabayoomee o4y cucreMmy. (AmenHo oHO cBsa3bIBa-
eTcs OOLIYHO ¢ Ha3BaHUEM «Konul ['pesy.)



2.5. Kodwir I'pes u anano2uumnbie 3a0a4u 51

SamumeM noapsa sce duciaa or 0 go 2™ — 1 B gpomunon cucreme. Ha-
IpuMep, LI1 N = 3 HANAILIEM:

000 001 010 011 100 101 110 111

3aTeM KaxkI0e U3 JUCea MOIBEprHEM MPeoGPA3OBAHUIO, 3AMEHUB KA IVIO
mudpy, KpoMe MepBol, Ha, €€ CyMMY C Ipesayien nudpou (mo Moy 2).
WNurvu cnoBamMu, SUCIO a1, A2, - . - , Gy, TPEOOPA3YEM B @1,aG1 + A2,a02 + as,. . .
sy Qpot + ay (cymma mo Mogyao 2). s n = 3 nomyduM:

000 001 011 010 110 111 101 100

Jlerko mpoBepuTh, YTO OMUCAHHOE NPeoOpPa3OBaHUE dYuCel OOPATUMO
(u TeM caMBIM TaéT BCE MOCIENOBATEILHOCTH IO OMHOMY pa3sy). KpoMe To-
0, IBOMYHLIE 3AIIMCU COCEIHUX IUCEN OTIMIAI0OTCA 3aMenon kouna 011...1
ua kouerr 100...0, ¥To — mocyie npeoOpa3oBaHUsA — MPUBOAUT K U3MeEHe-
HUIO eIUHCTBEHHOU IU(PHI.

Ilpumenenne koxa I'pesa. IlycTs ecTh BpAIAOMIAACA OCb, U MBI XOTHUM
MOCTaBUThL NATYUK YIUIa TOBOPOTa 3Tou ocu. Hacammm Ha och GapabaH,
BEIKPACUM TIOMOBUHY OapabaHa B YEPHBIN I[BET, MTOJOBUHY B OEIBIN U yCTa-
HoBuM GoToznemenT. Ha ero Bwixome OymeT B monoBuHe caydaeB (0, a B
nosoBuHe 1 (T.e. MBI U3MEpAEM YIOJ «C TOIHOCTBIO 10 180»).

Paseéprka Gapabana:

0 1

[ M - cenms Goka

Crenas pAgoM APYTYIO HOPOXKKY U3 OBYX YEPHBIX U OEIBIX YacTen U Mo-
CTaBUB BTOPOU (POTOIIEMEHT, MIOMYy9aeM BO3MOXKHOCTH U3MEPUTL YIOJ C
TOYHOCTBIO 10 90°:

Crenas TpeToio,

00001111
00110011
01010101
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MBI U3MEPHUM YTOJI ¢ TOYHOCTBIO 10 45° u T. 1. DTa uges uMeer, OTHAKO, He-
IOCTATOK: B MOMEHT IepecedeHns IPAHNIL CPa3y HECKOJBKO (POTORIEMEHTOB
MEHAIOT CUCHAJT, U €CAM DTU W3MEHEHUA MIPOU3OUAYT He COBCEM OTHOBpE-
MEHHO, Ha KaKOe-TO BpeMs MOKa3aHUsA POTOITEMEHTOB Oy Iy T 6€CCMBICTEH-
ueivu. Kogwr I'pes moseonsioT mabexars >Toun omacuoctu. CreraeM Tax,
4TOOBI Ha KaXXIOM IlTare MEHAIOCh MOKa3aHUe JUIIHL OqJHOT O CbOTOSJIeMeHTa
(B TOM 4YmCIE U HA MOCAEIHEM, IOCIE LEI0ro 060poTa).

00001111
00111100
01100110
[ I
I N
[

Hanucannas mamu (opmysa mO3BOISET JErkO nNpeoOpa3oBaTh TAHHEBIE
OT (POTODIEMEHTOB B IBOUYHBLIN KOI yIVIa MOBOPOTA.

3aMeTuM TakXke, 9TO PEOMETPUUECKHU CYIIECTBOBaHMUE KOoaa ['pes o3Ha-
9aeT HAJUYUE (TAMUJILTOHOBA IUKIA» B N-MEPHOM Ky6e (BO3MOXKHOCTH
000UTU BCE BEpIMHLI Kyba MO pa3y, ABUTAACH MO PEOpaM, U BEPHYTHCA
B UCXOJHYIO BEPILIUHY ).

2.5.2. HameuarauTe Bce mepecTaHOBKM ducea 1. .n Tak, 9TO0LI KaxK 1as
CAEMYIOMAA TONYYATACh U3 MPEILIAYIIE OOMEHOM (TPAHCIO3UIIUEN) NBYX
cocequux uucen. Hampumep, mpu n=3 JOMyCTUM TAKOU MOPATOK:

321 —-231—-2.13—-123—-1.32—>312
(MeX Iy TIEpECTABIACMBIMYA IACIAMU BCTABICHBI TOYKH).

Pemenne. Hapsagy ¢ MHOXECTBOM MEPECTAHOBOK PACCMOTPUM MHOXKE-
ctBO mocaenoBarenbHocTen y[1]. .y[n] measix HEOTPUIATENBHBIX YuUCe,
ot koropeix y[1] <0, ..., y[n] <n-1. B HéM cTOIBKO ke BIEMEHTOB,
CKOJIBKO B MHOXKECTBE BCEX MEPECTAHOBOK, U MBI CENYAC YCTAHOBUM MEXK Iy
HUMMJ B3aMMHO OJTHO3HAYHOE COOTBETCTBIE. VIMEHHO, KK JOU MEPECTAHOBKE
[IOCTABUM B COOTBETCTBUE mnocaegoBarensHoctsh y[1]..y[n], rae y[i]l —
KOJIMYIECTBO YUCEN, MEHBIINX 1 U CTOAIIUX JieBee 1 B DTOU MEPECTAHOBKE.
Bsaumuas OZHO3HAYHOCTL BBEITEKAET U3 TAKOrO 3aMmedanus. [lepecTaHoB-
Ka 4qucen 1..n moaydaeTcsa U3 mepecTaHoBKU uumcen 1..n-1 nobaBiaeHUEM
YUCIa n, KOTOPOe MOXKHO BCTAaBUTH Ha JT0060€e n3 n MecT. [Ipu sToM K cormo-
CTABIAEMON C HeW MOCICIOBATEILHOCTU NOOABMACTCA CLIE OMUH “LIeH, TPU-
HUMAIOMUY 3HaYeHus oT 0 10 n-1, a NpeabIAyIIue WIEHBI He MEHITCH.
IIpu 5TOM OKA3BIBAETCSA, YTO U3MEHEHNE HA €UHUILY OTHOI'O U3 SWIEHOB IMO-
CIeOBATEIBHOCTH § COOTBETCTBYET TPAHCIO3UIIUU IBYX COCETHUX UUCE,
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€CJIU BCe CJIeqYIOIIIe TUCIa TOCAEI0BATEIbHOCTY ¥ IPUHIMAIOT MaKCUMAJIb-
HO WA MWHUMAJIHLHO BO3MOXHBIE [ HUX 3HAa4eHus. VIMEHHO, yBeaundeHue
y[i] ma 1 cooTBeTCTBYET TPAHCIO3UIUM TUCJIA 1 C €r0 MPABBIM COCELOM,
a YMEHBIIIEHNE — C JIEBBIM.

Tenepb BCIOMHUM peIIeHUE 3a1a4MK O MEPEYUUCACHUN BCEX TOCIEIOBA-
TETLHOCTEN, Ha, KAXKIOM IIare KOTOPOrO OAWH WIEH MEHIETCA Ha, eIUHUILY.
3aMeHUB OPAMOYTOJBHYIO IOCKY AOCKOU B (pOpPME JeCTHULUBL (BBICOTA i-U
BEPTUKAJIN PABHA 1) M ABAUTA] LIALIKA 110 TEM XK€ IIPABUIAM, MBI [I€DEIU-
CJIUM BCE MOCHEIOBATENIbHOCTU §, MPUYIEM i-U wWieH OyAeT MEeHATHCA KaK
pa3 TOTBLKO €CaU BCEe CAEAVIONIME IIAITKU CTOAT yV Kpad. Hamo emé ymers
MapaLIeNbHO C U3MEHEHUEM ¥ KOPPEKTUPOBATE MePeCcTaHOBKY. OYeBu THEIN
coco6 TpebyeT OTHICKAHWA B HEW YMUCIA i} DTO MOXKHO OOJErdUThb, eCJIu
MIOMUMO CAMOU MEPECTAHOBKU XPAHUTE (hYHKIUIO

i +— mosunua 4ucaa i B mepecTaHOBKE,

T.e. oOpaTHOE K IMepecTaHOBKE OTOOpaKeHue, M COOTBETCTBYIOMINM 00pa-
30M €€ KOppEeKTUPOBaTh. BOT Kakasa momydaeTcsa mporpaMMa:

program test;
const n=...;
var
x: array [1..n] of 1..n; {mepecramomka}
inv_x: array [1..n] of 1..n; {o6paThHas mepecranoBka}
y: array [1..n] of integer; {y[i] < i}
d: array [1..n] of -1..1; {mampaBmenusa}
b: boolean;

procedure print_x;
| var i: integer;

begin
for i:=1 to n do begin
| write (x[i]l, ’ ?);
end;
writeln;

end;

procedure set_first;{mepsaa: y[i]=0 mpm Bcex i}
| var i : integer;

begin
for i := 1 to n do begin
x[i] = n + 1 - i;
inv_x[i] :=n + 1 - i;

y[i]:=0;
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| d[i]:=1;
end;
end;

procedure move (var done : boolean);

| var i, j, posl, pos2, vall, val2, tmp : integer;

begin

i := n;

while (i > 1) and (((d[il=1) and (y[il=i-1)) or
((d[il=-1) and (y[il=0))) do begin

i = i-1;
end;
done := (i>1); {ympomerume: mepBEW WIEH HEIL3A MEHATH}

if done then begin
y[il := y[il+d[il;
for j := i+l to n do begin

| dl3] := -d[3];
end;

posl := inv_x[i];
vall := i;

pos2 := posl + d[il;

val2 := x[pos2];

{posl, pos2 - HoMepa mepecTaBIAEMHX DIECMEHTOB;
vall, val2 - ux 3Havenuma; val2 < valil}

tmp := x[posi];

x[posl] := x[pos2];

x [pos2] tmp;

tmp := inv_x[vall];

inv_x[vall] := inv_x[val2];

inv_x[val2] := tmp;

end;

end;

begin
set_first;
print_x;
b := true;
{HanevaTann Bce NmepecTaHOBKM IO TeKylWledl BKINYUTENLHO;
ecnmu b ITOXHO, TO Tekymas — NMOCHeNHAA}
while b do begin
move (b);
if b then print_x;
end;
end.
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2.6. Heckonbko 3amevaHum

ITocmoTpuMm emé pas Ha UCTOTHL30BAHHBIE HAMU MpuEMbI. BHavdame yna-
BAJIOCH PEIIATDL 3aJady MO TAKOU CXEMe: ONpeesseM MOPAJOK Ha IO IJje-
JKAIMUX TTEPEYUCICHUI0 O0BEKTAX U SIBHO OMUCHLIBAEM IPOLEAYPY IePexona
OT JAaHHOI'O OOBEKTA K CIeAyIomeMy (B CMBICAE 3TOro mopsska). B zagade
o xogax ['pest moTpeboOBATOCH XPAHUTE, TOMUMO TEKYIIIET0 OOBEKTA, I HEKO-
TOPYIO JOMOMHUTEIbHYI nHpOpManuio (HanpasieHus cTpenok). Hakowerr,
B 3a,a%€ O MepeINCACHUN EPECTAHOBOK (HA Ka¥K[OM Iare TOMyCTAMA OIHA,
TPAHCIO3MLAA) MBI IPUMEHUIA TAKOU NPUEM: YCTAHOBWIM B3AUMHO OTHO-
3HAYHOE COOTBETCTBUE MEXK Iy MePEeUnCAIeMBIM MHOXKECTBOM U APYTruM, 60-
Jiee TPOCTO YCTPOEHHBIM. TaKuX COOTBETCTRUN B KOMOMHATOPUKE U3BECTHO
MHOTro0. MBI mpuBenéM HECKOTBLKO 3aMad, CBA3AHHBIX C TaK HA3LIBAEMBIMU
«arcaamu Karamanay.

2.6.1. IlepeuncauTe BCe MOCTEAOBATENLHOCTH IINHEI 2N, COCTABICHHBIE
W3 N eIVHUIl 1 N MUHYC eIWHUI], ¥ KOTOPBIX CYMMa JI0O0I'0 HaYaIbHOI'O OT-
pe3Ka HeOTpHULATEeNIbHA, T.€. YUCI0 MAHYC €IUHUI] B HEM HE MPEBOCXOIUT
qucaa equau. (Uucao Takux nmocienoBaTe bHOCTEN Ha3bIBAIOT wucaom Ka-
maaana; GopMyay niA ducen Karamana cM. B CleqyiomeM pasieie. )

Pemenne. N3o6paxasn equuniry Bektopom (1,1), a MUHYC €IUHAIY BEK-
Topom (1,-1), MOXHO CKa3aTh, ITO MBI uieM Iyt u3 ToIku (0,0) B TOU-
Ky (n,0), He OIYCKAIINECT HUXKe OcU abCIUCC.

Bymem mepeunciaaTh mocaeI0BATENHHOCTH B JIEKCUKOPA(DUIECKOM ITO-
pagke, camtasa, uro -1 mpemmectsyer 1. IlepBou mocCIenOBATEILHOCTHIO
OymeT «mumiay

Kak mepentu oT mocieqoBaTelbHOCTH K caeayomen?! o HeKoToporo
MECTa OHU IOJKHBI COBIAAATh, & 3aTeM HA 10 3aMeHuThb —1 Ha 1. MecTo 3a-
MEHBI TOMXKHO OBITH PACIOIOXKEHO KaK MOXKHO paBee. Ho 3amenaTs -1 Ha 1
MOKHO TOJBKO B TOM CIy4dae, eCIM CIpPaBa OT Heé eCThb eIuHUIa, (KOTOPYIO
MOXKHO 3amMeHuThb Ha —1). [locme 3amensr -1 Ha 1 MBI IPUXOAUM K TAKOU 3a-
gade: pUKCUPOBAH HAYAJLHBIN KYCOK ITOCIEI0BATEILHOCTH], HA 10 HAUTH MU-
HUMAJIBbHOE Ipogomkenue. Eé perrenne: Ha10 NPUINCHIBATE —1, €Cil 3TO HEe
HAPYIIUT YCJIOBUA HEOTPUIIATEILHOCTH, & MHAME IPUMUCHBATE 1. [Toxydaem
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TAKyI0 TPOrpaMMy:

type array2n = array [1..2n] of integer;

procedure get_next (var a: array2n; var last: Boolean);
{B a moMemaercs cmemyomas IocIefoBaTeNIBHOCTH, eCIN}
{oma ects (mpm >ToM last:=false), umade last:=true}
var k, i, sum: integer;
begin

k:=2%n;

{uuBapuant: B alk+l..2n] Tompko MUHyC emWHMIE}
while alk] = -1 do begin k:=k-1; end;

{k - MakcumampHOe cpemum Tex, Imua koTopux alk]=1}
while (k>0) and (al[k] = 1) do begin k:=k-1; end;
{alk] - camas mpasaz -1, 3a koTopo¥ ecTs 1;

ecnM Takux HeT, To k=0}

if k = 0 then begin

| last := true;
end else begin
last := false;

i:=0; sum:=0;

{sum = a[1]+...+a[i]}
while i<>k do begin

| i:=i+1; sum:= sum+ali];

end;
{sum = a[1]+...+a[k], alk]l=-1}
alk]:= 1; sum:= sum+2;

{BmmoTe mo alk] BCé m3Meneno, sum=al[l]+...+al[k]}
while k <> 2%n do begin

k:=k+1;

if sum > O then begin

| alk]:=-1

end else begin

| alk]:=1;

end;

sum:= sum+alk];

end;

{k=2n, sum=a[1]+...+a[2n]=0}

end;

end; O

2.6.2. IlepeuncauTe BCe PACCTAHOBKYM CKOOOK B IIPOU3BEIEHUAN N COMHO-
xurenen. [[opagoKk COMHOKUTETEN HE MEHAETCS, CKOOKU TOTHOCTBIO OIpe-
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OEeIAI0T MOPANOK mercTsun. Hampumep, mis n=4 ecTb 5 pacCTAHOBOK:
((ab)c)d, (a(bc))d, (ab)(cd), a((bc)d), a(b(cd)).

[Ykazaune. KaxnoMy HOpALKY IEUCTBUN COOTBETCTBYET IMOCAEIOBA-
TeTLHOCTH KOMAH] CTEKOBOI'O KAMBKYJIATOPA, ONMUCAHHOrO Ha ¢. 144.] ([

2.6.3. Ha oxpyxHOCTHU 33,1aHO 2n TOYEK, MPOHYMEPOBAHHLIX OT 1 10 2n.
[TepeuncauTe BCce CMOCOOHI MPOBECTH N HEMEPECEKAIOMINXCSA XOPI C BEPIIIN-
HAMM B DTUX TOYKAX. (I

2.6.4. Tlepeuuncaure BCe CIOCOOBI PA3pe3aTh N-YIOJBHUK HA TPEYTOMb-
HUKW, IPOBEIS N2 €ro AMaroHAJIN. O

(Mbr BepHEMCA K PA3PE3aHUIO MHOTOYTOJIBHUKA B Pa3jele O IuHAMUIe-
CKOM MPOrpaMMUPOBAHUH, C. 137.)

Emgé ogue kmacc 3ajad HA MEPEINCICHHE BCEX HIEMEHTOB 33,IaHHOIO
MHOX€eCTBA MBI PACCMOTDPUM HIKE, 06CYK A METO/ TIONCKA C BO3BPATAMNI
(backtracking).

2.7. loacuyeT konunyecTs

Nuorga MOXHO HAUTH KOIUIECTBO OOBEKTOB C TEM WJIM WHBIM CBOU-
CTBOM, He mepeducias ux. Kaaccuiaeckuu npumep: C’fl — 9uCJ0 BCex k-due-
MEHTHEIX TMOAMHOXECTB N-3TeMEHTHOTO MHOXKECTBA, — MOXKHO HAUTHU, 3a-
TOJMHAA Ta0IUILy MO (pOpMyIaM

CO=cn=1 (n>1)
ch=crt14+ck,  (n>1,0<k<n)

uwiu 0o popmyJie

n!
Ch=——— .
"kl (n—k)!
(MepBerit croco6 addeKkTuBHee, ecam HyKHO cpa3y MHOTO 3HadeHuir CF.)
IIpueeném apyrue mpuMepHL.

2.7.1. (Yucno pazbuenuu; npeararaiach Ha BceconsHon oauMnmane mo
nporpamMuposaauo 1988 roga) Ilycts P(n) — 4ucio pa3bueHu meaoro
MOJOKUTEIBHOTNO 7 Ha [EJBIe TOJ0KUTEIbHEE caaraeMbie (6e3 ydaéra 1mo-
pagka, 1 +2 u 2+ 1 — oxuo u To ke pasbuenue). [Ipu n = 0 nomoxum
P(n) =1 (eguucTBeHHOE pa3bueHVe He CONEPKUT craraeMeix). Iloctpoure
anroput™ BeraucaeHus P(n) nus sagasaoro n.
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Pewenue. MoxHO 10Ka3aTh (3TO HETPUBMAJIBHO) TAKyI0 (HGOPMYILY IJIL
P(n):

P(n)=P(n—-1)+P(n—-2)—P(n—5)—P(n—7)+P(n—12)+P(n—15)+. ..

(3HAKU y Tap YIEHOB YEPENYIOTCA, BEIYUTAEMEIC B ONHOU Mape PABHEBI
(34> — q)/2 u (3¢> + q)/2; cymma komeuHa — MbI cuuTaeM, ¥to P(k) =0
npu k < 0).

Opguako u 6e3 e€ UCMOMb30BAHUA MOXKHO MPUAYMATH CIOCOO BHIYUCIE-
aus P(n), KoTopew cymecTBeHHO 2 ek TUBHEe nepebopa U moAcIéTa Beex
pa3bueHun.

O6osuavum yepes R(n, k) (m1a n > 0, k > 0) gucno pa3zbuenun n Ha 1e-
JIBIE TIOMOXKUTENbHBIE craraemele, He npesocxoaamme k. (Ipu srom R(0, k)
canTaeM paBHeM 1 aas Beex k > 0.) Ogesnguo, P(n) = R(n,n). Bece pas6u-
eHUA N HA CIaraeMble, He MpeBocxofdmue k, pa3oObéM Ha PYINLL B 3aBU-
CEMOCTH OT MAKCHMAJBHOIO c1araeMoro (o6o3HaduM ero 7). Yucmo R(n, k)
pasHO cymme (o BceM ¢ oT 1 10 k) KoMmvIecTsB pasbueHun CO CIaraeMBIMU
He 6oJblIe k U MAKCUMATLHBIM CJIATAEMbIM, PABHLIM . A pazObueHus n Ha
caaraeMble He 6ojee k C IePBBIM CJIaraeMbIM, DABHBIM i, [0 CyLIECTBY IPEeI-
CTABJIAIOT COOOU PAa3OUEHUs N — 4 HA CJAaraeMble, He IPEeBOCXOAAIne | (pu
i < k). Tax aro

k
R(n, k) :ZR(nfi,i) upu k < n,
i=1

R(n,k) = R(n,n) pu k > n,
YITO MO3BOAET 3AMOMHATEL TAOAWIYY 3HaIeHUN QyHKImMA R. O

2.7.2. (CuacTiuBbie GUIETHI; MpeLIaranach Ha BCeCcow3HOU omuMua-
ne no nporpammuposanuio 1989 roga.) HocrenosarensHocTs 3 2n mudp
(xax gas mudpa or 0 10 9) HABLIBAETCA CIACTIUBLIM OMIETOM, ECAM CYMMA
nepBuIX 1 mudp paBHA cyMmMme mocaeqaux n mudp. Hangure ducao caact-
JIMBBLIX MOCJAEIOBATEILHOCTE TAHHOMW JJIWHEIL.

Pemenue. (CoOOIIEHO OHAM U3 YIACTHUKOB OJUMIMAILL; K COXKAICHUIO,
He MOT'y yKa3aThb (paMIINIO, TAK KAK PAGOTHI IPOBEPAIUCH 3amm(ppPOBaH-
ueiMu.) Paccmorpum Gosee 0OIIyio 3a4ady: HAUTU TUCJIO MOCHEI0BATENb-
HOCTEH, e PA3HUIA MEXIYy CYMMOU MEPBHIX N UMD U CYMMOU TOCTEI-
aux n mudp passa k (k= —-9n,...,9n). Oycrs T'(n, k) — uucao Takux
MOCIeJOBATEILHOCTEN.

Pa306béM MEHOXKECTBO TAKMX MOCTIENOBATEILHOCTEN HA, KIACCHL B 3ABACH-
MOCTH OT Pa3HUIEI MEXK Iy IIEPBOU U mocaenren nuppavu. Ecam »Ta pasan-
1A paBHA £, TO PA3HMIA MEXK Ty CyMMAaMK CPYIIT 13 OCTABIIXCA N — 1 mmadp
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paBHa k — t. YuursiBas, 4T0 map uudp ¢ pa3HocTso t ObBaeT 10 — |¢], mo-
Iy4daeM pOopMyIy

9
T(n,k)=Y_ (10— [t)T(n -1,k —t).

t=—9

(HexoTopeie craraeMsle MOT'YT OTCYTCTBOBATh, TaK Kak k — t MOXeT OBITH
CJMIIKOM BETUKO. ) O

B HEKOTOPBIX CIyYadx OTBET yAAETCA MOIYIUTh B BULE ABHOU (POPMYJIHL.

2.7.3. Iokaxure, uro uucio Kararana (KomuaecTBo MOCII0BATEILHO-
CTeN MIUHLI 2N U3 N eIUHUI] U 1 MUHYC eIUHUII, B JIOOOM HAYAILHOM OTPE3-
Ke KOTODHIX He MEHBIIe eIVHUI, YeM MuHyc egunuin) pasao C3 /(n + 1).

[Ykasanue. Yncno Karanama ects umeno momanbrx, uaymmx u3 (0,0)
B (2n,0) mwaramu (1,1) u (1, —1), He OIYCKAIOMUXCA B HIKHIOK HOLYILIOC-
KOCTB, T. €. DPA3HOCTb YNC/IA BCEX JOMaHKIX (KoTopoe ectb O ) n uncna mo-
MAHBIX, OIYCKAIOIIUXCA B HUKHIOK MOMYIIOCKOCTE. [locaeHue MOKHO Omnu-
caTh TaKXKe KaK JOMAHBIE, epecekaronme npamyto y = —1. OTpasus ux xy-
COK CIIpaBa OT CAMOU IIPABOU TOYKY IIEPECEICHNA OTHOCUTEILHO YKA3aHHON
IPAMOU, MBI YCTAHOBMM B3aMMHO OTHO3HAYHOE COOTBETCTBUE MEX Iy HAMU
u momanbiva w3 (0,0) B (2n, —2). Ocradres mposeputs, arTo OF — Cott =



3. ObXO/[ AEPEBA.
[MEPEEOP C BO3BPATAMMU

3.1. Pepau, He bblowme apyr apyra:
06x0/, AepeBa NO3nLUNA

B npenbiayinen riage MBI pacCMaTPUBAIA HECKOILKO 33,09 OJHOTO U TO-
[0 XK€ TUMA: (TEPEIUCIUTE BCE DIEMEHTHI HEKOTOPOro MEoX)ecTBa A». Cxe-
Ma pemieHus ObLTA TAKOBA: HA MHOXECTBE A BBOIUICA MOPATOK W OMUCHI-
BaTaCh MPOIEAypa Mepexoaa OT MPOU3BOILHOTO DIEMEHTa MHOXKeCTBa, A
K caefyommeMy 3a HuM (B 5TOM mopanke). Takyio cxeMmy He BCeraa ynaéTca
pean30BaTh HEMOCPEICTBEHHO, W B DTOU MIABE MBI PACCMOTPUM IPYTOU
MOJE3HBIA TPUEM TEPEdUCICHUS BCEX DIEMEHTOB HEKOTOPOrO MHOXKECTBA.
Ero masmiBaioT «onmck ¢ BO3BpaTaMm», «(METOJ BeTBeN W rpaHuiy, «back-
trackingy. Ha mam B3rmsg, mambodee TOYHOE HA3BAHWE DTOrO METOAA —
0o6x01 mepesa.

3.1.1. Ilepeuncaure BCe CIOCOOBI PACCTAHOBKU 1 (pep3ed Ha IIaxMaT-
HOU TOCKE 7 X N, TPU KOTOPHIX OHU He OLIOT IPYT APYTa.

Pemrenne. O4ueBnaHo, HA KaXKIOU M3 N TCOPU3OHTANIEH MTOJKHO CTOATH
no ¢epso. Bynem maswBars k-nosuunmen (gas k=0,1,...,n) opousBosib-
HYIO DACCTaHOBKY k (ep3edl Ha k HUKHUX TOPU3OHTALAX ((ep3um MOryT
6uTh apyr apyra). Hapucyem «1epeBo mosuiuin: ero KOpHeM OyIeT eIuH-
cTBeHHaa (-TIO3UINA, 8 U3 KaXKIOU Kk-TIOBUIIMK BLIXOAUT 7 CTPEIOK BBEPX
B (k + 1)-nmosunuu. DTu N TO3ULIUN OTIMYAIOTCA MONOKEHUEM (Gep3s Ha
(k 4+ 1)-u ropusonTanmu. Bygem caurars, 9TO PACIONOKEHNE UX HA PUCYH-
Ke COOTBETCTBYET MOJOKEHUIO STOTO (DEP3s: JeBee Ta MO3UIUA, B KOTOPOU
¢dep3b pacCIoJOXKEH JTeBee.

Cpenu mo3uimu 5Toro Iepesa HaM Ha g0 0TOOPATEL Te N-TIO3UIINA, B KO-
TOPHIX (pep3u He ObloT Apyr apyra. [Iporpamma 6ymeT «06X0qUTH AePEBOY
U UCKATL uX. UTOOEI HE METATH JUIIHEH PA0OTLI, 3AMETHM BOT 9UTO: €CIH
B KAKOU-TO k-nosunuu Gep3u ObI0T APYT APYra, TO CTABATH TATLHEHIIIX
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[lepeBo nmosumuu mis n = 2

depaen cmpicia zer. [TosToMy, 0OHAPYXKUB TO, MEL OyIeM IPEKPaIlaThb
IOCTPOEHNE NEePEBa B 3TOM HAIPABJICHUMN.

Tounee, HA30BEM Kk-TIO3UIUIO NOMYCTUMOU, €CIU HOCTE VIAJCHUA BEPX-
Hero ¢ep3d ocraBmmecs He ObiOT apyr apyra. Hama mporpamma 6yzer
pPaccMaTpPUBATH TOMBKO MOMYCTUMBIE MTO3UIIAN.

£ e
1

[lepeBo IOMyCTUMBIX HO3UIUU I N = 3

Paszo6bém 3amady Ha aBe gactu: (1) 06xon IpOU3BOILHOrO nepesa u (2)
peann3anmio IepeBa TOMyCTHMBIX TO3HIALL.
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Chopmyaupyem 3agady oO6Xoma MPOM3BOIBLHOTO aAepesa. bymem cuum-
TaTb, 9TO y HAC uMeeTcsa Po6OT, KOTOPHIM B KAXK LI MOMEHT HAXOJUTCS
B OQHOU U3 BEPUIVH IepeBa (BEPIIMHBLI X300DAXKEHBI HA PUCYHKE KPYyXKOU-
kamu). OH yMeeT BBLIMOIHATEL KOMAHIBL:

e BBepX_HameBo (UATH MO CAMOU JEBOU U3 BEIXOIAIINX BBEPX CTPEJIOK)
e BIpaBo (MEPEUTH B COCEIHIOK CIIPABA, BEPIIUHY )
e BHU3 (CIyCTUTHCA BHU3 HA OLUH YPOBEHD)

(Ha pucyHKax CTperkaMé MOKa3aHO, KaKWUe MePeMeIeHns COOTBETCTBYIOT
DTUM KOMAaHIaM.)

BBEPX_HalIeBO BIIPaBO BHU3
Kpowme Toro, B penepryap Po60Ta BXOIAT MPOBEPKU (COOTBETCTBYIOUIAE
BO3MOXHOCTUY BBHITOTHUTH KaXIYIO U3 KOM&H,E[):

® eCTh_CBEpXY;

® eCTBh_CIIpaBa;

® eCTB_CHU3Y,

(mocneHAs IPOBEPKA UCTUHHA BCIOLY, KpoMe KOpH:). O6parure BHUMAaHYE,
YTO KOMAHA BIPaBO MO3BONAET MEPEUTH JUIIbL K «POAHOMY OpPATy», HO HE
K «IBOIOPOTHOMY».

Tax xoMaHIa
BIIPaBO
He neucrsByer!

Bymem cumrars, uro y Pobora ecTth komMaHga o6paboTaTh M UTO €ro
3agada — o0paboTaTh BCE JUCThbS (BEPLIMHBLI, U3 KOTOPBIX HET CTPEJOK
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BBEPX, TO €CTh [le YCJIOBUE eCTh_CBepXy JIOXKHO). [/ Halen maxMaTHOU
3302491 KOMaHIe o6paboTaTh OyZeT COOTBETCTBOBATH IIPOBEPKA U MEYATh
mo3unuu peps3en.

[loka3aTensCTBO MPABUILHOCTY TPUBOAUMOU [OATee TPOTPAMMEI UC-
IONb3yeT Takume ompeneneHus. llycTs ¢ukcupoBaHo mnomnoxkenume Pobora
B OJHOU U3 BEPUIMH OepeBa. Torga Bce JMUCTbA IepeBa PasOUBAIOTCA HA
Tpu kareropuu: xad Poborom, sesee PoGora u npasee Pobora. (I[Iyrs u3
KOPHsA B JIUCT MOXET MPOXOANTH Uepe3 BepmuHy ¢ Po6oToMm, cBOpaduBaTh
BJIEBO, HE JOXOI [0 Heé U CBOPAIUBATH BIPABO, HE NOXOAd A0 HeE.) Yepes
(0J1) o6o3uaduM ycaoBue «06pabOTAHBL BCE JTUCTh Jesee PoboTay, a depes
(0JIH) — ycaoBue «0OpabOTAHBI BCE JUCThS JeBee u Hag Po6oTomy.

JleBee Hag IIpasee

Ham monagobuTca Taxas mporeaypa:

procedure BBepx_fo_ymnopa_u_obpaboTaTs;
| {mamo: (0JI), mamo: (OJIH)}
begin

{unBapuanr: 0N}

while ecTre_cBepxy do begin
| BBepX_HalleBo;

end

{051, PoboT B mucTe}
o6paboTaTs;

{0nH}

end;

OCHOBHOU ATTOPUTM:

maHo: Po6oT B KOpHe, NUCTBA He o6paboTaHH
Hagmo: Po6oT B KOpHe, MUCTBA 06paboTaHH

{om}
BBepX_Lo_ynopa_u_o6paboTaTs;
{unBapuanr: OJIH}
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while ecTb_cHu3y do begin
if ecrs_cmpasa then begin {0JIH, ecTer cmpama}
BIIpaBo;
{om}
BBepX_Jo_ynopa_u_o6paboTaTsk;
end else begin
{0IH, He ecThb_cmpaBa, eCTb_CHEU3Y}
BHU3;
end;
end;

{0IH, Po6boT B kopHe => BCe HUCTBA 06paboTaHH}

Ocranock BOCIOMB30BATHCA CACAYIONMMY CBOUCTBAME KoMaHg PoboTa
(B KaxK IOU CTPOKE B TEPBOU (DUTYPHOU CKOOKE 3AIMCAHLI YCJIOBUSA, B KOTO-
PBIX BBIIOJIHAETCA KOMAHAA, BO BTOPOU — YTBEPXKICHUA O PE3YyJIbTaTe e
BBINOJIHEHNS ) :

(1) {OJI, me ecTp_cBepxy} obpaborars {OJIH}

(2) {OJI, ectb_cBepxy} BBepx Hameso {O.JI}

(3) {ectn_cupasa, OJIH} supaso {OJI}

(4) {ue ectn_cmpasa, ectb_cuusy, OJIH} suuz {OJIH}

3.1.2. [ToxaxuTe, 9TO NpUBEIEHHAA IPOrPAMMA 3aBEpIIaeT paboTy (Ha
JI000M KOHEYHOM [epeBe).

Pemrenne. IIpouenypa BBepx_mo_ymopa_u_o6paboTaTh 3aBepmaer pabdo-
Ty (BeICOTA POGOTA He MOXKeT yBemuauBaTHCA 6eckoHeuHO). Ecau nporpam-
Ma paboTaeT GECKOHEYHO, TO, MOCKOJILKY JUCTbA HEe 00pabaThIBAIOTCA IIO-
BTOPHO, HAYMHASA C HEKOTOPOI'O MOMEHTA HI OVH JIUCT He 06pabaTHIBAETCA.
A 5T0 BO3MOXKHO, TOILKO eciu PoGOT BCE BpeMsa ciyckaeTcs BHU3. [IpoTu-
Bopeune. (O6 oueHKe Yucaa TeUCTBUM CM. Iajee.) O

3.1.3. [Joxaxure NpaBWILHOCTL TAKOM IIPOrPaMMEL 00XOIa IepeBa:

var state: (WL, WLU);

state := WL;

while ecTe_cHu3y or (state <> WLU) do begin

if (state = WL) and ecTs_cBepxy then begin

| BBepX_HAalleBo;

end else if (state = WL) and not ecTb_cBepxy then begin
| obpaboraTs; state := WLU;

end else if (state = WLU) and ecTh_cmpaBa then begin

| BIpaBo; state := WL;

end else begin {state = WLU, not ecTb_cmpaBa, eCTb_CHU3Y}
| BHU3;

end;

end;
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Pemenue. NuBapuanT nukia:

state = WL = 0JI
state = WLU =- OJIH

JlokazaTeasLCTBO 3aBepIieHna pabOTHE: mepexon u3 coctosuua 0JI B 0JIH
BO3MOXKEH TOMBLKO IpU 06pabOTKe BEPIINHEL, TOXTOMY €CJIU IporpaMMa pa-
60TaeT OECKOHEYHO, TO C HEKOTOPOI'0O MOMEHTAa 3HadeHue state He MeHs-
€TCs, YTO HEBO3MOXKHO. O

3.1.4. HammmmTe nporpammy o6Xoaa gepeBa, UCIOAb3YIOMIY O IPOIery-
Py mepexoja B CAeAYIOMUE JUCT (C BEIXOLHBIM IIaPaMeTPOM, COOOIIAIOLINM,
YIATOCH JU 3TO CACAATH WA JUCT OKAZAJICA MTOCIETHUM ). (I

3.1.5. Pemmre 3amaay o6 o6xome gepeBa, €CIM MBI XOTUM, ITOOBI 00-
pabaThIBATNACH BCE BEPUIMHEL (HE TOJBKO JUCTH).

Pemenme. [lycTe © — mexkoTopas BepmmHa. Torma mwobas BeplInHA Y
OTHOCHTCS K OJHOUM M3 YeTHIPEX KaTeropui. PaccMoTpuM myTh U3 KOPHA
B y. O moxer:

(a) OBITH YACTBIO IyTH U3 KOPHA B T (Y Hudce T);

(6) cBepHYTHL HaEBO ¢ iyTU B T (Y 4e6ee T);

(B) mpouTu uepes z (y wad x);

(r) cBepHYTBH HampaBo C myTH B Z (y npasee x);

B gacTHOCTH, cCaMa BepIIMHA T OTHOCUTCA K Kareropuu (B). YCJIOBUA Tenephb
OyAyT TAKUMMU:

(OHIT) o6paboTaHbLI BCE BEPIIUHLI HUXKE U JEBEE;
(OHJIH) 06paboTaHBI BCE BEPIIUHBI HUXKE, JEBEE U HA.

Bor kxax 6yzer BRIMVIAZETH IpOrpamMMma;

procedure BBepx_Io_ylopa_u_o6paboTaTs;
| {mamo: (OHI), mamo: (OHIH)}
begin

{unBapuanr: OHI}

while ecTb_cBepxy do begin
o6paboTaTs;
BBEpX_HalleBo;

end

{0HI, PoboT B mmcTe}

o6pa6oTaTh;

{OHIH}

end;
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OcHOBHOU AIrOpPUTM:

IaHo: Po6oT B KopHe, HM4Yero He ob6paboTaHo
Hamo: Po6oT B KOpHe, BCe BepuUMHH 06pa6oTaHH

{0Hm}
BBepX_LO_ynopa_u_ob6paboTaTs;
{uuBapuanT: OHIH}
while ecTe_cruay do begin
if ecrs_cmpaBa then begin {0HIIH, ecTs cmpasa}
BIIPaBO;
{oHm}
BBepX_Jo_ynopa_u_o6paboTaTs;
end else begin
{0JlH, He ecT®h_cmpama, ecTb_cHuU3Y}

BHU3;
end;
end;
{0HIIH, Po6oT B kOpHe => BCe BepumMHH 06paboTaHH} 0

3.1.6. IlpmBeméHHas TOJLKO UTO TMpOrpaMMa 0OpabATHLIBAET BEPIIUHY
10 TOro, Kak 06paboTaH 000 13 €€ MOTOMKOB. Kak M3MeHUTEL IporpaM-
My, IYTOOBI KaXXIas BepIIuHA, HE ABIAIOIAACA JUCTOM, 0OpabdaThIBATACh
OBaXKIbl: OQWH pa3 4O, a APYTOU pa3 Hmocae Bcex cBouX mOTOMKOB? (Jlu-
CThbA TO-TIPEKHEMY OOPAGATHIBAIOTCA 1O PA3Y.)

Pemrenne. Ilog «o6paboTano Huxke u jeBeey OyaeM MOHUMATH «HIXKE 00-
paboTaHo o pasy, cieBa 06pabOTaHO MOTHOCTHIO (IUCTH 110 Pa3y, OCTAIb-
HEIE TIO 1Ba)». [loa «06paboTaHo HUXKeE, JeBee 1 Haly Oy1eM MOHUMATH (HUKE
00paboTaHo MO pa3y, JeBee U HaJ — MOJHOCTBHIOY.

ITporpamma GygeT Takom:

procedure BBepx_Io_ylopa_u_o6paboTaTh;
| {mamo: (OHIN), mamo: (OHJH)}
begin

{unBapuanr: OHI}

while ecTb_cBepxy do begin
o6paboTaTs;
BBepX_HAalleBo;

end

{0HII, PoboT B mmcTe}

o6pa6oTaTs;

{OHIH}

end;
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OCHOBHOU ATTOPUTM:

LaHo: Po6oT B KOpHe, HU4Yero He ob6paboTaHo
Hamo: Po6oT B KOpHe, BCe BepUMHH 06paboTaHH

{0}

BBepX_Lo_ynopa_u_o6paboTaTsk;

{unBapmanT: OHIIH}

while ecTb_cHu3y do begin

if ecrs_cmpasa then begin {0HIH, ecTs cmpasa}
BIIPaBO;

{OHm}

BBepX_Lo_ynopa_u_ob6paboTaTs;

end else begin

{0lIH, He ecTb_cmpaBa, ecTb_cHU3Y}

BHU3;

o6pa6oTaTs;

end;

end;

{OHIIH, Po6oT B kopHe => BCe BepumHH ob6paboTaHH momHOCTEh} [

3.1.7. [lokaxwure, 9TO YUCJIO ONEPALNANA B 3TOU MPOrPAMME IO IIOPAI-
Ky paBHO uucay BepiuH nepesa. (Kak u B 1pyrux mporpaMmax, KOTOPbIE
OTJIMIAIOTCA OT DTOU JHUIIb MPOMYCKOM HEKOTOPHIX KOMaHI 06pafoTaTh.)

[Ykazauue. IIpuMepHO Kaxk 10€ BTOPOE IEMCTBUE MPU UCTIOTHEHNN DTON
mporpamMMbl — 06pabOTKAa BEPIINHEL, a KaXKIas BEPIIuHA 00pabaTHIBAETCS
MAKCUMyM JBaKJBbL | O

Bepuémcs Teneps K Hamen 3agade o ¢epsax (rge m3 BCEX MPOrpamMm
06paboTKU JepeBa MOHAIOOUTCA UMb MepBad, caMasa mpoctas). Peamusy-
eM Omepanuu ¢ AepeBoM moszunuu. llo3unuio OyaeM TpencTaBIAThH C TO-
MOIIBI0 MepeMeHHoOn k: 0. .n (umcno depsen) n maccuBa c: array[1..n]
of 1..n (c[i] — xoopauuarel (epas Ha i-U ropusoHTasw; npu i > k
suadenue c[i]l pomm me wurpaer). Ilpeamomaraercs, 4To BCe HO3ULUU
gomycTuMbl (ecim yOpaTh BEpXHEro (epas, OCTaIbHbIE HE OBIOT APYT
apyra).

program queens;
const n = ...;
var
k: 0..n;
c: array [1..n] of 1..n;
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procedure begin_work; {HadaTe paboTy}
begin

| k := 0;

end;

function danger: boolean; {Bepxuuit depsr mox Goem}
| var b: boolean; i: integer;
begin
if k <= 1 then begin
| danger := false;
end else begin
b := false;
i:=1;
{b <=> mepxumu dep3r mox 6oeM depzem c HOomMepamm < i}
while i <> k do begin
b := b or (c[il=c[k]) {Bepruxams}
or (abs(c[i]l-c[k]))=abs(i-k)); {mmaromams}
i = i+1;
end;
danger := b;
end;
end;

function is_up: boolean; {ecTs_cmepxy}
begin

is_up := (k < n) and not danger;
end;

function is_right: boolean; {ecTs_cmpasa}
begin

| is_right := (k > 0) and (c[k] < n);

end;

{BosMoxHa oummbka: mpu k=0 He ompememeno c[k]l}

function is_down: boolean; {ecTs_cuusy}
begin

is_down := (k > 0);
end;

procedure up; {BBepx_mameso}
begin {k < n, not danger}

k :=k + 1;

c [k] 1;
end;
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procedure right; {Bmpaso}
begin {k > 0, c[k] < n}
|c[k] = ¢ [k] + 1;
end;

procedure down; {BHu3}
begin {k > 0}

| k :=k - 1;

end;

procedure work; {o6paboraTn}
| var i: integer;

begin
if (k = n) and not danger then begin
for i := 1 to n do begin
| write (<, i, ’,’ , cl[il, ’> ?);
end;
writeln;
end;
end;

procedure UW; {BBepx_mo_ymopa_m_obpaboTaTh}
begin
while is_up do begin
up;
end;
work;
end;

begin
begin_work;
UwW;
while is_down do begin
if is_right then begin
right;
Uw;
end else begin
| down;
end;
end;
end.
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3.1.8. IlpuBenéunas mporpaMma TPATUT AOBOJLHO MHOT'O BPEMEHM HA
BBLINOJIHEHUE TIPOBEPKU eCTbh_CBepxy (IPOBEpKa, HAXOQUTCA JU BEPXHUU
dep3bp mox Goem, TpebyeT Umcaa AeUCTBUU HOpaika n). Wamenure pe-
anM3aluio OMEPAlldi C JEePEBOM TO3UIAU TaK, YTOOBI BCE TPU MPOBEP-
KN eCcTb_CBepxy/cllpaBa/cHU3Y M COOTBETCTBYIOIINE KOMAHILI TPeGOBa-
U OBl KOMUYECTBA MEUCTBUU, OPPAHUYEHHOIO HE 3ABUCAIICH OT N KOHC-
TAHTOMU.

Pemrenne. /19 KaxX 101 BEpTUKAIN, KaXK JOU BOCXOIAIIEH W KAXK IOU HIC-
XOJAMEHA IUATOHAIM OyeM XPaHUTh OyJIeBCKOE 3HAMEHHE — CBEJEHHUI O
TOM, HAXOWTCSA JIU HA DTOU JUHUU (Hep3b (BepXHUN (ep3b He yINTHIBACT-
cq). (3aMeTuM, YTO B CHIYy NOMYCTUMOCTY TO3WUIAN HA KAXKIOU W3 JUHUK
MOXKET OBITH He 60ee OMHOTO (Gep3i.) O

3.2. Obxopn nepesa B Apyrux 3ajgadax

3.2.1. Ucnonnsyure MeTOm 00X01a OEPeBa, I PEIICHUA CICTYIOMEn 3a-
OadnM: JaH MACCUB M3 N IEJBIX MOMOKUTETLHBIX uncea a[1] ...a[n] u um-
CJI0 8; TPEOYEeTCsA Y3HATD, MOXKET JIM YUCJIO S OBITH MPENCTABIEHO KAK CyMMa,
HEKOTOPHIX 13 ducen maccusa a. (Kaxgoe 9mciao MOXKHO UCHONB30BATH HE
GoJiee YeM o OJHOMY pPasy.)

Pemenne. Bynem 3amaBarsh k-mO3HUIMIO MOCAEIOBATEILHOCTRIO U3 K Oy-
JIEBCKUX 3HAYMEHUN, ONPEIIAIOINX, BXOMAT 1 B cymmy uucaa al1] ... al[k]
nau He BXoAT. llosunusa gomycTuMa, ecau eé CyMMa He TpeBOCXoauT s. [

3ameuanne. [1o cpaBHEHNIO ¢ TOTHBEIM Tepe6opoM Beex 21 o IMHOKECTB
TYT €CTh HEKOTOPBIM BHIMTPHIII. MOXKHO TaKKe MPEeIBAPUTEILHO OTCOPTH-
POBATHL MACCHUB a B YOBIBAIOIIEM MOPALKE, a TAKXKe CIUTATH HEJOIyCTU-
MBIMU T€ MO3WUINU, B KOTOPBIX CYMMa OTOPOIIEHHBIX WIEHOB GOMBIIE, YeM
Pa3HOCTL CYMMBI BCEX WICHOB U S. [IOCTeqHUN MTPUEM HA3BIBAIOT «METOIOM
BETBEU U rpaHuIp. Ho IPUHIIUNUATLHOTO YAYUIIEHUA 10 CPABHEHUIO C TOM-
HEIM TIepebopoM TYT He moaydaeTrca (3Ta 3agada, Kak rosopat, N P-mom-
Ha, mogpobHOocTH cM. B KHure Axo, Xonkpodra u Yabmana «[locTpoenue
7 aHAIN3 BEYUCAUTEIbLHBIX aaIropuTMony, Mup, 1979, a takxe B kuure I'»>-
pu u [xoHCOHA «BLMUCIATENLHEIE MAIUHLL U TPYIHOPENIAEMbIE 33 Jany,
Mup, 1982). TpaIunmoHHOE HA3BAHUE DTOU 3ALAYU — «330A¥a O PIOK3a-
Ke» (poK3ax o0MIel rpy30n0IbEMHOCTRIO S HYXKHO YIAKOBATH MOI 3aBA3-
Ky, pacmonaras npeameramu Beca al[1] ... a[n]). Cm. Takxe B riase 8 (Kak
06OUTUCH 6€3 PEKYPCUM) AIMOPUTM €€ PEIIEHNUs, TOTNHOMUAIBHBIN 110 1L + S
(MCTIONB3YIOMUN «[UHAMUAIECKOE IPOrPAMMUPOBAHUE) ).
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3.2.2. Ilepeuncinre BCce MOCIEAOBATEILHOCTH U3 1 HyJIeHW, €IWHUL 1
[OBOEK, B KOTOPHIX HUKAKAs IPYHIa nudp HE MOBTOPSIETCS IBA PA3a IMOAPSL
(mer kycka Buga X X). O

3.2.3. AmanormvHas 3a1ada, 11 TOCTEIOBATEILHOCTEN HY IS U €IUHMAIL,
B KOTOPBIX HUKAKaA Ipynna nudp He MOBTOPAECTCA TPU pasza moapan (HeT
kycka Buga X X X). O

K »Tou xe KaTeropum OTHOCATCA 3a1a9W THUIA (MOXKHO JH CJIOKATH
JaHHYIO GUIYPy W3 NEHTAMUHO» U UM nox00HbE. B HEX BaxHO ymenoe co-
KpaleHue nepe6opa (BOBpeMs PACIO3HATE, ITO MMEIOIIEEC] PACIOIOKEHIE
UrypoK yKe IPOTUBOPEIUT TPEOOBAHUAM, U [0 DTOU BETBHU MOUCK HE PO~
JOOJLKATH).



4. COPTUPOBKA

4.1. KeaapaTuiHble anropuTMbl

4.1.1. IIycts al[ll,...,aln] — wmeawie umcaa. Tpebyerca mocTpouTh
MaccuB b[1],...,b[n], cogepxamun Te xe ducaa, Lis koroporo b[1] <. ..
...<b[n].

3ameqanme. Cpenu uucen al1] ...a[n] moryT 6wiTh paBubie. TpeGyer-
¢, 9TOOBI Kaxk o€ 1eoe Iucao Bxoamao B b[1] ...b[n] crombko xe pa3s,
ckonbko u B al[1] ...a[n].

Pemrenme. Yno6u0 cumTars, uro wucaa all]...aln] um b[1]...b[n]
IPENCTABMIAIT COOOUN HAYATLHOE M KOHETHOE 3HAUEHUS MAcCuBa X. Tpe6o-
BAaHUE «a U b COIepkKaT OTHU U Te JKe Ynuciay OyAeT 3aBefOMO BBIIOIHEHO,
ecau B mporecce paGoThl MBI OTPAHUYIUMCS HePECTAHOBKAMU DJEMEHTOB X.

k := 0;

{k HauMeHBUMX >IEeMEHTOB MaccUBa YCTAHOBIEHH Ha CBOM MecTal}
while k <> n do begin

s :=k +1; t :=k + 1;

{x[s] - nmamvenbumu cpemm x[k+1]..x[t] }

while t<>n do begin

t =t + 1;
if x[t] < x[s] then begin
| s = t;
end;
end;

{x[s] - nmaumvemeumu cpemm x[k+1]..x[n] }

...mepecraButk x[s] u x[k+1];

k : =k + 1;

end; O

4.1.2. [lanTe apyroe perieHne 3a1a9u COPTUPOBKH, UCIOAL3YIOIIEe MH-
BapMAHT «IepBbie k saeMenToB ynopsagodensd (x[1] < ... < x[k]).
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Pemenme.

k:=1;

{nepeue k >meMeHTOB ymopamoueHH}

while k <> n do begin

t = k+1;

{k+1-uli >IeMeHT NpOXBUraeTCA K Havamy, IOKa He 3aUMET
HafleXallero MecTa, t - ero TeKyuMi HoMep}

while (t > 1) and (x[t] < x[t-1]) do begin
...moMeHATs x[t-1] u x[t];
t =t - 1;

end;

end; O

3ameuanue. [ledexT IporpaMMbL: IPHU JOKHOM BeIpaxkeHuun (t>1) mpo-
Bepka x[t] < x[t-1] Tpebyer HecymecTByoIero 3uadenusa x [0].

O6a mperIoXeHHBIX PemeHus TPeOYT UUCIa AeUCTBUU, IPOMOPIIUO-
HaabHOrO n?. CymecTByioT 601ee >ppeKTUBHEE AINOPUTMEL.

4.2. AnropuTmbl nopsaka nlogn

4.2.1. IlpemnoxuTe AIrOpUTM COPTUPOBKHU 3a BpeMms n logn (ducio ome-
pALlMU TIPU COPTUPOBKE N, DieMeHTOB He Goubie C'n logn ams vekoroporo C'
U 1S BCEX N).

Mgt mpuBeéM IBa, PEIICHU.

Pemenwe 1 (copTupoBKa CAUAHMIEM).

MycTes k — mosoxuTensHOe 1e1oe uncio. Pazobwém maccus x[1] ... x[n]
Ha orpesku mauHbl k. (Ilepsemr — x[1]...x[k], sarem x[k+1]...x[2k]
u tak paree.) [locaegauil oTpe3ok OyneT HEMOMHBIM, €CJAM N HE JEIUTCS
ua k. HazoBém mMaccuB k-ynmopsgoueHHBIM, €CIM KAXK I U3 STUX OTPE3KOB
B OTAEILHOCTH yHopaAmodeH. Jlwobon maccus 1-ymopagoden. Eciu maccus
k-ynopangoder u n < k, TO OH yHOpsAIOIEH.

Mzur onuimesM, Kak mIpeo6pa3oBaTh K-yIopaqodeHHLI MacCuB B 2K-yIIo-
pagodeHHb (13 Tex ke sneMeHToB). C MOMOLIBIO HTOrO NpPeobpa3oBaHUsL
AJICOPUTM 3aNUCHIBACTCS TAK:

k:=1;

{Maccus x aBmngerca k-ymopAmodeHHHM}

while k < n do begin
...Mpeo6pa3oBaTh K-yHOPALOYEHHHN MacCHB B 2K-yIOpPALOYSHHHN;
k 1= 2 % k;

end;
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Tpebyemoe npeobpa3oBaHue COCTOUT B TOM,ITO MBI MHOIOKPATHO «CJIH-
BaeM» IBA YIOPALOYEHHBIX OTPE3Ka [JIMHBL He OOJbIIE K B OQUH yIOPALO-
YeHHBIX OTPe30K. IlycTs npomerypa

cmusauve (p,q,r: integer)

npu p < q < r cimBaet orpesku x[p+1] ... x[q] u x[g+1] ...x[r] B ymops-
nodueHHbI 0Tpe3ok x [p+1]...x[r] (ue 3aTparuBas Opyrux 4acTel MacCu-
Ba X).

p q r
| YIOPSAI0ICHHBIN | YIIOPA JOIECHHLIN |

!

| YIOPAOYCHHBIA |

Torga mpeobpazoBanue k-yrmopagOIeHHOTO MACCUBA B 2K-yIOPATOYCHHBIN
OCyHIIECTBJIAETCA TaK:

t:=0;
{t xpatso 2k uwmu t = n, x[1]..x[t] aBmaercsa
2k-yIOPAKOYEHHHM; OCTATOK MacCMBa X He M3MeHMICA}
while t + k < n do begin
p = t;
q := t+k;
min (t+2%k, n);
{min(a,b) - MunuMymM w3 a u b}
cousuue (p,q,r);
t = r;
end;

r

CJII/IHHI/IG Tpe6yeT BCIOMOT'aTeIBHOT'O MaCCUBa [OJAA 3allUCU PE3YJbTATOB
cusaHusI — 0003HaMuM ero b. Yepes p0 u q0 0603HAMUM HOMEPA, TOCAS THUX
DIEMEHTOB YIACTKOB, MOIBEPTIINXCA CITUAHNI, SO0 — TOCTCIHAN 3AMUCAH-
HEII B MaccuB b siaeMenT. Ha KaxknoMm miare COMAHUA MPOU3BOLUTCA OTHO
U3 ABYX NEUCTBUMN:

b[s0+1] :=x[p0+1];
pO:=p0+1;
s0:=s0+1;
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i

b[s0+1] :=x[q0+1];
q0:=q0+1;
s0:=s0+1;

(JIzoburemn sspika C Hanucaam Obl B TOM caydae b[++s0]=x[++p0] u
b [++s0]=x[++q0].)

IlepBoe genicTBue (B3ATHE dIEMEHTA M3 IEPBOrO OTPE3KA) MOXKET IIPO-
U3BOJWUTHCA TIPU OJHOBPEMEHHOM BHITOJIHEHUN IBYX YCIOBUI:

(1) mepeeiz 0Tpe3ok He koHumica (p0 < q);

(2) Bropom oTpe3ox KoHumiAcA (Q0 = r) WIM HE KOHYWJICA, HO 3Je-
MEHT B HEM HE MEHBIIE OYePEJHOTO IEMEeHTa MepBoro orpeska [(q0 < r)
u(x[p0+1] < x[q0+1])].

Ananoruuno mia sroporo geuctsusa. Urak, moaydaeMm

pO :=p; q0 := q; sO := p;

while (p0 <> q) or (g0 <> r) do begin

if (p0 < @) and ((q0 = r) or ((q0 < r) and

(x[p0+1] <= x[q0+1]))) then begin

b [s0+1] := x [p0+1];

pO := pO+1;

sO := sO0+1;

end else begin

{(q0 < r) and ((p0 = q) or ((p0<q) and
(x[p0+1] >= x[q0+11)))}

b [s0+1] := x [q0+1];

q0 := q0 + 1;
sO :=s0 + 1;
end;
end;

(Ecmu 06a 0Tpeska He KOHYEHBI U MEPBHIE HEBHIOPAHHBIC DIEMEHTHI B HUX
PABHEI, TO JOMYCTUMEL 062 IEUCTBUA; B IPOrPAMME BLIOPAHO MEPBOE. )
Ocraérca nuIb mepenucaTb pe3yabTaT CAUSHuS 0OPATHO B MACCHUB X.
(ITlpegympex gerune. Eciu 06paTHOE KONMPOBAHUE BHIIOJIHAETCA BHE IIPOLIE-
OYDPHL CIUSAHAA, TO HE 3a0yAbTe PO NOCAEIHUN OTPE3OK. )
IIporpaMMa uMeeT MPUBLIYHBLIN HedEKT: OOpalleHne K HEeCYIIEeCTBYIO-
UM DIEMEHTAM MACCUBA TPU BLIYUCJICHUU OYJIEBCKUX BLIPAKECHUM.

Pemrenne 2 (copTupoBKa AepeBoM).
HapucyeMm «moaHoe ZBOMHMHOE AepeBo» — KAPTHUHKY, B KOTOPOH CHU3Y
OIVH KPYXOK, U3 HErO BLIXOAAT CTPEIKA B ABa APYTUX, U3 KaXKIOTO —



76 4. Copmuposxa

B IBa IPYTUX U TaK gajee:

Byaem roBopuTh, UTO CTPENKN BEIYT «OT OTIIOB K CHIHOBBAMY: V KaXK IO~
o KPyXKa OB CHIHA U OIUH OTel (eCau KPYXKOK He B CAMOM BEPXY WU
Hu3y). [Ipeamonoxum 1s npoCTOTHL, 9TO KOAMIECTBO IO AJIEKALMAX COPTH-
POBKE YUCEN €CTh CTEMeHbL TBOUKU, U OHU MOT'YT 3aTOJHUTEL OJWH U3 PAI0B
[EIVKOM. SAMUIIEM UX TYId. SATEM 3aMOJHUM YaCTh NEPEBA MO HUMU IO
[IPaBUTY:

YNCJIO B KPYXKKE — MUHUMYM U3 YUCET B pr)KKéX—CBIHOBBHX

Tem caMbIM B KOpHE fepeBa (HUXKHEM KDPYy¥KKe) OyJeT 3aluCaH0 MUHUMAIb-
HOE YUCIO BO BCEM MACCHUBE.

NsriMeM u3 COPpTUPYEMOTO MACCUBA, MUHUMATLHBIA d1eMeHT. [[as 5Toro
ero HaJ0 BHAYAIE HAUTU. DTO MOKHO CHETATH, UIA OT KOPHA: OT OTIA Te-
pPEXoauM K TOMY ChHIHY, D€ 3allMCAHO TO XK€ Yucao. U3bAB MUHUMATLHBIN
DJIEMEHT, 3aMEHIM er0 CUMBOJIOM +00 U CKOPPEKTUPYyeM OoJee HU3KUE ApY-
CBI (/1 TOTO HAJLO CHOBA MPOUTH My Th K KOPHIO). [Ipu 5TOM camraem, 4To
min(t, +00) = . Torga B KOpHE MOABATCA BTOPOU TI0 BETUYNHE DIEMEHT, MBI
M3BIMAEM €ro, 3aMeHsAs OECKOHEYHOCTBIO U KOPPEKTUPYS AepeBo. Tax mo-
CTEIIeHHO MBI U3LIMEM BCE DJIEMEHTHI B IOPAIKe BO3PDACTAHUA, IOKA B KOPHE
HE OCTAHETCSA OECKOHEYHOCTD.

[Ipu 3amumcu 5TOro airopuTMa MONE3HO HYMEPOBATH KPYIKKY HUCIAMEI
1,2,... — TIpu 5TOM CBHIHOBBSIMHU KPYXKKa HOMED n ABIAIOTCA KPYXKKHI 2n
u 2n + 1. Iloapo6HOE M3I0XKEHYE >TOr0 AMTOPUTMA MBI OITYCTUM, TTOCKOJIBKY
MBI U3T0XKUM Gosee 3(PHEKTUBHBIN BAPUAHT, HE TPEOYIOMMN TOMOTHATEb-
HOU MAMATH, KPOME KOHEIHOr'O YUCJIa MEePEMEHHBIX (B JOMOJHEHUE K COp-
TUPYEMOMY MACCUBY ).

Mgur 6ymeM 3amKUCHIBATH COPTHUPYEMBIE UUCIA BO BCEX BEPIIMHAX [e-
peBa, a He TOJABKO HA BepxHem yposHe. Ilycrs x[1]...x[n] — wmac-
CUB, TONICXKAIIAA COPTUPOBKE. BepmmuaMu mepesa OyayT umcia oT 1
o0 n; o umciae x[i] MBI OygeM roBOPUTHL KAaK O HUCJIE, CTOSIIEM B Bep-
mmHe i. B mpomecce cOpTUPOBKEM KOJIMYECTBO BEPIIVH AepeBa Oyxer
COKPAIIATHCA. UMCIO BEepUIMH TeKyIero gepeBa OygeM XPaHUTL B IIe-
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pemennou k. Takum o6pasoMm, B mpomecce pad0OTBEl AITOPUTMA MACCUB
x[1]...x[n] memumrca ma mse wactu: B x[1]...x[k] xpanarca dmcia Ha
mepese, a B x[k+1] ...x[n] xpaHuTCa yXKe OTCOPTHUPOBAHHAA B IOPAIKE
BO3PACTAHUA YACTH MACCUBA — DJIEMEHTHI, YK€ 3aHABIINE CBOE 3aKOHHOE
MeCTO.

Ha kaxmom 1mare airopuTM OyIeT U3BIMATh MAKCAMATLHBIA DIEMEHT
IEPEeBa U MOMEIIATHL €r0 B OTCOPTUPOBAHHYIO YaCTh, HA OCBOOOIUBIIEECS
B PE3yJIbTATe COKPAIIEHUS IePEBA MECTO.

[orosopumMcs 0 TepMUHOIOrUU. BepuimHamu nepeBa CIMTAOTCA YUCIA
OoT 1 IO TEeKyIIero 3HAYEHU MEPEMEHHON K. Y KaxXIOW BEPIIUHLI § MOTYT
OBITH cbino6ba 2s U 2s+1. Eciu 06a >Tux umcta 6oabine k, TO CHIHOBEN HET;
TakKas BEPIIMHA HA3BIBAETCA aucmom. Ecam 2s = k, TO BepuUIMHA S UMEeT
POBHO OJHOrO ChIHA (28).

[lna kaxgoro s w3 1...K paccCMOTPUM «IIOJIEPEBO» C KOPHEM B S: OHO
COMEPKUT BEPIIMHY S U BCEX €€ MOTOMKOB (CHLIHOBEH, BHYKOB U TaK [a-
Jee — N0 TeX TOp, MOKa MBI HE BhIAEeM u3 OTpe3ka 1...k). Bepumny s
OyIeM HA3BIBATH PErYJIAPHOMW, €CIM CTOAIICE B HEU UUCIO — MAKCUMATh-
HBII DJEMEHT S-MOLAEPEeBa; S-MONIEPEBO HAZOBEM peytipHbim, €CIU BCE
ero BepiiuHbl pery/sapHel. (B dacraocTu, ao6ou auct o6pasyer peryJsap-
HOE OTHODJIEMEHTHOE T IEePERO. )

3aMeTuM, YTO UCTUHHOCTD YTBEPKICHUS «S-TIOJ IEPEBO PErYJAPHOY 3a-
BHUCUT HE TOJHKO OT S, HO OT TEKYIIEro 3HAYEHUS K.

CxeMa anrropuTMa TaKoBa.:

k:=n
...CmenmaTe l-mommepeBO peryIApHEM;
{x[1],...,x[k] <= x[k+1] <=..<= x[n]; 1-mommepeBo perymsapHo,

B wacTHOCcTH, x[1] - makcumambmrm >mement cpemm x[1]..x[k]}
while k <> 1 do begin

...o06MeHaTs MecTamm x[1] m x[k];

k :=k - 1;

{x[1],...,x[k-1] <= x[k] <=...<= x[n]; 1-mommepeso

peryuspHo Be3ge, KpoMe, BO3MOXHO, CaMOT0 KODHA }

.. .BOCCTAQHOBUTb DeryIAPHOCTb l-ToxLepeBa BCOIY

end;

B kadecTBe BCcmOMOraTeabHOU MPOIEAYPHI HAM MOHAJIOOUTCA MPOUELypa
BOCCTAHOBJIEHUS PEryIsspHOCTHU S-IIOJaepeBa B kopHe. Bot ona:

{s—nonnepeBo peryndpHo Be3le, KpoMe, BO3MOXHO, Kopnﬂ}
t = s;
{s-nmommepeBo perymapHo Be3me, KpoMe, BO3MOXHO, BepUMHH t}
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while ((2*t+1 <= k) and (x[2*t+1] > x[t])) or
((2#t <= k) and (x[2#t] > x[t])) do begin
if (2#t+1 <= k) and (x[2#t+1] >= x[2*t]) then begin
...obMeHATH x[t] m x[2*%t+1];
t 1= 2%t + 1;
end else begin
...obMeHATE x[t] m x[2%t];
t 1= 2%t
end;
end;

Y106b1 yOEIUTHCA B TMPABAILHOCTU 3TOU TPOLEAYPHI, TOCMOTPUM Ha,
meé nmoBHmMarenbHee. [lycTs B s-mmognepeBe Bce BEPIIMHBI, KPOME Da3Be
YTO BEPIIVHEL t, peryaapHsl. PaccMoTpuMm chiHOBen BepmuHbl t. OHu pe-
CYJAAPHBI, U MOTOMY COJEPKAT HAMOOJBIINE YHCIa B CBOUX IO IePEBbAX.
Takum 06pazoM, HA POTH HAMOOMBIIETO YUCTA B t-TOAAEPEBE MOT'YT TIpe-
TEHIOBATH YUCJIO B CAMOU BepIIuHE t U 4mcaa B eé coiHoBbax. (B mepBoM
caydae BepUIMHA t peryispHa, u BCE B mopsaake.) B oTux Tepmunax mmka
MOXKHO 3aIlICaTh TaK:

while mambombliee wmcmo He B t, a B omHOM 3 cHHoBeM do begin
if omo B mpamBoM cmHe then begin
| IMOMEHATH t C e& IpaBHM CHHOM; t:= IpaBHM CHH
end else begin {Haubomemee umcimo - B meBOM CHHel}
| IMOMEeHATH t C ed IeBHM CHHOM; t:= JIeBHM CHH
end
end

Iocae o6Mena BepMHa t CTAHOBUTCA PEryJapHOU (B HEE [OmaIaeT MaKCH-
MaJIbHOe 9ucio t-nogaepesa). He npuasasmmy ygaactus B 0OMEHe CHIH OCTa-
éTCA peryJaapHBIM, & TPUHABIIANA yIaCTHE MOXKET U He OBITb PeryIAPHLIM.
B ocTanpHBIX BeplmHAX S-TIOAAEPEBA HE M3MEHWINCH HU YUCAA, HU MO Ie-
PEBbA UX TOTOMKOB (Pa3Be UTO ABA DJIEMEHTA TOMIIePeBa MePeCTABUINCE),
TaK 9TO PeryIapHOCTb He HapYyMUIaCh.

DTa Xe MpoIesypa MOXKET UCIOIB30BATHCA [ TOrO, YTOOLI CAEIATH
1-moAIepeBo peryIapHBIM HA HAYAJBLHOU CTATUU COPTUPOBKU:

k :=n; u := n;

{Bce s-mommepeBBa c s>u perymapuu }

while u<>0 do begin
{u-nozmepeBo perymapHo Be3ze, KpoMe pa3Be YTO KOPHA}
.. .BOCCTAaHOBUTL PEryIAPHOCTEL U-TIOLNepeBa B KODHe;
u:=u-1;

end;
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Teneps 3anuimeM Opouefypy COPTUPOBKM Ha mackade (IIpenmoJaras,
YTO I — KOHCTAHTa, X UMeeT Tull arr = array [1..n] of integer).

procedure sort (var x: arr);

var u, k: integer;

procedure exchange(i, j: integer);
var tmp: integer;

begin

tmp := x[i];

x[i]l := x[j1;

x[j]1 := tmp;
end;

procedure restore (s: integer);

var t: integer;

begin

t:=s;

while ((2*t+1 <= k) and (x[2*t+1] > x[t])) or
((2#t <= k) and (x[2#t] > x[t])) do begin

if (2#t+1 <= k) and (x[2#t+1] >= x[2xt]) then begin

exchange (t, 2*%t+1);

t 1= 2%t+1;

end else begin

exchange (t, 2*t);

t 1= 2%t;

end;

end;

end;

begin

k:=n;

u:=n;

while u <> 0 do begin
restore (u);

u:=u - 1;

end;

while k <> 1 do begin
exchange (1, k);

k :=k - 1;
restore (1);
end;
end; O

Heckoapko 3aMedanun.

MeTo, NCOOMBL30BAHHLIA IPU COPTUPOBKE A€PEBOM, OBIBACT MOMC3HLIM
B apyrux caydasx. (Cm. B rmase 6 (Tumer ganueix) o6 ouepean ¢ npuopu-
TeTaMu. )
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CopTupoBKa CIUAHEEM XOPOIIA TEM, 9TO OHA Ha TpebyeT, YTOOH BeCh
COPTUPYEMBIU MACCUB MOMEIIAJICS B OMEPATUBHON maMaTu. MOXHO cHada1a
OTCOPTUPOBATH TAKUE KYCKU, KOTOPLIE IOMEIIAIOTCA B TaMATH (HAIPUMED,
C TIOMOIIBIO JEPEBA), & 3aTEM CJAUBATH MMOTYICHHbIC (DATLIHL.

Emgé oqun npakTuieckn BaXHbLIN AINOPUTM COPTUPOBKE (OBICTpas Cop-
TUPOBKA X0apa) TaKOB: YTOOBI OTCOPTUPOBATL MACCUB, BEIOEPEM CJIydal-
HEIU €ro 3J1eMeHT b, 1 pa3o0LEM MacCUB Ha TPU YaCTHU: MeHbIIne b, paBHLIE b
u Goasmme b. (Dra 3agada npusegeHa B riase 1.) Teneps ocramocs orcop-
THUPOBATH NEPBYIO U TPETHIO YACTU: DTO AEIACTCSI TeM ke ciocobom. Bpems
PabOTHI 3TOT0 AMCOPUTMA, — CIYIAUHAA BEIMIUHA; MOXKHO OKA3aTh, UTO
B cpenueM OH paboraetr He 6ombine Cnlogn. Ha mpakTuke — o ogun u3
caMbIX ObICTpPBIX. (MBI emé BepHEMCS K HEMY, NPUBEAS €r0 PEKYDPCUBHYIO
U HEPEKyPCUBHYIO DeaIn3allum. )

Hakomern, ormeTuM, 9T0 cOpTUpOBKa 3a Bpemsa mopsaaka Cnlogn mo-
XKeT OBITH BBIMOJHEHA, C MOMOIIBI) TEXHUKYN COATAHCUPOBAHHLIX IE€DEBHEB
(cM. nmaBy 14), 0AHAKO TPOrPAMMEL TYT CJIOKHEE 1 KOHCTAaHTa C' TOBOJIBHO
BEJIUKA.

4.3. [lpumeHeHnUs COPTUPOBKM

4.3.1. HauguTme KOIUYIECTRBO PA3IUIHBEIX UUCET CPEIU DIEMEHTOB TaH-
HOrO MaccuBa. Uucao mencTeun mopanka nlogn. (DrTa s3agada yxe ObLia
B ruase 1.)

Pemerne. OrcopTupyure qucaa, a 3aTeM MOCIATAUTE KOJIUIECTBO Pa3-
JUYHBLIX, TPOCMATPUBAA AIEMEHTEl MACCUBA TI0 MOPAIKY . O

4.3.2. Hawo n orpeskos [a[il,b[i]] ma npamon (i =1...n). Hanau-
Te MAKCUMATBHOE K, I KOTOPOTO CYMECTBYET TOYKA TPAMOU, TOKPHITASL
k orpeskaMu («(MAKCUMATLHOE YUCIO CIOERY). TUCI0 TeUCTBAN — MOPALKA,
nlogn.

Pemenne. YnopsazouuM Bce JieBBle U IIPaBBIE KOHIIBI OTPE3KOB BMeCTe
(Ipu 5TOM JIEBBIU KOHEL CINTAETCA MEHBIIE MPABOrO KOHIA, PACIONOXKEH-
HOI'O B TOHU e TO4YKe mpsamon). [lazee JBUTaeMCsA CJAEBA HAIPABO, CIUTASL
YUCTO CTOEB. BCTPEYEHHBIN JIEBLIM KOHEIl YBEINIMBALT UUCIO CIOEB HA 1,

MPaBBI — yMeHbIaeT. OTMeTUM, YTO MPUMBLIKAIOIINE APYT K APYTY OT-
pe3ku 00pabaThIBAIOTCA TPABWILHO: CHAMAIA UAET JEBbI KOHEl (IpaBoro
OTpe3Ka), a 3aTeM — IPABHIM (IEBOO OTPE3Ka). a

4.3.3. [ano n TodYeKk Ha IIOCKOCTH. YKaxkure (n — 1)-3BeHHYIO Heca-
MOIIEPECEKAIONLYIOCA HE3AMKHYTYIO JOMAHYI0, IPOXOIAILYI0 1€Pe3 BCE DTH
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rouku. (CoceqHuM OTpPE3KaM JOMAHOU PAa3PeIaeTCs JeXKATh Ha ONHON IPs-
mon.) Hucao gencrsun mopsaaka nlogn.

Pemenwe. YnopsgoduM TOYKM IO Z-KOOPAWHATE, a [PUA PABHBIX L-KO-
OpAMHATAX — MO Y-KOoOpauHaTe. B TakoMm mopsigke M MOXHO MPOBOIUTH
JIOMaHYIO. (]

4.3.4. Ta xe 3amada, €CIM TOMAHAsg JOTKHA OBLITH 3AMKHYTON.

Pemenme. BozbméMm camyio JeByI0 TOUKY (TO €CTb TOUKY C HAMMEHDIIEH
Z-KOOPVHATON) U TIPOBEIEM U3 HEE Jy9M BO BCe OCTAMLHEIE TOYKU. Ternephb
YIOPATOYUM DTU JYIU CHA3Y BBEPX, & TOUKU HA OJHOM Jyde YIOPALOIUM IO
PACCTOAHUIO OT HAYAIA JTy4a (3TO NeJaeTCs 1/ BCEX JIyIed, KPOME HIZKHErO
u BepxHero). JloMaHas BEIXOZUT U3 BLIODAHHOU (CaMOU JIEBOU) TOYKU IO
HIDKHEMY JIydy, 3aTeM II0 BCEM OCTAJbHBLIM JydaM (B ONUCAHHOM IODALKE)
7 BO3BPAIIAETCA MO BEPXHEMY JIyUy. O

4.3.5. [lano n Tovek Ha TIOCKOCTHU. [[OCTPOUTE UX BHEIMYKIYIO 0GOI0U-
Ky — MUHUMAJBHYIO BBITYKIYIO (GUTYPY, uxX conepxaityio. (Pe3sunnoBoe ko-
JIEUKO, HATAHYTOE Ha, BOUTHIE B JOCKY T'BO3IU — UX BBIIYKJIAA 000I0YKA.)
Yucao onepamuu mopsagxa n logn.

[Ykasanue. YNOpAZOIMM TOYKUA — TOLUTCSA JTOOOM U3 IMOPAIKOB, UC-
[OJB30BAHHLIX B [BYX NPEABIAYLIIMX 3aadaX. 3aTeM, PAcCMaTPUBAsI TOU-
KN 1O ovepenu, GyIeM CTPOUTH BHITYKIYID OGOIOYKY YKe PaCcCCMOTPeH-
HBIX TOYeK. (/[ XpaHeHWs BBITYKJION OGOJOYKN TOJE3HO WCIOTL30BATH
IeK, cM. rmaBy 6. Bmpodem, mpu ymopsAZOueHNM TOYEK MO YIVIAM DTO U3-
Jumge. )| O

4.3.6. Ha mpsamon gamo n Todek. Hamanre MUHMMAILHOE YUCIO OTPE3-
KOB [IUHBLI 1, KOTOPBIE MOKPBIBAIOT BCE 3TU TOYKU. TUCJIO OMEPALUU TTO-
pagka nlogmn.

[Ykazanue. YIOpsagoduMm BCe TOYKW; OJUH U3 OTPE3KOB JTOJIKEH HOKPHI-
BaTh MOCAEIHION Z[n], MOCKOILKY CHPAaBa HUYEro HET, ero MPABHIU KOHEI
MOXKHO CUNTATh PABHLIM Z[n], 1 3a1a4a CBOAUTCSA K MEHBIIIEMY THCIY TOUYEK
(BBIOpOCUM Te, KOTOPHIE MOKPHITHI). | O

4.3.7. Ha mpsmon mamo n orpesxos [a[il,b[i]] (i =1,...,n). Kakoe
HAuOOIbIIee IUCI0 HEMEPECeKAIUXCA (M He UMEIOIIMX OOIIIX KOHIIOB) OT-
PE3KOB MOXHO BHIOpaTh cpequ Hux! Hucao oneparuu mopsagka nlogn.

[Ykazanue. MoxHO yHOPAZOIATHL HpPaBBE KOHIBL OTPE3KOB U PACCMO-
TPeThb ABAa CIydasd: NOCIEIHUN OTPE30K BLIODAH UM HET.] O



82 4. Copmuposxa

4.4, HuxHue OUEHKU AN HMCNA CPaBHEHUN
npu COpTUPOBKE

[IycTte uMeeTcs n PA3IMYIHBIX II0 BECYy KAMHEN ¥ BECHI, KOTODPHIE IIO-
3BOJIIOT 33 OLHO B3BEIIMBAHUE OIPEIEIUTb, KAKOM W3 JABYX BBIOPAHHBIX
HaMU KaMHen Taxkenee. (B mporpaMMUCTCKUX TepMUHAX: MBI UMEEM IO-
cryn x ¢pyukuun Taxemee(i,j:1..n) :boolean.) Hamo ynoparouuTs kaM-
HU [0 BECY, CAETaB KaK MOXKHO MEHBIIE B3BEIIMBAHUY (BHI30BOB (DYHKIIUU
TaXeee).

Pasymeercs, 4ucio B3BEMIMBAHWU 3aBUCUT HE TOJIBKO OT BBIODAHHOI'O
HAMU AJICOPUTMA, HO ¥ OT TOr'0, KAK OKA3AJINCh PACHOIOXKeHBI Kamun. C1ox-
HOCTBIO ATCOPUTMA HA30BEM UNCIO B3BEIIMBAHUU TPU HAMXYIIIEM DPACIO-
JIOXKEHUY KAMHEN.

4.4.1. [loxaxuTe, YTO CIOKHOCTH MTPOU3BOJLHOTO AJTOPUTMA, COPTHU-
POBKHM n KaMHen He MeHbIne log, n! (rge nl=1-2-...-n).

Pemenne. [IycTs umeercs amropurum ciaoxuOoCTH HE G0mee d. [l kax 1o-
ro u3 n! BO3MOXHEIX PACIONOXKEHUN KAMHEU 3aMPOTOKOIUPYEM DE3yabTa-
THL B3BemUBaHUN (OOpAIIeHUN K (DYHKIUK TAKeIee); UX MOXKHO 3AlUCATh
B BUj€ TIOCJIEOBATEILHOCTY U3 He Gomee veMm d wyaen u equnui. [lna eqm-
HOOOPA3UA AOMOJHUM MOCAEIOBATENLHOCTD HYJIAME, YTOOLI €€ IINHA CTAJIA
pasuon d. Tem cambiM y HaC uMeeTca n! mocaegoBaTeaLHOCTEN U3 d HyIen
u equuull. Bce 5T mocienoBaTeNbHOCTA PA3HbIE — WHAYME HAIN AJITOPUTM
Jau Obl OJVHAKOBBIE OTBETHI A PAa3HBIX MOPAAKOB (A OAUH U3 OTBETOB
6BLT 6B HempaBuabHLIM). [omyuaem, aro 2% > n! — uTo m TpeGopamock
MOKA3aTh. O

[pyrou cmocob OOBLACHUTEL TO XKe CaMOe — PAaCCMOTPETh IEePEBO BapU-
AHTOB, BO3HMUKAIOIIEE B XOJ€ BLINOJIHEHNS aIlOPUTMAa, U COCIATLCA HA TO,
YTO IEpPeBO BEICOTHL d HE MOXKET HMeThb Ootee 2¢ mIucTheB.

Hecnoxuo 3ametuts, 9T0 log, n! > enlogn npu moaxomsamem ¢ > 0, mo-
CKOJIBKY B CyMMe

logn!=logl+1log2+log3+...+logn

BTOpas MOJOBUHA CTAraeMbIX He MeHblle log,(n/2) =log, n — 1 kaxgoe.

TeM caMbIM JTI060U ATTOPUTM COPTUPOBKY, UCIOIBL3YIOIIAN TOIBKO CDAB-
HEHUs DJIEMEHTOB MaCCUBA U UX [EPECTAHOBKU, TpebyeT He MeHee cn logn
IEUCTBUAU, TAK UTO HAIIU AACOPUTMBL OIU3KY K onTuMaibueiM. OaHako a-
FOPATM COPTUPOBKY, UCIOIL3YIONAN IPYTHUE OMEPAINN, MOXKET NEHCTBO-
BaTh 1 ObicTpee. BoT onun u3 npumepos.
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4.4.2. Nwmeercsa maccuB neawix uucen al1] ...a[n], opuuém Bce umcaa
HEOTPULATEILHBL U He TPEeBOCXOAAT m. OTCOPTUPYUTE STOT MACCUB; TUCIO
OEUCTBUN HOPSAIKA m + n.

Pemenme. /Tiaa xkaxmgoro duciaa ot 0 10 m MOACIATHIBAEM, CKOJBLKO pas
OHO BCTPEYAETCA B MaccuBe. 11ocie dTOr0 MCXOJAHBIN MACCUB MOXKHO CTe-
pPeTh ¥ 3aMOTHUTH 3AHOBO B TOPAIKE BO3PACTAHWSA, UCIOJL3YS CBEIEHUs
0 KPATHOCTH KaXJOT'0O HUCIA. (I

OTMeTuM, 9TO >TOT ATCOPUTM HE MEPECTABIAET IUCIA B MACCUBE, KAK
GOMBIMMHCTBO APYTUX, a (BAMUCHIBACT WX TYIa 3AHOBO).

EcTh Taxxke MeTO COPTUPOBKM, B KOTOPOM MOCIEIOBATEIBLHO MPOBO-
IUTCA PAL «JACTUIHBIX COPTUPOBOKY TIO OTAeTbHBIM 6uTaM. Hagrém ¢ Ta-
KOU 3a,Ta8M.

4.4.3. B maccuse a[1]...a[n] memwix wucen mepecTaBbTE JIEMEHTHI
TakK, 9TOOBl I6THBIE YUCJAA LA [epel HEeIETHBIMU (HE MEHAA B3aUMHBIN
HOPAJOK B KAXKAOU U3 TPYIII).

Pemenne. Cuauasna cnumeM (BO BCIIOMOTATEIbHBIN MACCUB) BCE YETHEBIE,
a II0OTOM — BCE HEYETHLIE. O

4.4.4. Nmeerca maccus u3 n umcex or 0 go 2F — 1, xkaxx moe m3 KOTO-
PBIX MBI OyJeM pacCMaTpUBATL KakK k-OUTOBOE CIOBO U3 HYJEU U EIUHWIL.
Ncnonb3ys mpoeepku «i-u 6ut pased 0» U «i-u 6UT paBeH 1» BMECTO Cpas-
HEHUU, OTCOPTUPYUTE BCE UUCIA 3a BPEMsA MopAIKa nk.

Pemerme. OTcopTupyeM 9ucia mo nocaegueMy 6uTy (CM. IPeIbLIyLIIyIo
3agady), 3aTeM [0 IPenociIeqHeMy U TaK Jajee. B pesyabrare oHE OyayT
OTCOPTUPOBAHBL. B caMoM fgene, MHIYKIUER 110 i JErKO JOKA3ATh, ITO MOCIe
1 MIaroB JTI00BIE MBA IUCIA, OTAUYAIONINECA TOJTHKO B ¢ MOCAETHUX OUTAX,
UAyT B IpaBuibHOM mopaake. (Bapuant: mocae ¢ maros 4-6UTOBBIE KOHITED
YICeN UAYT B IPABUIBHOM MOPSIIKE. ) O

AHaOruYHEIN AICOPUTM MOXKET OLITH IPUMEHEH AJIA M-UIHON CUCTEMEI
CYMCIEHUA BMECTO ABOMYHOU. [Ipym »TOM mome3Ha Takas BCIOMOIaTeIbHAS
3a0a9a;

4.4.5. [auer n qucen u GyHKus f, IPUHAMAKOMAA (HA HUX) 3HAICHU
1...m. TpebyeTcsa nepecTaBUTh YUCAa B TAKOM TTOPAIKE, IYTOOLI 3HATMEHUS
dyuxiuy f He yobBaau (COXpaHAA MOPAIOK [JIA YUCET C PABHBIMUA 3HAYE-
auamu f). HYucao geuicrBum mopsagka m + n.

[Ykazanue. 3aBecTu m CIUCKOB CyMMAPHOU IJIVHEL 1 (KAK DTO CIEIATh,
cM. B rv1aBe 6 0 TUIIAX TaHHBIX) U OMEMIATH B i-U CIIUCOK IUCJIA, IJ1 KOTO-
pBIX 3HaUeHue GYHKIMYA [ PABHO 7. BapuadT: mOCIUTATE A BCEX i, CKOIBKO
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nuMeeTcs aucer z ¢ f(x) =i, moCae 9ero Jerko OnPegeInThb, ¢ KAKOr0 MECTa
Hy>KHO HAYUHATH pasMemars ducia ¢ ¢ f(z) =i.] O

4.4.6. [lansl n HensIx uucen B gmamasone ot 1 1o n?. Kak orcopTupo-
BaTh WX, CHEMAB MOPAIKA N TEUCTBUN? O

4.5. PoncTeeHHble COPTUMPOBKE 3aa4u

4.5.1. KakoBa MUHUMATLHO BO3MOXKHAS CJIOKHOCTDH (MUCIO CDABHEHUN
B HAMXYAIIEM CIydae) ICOPUTMA OTHLICKAHIA CAMOI0 TSKEIOTO U3 1 KaM-
Hen?

Pemenue. OueBUIHBIN ATTOPATM C UHBAPUAHTOM (HAUIEH CAMBIU TS-
XKEJILIM KaMEHb CPeln MepBBIX i» Tpebyer n — 1 cpaBHeHuu. Aaropurma
MEHBINEN CIOKHOCTU HET. DTO BHITEKAET U3 CACAYIOMIEro 060jee CUIBHOrO
Y TBepPXK ICHUS. O

4.5.2. DkcmepTt Xo4eT yOeguTsb Cyi, 9TO JAHHBIU KAMEHb — CAMBIUA Ts-
XKEJILI Cpenn N KaMHeH, Caeaas MeHee 1 — 1 B3pemmBanun. Jokaxure, 9TO
5T0 HeBO3MOxkHO. (Beca kaMHel HEeM3BECTHEI Cy 1y, HO U3BECTHBI DKCIIEPTY. )

Pemenue. N306pasuM KaMHU TOYKAMU, & B3BEIIUBAHUA — JUHUAMA
Mex a1y Humu. [lony4aum rpad ¢ n BepmmHaMu 1 MeHee deM n — 1 pébpamu.
Takou rpad HecBazeH (g0OABIEHNE KAXKIOIO CAEIYIOWEro pebpa yMeHbIIa-
eT YUCJO CBA3HBIX KOMIOHEHT He Gosee deMm Ha 1). [losromy cyx mmdaero
HE 3HAET OTHOCUTEIHLHO COOTHOINCHUSA BECOB KAMHEN B DA3IUYHLIX CBI3-
HBIX KOMTIOHEHTaX U MOXKET NOMYCTUTh, YTO CAMBIA TAKETLIN KAMEHb —
B 000U U3 HUX.

Bonee mpocroe o6bsacHenue: GyneM CIeIUTH 33 TeM, CKOIbKO KAMHEN
K JAHHOMY MOMEHTY HE (IPOUrpaam» (TO €CThb He OKA3AIUCH Jerde IPyrux).
Buadane ux n; mpu KaxkIOM B3BEIIABAHUN MPOUTPHIBAET TOJILKO OIWH Ka-
MEHb, 8 €CIN €CTh IBOE HEe TMPOUTrPABIIMX HUKOMY, JHOOOU U3 HUX MOXKET
(c TOYKM 3peHus Cyaa) OKa3aThCA CAMBIM TAKEIBIM. O

Pasuuna Mexay >Tou 3amader v OIPeILIIYINeN: B DTON 3a4a9€ MBI JOKa-
3BIBAEM, YTO N — 2 B3BEIIUBAHUU HE JOCTATOYHO HE TOMBKO [ HAXOXK -
HUs CAMOTO TAXKETOT0, HO JAXKe JJA TOTO, YTOOBI YOSIUTHCA, IYTO JaHHBIN
KAMEHb ABJACTCA TAKOBLIM — E€CJIU MPEITOTOKUTEILHEIN OTBET M3BECTEH.
(B cayvae COpTUPOBKH, 3HAA MPETIOIOKUTEILHEIN OTBET, MBI MOXKeM y6e-
IUTHCA B €0 TMPABUIBHOCTH, CHEJIAB BCETO N — 1 CPABHEHUU — KAaXKIbIN
CPaBHUBAEM CO CIEAYIOMUM 10 Becy. HamoMHuM, 9TO cOpTUPOBKA TpebyeT
B XY[LIEM CIY9ae 3HAYUTEIBHO OOJIbIIE CPABHEHUN. )
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4.5.3. [lokaxure, 9TO MOXKHO HANTY CAMBIU JEIKAU U CAMBIN TSKETBIN
u3 2n KaMHen (OJHOBPEMEHHO), CAEIAB 31 — 2 B3BELIMBAHUIL.

Pemenne. Pazobbém kaMHEM IPOU3BOJBHBEIM 0OpPAa30M HA N Hap W CPaB-
HUM KaMHI B Kaxgou mape (n Bapemmsasui). OTJI0XKUM OTIEIBHO «IOGE-
auTeneny (6oee TAKEMBIX B CBOEH MApe) U «(IPOUTPABIINX» (6o/1ee JEMKNX).
SAcHo, 9TO caMbIll JErKUU KaMEHb HAJ0 UCKATH Cpeau npourpasumx (n — 1
CPABHEHUMN), 8 CAMBIN TAXKEILIN — cpeau nobegurenen (eme n — 1 cpaBHe-
HUN). O

4.5.4. [okaxure, 9TO HE CYMIECTBYET AITOPUTMA, MO3BOJIAIOIIEIO I'a-
PAHTUPOBAHHO HAUTU CAMBIN JECKUN M CAMBIA TAKEMLIA CPEn 271 KaMHen
(0ZHOBpEMEHHO), CoelaB MeHee 31 — 2 B3BELINBAHUIL.

Pemenme. [IycTs Takou anropurwm cymecrsyer. Habarogas 3a ero npu-
MEHEHUEM K KaKOU-TO T'PYIIIe U3 21 KaMHe!, MBI Oy IeM CICIUTD 38, YeThIPh-
MA mapamMeTpaMu. A UMeHHO, MBI GyeM CMOTPETh, CKOIBKO KAMHEN

(a) KOMyY-TO YK€ IPOUTDPATIH, & ¥ KOI'O-TO YKE BLIATDAJIK;

(b) KOoMy-TO y2Ke mpourpau, HO emE HI y KOr'0 HE BHIMIDAJY;

(c) y KOro-To yie BHIUTDAJIN, HO €IIE HUKOMY He IIPOUTDAJIY;

(d) HU y KOT'O He BHIUT'PAIM U HUKOMY HE IPOUrPATIA (TO €CTh HU C KeM

He CPABHUBAJINCH).
(HamoMHUM, 9TO BHLIMTCPABIIMM B CPABHEHHU MBI CIUTAEM 00JIe€ TAKEILIN
kamenb.) Kavuu tuna (a), O9€BUAHO, HE MOT'YT YK€ OKAa3aThCA HU CAMBIMUA
JETKUMUY, HU CAMBIMU TSAXKEJBIMU, KAKOBBI ObI HU OBLIN PE3yJIbTATHI IaTb-
HeMmux cpaBHeHun. Jo6on kamens Tuna (b) uMeeT IAHC OKA3aTBHCA Ca-
MBIM JECKUM (B CAMOM €€, er0 MOXKHO TIPOU3BOIBHO OONErIUTh, HE MEHS
PE3yJIbTATOB yKe BLITOJHEHHLIX CPABHEHUI), HO YK€ HE MOXKET OBIThH Ca-
MBIM TSKEIBIM; 114 KaMHen tuna (¢) zHao6opor. Hakonern, mo6ou kaMeHb
tuna (d) MOXKeT OBITh U CAMBIM JEMKUM, M CAMBIM TSAXKEIbIM.

O6o3uaduM [gepes a, b, ¢, d KomuIecTBa KAMHEN B COOTBETCTBYIOIMINX Ka-
TEropuaAX U TPOCTENUM, KAK MEHAITCA STU MapAMETPHI MPU OYepeIHOM
CPABHEHUM B 3aBUCAMOCTHU OT TOT'O, KAMHY KAKOT'O TUIA, CPABHUBAKTCA U C
KAKUM DEe3yJabTaToM (CM. Tabauily Ha CAeAyollen cTpadune). llociensaun
cTOn6en TAGIUIBL TOKA3BIBAET, KAK MEHAETCA BernduHa s = b + ¢ + (3/2)d
(KOTOPYIO MOXKHO PACCMATPUBATEH B KAYECTBE MEPHI «OCTABIIENCA PAOOTHD:
KaMeHb, TIPO KOTOPHIA HE U3BECTHO HUYErO, C TOUKU 3PEHUS DTOU MEPHI
B TIONITOPA Pa3a CIOKHEe KAMHsA, IS KOTOPOrO eCTh OJHOCTOPOHHSAA OIEH-
ka). M3navaasuo s = 3n, a B KOHIE s = 2 (PO BCe KaMHU, KPOME IBYX,
U3BECTHO, 9TO OHU OTHOCATCA K Kareropuu (a)). Y3 Tabauusl BUAHO, 4TO
mpu MIO60M B3BEIIUBAHUY €CTh (HEYIAIHBIN UCXOD), IPA KOTOPOM § YMEHb-
nraeTca He 60Jee 9eM Ha, IMHUILY. TaKue NCXOAbI [eNCTBATEILHO BO3MOKHEL
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CpaBHEHHE | a b c d | b+c+(3/2)d
a—a 0 0 0 0 0
a>b 0 0 0 0 0
a<b +1|{-1] 0 0 -1
a<c 0 0 0 0 0
a>c +1( 0 | -1] 0 -1
a>d | 0 |+1] 0 | -1 ~1/2
a<d | 0|0 |+1]-1 ~1/2
b-b +1|{-1] 0 0 -1
b<c 0 0 0 0 0
b>c +2 (-1 -1] 0 -2
b<d |0 |0 |+1|1 ~12
b>d | +1| 0 | 0| -1 —3/2
c—c +1] 0 | —-1| O -1
c<d | +1] 0] 0|1 —3/2
c>d 0 |+1] 0 | -1 ~1/2
d—d 0O | +1|+1| -2 -1

(He IPOTUBOPEYAT PE3YILTATAM NMPEILIAYIINX B3BEIIMBAHNUN): TIPUA CPABHE-
HUK D-KAMHA U C-KAMHA MOXET OKa3aThCA, YTO ¢-KAMEHb TsaKemnee (ero Bec
He OrPAHUYIEH CBEPXY MPEIBIIYIINMU B3BEIIUBAHUAMN), & TPU CPABHEHUHA C
ygacTueM d-KaMHsS PE3YJbTAT MOXKET OBITH JI00OBIM, MOCKOJABKY PO d-Ka-
MeHb Hu4ero He usBecTHO. (KpoMe Toro, MOXHO 3aMETUTH, 9TO €CJAU OLUH
73 MCXOJOB B3BEIIVBAHNI HEBO3MOXKEH, TO DTO B3BELINBAHIE BOOOIIE M3JINIII-
HE U ero MOXHO He [eT1aTh.) A ecium ucXOmbl BCEX B3BEIIMBAHUY HEYTATHEL,
TO YMEHBINEHUE S ¢ 3n 10 2 MOTpebyeT KAk MUHUMYM 31 — 2 B3BEITUBAHUN,
49TO U TPeOOBAIOCH TOKA3ATD. O

4.5.5. [lano n pasamvHLIX 110 Becy KaMHen. Hamaure caMbIl TAXKEIBINA
U BTODPOU II0 BECy KaMHHU, clelas He Goxee n + [log, n] — 2 B3BemmuBaHui
([logy n] — mamvenwmee menoe k, mpu koTopom 2F > n).

Pemenne. Cravana Hanaém nobegurens (CAMBIM TAXKEIBIN KAMEHb), &
noToM OyneM MCKATB BTOPOU IO Becy. SICHO, 9TO BTOPOrO MOXKHO HCKATH
JIUIIb CPEIU TEX, KTO MPOUTPAJ JUIHO TOOEIUTENO (IPOUTPABIIAE KOMY-TO
emé Jerde cpasy OBYX Kamuen). Ecau ompenenaaTs moGeIuTens B TYPHUPE
N0 OMUMIUUCKON cucTeMe (BCe MEIATCA Ha Tapbl, MPOUTPABIIAE BLIOBIBA-
0T, IOTOM CHOBa JEIATCA HA HMapbl U Tak gaitee), To mia 2F ygacTaumkon
nonagoburcs k payHnoB, a 41 n ydacTHuKOB — [log, n] payumnos. B xa-
XK JI0U UT'PE TYyPHUPA BLIOBIBAET OANH yIACTHUK, IIOSTOMY BCero Oyaer n — 1
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urp 4ia onpegeneHus nobegurens u emwé [log, n] — 1 B TypHUpE 3a BTOpOE
MECTO CPeIu IPOUTrPABIINX MOGETUTEII0. O

4.5.6. [loxaxuTe, YTO HUKAKON AJCOPUTM HAXOXK JEHUA CAMOIO TSAKEIO-
IO ¥ BTOPOTO TI0 BECY CPEIN N KAMHEUN He MOXKET MapaHTUPOBAHHO CIEIATH
5TO MeHee ueM 3a n + [log, n] — 2 B3BemMBAHMUIL.

Pemenme. [IycTte gam Takon airopuT. B KaxKILII MOMEHT €rO UCIIOJ-
HEHUA PACCMOTPUM UUCIO k; KAMHEU-yIACTHUKOB, TPOUTPABIINX HE MEHEE §
urp-cpasuenun. (Kocsennse npourpoium — ecau a npourpar b, a b mpo-
Urpan ¢, — HE YIUTHIBAIOTCA.) JIErKO MOHATH, 9TO cymma k; MO BCeM i
pPaBHA YMUCITYy UTD, TAK KaK MOCTe KAk IO UTPHl OTHO U3 k; yBETUIUBACTCA
Ha €IUHUILLY.

IMosToMy mOCTATOYHO MOKA3aTh, 9TO KAKOB ObI HY OBLI aJICOPUTM, IIPU
HEYJAYHBIX I HEro pe3yJbTarax urp OyAeT BBINOJHEHO HEPABEHCTBO
k1 + k2 > n + [log, n] — 2. Bygem HasLIBaThH «THIEPAMU» TEX yIACTHUKOB,
KOTOPBIE eIIé HUKOMY He mpourpatu. B Havdame ux n, a B KOHIE OCTaETCA
TOMBKO OAUH JuAep (MOCKOTbKY JIO0U 13 JTUIEPOB MOKET OBITH TOOEIATE-
aem). Mostomy k; > n — 1 (Bce urpoku, Kpome 0QHOTO, KOMY-TO IIPOUTDa-
au). O6BACHUM, KaK HAI0 BEIOMPATH PE3yAbTATH MATIEH, YTOOLL TOOUTHCA
HepaBeHcTBa ks > [log, n] — 1. PesyapTaT BCTpeUM ABYX HE-TUAEPOB MO-
JKeT OBITH BRIOpaH JM0OBIM. ECan mumep BCTPEIAeTCA C HE-IUIEPOM, TO BHI-
urpuiBaeT augep. [Ipu BecTpede IBYX AUAEPOB BEIUTPLIBACT GOIEE OMBITHRIN,
TO €CTb TOT, KTO BEIUTPAJ K DTOMY MOMEHTY G0ubliie urp (Ipu pABEHCTBE —
J0601).

Y068 JOKA3aTh, 9TO B DTOM CJIy9a€ BBIIOJIHEHO NCKOMOE HEPABEHCTBO
ua ks, BBEAEM OTHOIICHUSA MONIUHEHUS, CUUTAA TPU DTOM, UTO KaXK IBIN
UCPOK B OO0 MOMEHT UTPHLI MOLYUHEH POBHO OJHOMY Juiaepy. B Hada-
JIe KaxK B caM cebe Iuaep 1 moqIuuaés Toabko cebe. [Ipu Berpede maepa
C He-muAepoM (WU ABYX HE-IXAIE€POB) NOIIMHEHNE HE MEHACTC; IIPU BCTPe-
e IBYX JUAEPOB MPOUTPABIINN U BCE €0 NOIINHEHHBIE TIEPenoIInHAI0TCA
BBIUT'PABIIEMY .

Jlerko moka3aTh M0 MHAYKIIAU, ITO €CJIU JUAEP BEIUCPAI k Urp, TO TPYII-
Ta ero Mo TIMHEHHBIX (BKII0UAL €T0 CAMOr0) CoAepKuT He 6oaee 2F qemopex.
Bragane k =0 u B ero rpymnmne Toapko oH caMm. Ecau sugep Bemurpan k urp
u moGeX JAeT JUAePa, BHIUTPABIIEro He 6oee k Urp, TO B KAXK JOU U3 T'PYIII
He Gomee 2F urpokos, a B 06bequuenny He 601ee 25! urpokos.

CremoBaTeqbHO, MO OKOHYAHWU TYPHUPA JUIEP BLIUTDAJ HE MEHEe
[log, n] wrp, mMOCKOMBLKY B €ro Tpymme Bce n UIPOKOB. Bce moGex N8HHBIE
UM, KPOME BTOPOI'O IO CWIE UIPOKA, IPOUCPATU emé KOMY-TO (MHAYe I10-
YeMy MBI YBEPEHHI, 9TO OHU He BTOpbe 1o cuie?). OTcoga u norydaeTcs
TpebyeMas OleHKa Ha ko. (I
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4.5.7. [lokaxure, 9TO OIEHKA MPEABLIAYIIEN 3aIa9d OCTAETCA B CHIE,
ecan TpebyeTca HAUTHU JUIIL BTOPOU IO BECy KaMeHb, a CAMBIA TAXKEILIN
HUCKATL He 00I3aTeNbHO.

[Ykazauue. Ecin 1O OKOHYAHMIO TYpPHUDPA ONPEIETUICS BTOPOU MO CU-
J& UrPOK, TO OH KOMY-TO IPOUrpat (OTKyAa MBI 3HAEM HMHATe, ITO OH He
[EPBLIN? ), U TEM CAMBIM U3BECTEH U O0GEeqUTeNb.] O

4.5.8. [TaHO N pa3IMYHBIX 110 Becy Kamuen u uucao k (ot 1 1o n). Tpedy-
ercsa HauTu k- o BeCy KaMeHb, caeaas He 6omee C'n B3BemuBanun, rae C' —
HEKOTOpas KOHCTAHTA, HE 3aBUCAIIAL OT k U N.

3ameqanme. CopTUPOBKA MO3BOIIET caeraTh 5To0 33 Cnlogn B3pemm-
BaHUU. YKa3aHUe K dTOU (TPYyIHOU) 3a1a4e IPUBENEHO B IVIABE PO PEKyP-
cuio. O

Caenyromas 3aada UMEET HEOXKUIAHHO MPOCTOE PEIeHue.

4.5.9. NmeeTcsa n OQUHAKOBLIX HA BUJ KAMHEN, HEKOTOPHIE U3 KOTOPBIX
Ha CAMOM [eJie Pa3IuYIHLI o Becy. IMeeTcs mpubop, MO3BOIAIOUINN O IBYM
KAMHAM OIPENEIUTb, OAMHAKOBEL OHU WU DA3JUIHBL (HO HE TOBOPSIIIWN,
Kakou Tskenee). M3BecTHO, 9TO cpenu STUX KaMHEN OOMBIIMHCTBO (Goaee
n/2) ogunakoswix. Cenas He 6oee 1 B3BEIINBAHUN, HAAUTE XOTS OBI OUH
KaMmeHb u3 aroro combmuucTBa. (Ipegocrepexkenue. Eciu nBa xamua oqu-
HAKOBLIE, DTO HE TAPAHTUPYET UX MPUHALICKHOCTU K GONBIINHCTBY. )

[Ykazaune. Ecin HangeHs! ABa Pa3IMYHBIX KAMHS, TO UX 063 MOXKHO
BEIOPDOCUTHL — XOTA OBl OJWH U3 HUX TIOXOW U OOJBITUHCTBO OCTAHETCS
GOMBIINHCTBOM. |

Pemrenue. [IporpamMma npocMaTpuBaeT KAMHE MO OYEPEIU, XPAHA B e~
PEMEHHOU i YMCI0 IPOCMOTPEHHBIX KaMuen. (CuuTaeM KaMHU TPOHYMepOo-
BaHHEIMY OT 1 10 n.) IToMUMO 3TOro MPOrpaMMa XPAHUT HOMED «TEKYILEro
KAHIUIATay C U ero «KpaTHOCTBY K. CMBICA 3TUX HA3BAHUU OOBACHACTCA
nuBapuanTom (M):

ecaM K HEMPOCMOTPEHHBIM KaMHAM (C HOMepamu i+1...n) 10-
GaBuan ObI kK KOIUU -0 KAMHA, TO HanOoJee YaCTEIM CPeau HIX
ObLT GBI TAKOU XK€ KAMEHb, YTO U [JIsl UCXOJHOTO MACCUBA.

ITonywaem Takyio mporpaMmy:

k:=0; 1i:=0;

{(n}

while i<>n do begin
| if k=0 then begin
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| k:=1; c:=i+1; i:=i+1;

end else if (i+l-mM xaMeHL onMHakoB c c-M) then begin
i:=i+1; k:=k+1;

{3ameHseM MaTepHMaIbLHHN KaMeHb U[LealbHHM}

end else begin

i:=i+1; k:=k-1;

{BHKUIHBaeM OIMH MaTepUalIbHHM X OLUH MIEalbHHM KaMeHB}
end;

end;

MCKOMHM ABIAETCA C-HU KaMeHb

3ameuanue. [TockonbKy BO Bcex TpEX BApUAHTAX BEIOOPA CTOUT KOMAH 14
i:=i+1, € MOXHO BEIHECTU HAPYKY. (]

3aMeTuM TaKKe, 9TO 3Ta MPOrpPaMMa, TaPpAHTUPYET OTHICKAHNE HAnOO0-
Jlee 9acTOro KaMHA, JUITh eCAU OH COCTABAAET OOTBITNHCTRO.

Caenymoinas 3aada He UMEET HA TEePBBIA B3IVIAL HUKAKOTO OTHOIICHUS
K COPTUPOBKE.

4.5.10. Nwmeercs xkBagpaTuas Tadauna all..n,1..n]. UsBecTHO, 4YTO
[T HEKOTOPOT'O 1 CTPOKA ¢ HOMEPOM 1 3aTOJHEHA, OJHUMU HYJIAMU, 8 CTOJ-
6611 C HOMEPOM 1 — OJHUMU eIUHUIAMY (38 UCKIHOYUEHAEM UX MePeCeUeHus]
HA QUarOHAJIM, DAe CTOUT Hem3BecTHO 4To). Haugure Takoe i (oHo, ove-
BUHO, €IMHCTBEHHO). 1nciI0 geicTBUM mopsaaka n. (3aMerum, 9To 3TO Cy-
[IECTBEHHO MEHBIIE YUCIA DIEMEHTOB B TAOIUIIE. )

[Ykasauue. Paccmorpure ali] [j] kak pesyabTar «cpaBHeHWD i c j
U BCTIOMHUTE, UTO CAMBIM TAKEMLIM U3 N KAMHEN MOXET ObITh HAWICH
3a n cpaBHeHU#. (3aMeTuM, ITO TabJIALA MOXKET He OBITh «TPAH3UTUB-
HOWW», HO BCE PABHO IPM «CPABHEHMM» OBYX DJEMEHTOB ONUH U3 HUX OT-
najgaer.)] O



5. KOHEHYHbLIE ABTOMATDbI
N OBEPABOTKA TEKCTOB

5.1. CocTaBHble CUMBONbI, KOMMEHTAPUMK U T. .

5.1.1. B TekcTe BO3BeJeHUE B CTEMEHL 0O03HAYAIOCH IBYMS UIYIIAMU
noapag 3eé3goukamu. PemeHo 3aMeHUTH 5TO 0603HAMeHue Ha ~ (Tak 4To,
K TIpUMepy, x**y 3aMeHuTcA Ha x"y). Kax »To mpore Bcero caenars? We-
XOTHBIA TEKCT YUTACTCA CUMBO 33 CUMBOJIOM, MOJYIAIOUIUNCA TEKCT TPe-
OyeTcsa meIaTaTh CUMBOJI 33 CUMBOJOM.

Pewrenne. B xax el MOMEHT IPOrpaMMa HAXOAUTCA B OZHOM U3 ABYX
COCTOSIHUI: «OCHOBHOE» U «HOCJe» (3BE3IOYUKH):

Cocrosune OqepeguHoﬁ Hosoe Menctsue
BXOJHOU CUMBOJI COCTOsAHUEe

OCHOBHOE * ocse HET

OCHOBHOE T A * OCHOBHOE | IIE€YATATb X

nocIe * OCHOBHOE nevaTaTrsb

mocIe T A * OCHOBHOE | II€9aTaTh *, T

Ecau B koHIIE TEKCTa MPOrpaMMa, OKA3BIBACTCA B COCTOAHUY (TIOCJE , TO
CJefyeT HamedaTaTh 3BE3J0UYKY (M KOHIUTH PAbOTY). O

3ameuanue. Hama nporpamMa 3amesseT *** Ha ~* (HO He HA *7). B yc-
JIOBUU 330a9M MBI HE OTOBAPUBAIM NETATEH, KAK DTO YACTO NETACTCA —
MPEANONAraeTCs, YTO MPOTPAMMA, «OMKHA JeUCTBOBATEL PA3yMHO». B man-
HOM CIy9ae, TIOXKAIYU, CAMBIA IIPOCTON CIOCO6 OOBACHUTE, KAK TPOrPaMMa,
IEICTBYET — 3TO OMUCATHL €€ COCTOAHUA U NEUCTBUA B HUX.

5.1.2. Hanumwmre mporpaMmy, yIaIAOIyIO U3 TEKCTA BCE IOICJAOBA BU-
na abc. ]
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5.1.3. B mackajie kKOMMEHTapUU 3aKIIOYAIOTCA B (PUTYPHBIE CKOOKM:

begin {mavamo umxma}
i:=i+l; {yBenu4yumBaem i mHa 1}

Hamummmre nporpaMmy, KoTopas yIamana ObI KOMMEHTAPUY U BCTABIATA ObI
BMECTO UCKIIOIEHHOIO KOMMeHTapus npobea (arober 1{onun}2 npesparu-

Jock HE B 12, a B 1 2).

Pemenne. IIporpamva mMeer nBa COCTOSHUA: «OCHOBHOE» U «BHYTPI»

(koMMeHTApUS).
CocrosiHne Oqepe;xuﬁoﬁ Hogoe [lencTBue
BXOJHON CHMBOJI COCTOsIHUEe
OCHOBHOE { BHYTpHU HeT
OCHOBHOE xZ£A{ OCHOBHOE | IEeYATAThb T
BHYTpH } OCHOBHOE | MeJaTaTh Mpobes
BHYTpU x#} BHYTpU HeT 0

3amevaHue. JTa IPOrpaMMa HE BOCIPUHUMAET BIOXKEHHBIE KOMMEHTA~
pum: CTPOKa BpOIe

{{xommenTapu BHyTpH} KOoMMeHTapua}

NIpEeBPATUTCA B
KOMMeHTapusa}

(B mauane croaT nBa mpobGeaa). OOGPaAGOTKA BIOKEHHBIX KOMMEHTADPUEB
KOHEYHBIM aBTOMATOM HEBO3MOXKHa (Hy)KHO (IIOMHUTEL YUCIO CKOOOK» —
a MPpOU3BOJBHOE HATYPAJABHOE YUCJIO0 HE TOMEITAaeTCA B KOHETHYIO HaM}ITB).

5.1.4. B nmackameBcKuX mporpaMMax OBIBAIOT TaKXKe CTPOKU, 3aKII0UEH-
Hble B KaBbIYkU. Eciau durypHas ckoOka BCTPEYaeTCs BHYTPU CTPOKHU, TO
OHA HE O3HAYAET HAYAJIA WIN KOHIIA KOMMeHTapusa. B cBoo odepenb, KaBbId-
Ka B KOMMEHTapUU HE O3HAYAET HAYAIa WiM KOHIA cTpoku. Kak mamenuTs
POrpaMMy, ITOOBI 3TO YIECTh?!

[Ykazauue. CocrosHun OymeT Tpu: OCHOBHOE, BHYTPU KOMMEHTAPUI,
BHYTDH CTPOKHN.] O

5.1.5. Emé onHa BO3MOXHOCTH MHOIMX PEAIU3ANUAN MACKAII — DTO
KOMMEHTApPUU BUIA,

ir=i+1; (* here i is increased by 1 *)

IPK 3TOM 3aKPLIBAIOMIAA CKOOKA MOKHA COOTBETCTBOBATEH OTKPBIBAIOIICH
(To ectn {...*) He paspemaercs). Kak yganars rakue kommentapuu? [
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5.2. Beopa 4ucen

[IycTe gecsiTuvHAs 3a0UCH YUCIA IOAAETCA HA BXO MIPOrPAMMEBL CMBOJ
3a cuMBOIOM. MBI XOTUM (IPOYECTH) DTO YUCIO (IOMECTUTH B IIEPEMEHHYIO
Tuna real ero 3Hadenue). Kpome Toro, Hago coobmuTs 06 omubke, ecaun
qHUCI0 3alIMCAHO HEBEPHO.

Bonee xoukpeTHo, npeactaBuM cebe Taxyio cutyanuio. [locreroBaTens-
HOCTBH CHMBOJIOB Ha BXOZ€ MeJUTCA Ha IPOYUTAHHYIO U OCTABIIYIOCA JaCTH.
Mol MOxeM mOab30BaThLCA GyHKimen Next:char, xkoropas KaéT NepBLIN
CUMBOJI OCTABIIIEUCA 9aCTHU, & TaKXKe mpouenypou Move, koropas 3abupaer
MEPBLIM CUMBOJ U3 OCTABINEUCA YaCTHU, MEPEBOAA €r0 B KATETOPUIO TTPOUM-
TAHHBIX.

npodYuTaHHas 9acThb | Next | 7 ?

BymeM HasbpBaThL NECATHYHOM 3alMCLI0 TAKyID IOCIENOBATEILHOCTH
CHUMBOJIOB:
(0 nmm 6omee mpoGenos) (1 miu Gomee udp),

a TaKXKe TaKylo:
(0 nnm 6omee mpobenos) (1 wu Gonee wudp) . (1 win Goree udp).
3aMeTnM, ITO COMVIACHO HTOMY OIIPEIEICHIIO
1. .1 1.1 -1.1

HE SABIAIOTCA AeCATUIHBIMEU 3amucsamvu. ChopMyaumpyeM Temepb 3aIady
TOYHO:

5.2.1. IIpouyruTe M3 BXOMHOU CTPOKUA MAKCUMAJLHYIO YaCTh, KOTOPAas
MOXKET OBITb HAYAJIOM gecaTudHon sanucu. OQupenennTe, ABIACTCA JUA DTA
YACTh TECATUYHON 3ATUCHIO WA HET.

Pemenue. 3anumiem nporpaMMy Ha acKaie (UCIOMb3YA «(IePeIUuCIUMBIN
TUI» /1A HAIVIAJHOCTY 3aIICH: IIepeMeHHas state MOXeT NPUHUMATL OTHO
U3 3HAYEHUN, YKA3AHHBIX B CKOOKAaX).

var state:
(Accept, Error, Initial, IntPart, DecPoint, FracPart);

state := Initial;
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while (state <> Accept) or (state <> Error) do begin
if state = Initial then begin

if Next = ’ ’ then begin

| state := Initial; Move;

end else if Digit(Next) then begin
state := IntPart; {mocme mawama memout wacTu}
Move;

end else begin

| state := Error;

end;

end else if state = IntPart then begin
if Digit (Next) then begin
| state := IntPart; Move;

end else if Next = ’.’ then begin
state := DecPoint; {mocme mecaTwuHou Touxu}
Move;

end else begin

| state := Accept;

end;

end else if state = DecPoint then begin
if Digit (Next) then begin

| state := FracPart; Move;

end else begin

| state := Error; {momxma 6mT®H xoTH onmHa Iudpal}
end;

end else if state = FracPart then begin
if Digit (Next) then begin

| state := FracPart; Move;
end else begin

| state := Accept;

end;

end else if
| {rakoro 6uTL He MoxeT}
end;

end;

3aMeTbTe, 9YTO MPUCBANBAHUA state:=Accept u state:=Error He compo-
BOX JAIOTCsA CABUTOM (CI/IMBO.JI, KOTOPBIU HE MOXKET ObITh YACThIO UUCIA, He

3a6MpaeTca). O

[TpuBe néunas mporpaMma He 3aTTOMUHAET 3HAMEHUE TPOIUTAHHOTO MUCTA.
5.2.2. PemwmTe mpenbIayInyio 3a1a4My ¢ IOMOJHUTEILHLIM TPeOOBAHNEM:

€CIM POYUTAHHBIU KYCOK SABIAETCS TECATUYHOU 3aMKUChI0, TO B IIEPEMEH-
HyIo val:real ciaegyeT MOMECTUTH €€ 3HAYEHUE.
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Pemenue. [Ipu urenun npo6GHOU HacTH MEepeMeHHAs step XPAHUT MHO-
XKUTeIb [IPU CAELYIOMEN IeCATUIHON nudpe.

state := Initial; val:= 0;

while (state <> Accept) or (state <> Error) do begin
if state = Initial then begin

if Next = ’ ’ then begin
| state := Initial; Move;
end else if Digit(Next) then begin
state := IntPart; {mocme mHavama memoi wacTu}

val := DigitValue (Next); Move;
end else begin
| state := Error;

end;

end else if state = IntPart then begin

if Digit (Next) then begin

state := IntPart; val := 10*val + DigitVal(Next);

Move;
end else if Next = ’.’ then begin
state := DecPoint; {mocme MEeCATUYHON TOYKM}
step := 0.1;
Move;

end else begin
state := Accept;
end;
end else if state = DecPoint then begin
if Digit (Next) then begin

state := FracPart;
val := val + DigitVal(Next)*step; step := step/10;
Move;
end else begin
state := Error; {momxua 6HTL xoThb onHa uuppal
end;

end else if state = FracPart then begin
if Digit (Next) then begin

state := FracPart;
val := val + DigitVal(Next)*step; step := step/10;
Move;

end else begin

| state := Accept;

end;

end else if
| {raxoro 6mTEL He MOXeT}
end;

end;
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5.2.3. Ta xe 3amada, ecim mepen IUCIOM MOXKET CTOATH 3HAK — WA
3HaK + (& MOXET HUYIEro He CTOATH).

dopmaT uucea B 5TOU 3a4a4Me OOBIYHO WLIIOCTPUPYIOT TAKOU KAPTUH-

KOU:

mudpa

Y
1]
— - ) —{(mudpa)

O

5.2.4. Ta xe 3amava, eciM K TOMY XK€ TOCIE UUCTA MOXKET CTOATH
MOKa3aTenb CTeleHu NecATH, Kak B 254E-4 (= 0.0254) mwm B 0.123E+9

(=123000000). HapucynTe COOTBETCTBYIOLUIYIO KAPTUHKY. O

5.2.5. YTo HALO U3MEHUTL B NPUBEIEHHOU BLIIIE IPOrPAMME, ITOOLI
Pa3pemnTh MyCThIe LeIylo U ApoOHY dacTtu (Kak B «l.», «. 1y wim ga-
KE «.» — MOCAEHEE IUCAO CIATAEM PABHBIM HYJIO)? O

Mur BepuéMcs kK KoHeIHBIM aBToMaTaM B ruase 10 (Cpasuenue ¢ 06pas-
uom).



6. TUMbl AAHHbLIX

6.1. Cteknu

IIycts T — mekoropwir Tun. PaccMorpum (0TCyTCTBYIOMUI B HACKase)
THUI «CTEK 2IeMeHTOB Tuna Tr. Ero sHadMeHNAME ABIAIOTCA IOCICI0BATE b
HOCTH 3HadeHun tuma T.

Omneparnuu:
e Crenarb_mycTeIM (Var s: CTeK »1eMeHTOB Tuma T)

e [o6GaButrs (t:T; var s: crek naeMeHTOB Tuna T)

Baare (var t:T; var s: cTek »aeMeHTOB Tuma T)
e Ilycr (s: crek saemenTos tuna T): boolean
e Bepumna (s: cTex amemenToB Tuma T): T

(Mbr mosnb3yeMcss OGO3HAYEHUAMY, HAMOMUHAKOLMMUA [ACKalb, XOTS B
nackasne Tuna «crex» HeT.) Ipoumenypa «CresaTb_myCcThIMy IeJaeT CTEK S
nycteiM. [Iponenypa «/lo6aBuThy 106ABAAET t B KOHEI MOCTEIOBATEILHO-
ctu s. lIponeaypa «B3AaTky mpuMeHuMa, eciu mMOCTeJOBATETHLHOCTD S HEIy-
cTa; OHA 3a0UpPaeT U3 HEE MOCACTHUN DIEMEHT, KOTOPBIA CTAHOBUTCA 3HA-
genueMm nepemenuon t. Beipaxenue «Ilycr(s)» ucrunno, ecau mocienosa-
TEJIBHOCTH S MycTa. Beipaxenue «Bepumua(s)y ONpeneaeHo, eciu mocaeno-
BATEJIBLHOCTH S HEMYCTa, U PABHO MOCAETHEMY DJEMEHTY MOCTeI0BATEILHO-
CTH S.

Mzur noxaxem, KaK MOJIEJNPOBATH CTEK B IMACKAIE U AJIs Ier0 OH MOXKET
OBITH HYXKEH.

Mo,aenwposaHue OFPaHUYEHHOrO CTEKa B MacCcCcusee

By,qu CIUTAaTh, ITO KOJIUIECTBO 3JEMEHTOB B CTE€Ke HE IIPEBOCXOIUT
HEKOTOPOr'o 1ucCja 1. TO].",Z[EL CTEK MOXKHO MOOEINPOBATH C IIOMOIIBIO OIBYX



6.1. Cmexu 97

IIEepEeMEHHBIX:

Conmepxamme: array [1..n] of T;
Inura: integer;

CUYUTasA, IYTO B CTEKE HAXOIATCA SJIEMEHTHI

Comepxanue [1],...,Comepxanue [[Imumal.

YT06BI cHeraTh CTEK MyCTHIM, TOCTATOYHO MOJOKUTH
Inuua := 0
e /To6aBUTH DIeMeHT t:

{lmuua < n}
Inuna := [ImuHa+1;
Comepxanue [[muzal :=t;

B3aTe smeMeHT B mepeMeHHYIO t:

{Imuua > 0}
t := Comepxaume [lmuual;
Invua := [lnuea - 1;

e Crek mycT, ecau Imuua = 0.
e Bepumna creka paBHa Comepxanue [[nuzal.

Taxum 00pa3oM, BMECTO TIEPEMEHHOUW TUIMA CTEK B MpOrpaMMe Ha, IMa-
CKaJle MOXHO UCIIOJIB30BATH ABe nepemenubie Cogepxanue u Inuua. MoxHO
TakxXKe onpereauTh Tul stack, 3anucas

const N =
type
stack = record
Comepxanme: array [1..N] of T;
Inuua: integer;
end;

(Mbr mo3BosIsieM ce6e MCIONb30BATH MMEHA NIEPEMEHHEIX U3 PYCCKUX OYKB,
XOTs OOBIMHO MacKaub >Toro He ao6ut.) [locae »Toro Moryt 6eiTh — B CO-
OTBETCTBUM C IPABIIAMI MMACKAIA — OMNMUCAHBI IPOLELYPHI PAOOTHI CO CTe-
koM. Hampumep, MoxkHO HamucaTsb

procedure Jo6asute (t: T; var s: stack);
begin

{s.lImua < N}

s.llmuna := s.[muua + 1;

s.Comepxanue [s.lmuual := t;
end;
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Ucnonb3osaHue cTeka

Bymem paccmaTpuBaTh MOCAEIOBATEIBHOCTY O TKPBIBAOIINXCSA U 3AKPHI-
BaIOIUXCA KPYrabiX U kKBagpaTHeX ckobok () [ 1. Cpemnm Bcex Takux
MOCJEI0BATEILHOCTEN BBIAEINM MPABUIBHBEIE — T€, KOTOPHIE MOTYT OBITH
MOy IEeHBI IO TAKUM MTPABUAIAM:

e MycTas MoCJaeIOBATENLHOCTD MTPABUILHA.
e cciu A v B npaBuibHBL, TO 1 AB MpaBUIbHA.

e eciu A npasmisua, To [A] u (A) npaBuibHLIL

Ipumep. Iocaenosarensuoctu (), [[11, [OL]1(O][] npaBwibubL, a
nocregosarensuoctu 1, ) (, (1, ([D] — mer.

6.1.1. IIpoBepbTe TPABUILHOCTEL MOCTECIOBATEMALHOCTH 33 BpEMsA, He
MPEBOCXOAANIEE KOHCTAHTHI, YMHOXEHHOU Ha eé mimuy. [Ipenmomaraercs,
YTO WIEHBI IOCIEIOBATENBHOCTH 3aKOIUPOBAHEI INCIAMMU:

( 1
[ 2
) -1
1 -2

Pemennme. Ilycte a[1]...a[n] — npoBepsemas mOCIEIOBATEIBLHOCTE.
Paspemnm XxpaHUTE B CTEKe OTKPHIBAIOIINECST KPYIUIbIE U KBAIPATHLIE CKOO-
ku (T.e. 1u?2).

Buauane crek memaem mycToiM. [[anee mpOCMAaTPUBAEM HIEHBI TOCIET0-
BATEILHOCTH CJIEBA, HATIPABO. BCTPETUB OTKPHIBAIOLIYIOCA CKOOKY (KPYTUIYIO
WM KBAAPATHYI), TOMEIIAEM ¢ B CTeK. BCTPETUB 3aKPHLIBAIOIIYIOCH, TIPO-
BepsAeM, YTO BEPIINHA CTEKA — MapHasd el CKOOKA; eClid 3TO He TaK, TO
MOXKHO YTBEDXKIATb, YTO MOCJIEIOBATEILHOCTL HENPABWIBHA, €CIU CKOOKA
napHas, To 3a0epéM eé (BepuiuHy) u3 creka. [locae10BaTEIbHOCTD IPABUAIb-
HA, €CJIU B KOHIIE CTEK OKA3LIBAETCS IYCT.

Cmenars_mycTiM (s);
i := 0; O6mapyxeHa_oumbka := false;
{mpounTano i cuMBOIOB ImOCIeZOBaTENBHOCTU}
while (i < n) and not O6mapyxena_oumbka do begin
i=1+ 1;
if (ali]l = 1) or (al[i]l = 2) then begin
| Do6asurs (alil, s);
end else begin {al[i] paBeo -1 wmmm -2}
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if Hyct (s) then begin
| O6HapyxeHa_oumbka := true;
end else begin
Bzate (t, s);
O06HapyxeHa_oumbka
end;
end;

(t <> - alil);

end;
IpaBuneHo := (not O6mapyxeHa_ommbka) and Iyct (s);

Y6equMmcsa B MpaBUILHOCTY TPOTPAMMEI.

(1) Ecu nocaenoBaTeIsHOCTb TOCTPOEHA, IO MPABUIAM, TO MPOrPaAMMa
OACT OTBET «Ja». JTO JErko AOKA3aTh WHIYKIIAEN MO TIOCTPOEHUIO MPa-
BWIBHOU MOCIEAOBATEILHOCTH. HAno MpOBEpUTH M MyCTOU, NJISA TOCHe-
noBareabHocTu AB B mpegmoaoxkenuu, 9To qis A u B yxke TIpPOBEPEHO,
1, HakoHel, KA nociegosarensHocTren [A] m (A) — B mpeamooxenun,
uto mia A yxe nposepeno. [ mycron odesugno. [laa AB meucTBusa mpo-
IPaMMBI TIPOUCXOIAT KAK 1A A M KOHUIAIOTCSA C MyCTHIM CTEKOM; 3aTeM BCE
npoucxoautT kak maa B. dua [A] cmagana moMemaercsa B CTeK OTKPLIBAIO-
mas KBaIpaTHasA CKOOKa W 3aTeM BCE AT Kak Jaa A — ¢ TOU PasHUIeHn,
YTO B DIyOUWHE CTEKa JeXUT JUIHASL cKOOKa. [o okonyanuun A crek cra-
HOBUTCSA MYCTHLIM — €CIM He CIUTATh dTOU CKOOKU — a 3aTeM U COBCEM
nycThiM. Anamoruyno aas (A).

(2) TlokaxkeMm, 9TO eCay TPOrPaMMa 3aBEPIIAET PAGOTy C OTBETOM «Iay,
TO MOCJAEOBATENLHOCTE MPABUILHA. Paccyx [aeM UHIYKIUEN [0 [IUHE MO-
CJIeOBATENLHOCTH. [IpocaequM 3a COCTOSHUEM CTEKa B MPOLECCe PabOTHI
nporpaMMbl. ECIn OH B HEKOTOPHIU MPOMEKYTOYHEIN MOMEHT IYCT, TO TTO-
CIeIOBATENLHOCTEL PA3OUBACTCA HA IBE YACTU, MAA KAXKIOUW U3 KOTOPBIX
MpPOrpaMMa JaéT OTBET «Ia»; OCTAETCA BOCIOAB30BATHCA MPEMOTOKEHIEM
VHIYKIWU U ONPENeNeHneM NpaBUIbHOCTH. IIycTh cTek BCE BpeMs HEmycCT.
OTO 3HAYUT, YTO MOJOKEHHAA B HET'O HA MEPBOM Iare CKOOKa 6y IeT BBIHY-
Ta JUIb HA TOCIEAHeM mare. TeM caMbIM, MEPBBIU U MOCAEIHAN CUMBOJILI
MOCIEeOBATEILHOCTH — 3TO TMAPHBIE CKOOKM, U MOCIEI0BATEILHOCTL UMEET
Bug (A) wmm [A], a paGora mporpaMmel (KpoMe MEpBOr0 U MOCAEIHErO
[IArOB) OTJIMYAETCA OT €€ paBoThl Ha A JWIIb HATAYMEM JWIIHEN CKOOKA
Ha aHe cTeka (pa3 eé He BEHIHMMAIOT, OHA HUKAK HE BAUAET HA PabOTy IPO-
rpamumer). CHOBa CCBLIAEMCS HA MPEINOIOKEHNe MHIYKIUU U ONPEIeIeHIe
TIPaBUIBHOCTH. (I

6.1.2. Kak ympocTurcs mporpamma, €CIu U3BECTHO, IYTO B IMOCJIEI0BA-
TEIBHOCTUA MOT'YT OBITH TOJBKO KPYIVIBIE CKOOKU?
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Pemenne. B 5ToMm ciydae oT cTeka ocTaéTCsa AL €ro IINHA, U MBI (haK-
TUYECKU MPUXOIUM K TAKOMY YTBEPKICHUIO: MOCJAEIOBATEILHOCTE KPYyI-
JBIX CKOOOK MPAaBUIbHA TOTQA W TOJBKO TOTIa, KOT'Aa B JIOOOM €€ HadaIb-
HOM OTPE3Ke YUCTO 3aKPBIBAIOIINXCA CKOOOK HE TPEBOCXOMUT UUCAA OTKPHI-
BAOLINXCA, a IJIA BCEU TOCIEIOBATENLHOCTY DTU IUCIA, PABHBI. O

6.1.3. PeamusynTe c mOMOIIBLIO OJHOIO MAaCCUBa IBa CTEKA, CyMMAap-
HOE KOMUIECTBO DIEMEHTOB B KOTODPHIX OMPAHUYEHO IJUHOU MaCcCHUBA; BCE
IEeUCTBUA CO CTEKAMU JOMKHELI BEIMTOTHATHLCA 33 BPEMs, OPPAHUYEHHOE KOH-
CTAHTOU, HE 3ABUCAIICN OT IIUHLI CTEKOB.

Pemrenme. CTexy NOMKHBI PACTU C KOHIIOB MACCHBA HABCTPEYUY APYT
IPYTY: MEPBHIU JOMKEH 3AHUMATL MECTA,

Comepxauue[1] ...Conepxauue [[nunall,
a BTOpOU —
Comepxanue [n] . ..Conepxanue [n-[nuna2+1]

(BepIIMHEI 06OUX CTEKOB 3ANUCAHBI MOCIEHIMNA). O

6.1.4. Peamusyure k cTeKkoB ¢ daeMeHTaMu TUma, T, O0IIee KOIUIECTBO
DIEMEHTOB B KOTOPHIX HE MPEBOCXOAUT N, C UCIOTH30BAHIEM MACCABOB CyM-
mapuon mauabl C'(n + k), 3aTpavuBasg Ha KaXKIO€ IEUCTBUE CO CTEKAMU
(KkpoMe HaJATBHBIX [NEUCTBUM, AEJAIOLIMX BCE CTEKU IyCTHIME) BpPeMs He
6osee mexkoropou koucTauThl C. (Kak roeopsar, ofwas gimHA MacCUBOB
nomxkHa 6BITH O(m + n), a BpeMs Ha Kax ayio omepamuio — O(1).)

Pemenue. [TpuMensaeMbIn METO HABBIBAETCA «CCHLUIOYHON PEATT3AINEN» .
OH uCmoOAB3yeT TPU MACCUBA:

Comepxanme: array [1..n] of T;
Crnenyoumu: array [1..n] of 0..n;
Bepumna: array [1..k] of O..n.

Ymo6uo m3obpaxarh maccuB ComepXaHue KAK N A9eeK C HOMepa-
M 1...n, Kaxmgas U3 KOTOPBIX COAEpXKUT »ireMeHT Tuma T. Maccus
Crenmyoumy m306pa3suM B BUAE CTPEIOK, MPOBEIA CTPETKy W3 i B j, ec-
au Crenyoumu[i]l=j. (Ecau Cmenywoummu[i]=0, cTpesox u3 i He mpoBO-
aum.) Cogepxumoe s-ro creka (s € 1...K) XpaHUTCA Tak: BepIIKHA DABHA
Conepxauue [Bepumua [s]], ocTaIbHBIE DIEMEHTH S-T'0 CTEKA MOXKHO HAUTH,
U O CTPeIKaM — OO0 TeX MOp, MOKa OHU He KoHdarca. [Ipu arom

(s-u crek myct) < Bepumua[s]=0.
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Crpenovnsie TPAEKTOPUY, BBIXO ISIIIE 13
Bepumua[1],...,Bepumsa [k]

(u3 Tex, KoTOopbie He paBHEI () HE NOMKHEI MEPECEKATHCA. [loMUMO HUX,
HaM HOHAZOOUTCA eIIé OTHA CTPEJOYHAsA TPAEKTOPUA, COAepKaIlasa Bce He-
UCTIOJb3YEMBIE B NAHHBIM MOMEHT sierku. Eé Hadago Mbl OygeM XpaHUTb
B nepemeHHou CBo6onHas (paBeHCTBO CBoGonHas = 0 O3HAYAET, ITO MyCTO-
0 MeCTa He OCTATOCh). BoT mpumep:

Comepxanue a p a d s t \ W

Bepumna Co6omuasa

ComepxaHme | a p
Crenyoumi | 3 0O
Bepmmra | 1 7

o0
o a
o m
N
ol
AN

Ceobomuasa = 8

Crekn: epBLIN CONEPKAT P, t, g, a (a — BepIIMHA); BTOPOU COTEPKUT S, V
(v — BepmmHa).

procedure Haware_pa6ory; {llemaer Bce cTexu mycTmmm}
| var i: integer;

begin
for i := 1 to k do begin
| Bepumua [i]:=0;
end;
for i := 1 to n-1 do begin
| Crmemyommyn [i] := i+1;
end;
Crenywumu [n] := 0;
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| Ceobomuaa:=1;
end;

function EcTe_MecTo: boolean;
begin

Ects_mecTo := (CBobommasa <> 0);
end;

procedure Jo6aBute (t: T; s: integer);
{lo6aBuTre t x s-My cTeky}
var i: 1..n;

begin

{EcTn_mMecTo}

i := CBobonHasa;

Ceoboznas := Cmegmyommu [i];
Cnenyoumi [i] := Bepumua [s];
Bepumra [s] :=i;

Comepxanme [i] := t;

end;

function Myct (s: integer): boolean;
| {s-mm cTex myct}

begin

| Iyct := (Bepumua [s] = 0);

end;

procedure Baare (var t: T; s: integer);

{B3aTe U3 s-ro creka B t}
var i: 1..n;

begin
{not Oycr (s)}
i := Bepumnma [s];
t := Comepxanue [i];
Bepuuna [s] := Cmemyoumu [i];
Cnenywumu [i] := Cmo6ozmmas;
Cobomuasg := ij;

end;

function Bepumra_cTeka (s: integer): T;

| {Bepumua s-ro creka}

begin

| Bepumua_cTeka := Cogmepxanue[Bepumual[s]];
end;



6.2. Ouepedu 103

6.2. Ouepeau

SHAYEHUAME TUIA «OU9ePELb DIEMEHTOB TUNA T, KAK U I CTEKOB, ABILA-
IOTCA HOCAEI0BATEABHOCTY 3HadeHn: Tuia T. Pasauna cocront B TOM, ITO
GepyTCA DIEMEHTHL He C KOHIA, & ¢ HAdana (& TOGABIAIOTCA MO-IPEKHEMY
B KOHEII).

Onepanuu ¢ ouepensiMu:

e Crenarb_mycTon (var x: ovepenb dJeMeHTOB Tuma T);

HMobGasuTh (t:T, var x: ouepenb daeMeHTOB Tuna T);

Baare (var t:T, var x: ouepenb »1eMeHTOB Tuna T);

Mycra (x: ouepeas saemenToB Tuna T): boolean;

Ouepennon (x: odepeab saeMeHTOB Tuna T): T.

IIpu BoIMOTHEHUN KOMAHIHI «/[[00ABUTEHY YKAZAHHBLIM DIEMEHT TOOABI-
ercsa B Kouer ovdepenu. Komauga «B3aTey BRIMOIHUMA, JUIIL €CIU OYepPeIb
HemycTa, U 3a01paeT u3 Heé NepBhI (IIOJIOXKEHHBIN TYAA PAHBIIE BCEX) dJie-
MEHT, OMeIasA ero B t. 3uadenuem pyuxnuu «Oduepensoins (onpeneteéHaon
[JISL HETTyCTOU OUepe) ABIACTCA MEPBLIM DIEMEHT OUePe/I.

Aurmunckue mazsamusa crekoB — Last In First Out (mocmennum Bo-
wén — mepBBIM BbIuen), a odepeger — First In First Out (mepebiv Bomén —
nepsbiM Bobimed). Cokpamennsa: LIFO, FIFO.

Peanuzauus ouepenen B maccuee

6.2.1. Peamusyure omepamuu ¢ 04YepeIbI0 OTPAHUYICHHON [IWHLI TaK,
9TOOBI KOANIECTBO AEACTBUM IJIA KayK IOU ONepanyy ObLIO OrPAHMIEHO KOH-
CTAHTOU, HE 3aBUCALICH OT IJINHLEL OYepeIu.

Pemenme. Bynem XpaHuTh DIeMEHTHI OYepenu B COCETHUX DIEMEHTAX
MaccuBa. Torma odepenb O6yIeT TpUpaACTATh CIpaBa U yOLIBATH creBa. 1lo-
CKOJILKY TIPU DTOM OHA MOXET NOUTHU OO KPas, CBEPHEM MACCUB B OKPY K-
HOCTb.

Breném maccus

Comepxanme: array [0..n-1] of T
U IEPEMEHHBIC

Hepesit: 0..n-1,
Invea : O..n.
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IIpu sTom sremenTamu odepenu OyAyT

Comepxanue [lleprmit],Conepxanme [llepeam+1],...,

Comepxanue [[lepmsur+[muna-1],

rje cIoXKeHue BemoHaeTcs no Moayo n. (Ilpegynpexnerve. Ecin BMecTo
DTOr0 BBECTH MepeMeHHbIe [lepsrit U [locnenHui, 3HAUEHNs KOTOPHIX — BHI-
YeTHI TI0 MOIYJIIO N, TO MyCTas O4Yepelb MOXKeT ObITh CIyTaHa C OYepeIbio
U3 N DIEMEHTOB.)

Onepauun BBIIIOJIHAIOTCA TaK.

Crenars mycron:

Imuua := 0;
Heperm := O;

[Mob6aBUTH DIEMeHT:

{Inura < n}
Conmepxanve [(lleperm + Inuma) mod n] := amemeHT;
Imuua := [nuHa + 1;

B3are snement:

{Inuua > 0}
snemerT := Comepxaume [llepmrm] ;
lepeem := (Hepemu + 1) mod n;

Imuua := [nauua - 1;

IIycra:
Imuna = 0
Ouepenuon:
Cozepxanue [[epsaii] (|

6.2.2. (Coobmma A.T'.Kyummupenko) IIpugymanre cocod momeaupo-
BaHUA OYEPEIU C MOMOIIBI0 OBYX CTEKOB (M (PUKCUPOBAHHOIO UUCIA, TIEPE-
menuwix Tuna T). llpu 3T0M 0TpaboTKa N ONEpaIui ¢ 09epenbio (HaIaThIX,
KOra O9epeanb ObLIa MycTa) TOMKHA TPEGOBATEH MOPAIKA N NEUCTBUN.

Pemenne. nBapuanT: CcTEkM, COCTaABICHHBIE KOHIIAMHU, 00Pa3yioT O1e-
peas. (Ilepedunciisis sneMeHTEL OJHOrO CTEKa BIVIyOb U 3aTEM JIEMEHTHL BTO-
POro HApyXKy, MBI IEPEYUCIIEM BCE BJIEMEHTHI O49epPequ OT MEPBOTO A0 IO-
caenuero.) flcuo, uro gobaBreHMe CBOAUTCA K JOOABICHUIO K OLHOMY U3
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CTEKOB, & MPOBEPKAa MyCTOTH — K IPOBEPKE IIyCTOTHI 060ux cTekoB. Ec-
JU MBI XOTHM B3SThb DJIEMEHT, eCTh ABa caydvas. Eciu crek, rge Haxoaurcs
HAYAJI0 O4depenu, He IMycT, TO 6epéM m3 Hero »iaeMeHT. Ecau OoH mycT, TO
TIpeIBAPUTEILHO MEPEMICHIBAEM B HET'O BCE DAEMEHTHI BTOPOr'O CTEKa, Me-
HAA NOPATOK (TO IPOUCXOIUT CaMO COOOU MPU MEPEKIAILIBAHUA U3 CTEKA,
B CTEK) U CBOQUM €0 K TEPBOMY CIYUar0. XOTsA YUCAO TEUCTBUN HA 3TOM
miare M He OrPAHUYEHO KOHCTAHTOU, HO TPeOOBAHUWE 3aJAaYU BHITIOJIHEHO,
TaK KAaK KAXKJBIU DJIEMEHT OYepequd MOXKET y9aCTBOBATH B DTOM MPOLECCEe
He 60Jee OMHOrO pasa. (I

6.2.3. [lexoM HA3BIBAIOT CTPYKTYPY, COYETAIOIIYIO OYepenb U CTEK:
KJIACTb U 3a0UpaTh IEMEHTH MOXHO ¢ 060ux KOHIOB. Kak peanm3oBarThb
€K OTPAHIYEHHOrO pa3Mepa Ha 6a3ze MACCHBA TaK, YTOOBI KaxXAas ONepa-
IIUA TPeOOBaIa OCPAHUYEHHOTO YUCIA TeUCTBUAN? O

6.2.4. (Coo6umn A.T. Kymmupenxo.) Umeerca nek saemenToB Tuma T
U KOHEYHOEe UMCI0 MepeMeHHBIX Tuma T u mesoro Tuma. B HavamrbHOM co-
CTOAHWN B leKe HEKOTOPOe IUCIO daeMeHTOB. CocTaBbTe IporpaMMy, MoCIe
UCIOJHEHUSA KOTOPOU B JeKe OCTAINCH OBbL Te XKe CAMBIe DIeMEHTHI, & UX 9i-
CJ10 OBLIO OBbI B OMHOU U3 LEJLIX IIePEeMEeHHBIX.

[Ykazanue. (1) D1eMeHTH feKa MOXKHO IMKINIECKU TEPECTABIATD, 3a-
6upas ¢ OJHOTO KOHIIA U MOMemas B apyrou. Ilocuae 3Toro, caeaas cTOIbBKO
e [MIAroB B 0OPATHOM HAIIPABIEHUN, MOXKHO BEPHYTh B Ha MecTo. (2) Kax
[IOHATD, IPOLULIA MbI IOJHBEIA KPYT uin He npouuu’? Ecau Ol Kakou-To sJe-
MEHT 3aBeJOMO OTCYTCTBOBAJI B M€Ke, TO MOXKHO ObLIO OBI €ro MOACYHYTH
7 XJATb BTOPUYHOTO MOABIeHNA. HO Takux saeMeHTOB HeT. BmecTo »TOr0
MOXHO [JIf TAHHOTO N BBIMOJHUTL MUKINIECKAN CABUAT HA N IBAXK B, TOJ-
CYHYB Pa3HBIE DJIEMEHTHI, ¥ MOCMOTPETD, TMOABATCA JU PA3HLIE DIEMEHTHI
Yepes n 1Iaros. | O

Mpumenenne ouepenen

6.2.5. HameuaTanTe B MOpsAAKEe BO3PACTAHUA TEPBHIE N HATYPATLHBIX
YUCeN, B PA3JOXKEHNE KOTOPHIX HA MPOCTHIE MHOXKUTEINA BXOIAT TOIBKO -
cra 2, 3, 5.

Pemenuwe. Beeném Tpu odepenu x2, x3, x5, B KOTOPBIX OyIeM XPAaHUTH
DJIEMEHTHI, KOTopee B 2 (3, 5) pa3 Gouble HAEIATAHHBIX, HO €M HE Ha-
nevaransl. Oupeneaum npouesypy

procedure HamevaTaTh_K_no6aBuTh (t: integer);
begin
| writeln (t);
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Io6aBute (2*t, x2);

Io6aBute (3*t, x3);

Do6aBute (5%t, x5);
end;

Bot cxema nporpamMMmer:

...cmemaTk x2, x3, x5 mycTsmm

HalleYaTaThb_u_nobaBuThk (1);

k :=1; { k - unmcmo HamevaTaHHHX J}

{unBapuanT: HamevaTaHo B NOpALKEe BO3PACTaHUA K MUHUMAIBHHX
YIIeHOB HYXHOI'O MHOXECTBa; B OYepelAX DIEMEHTH, BIBOeE,
BTpOe U BIATepo 6ONbllMe HANeYaTaHHHX, HO He HaleyaTaHHHE,
pacnoloXeHHHe B BO3pacTawlleM Iopamkel}

while k <> n do begin

x := min (ouepemmon(x2), ovepermuou(x3), ouepemmou(x5));
HaleyaTaThb_HU_Job6aBuTh (x);
k := k+1;

...B3ATb X U3 TexX oqepeneﬁ, roe OH GHJI OYepeIHENM;
end;

ITycTh MHBAPUAHT BHIMOMHACTCA. PAaCCMOTPUM HAMMEHDLITUYN U3 HEHATIE-
YATAHHBLIX JIEMEHTOB MHOXKECTBA; MIyCTh TO X. TOraa OH MeIUTCS HAIEIO
HA OJHO U3 4Yucen 2, 3, 5, 1 9aCTHOE TaKXKe MPUHALICKUT MHOKECTBY. SHA-
YUT, OHO HAMEYATAHO. HAYUT, X HAXOAUTCA B OJHOU U3 OYEPENEU U, CIe-
IOBATEIBLHO, ABIACTCA B HEM MEPBLIM (MEHBIIME HAMEUYATAHEL, 8 DJIEMEHTHI
odepeen He HamedaTaHbl). HamedaTas X, MBI JOMKHEL €TI0 U3BATH U 1004~
BUTH €r'0 KPATHHIE.

[uHBL O¥Yepenen He TPEeBOCXOMAT IUCAA HATEIATAHHBIX DIEMEHTOB. [

Crenyrouas 3agada cBsa3ana ¢ rpadaMu (K KOTOPBIM MBI BEDHEMCS B IVIa-
Be 9).

IlycTs 3a1aHO KOHEYHOE MHOXKECTBO, DIEMEHTHI KOTOPOTO HA3HLIBAIOT
BEPWUNAMY, & TAKKE HEKOTOPOE MHOXKECTBO YTIOPAJOUCHHEIX TIAP BEPIINAH,
HA3BIBAEMBIX PEOPamU. B 5TOM CIydae rOBOPAT, ITO 3ALAH OPUEHMUPOEAH-
noit epad. llapy (p, ¢) Ha3BIBAIOT PEGPOM C HAUALOM P U KOHUOM (; TOBOPAT
TAK¥XKe, 9TO OHO 8bIZ00UM U3 BEPIIUHLI P U 6200um B BepiuuHy ¢. OOLIIHO
BEPIMHLI rpada N306PaKAIOT TOIKAME, 8 PEOPA — CTPETKAMU, BEIYIIAMA
u3 Hadaua B koHell. (B cOOTBeTCTBUU C OmpepeJeHueM U3 JAHHOU BEpPIIU-
HBI B TaHHYIO BeJET He 601ee OTHOTO pebpa; BOZMOXKHEI pE6pa, ¥ KOTOPHIX
HAYAJIO COBIALAET C KOHIIOM.)

6.2.6. lsBecTHO, YTO OPUEHTUPOBAHHLIA I'pad CBA3EH, T.e. U3 JHOO0U
BEpIIMHLI MOXKHO NPOUTH B JIOOYIO 1m0 pébpam. Kpome Toro, m3 xaxmon
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BEPIINHEI BEIXOAUT CTOIBKO ke pEOep, CKoabKo BxoauT. [JokaxuTe, 4TO Cy-
IECTBYET 3AMKHYTBIA IUKJI, IPOXOIAIIMNA MO KAXKIOMY PeOpy POBHO OAUH
pa3. CocTraBbTe ATTOPUTM OTHICKAHUA TAKOTO [UKJIA.

Pemenwe. 3meén GymeM HA3BIBATH HEMYCTYIO OYepeqb U3 BEPIINH, B KO-
TOPOU JOOBIE 1BE BEPIINHEI COEIUHEHBI Pe6poM rpada (HadaloM ABIACTCA
Ta BEPIINHA, KOTOpaa Oamke K Hauary odepean). CToamas B HavaIe ouepe-
I BEPUINHA, 6y IeT XBOCTOM 3MEH, MOCIeIHAI — TOMOBOU. Ha pucyHke 3mes
n300pa3uTcsa B BuIe nenu pebep rpada, CTPEIKA BEIyT OT XBOCTA K T'OJIO-
Be. [lo6aBreHue BepUINHLL B O4Y€PEIb COOTBETCTBYET POCTY 3MeU C OJIOBHI,
B3ATHE BEPIIMHLI — OTPE3AHUI0 KOHIUKA, XBOCTA.

Buadase 3Mesa COCTOUT U3 eIUHCTBEHHON BepmuHbL. [anee MBI caeqyeMm
TaKOMY TIPDABUIY:

while 3Mea BkIN4YaeT He Bce pébpa do begin
if ¥3 rooBH BHXOIWT He BXoZAllee B 3Meb pebpo then begin
| yOIMHMTE 3Mel DTUM pebpomM
end else begin
{romoBa 3Meu B TOM XKe BepuMHE, YTO ¥ XBOCT}
oTpe3aTh KOHEIl XBOCTa M NOBaBUTEH ero K TOIOBe
{"3mMea oTkycmBaeT koHell xBocTa'}
end;
end;

[lokaxeM, 9TO MBI JOCTATCHEM LIEJIN.

(1) Waa mo 3mee 0T XBOCTa K T'OJOBE, MBI BXOAUM B KaXKIyH0 BEPIIAHY
CTOMBKO K€ Pa3, CKOMbKO BBIXOAUM. Tak Kak B JOOYIO BEPIINHY BXOJIUT
CTOMBKO ke pEGEP, CKOMBKO BLIXOMUT, TO HEBO3MOXKHOCTD BEIMTH O3HAYAET,
YTO COJOBA 3MEUM B TOU K€ TOYKE, ITO U XBOCT.

(2) 3mes He yKOpadUBAETCH, MOITOMY JAUMOO OHA OXBATUT BCe PEGPA,
aur60, HAUWHAA C HEKOTOPOT'O MOMEHTa, OyJeT MMeThb IHOCTOSHHYIO IINHY.
Bo BTopoMm ciywae 3mes GyaeT GECKOHEYMHO «CKOAB3UTH MO ceber. DTO BO3-
MOXHO, TOTBKO €CIU U3 BCEX BEPIIVH 3MEU He BBIXOTUT HEUCIOTb30BAHHBIX
pébep. B pToM caydae m3 CBA3HOCTU CAEqyET, ITO 3Mes MPOXOAUT IO BCEM
pébpam.

3aMedaHure IO peantu3alun Ha nackaite. Bepumaamu rpada OygeM cau-
TaTh yucaa 1...n. [ kaxgou BepmuHbl i OygeM XpaHuTh uucao OQut [i]
BBIXOIAMUX u3 Heé péoep, a Takxke HoMepa Num[i] [1],... Num[i] [Out[i]]
TexX BEpIIVH, KyIa 5Tu pédpa BexayT. B mpormecce mocTpoenus 3meu 6yaem
BLIOUPATH MepBoe cBOOOAHOE pebpo. Torma mOCTATOYHO XPAHUTH OIS Ka-
JKJOU BEPIIMHELLI YKMC/JIO BBIXOMAIINX U3 HEE MCIOAL30BAHHLIX PEGEP — BTO
OyayT pébpa, uayime B HavYae CIUCKA. (I
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6.2.7. [Jokaxurte, YTO I BCAKOI'O N CYIIECTBYET HOCIEJOBATEILHOCTE
HyJell W eUHUI IJMHLL 2" CO CAeIyIOIMUM CBOUCTBOM: €CIH «CBEPHYTHL €6
B KOJIBLIO» ¥ PACCMOTPETH BCe PPArMEHTHl JIUHEL 1 (AX 9UCAO PABHO 27),
TO MBI TTOJAYYUM BCE BO3MOXKHEIE TTOCICIOBATEILHOCTY HYJIEW W €IUHUIIL [TV~
"I 1. [IOCTpOUTE anrOPUTM OTHLICKAHUA TAKOU MOCJIEIOBATEILHOCTH, TPE-
oytrouuu He 6omee C™ MENCTBUM A HEKOTOPOU KOHCTAHTHI C.

[Ykazauue. PaccmorpuM rpad, BeprumHaMu KOTOPOTO ABJSAIOTCS MOCTIE-
IOBATEJbHOCTHU HYJEeU U eIuHull qauusl n — 1. Bygem caurars, 1To u3 Bep-
IIUHLL £ BeET pedpO B BEPIIVHY ¥, €CAN T MOXKET OBITH HAYAIOM, a Y —
KOHIIOM HEKOTOPOU TOCIEIOBATEILHOCTY LIUHEL 71. TOrna 3 KaxkIou Bep-
IITUHET BXOAUT U BLIXOAUT OB pedpa. [lukm, mpoxonammn mo BceM pébpam,
u 1acT TpebyeMyio MOCIeJOBATEIBHOCTD. | |

6.2.8. Peamusyure k odepener ¢ OrpaHUICHHON CyMMAPHOU IJIUHOU 10,
ucnonabsysa namarts O(n + k) [= ue 6onee C'(n + k) 111 HEKOTOPON KOH-
crautsl C], mpuvém Kax1as onepanus (KpoMe HAYATbHOW, NeTAIOIel BCe
OYepenn MyCTHLIMU) JOTKHA TPEGOBATH OrPAHUIECHHOTO KOHCTAHTON IUCIa,
IEACTBUM.

Pemenne. /JencTByeM aHAJIOIMYHO CCBLIOYHON PEAIM3AIMA CTEKOB: MEI
NOMHUM (1A KAXKIOU OYepeIu) MEePBOrO, KaXKILIM YIACTHUK OYEPEequ I0-
MHUT CAEIYIOMIEro 38 HUM (/1A MOCJAEIHErO CIMTACTCA, IYTO 38 HUM CTOUT
dukTuBHbM 21eMeHT ¢ HoMepoM 0). Kpome TOro, MBI OLKHBL LU KaxXK 40U
Ovepenu 3HATh MOCIeNHEro (€I OH €CTh) — UHAYE He YAACTCA JOOABIATS.
Kak u mas cTekoB, OTIEIBHO €CTh UElb CBOOOMHBIX A9EEK. 3AMETUM, ITO
IUTA TIYCTOU Oouepean nH(MOPMAaIA O TTOCAeTHEM DJIEMEHTE TepAeT CMBICT —
HO OHA W HE UCMOIB3YETCA MPU TOOABICHUN.

Comepxanme: array [1..n] of T;
Crnenyoumu: array [1..n] of 0..n;
lepeem: array [1..k] of O..n;
Hocmemmuu: array [1..k] of 0..n;
Ceobomuasa : 0..n;

procedure CmemaThk_NyCTHM;
| var i: integer;

begin
for i :=1 to n-1 do begin
| Crnemywumu [i] := i + 1;
end;
Cnemyoumu [n] := 0;
Ceobomuaa := 1;

for i := 1 to k do begin
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| Hepeem [i]:=0;
end;
end;

function EcTk_mecTo : boolean;
begin

EcTe_MecTo := CBobomuaa <> 0;
end;

function Ilycta (HoMep_ovepemu: integer): boolean;
begin

| Iycra := [epmuit [Homep_ovepenu] = 0;

end;

procedure B3are (var t: T; HoMep_odepemu: integer);
| var mepB: integer;

begin
{not Nycra (momep_ouepennu)}
nepe := llepeun [Homep_ovepenu] ;
t := Comepxarue [mepn]
lleperm [HoMep_ouepenu] := Cmenmyoumu [meps];
Crnenywumy [meps] := Ceo6omuas;
CBobomHasa := IepsB;
end;

procedure Jlo6aButek (t: T; HoMep_odepenmm: integer);
| var HOB, mocm: 1..n;

begin
{EcTn_mMecTo }
HoB := CBobomuaa; CeobomHaa := Cnenywmnﬁ [Cro6onmuasn] ;
{u3 cmucka cBobomHOro MecTa U3BAT HOMep HOB}
if Iycrta (HomMep_odepenmu) then begin
lepesmt [Homep_ouepenmu] := HoB;
HNocmenuuu [Homep_ouepemu] := HOB;
Crenywumy [mom] := 0;
Comepxanue [HoB] := t;
end else begin
nocn := Hocnemuuu [Homep_ouepenu] ;
{Cnenywumit [mocn] = 0 }
Crnemyomuy [mocm] := HoB;
Crenywumy [mom] := 0;
Comepxanue [HoB] := t
HNocmenuuu [Homep_ouepemu] := HOB;
end;

end;
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function Ogepenmou (HoMep_odepezm: integer): T;

begin

| Ouepennou := Cogmepxamume [llepeuu [HoMep_ouepernul];

end; O

6.2.9. Ta xe 3agada IIA IEeKOB BMECTO OYEPEIen.

[Ykazanue. [lek — CTPyKTypa CHMMETPUIHAA, IOITOMY HALO XPAHUTH
CCBLLIKK B 06€ CTODOHBI (Brepén u Haszan). Ilpu 3ToM yHoOHO K KaxkK IOMY
IeKy T00aBUTH (PUKTUBHBIN DJIEMEHT, 3AMKHYB €0 B KOMbIO, U TOYHO TaKOe
e KOJBIO 06Pa30BaTh U3 CBOGONHLIX TO3MUIIIN.] O

B cremyromen 3agade ek UCTONB3YETCA NAA XPAHECHUSA BEPIIUH BhI-
IYKJIOT'O0 MHOT'OYI'OJBbHUKA.

6.2.10. Ha mrockocTm 3aJaHO N TOYEK, MPOHYMEPOBAHHLIX CJEBA Ha-
npaBo (a mpu paBHBIX abcnuccax — cHu3y BBepx). CocraBbTe nmporpammy,
KOTOpas CTPOUT MHOIOYIOJBHUK, ABIAIOMIMUCA UX BBLIIYKJION OOOJOYKOMN,
3a O(n) [= me 6onee uem Cn| nencrsun.

Pemenue. Byngem mpucoeiuHATL TOYKM K BBEIMTYKJION O0OJOYKE OLHA 32,
apyrou. Jlerko moxasaTh, YTO MOCAETHAA TPUCOSIUHEHHAA TOYKA OyIeT
OMHOUW W3 BEPIIUH BBLIMYKJION OOOJOYKU. DTy BEPUIAHY MBI OyIeM HA3HI-
BaTh BhigeneHHOU. OduepenHas IpUCOeAUHAEMAs TOYKA BUIHA U3 BBIJEICH-
Hou (modemy?). [JJONOMHUM HAII MHOTOYTOJbHUK, BEILYCTUB U3 BBIAEJICHHON
BEPIINHBI (UTVY», BEAVIIYIO B MPUCOEAWHAEMYIO TOUKY. IloaydIuTcs BBIPO-
XK ICHHBIN MHOT'OYTONBHUK, U OCTAETCA TUKBUAIUPOBATE B HEM (BITYKIOCTH.

BymeM XpaHuTb BepIIMHEI MHOTOYT'OJBHUKA B NeKe B MOPAIKe 00X0Ia
ero mepuMeTpa Mo IaCOBOU cTpetke. [Ipu 5TOM BLIIEICHHAS BEPIIUHA ABJIA-
eTCs HA9aIOM U KOHIOM (MOJIOBOK U XBOCTOM) Aeka. [Ipucoenunenue «urisn
Temepb COCTOUT B AOOABIEHUM MPUCOEIUHAEMOU BEPIIUHBI B T'OJOBY U B
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XBOCT [eKa. YCTPaHeHNe BIYKJIOCTEH HECKOJLKO Oojee caoxkuo. HazoséMm
n00dT60CMOM U NOINOITEOCTNOM DIEMEHTEL IeKa, CTOAIINE 33 €r0 XBOCTOM.
Ycrpanenue BOYKJIOCTU Y XBOCTA IEJAETCS TakK:

while mo mopore u3 XBoCTa B HOAMONXBOCT MH IIOBOpavMBaeM
y momxBocTa BmeBo ("BmykmocTs") do begin
BHKMHYTEH IIONXBOCT U3 IeKa
end

Taxum ke croco6OM YCTPaHAETCA BOIYKIOCTh Y TOMTOBHI JEKA.

Samevanue. [[enCcTBUA C MOAXBOCTOM U MOAMOAXBOCTOM HE BXOIAT B
OTIpeNeNeHne eKa, OMHAKO CBOAATCA K HEOOJBIIOMY YUCAY MAHUITYJIALAN
¢ gexoM (Hao 3a0paTh TPU DJIEMEHTa C XBOCTA, CAEAATH UTO HALO U Bep-
HYTb).

Emé ogmo 3ameuanue. ECTh IBa BBIPOXKIEHHBIX CIYYas: €CAU MBI BO-
001IIe He TMOBOPAYUBAEM Y TOAXBOCTA (T.€. TPU COCETHUE BEPIIAHEL JEKAT
HA ONHOU MPAMOU) W €CaM MHEI ToBopauusBaeM Ha 180° (Tak OwbiBaer, ecin
HAIIl MHOT'OYTOJBHUK eCTh ABYYT'OJbHUK). B mepBoM ciydae mogxBocT cTo-
UT yAaauThb (YTOOLI B BHITYKJION 000M0YKe HEe OBbLIO JIWAIIHUX BEPIIUH), & BO
BTOpPOM ClIy4ae — 00A3aTeNhHO OCTABUTh. (I

6.3. MHoxecTBa

IIycte T — Hexoropoin Tun. CymecTByeT MHOIO CIIOCOG0B XPAHUTD (KO-
HEYHBIE) MHOXKECTBA DJIEMEHTOB TUla T; BEIOOD MEXK 1y HUMU OIPENENAETCA
TumoM T 1 HaGOPOM TpeOyeMbIX OIepalli.

MoamHoxecTea mHoxectsa {1...n}

6.3.1. Kak, ucroneaysa namars pazmepa O(n) [IponopuuoHaibHyo nj,
XPaHUTDb MOAMHOXKECTBA MHOXKecTBa {1...n}?

Onepanun Yucao gercrBun
Crenars mycThIM Cn
IIpoBepuTh MPUHAIICKHOCTE C
[Mob6aBuThH C
Y namuts C
MunuMaIbLHLIN 3JEMEHT Cn
ITposepka mycToTs Cn

Pemenwe. Xpauum MHOXKECTBO Kak array [1..n] of Boolean. (|



112 6. Tunvt danwubiz

6.3.2. To xe, HO MPOBEPKA MYCTOTHI JOMKHA BEIMOIHATHCA 32 BpeMms C.

Pemenne. XpauuM IOMOJTHUTENILHO KOJIUIECTBO HJIEMEHTOB. O

6.3.3. To xe TIpu CACAYIOMINAX OTPAHUICHUAX HA, YUCIO TEUCTBUN:

Onepanun Yucao gencTsun

Crenars mycThIM

IIpoBepuTh TPUHAITECKHOCTD
MobaBuTh

Y nanuTth

MuHIMAILHBEIA DIEMEHT
ITporepka mycTOTHI

Perrenne. ﬂ;Ol’IOJIHI/ITeJIBHO XpaHNM MUHUMAJBHBIA DJEMEHT MHOXKEe-

CTBa.

O

6.3.4. To xe TIpU CACAYIOMIAX OTPAHUICHUAX HA, IUCIO TEUCTBUN:

Onepanym Yucno gencTBun

Cuenars mycTbiM

IIpoBepuTh NpuHAIIEKHOCTL
MobaBuTh

Y ranuTh

MuHIMAILHEIA DIEMEHT
ITposepka mycTOTHI

Pemenue. Xpauum MUHUMATBLHLIN, 8 LIS KaX JOTO — CACTYIOUIUA U TIPe-

IOBIOYIIAN IO BEJIUYINHE.

MHuoxecTBa uenbix yucen

O

B CIeAyIIINX 3adadaX BEINYINHA JIEMEHTOB MHOXKECTBa HE O'DaHU'CHaA,

HO MX KOIX9IECTBO HE IPEBOCXOIUT M.
6.3.5. ITamars Cn.
Onepanun

Crenars mycThIM

YHucno sreMeHToB

IIpoBepuTh TPUHAIICKHOCTE

Jo6aBuTs HOBBEIU (3aBELOMO OTCYTCTBYIOLIWN)
Y nanutb

MUHUMATBHBIN SIEMEHT

B3aTh Kakomn-TO 3JIEMEHT

Yucao gercrBun

C
C
Cn
C
Cn
Cn
C
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Pemenne. MuoxecTBO IpeacTaBIsgeM C IOMOIIBIO IIEPEMEHHBIX
a:tarray [1..n] of integer, k: 0..n;

MHOXKECTBO comepxkuT k saemenToB al[l],...a[k]; Bce oun pasauuuni. 1o
CYIIECTBY MBI XPAHUM BJIEMEHTHI MHOXKECTBA B CTeke (6e3 MOBTODEHUN).
C TeMm Xe yCmexoM MOXKHO OBLIO OBI BOCIONB3OBATHCA OYEPEnbi0 BMECTO
CTeKA. O

6.3.6. Ilamars Cn.

Omnepanun Yucno gencTBun
Crenarh mycThHIM c
IIposepuTs mycToTy c
[TpoBepuTh MpUHA IIEKHOCTH Clogn
[lo6aBuTHL Cn

Y pamuTh Cn
MunuMaIbLHBIN 3JEMEHT c

Pemenme. CM. perenve mpeqbIayInen 3a1a9u ¢ JOTOJTHUTEILHBIM YCIO-
BueMm al[1] < ... < alk]. [Ipu npoBepke NpuHAIIEKHOCTU UCIOJB3YEM [BO-
WYHBIN TIOUCK. O

B crenyromen 3anade moie3Ho KOMOMHUPOBATL PA3HEBIE CIIOCOOLL.

6.3.7. HMcrnonbsys omucaHHLBIE CIOCOOLI IPENCTABICHUA MHOXKECTB, Hall-
IUTE BCE BEPIIMHBI OPUEHTUPOBAHHOrO rpada, AOCTYIHBLIE U3 TAHHOU 10
péopam. (Beprmunsr canraem dncaamu 1. ..n.) Bpems we 6ombine C - (obmiee
qUCI0 peGEp, BHIXOMAMINX U3 NOCTYIHBLIX BEPIINH).

Pemenme. (/Ipyroe pemenue cM. B TyiaBe O pekypcuu, 3agada 7.4.6)
Mycte num[i] — wwmcmo pébep, BeIxXOmAmmX u3 i, a out[i][1],...
...,out[i] [num[i]] — BepmmHbI, Kyga BenyT péOpa M3 BEPIIUHEL 1.

procedure JocTtymuse (i: integer);
{HanevaTaTs Bce BepuMHH, LOCTyNHHe M3 i, Bkmoyad i}t
var X: momMHOXecTBO 1..n;
P: mommHoxecTBO 1..n;
q, v, w: 1..n;
k: integer;
begin
...cmemaTs X, P mycTemmu;
writeln (i);
...mobasuTk i Kk X, P;
{(1) P = mMHORecTBO HameyaTaHHHX BepumH; P comepxur i;
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(2) HamevyaTaHH TONBKO LOCTYIHHE U3 i BEpUMHH;
(3) X - momvMHOXecTBO P;
(4) Bce HamevyaTaHHHe BepUMHH, U3 KOTOPHX BHXOIUT
pebpo B HeHameYaTaHHyH BEpUMHY, NpUHALIeXaT X}
while X mHemycTo do begin
...B34Tb KaKOM-HUOGYIL d>IeMeHT X B V;
for k := 1 to num [v] do begin
w := out [v][k];
if w He mpumammexut P then begin
writeln (w);
no6aBUTL W B P;
nobaBUTE W B X;
end;
end;
end;
end;

Cpouctso (1) He HApYWIAETCS, TAK KaK [I€YaTh IPOUCXOAUT OXHOBDE-
MeHHO ¢ gobasiaenueM B P. Csouctso (2): pa3 v 6b110 B X, TO V IOCTYIHO,
nosroMy w gocrynHo. Ceoucrso (3) oueBugno. Ceonctso (4): MBI yxanu-
au w3 X DIEeMEHT Vv, HO BCE BEPIIUHLI, KyIa U3 V UAyT pedpa, mepen >TuM
HaIevaTaHbL. (|

6.3.8. IlokaxkuTe, YTO MOXKHO UCIOJL30BATL U APYTOM UHBAPUAHT: P —
HanedaTaHHbIe BeprmHel; X C P; ocTanoch HamevaTaTh BEPIIUHBI, TOCTYI-
HbIe U3 X TI0 HEeHANIEeYATAHHBIM BEPIIMHAM. (|

Omnenka BpeMeHr pabOTHL. 3aAMETHUM, UTO U3BATHIE U3 X DIEMEHTHI 60JIb-
me Tyaa He JOOABIAIOTCS, TAK KAK OHU B MOMEHT U3BATUA (U, CIeN0BATEIb
HO, BCEr[a TO3XKe) MPUHALIENRKAT P, a NoOGABIAKTCA TOMLKO IEMEHTHI HE
u3 P. TlosToMy Teno mukna while Mia KaKIOU NOCTYITHOU BEPIIUHLI BhI-
MOJHAETCA He 6oJee, eM 10 Pa3y, IPU 3TOM TeJO IMUKIA for BHIIOMHAETCA
CTOJBKO pa3, CKOJbKO U3 BEPIIMHBI BEIXOIUT PeEbep.

[ns X HAZO WCIOABL30BATH IPEICTABICHUE CO CTEKOM WM OYEPEnbI0
(cM. BBIIE), 41 P — GyJeBCKAN MaCCUB. O

6.3.9. Pemmwmre mpenpiayiryio 3amgady, €Cam TPpebyeTcs, ITOObI JOCTYII-
HBIE BEPIIVHEBL I€YATAMNCH B TAKOM IOPSIKE: CHAYAIA 33IaHHAS BEPIINHA,
noToM e€ coceau, HOTOM COCear cocener (eme He HAEYATAHHLIE) U T. I.

[Ykazaune. Tak mOTyduTCS, €CIM UCIONTB30BATD OUepeb IS XPaHeHMs X
B MIPUBEAEHHOM BHIIIE PEIIEHUN: TOKAXKUATE UHIYKIUEN [0 k, 9TO CyIIECTBY-
€T MOMEHT, B KOTOPBIM HATIEYATAHBI BCE BEPIINHBL HA PACCTOAHUU HE GOMb-
we k, a B 09epequ HAXOIATCA BCE BEPIIMHHI, YIAIEHHBEIE DOBHO Ha k.| O
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Bonee cioxubIe CIIoCOOBI IPEnCTABICHUA MHOXKECTB OyIyT pasoOpaHb
B n1aBax 13 (xemmposanue) u 14 (zepeBbs).

6.4. Pa3Hble 3apaum

6.4.1. Peamusyure CTPYKTYpPY AAHHBLIX, KOTOPAsA UMEET BCE TE ¥Ke OIe-
pamuu, 9TO MAaCCUB JJINHEL N, 8 UMEHHO

e HaJYATH PaboOTYy;
® MOMOXKUTH B i-10 AYCUKY TUCTO X;
® V3HATH, YTO JEXKUT B i-U AICUKE;
a TaK¥Ke OTMEPAIIIIO
® YKa3aTh HOMEP MUHUMAILHOTO JIEMEHTa,

(TouHeEe, OHOTNO U3 MUHUMAILHEIX 1eMeHToB). KontuvyecTro geucrsunn pia
BCEX OIepanui 1OMKHO OLITh He 6oaee C log n, HE CIMTaA ONEpann (HAIATE
paboty» (koTopas Tpebyer me 60aee C'n IeUCTBUN).

Pemenwme. Vcnonb3yercs npuéM, M3JI0KEHHLIT B pa3iene O COPTUPOBKE
mepeBoM. IMeHHO, HAICTPOUM HAT DIEMEHTAMU MACCUBA KAK HAI TUCThAMUI
IBOWYHOE IEPEBO, B KAXKIOU BEPITUHE KOTOPOr0 XPAHUM MUHUMYM DIEMEH-
TOB COOTBETCTBYIOIIErO MOAaepeBa. KOppeKTupoBka >ToU UH(POPMALINY,
a TakXkKe MPOCACKUBAHNE NYyTH U3 KOPHA K MAHUMAJBLHOMY JEMEHTY Tpe-
OyIOT JOrapu(pMUIECKOr0 IUCIa JeUCTBUML. O

6.4.2. IlpuopureTHas ouepenb — 3TO OUYepelb, B KOTOPOU BaXKHO HE TO,
KTO BCTaJ NOCACTHUM (MOPALOK TIOMEILEHUA B HEE He UMPAET POJH), 8 KTO
raBHee. bojee TOYHO, IpU MOMEIIEHUN B OYePEeNb YKA3LIBACTCA IPUOPUTET
MOMeIaeMoro 06bekTa (OygeM CIMTATh MPUOPUTETHI LEIbLIMU TUCJIAMA),
a TIpU B3ATUUM M3 OvUepeau BHIOMPAETCA JAEMEHT C HauOOIBIINM MPUOPUTE-
ToM (WK ONVH U3 TAKUX DIEMEHTOB). Peamusynre mpruopuTeTHYIO OYepeb
TakK, YTOOBI TOMEIIIeHNE U B3ATHE dJeEMEeHTA TpeOoBaIn JorapudpMIIecKoro
qucia gercTBui (OT pasMmepa Odepein).

Pemenme. Caenys aaropurmy COPTUPOBKE AEPEBOM (B €r0 OKOHIATENb-
HOM BapuaHTe), OyIeM Pa3MeIIaTh dIeMEeHTH ouepennu B maccuse x[1. . k],
MO/ IepXKUBasA Takoe cBOUCTBO: x[1] crapime (MMeeT GOMBIIUI TPUOPUTET )
ceoux cerHOBenm x[2i] m x[2i+1], eciu TakoBBIe CYIIECTBYIOT — U, CJe-
JOBATENBHO, BCAKAN DIEMEHT cTrapiie cBoux nmoToMkoB. (CBemeHus o mpu-
OpUTETAaX TAKKE XPAHATCA B MACCHBE, TAK ITO MBI HMEEM IEI0 C MACCH-
BOM map (3IEMEHT, IPUOPUTET).) Y JaJCHNAE SIEMEHTA C COXPAHEHUEM DTOr0
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CBOUCTBA OMUCAHO B airopuTMme copTupoBku. Hamo emé ymeTb BOCCTAHA-
BJIMBATH CBOMCTBO MOCJE TOOABICHUS SIEMEHTA B KOHEIl. DTO NeJaeTCA TAK:

t:= HoMep NOGaBIESHHOTO >IEeMEHTa

{umHBapuanT: B mepeBe m060¥ NpefOK NPUOPUTETHEE MOTOMKA,
eCI¥ >TOT NOTOMOK — He t}

while t - He Kopens m t cTapme cBoero oruma do begin

| IIOMEHATE t C ero oTIOM

end;

Ecnu ouepenr o6pasyroT rpaxipaHe, CTOANME B BEPIIMHAX AEPEBa,
T. €. 38 K&XK IBIM CTOUT IBOE, & MEPE] Kaxk IbIM (KpOME MepBOro) — OIUH, TO
CMBICT DTOTO AJICOPUTMA, ACEH: BCTAB B KOHEIl, TPUOPUTETHLIN IPaXK JAHUH
HAYMHAET NPOOUPATHCA K HAYATYy, BEITECHAA BIepeqd CTOAINX — IOKA He
BCTPETUT OOsee IPUOPUTETHOIO. g

3ameqanue. [IpuopurerHyio odepenb eCTECTBEHHO WUCIOAB30OBATH IIPU
MOIETUPOBAHNY TMTPOTEKAIINX BO BpeMeHu mpolieccoB. [Ipu sTom nremen-
THI OUYepeN — 3TO OXKUIAEMBIE COOBITUA, & UX MPUOPUTET ONPEIENACTCS
BPEMEHEM, KOTa OHU MPOU3OUIYT.



7. PEKYPCUA

7.1. [lpumepbl peKypCUBHBIX NPOrpaMm

IIpu amanuse pexypCUBHOU MPOrPAMMEI BO3HUKAET, KaK OOLITHO, ABA
BOIIpOCA:

(a) mouemy mporpaMma 3akaHuUmBaeT paGoTy?
(6) mouemy oHa PaBGOTAET MPABUILHO, €CIN 3aKAHIMBAET PAGOTy?

[as (6) ZOCTATOYHO MPOBEPUTH, UTO (COAEPKALIAA PEKYPCUBHBIN BBI-
30B) IporpaMmMa paboTaeT NPABUILHO, TPEINONOKAB, 9TO BEI3LIBACMA €10
OMHOMMEHHAA TPOrpaMMa, paboTaeT NpaBuIbLHO. B camom mene, B aToMm ciry-
9ae B IEMNOYKE PEKYPCUBHO BLI3LIBAEMEIX TIPOTPAMM BCE TIPOTPAMMBI pabo-
TAOT MPABAILHO (yOeXK TaeMCA B DTOM, UAA OT KOHIA HENOYKW K HAYATY).

YT06B1 [OKA3aTh (&), OOEITHO TPOBEPAIOT, ITO C KAXKIBIM PEKYPCUBHBIM
BLI30BOM 3HAMEHME KaKOT'O-TO IMAPAMETPa yMEHBIIACTCA, U DTO HE MOXKET
TTPOAOMIKATHCI OECKOHETHO.

7.1.1. HamwmuTe peKypCUBHYIO TPOIEAYPY BBIYUCICHUA (HaKTOPUATA
[EJI0r0 TTOJI0KUTEILHOTO ucaa n (T. e. nmpoussenenus 1 - 2---n, 0603Ha9a-
emoro n!).

Pemenne. cnoassyem pasenctsa 1!=1, nl=(n —1)! - n.

procedure factorial (n: integer; var fact: integer);
| {momoxure fact paBHEM QakTopmamy umcia n}
begin
if n=1 then begin
| fact:=1;
end else begin {n>1}
factorial (n-1, fact);
{fact = (n-1)!2}
fact:= fact*n;

end;
end; O
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C ucnonb3oBanueM npouenyp-GyHKIUT MOXKHO HAMUCATD TAK:

function factorial (n: integer): integer;
begin

if n=1 then begin

| factorial:=1;

end else begin {n>1}

| factorial:= factorial (m-1)*n;

end;
end;

Oo6paTuTe BHUMAHUE HA HEKOTOPYIO IBOMCTBEHHOCTH UCTOIL30BAHUA MME-
Hr factorial BHyTpu omucaHus GYHKIIUN: OHO O0O3HAMAET KaK MepEeMeH-
HYIO, TAK ¥ BEI3BIBAEMYIO pekypcuBHO ¢pyukiuio. K cuacTrio, B Hamem ciy-
qae OHU PA3JUIa0TCA IO CKOOKAaM MOCTIe UMEHU, HO ecau Obl (PYHKIUA ObLIA
6e3 mapamMeTpoB, TO eso 66110 Obl wioxo. (CrangapTHAsL, HO TPYAHO HAXO-
IuMas OMMMOKA BO3HUKAET, €CIU aBTOP MPOTPAMMBI HA TMAcKaJje MoJaraer,
YTO OH WCMONBL3YET 3HAUEHUE MEPEMEHHOU, 8 KOMIUJIATOD B dTOM MECTe
BUJUAT PEKYDPCUBHLIA BBI3OB.)

7.1.2. OO6BIYHO (haKTOPUAT ONMPEEIAIOT U I Hy A, cauTas, uTo 0! = 1.
NamenuTe mporpaMMbI COOTBETCTBEHHO. (|

7.1.3. Hamumwre pexypCUBHYIO IPOrPAMMY BO3BEIEHUS B LIEAYIO HEO-
TPUIATENbHYIO CTENEHb. (|

7.1.4. To xe, ecin TpebyeTcs, ITOOLI IIyOUHA PEKYPCUM HE IPEBOCXO-
muaa C'logn, roe n — nokasaTeab CTENEHHU.

Pertenne.

function power (a,n: integer): integer;

begin

if n = 0 then begin

| power:= 1;

end else if n mod 2 = 0 then begin

| power:= power(a*a, n div 2);

end else begin

| power:= power(a, n-1)*a;

end;

end; O
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7.1.5. Yro 6yner, ecin U3MEHUTD IPOrPAMMY, IPUBEIEHHYIO B PEIICHUN
MPEeIBIAYIIEN 3aJa49U, 3AMEHUB CTPOKY

power:= power(a*a, n div 2)
Ha
power:= power(a, n div 2)* power(a, n div 2)7?

Pemenwme. [IporpaMma ocTareTca npasmibaon. O IHAKO OHA CTAHET pa-
6oTaTh MeqTeHHee. /[e10 B TOM, YTO TEmephb BEIBOB MOXKET TOPOAUTL ABA,
BLI30Ba, (XOTA U OJUHAKOBBIX) BMECTO OJHOI'O — U YUCJIO BEI30BOB OLICTPO
pacTéT ¢ niybuHon pexkypcum. IIporpamma mo-npekHeMy UMeeT Jorapud-
MUYECKYIO TWIyOMHY PEKyPCHUM, HO YUCIO MIAr0B PAOOTEl CTAHOBUTCA JAHEN-
HBIM BMECTO JOTapUMDMUIIECCKOTO.

ODTOT HEIOCTATOK MOXKHO YCTPAHUTHL, HATIUCAB

t:= power(a, n div 2);
power:= t*t;

WU BOCTOMB30BABIINCH (DYHKIIMEN BO3BEICHUA B KBAIPAT (SqT). (I

7.1.6. Ucnonp3ys xomauae! write(x) maumpb opu x =0...9, HanummTe
PEKYDPCUBHYIO TIPOTPAMMY TeUaT JECATATHON 3AMUCH LEIO0T0 TOIOKUATET b
HOT'O YUCTA, 7.

Pemrenwe. 37ech MCHOIB30BAHNE PEKYPCUU OONerdaeT XKu3Hb (Ipobue-
Ma OBLTIAa B TOM, UTO HU(PHI Jerde MmoIydaTh C KOHIA, a MMeYaTaThb HAI0
C HaJaIA).

procedure print (n:integer); {n>0}
begin
if n<10 then begin
| write (n);
end else begin
print (n div 10);
write (n mod 10);
end;
end; O

7.1.7. Urpa «XaHouckue OamHm» COCTOMT B CAEAyIOMEM. ECTh Tpu
crepxkua. Ha mepsein u3 HuX HageTa mupaMuaka w3 N komen (6oabiiue
KOJIbIIA CHU3Y, MEHBIINE CBEpXY). Tpebyerca mepeMecTuTh KObIa Ha APY-
DOU CTEePKEHb. Paspermaercsa nepekiaIbBaTh KOIbIA CO CTEPKHA HA CTep-
JKEHb, HO KJIACTh OOJIbIIEe KOJBbIO MOBEpX MeHblero Hemb3s. CocraBbre
MPOTrpPaMMy, YKA3BIBAIOIIYIO TpeGyeMble TerCTBU.



120 7. Pexypcua

Pemrenue. Hanuimem pexypcuBHyIO OIpPOLEAyPY MEPEMEIIEHNS 1 BEPXHUX
KOJIEI] C M-T'0 CTEPIKHA HA D-U (OCTATBbHBIE KOJbLUA MPEIOIaraioTcs 6ob-
[MIAMY 110 Pa3Mepy U JEXKAT HA CTEPKHAX 0€3 IBUKEHUA).

procedure move(i,m,n: integer);
| var s: integer;
begin
if i = 1 then begin
| writeln (’cpmemars xom ’, m, ’->’, n);
end else begin
s:=6-m-n; {s - TpeTu# CTepXeHbL: CyMMa HOMepOoB paBHa 6}
move (i-1, m, s);
writeln (’cmemars xom ’, m, ’->’, n);
move (i-1, s, n);

end;
end;

(Cravama MepeHOCUTCA MUPAMUIKA U3 i-1 KOJeI Ha TPeThIo matoduky. [1o-
CJIe DTOr0 i-e KOJbII0 0CBOOOXK JAeTCA, U €r'0 MOXKHO ITePEHEeCTH Kyaa CAeTy-
er. OcTaéTca NOMOKUTEL HA HErO MUPAMUIKY. ) ]

7.1.8. HanummTe peKypCHBHYIO IPOIDAMMy CYMMUPOBAHUA MACCHUBA
a: array [1..n] of integer.

[Ykazauue. PexypcusHoO onpenenseMasn GyHKIUS TOMKHA UMETh LOIOT-
HUTEIbLHBIN TapaMeTp — UNCI0 CKIAJBIBAEMBIX DIEMEHTOB. | O

7.2. PekypcuHas o6paboTka aepeBbeB

[IBOVYHLIM IEPEBOM HA3LIBACTCA KAPTUHKA BPOJIE TAKOU:

Huxusas Bepinuua HAa3bIBAETCA KopHem. V3 KaxKIOU BEPINIMHBI MOTYT M-
TU JBE€ JUHUU: BJIEBO BBEPX U BIPABO BBEpPX. BepumuHbI, Kyga OHU BEAyT,
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HA3BLIBAIOTCA AE6bLM U NPABbLM CbIHOBbAMIY UCXOTHOM BEPIIMHEL Beprmmaa
MOXKET UMETh ABYyX CHIHOBEH, & MOXKET UMETh TOIBKO OJHOI'O CHIHA (IEBOrO
i npasoro). OHa MOXKET U BOBCE HE MMETb CHIHOBEH, M B DTOM CJIydae
HA3BIBAETCA AUCTIOM.

IMycTs x — kKakaa-To BepumHa ABOMYHOrO gepesa. OHa cama BMecTe
C CBIHOBBAMU, BHYKAMHU, TPABHYKAMHA U T. . 00Pa3yeT MO IePeBO C KOPHEM
B T — noddepeso nomomxos .

B crenyromux 3anadax MbI IPEAIOIATaeM, YTO BEPIIMHLL IEPEBa MPOHY-
MEPOBAHLI HEMLIMU TONOKATETLHLIMYA IUCAAME, TPAIEM HOMEPa BCEX Bep-
IIUH Pa3AUIHBL. MBI cuMTaeM, 9TO HOMEDP KOPHS XPAHUTCA B TIEPEMEHHOU
root. MuI cunTaeM, IYTO UMEIOTCA ABA MACCUBA,

1l,r: array [1..N] of integer

U JeBLIM W TIPABLIM CHIH BEPIIMHBI ¢ HOMEPOM 1 MMEIOT COOTBETCTBEHHO
vomepa 1[i] u r[i]. Eciu Bepmmua ¢ HOMEpOM i He UMeeT JeBoro (uiu
npasoro) ceHa, To 1[i] (coorsercTsenno r[i]) pasuo 0. (ITo Tpagunun
TIPU 3aMUCH TTPOTPAMM MBI UCTIONIB3YEM BMECTO HYJIA KOHCTAHTY nil, pas-
HYIO HYJIIO. )

3aeck N — 10CTaTOYHO GOMBIIOE HATYPAIBLHOE IUuCI0 (HOMEPa BCEX Bep-
muH He npeBocxomaT N). OTMeTuM, 9TO HOMEp BEpPIINHEI HUKAK HE CBA3AH
C eé MoOMOXKEHNeM B IepeBe M 4TO He Bce vucaa oT 1 mo N oO6sS3aHbI OBITH
HOMEpaMu BEepIMH (U, CIeNOBATEIBHO, Y4CTh TaHHBIX B MACCUBAaX 1 U ¥ —
5TO MyCOD).

7.2.1. Ilycte N=7, root =3, MaccuBbl 1 U r TAKOBHI:

i|j1 2 3 4 5 6 7
1(iJ {0 o 1 0 6 0 7
rf(iJ] {0 0 5 3 2 0 7

Hapucyure cooTBeTcTBYyIOmEEe IEPEBO.

OTBer.

& @

@ \@/

\@/ 0
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7.2.2. Hamwumure mporpaMmy HOACYETa YMUCIA BEPIIVH B AePEBe.

Pemenne. PaccmoTpum gpyukiumio n(x), paBHYO 9UCIy BEPIIUH B MO 16~
peBe ¢ KopHeM B Bepumue Homep x. Cuuraem, uro n(nil) = 0 (mosaras co-
OTBETCTBYIOIEE TOIAEPEBO MyCTHIM), U HE 3a060TUMCA O 3HaYeHUAX nil (s)
IJISL UCEN S, HE SABJIONIMXCSA HOMEPAMU BEPIINH. PeKypCUBHAA IPOrpaMMa,
IUIA N TAKOBA:

function n(x:integer) :integer;
begin
if x = nil then begin
| n:= 0;
end else begin
| n:= n(1l[x]) + n(rlx]) + 1;
end;
end;

(Hucno BeplmH B MOAAEpeBe HAM BEPHIMHOM X PABHO CyMME UHUCET BEp-
MUH HaJ €€ CBIHOBLAME TLIIOC OHA cama.) [yOuHa pekypcun KOHeIHa, Tak
KaK C KaXILIM IIaroM BEICOTa COOTBETCTBYIOLIENO IOIAEpPeBa yMeHbIIa-
eTcs. O

7.2.3. Hamwuimmre mporpamMmy HOACUETA UUCIA JUCTHEB B IEpeBe.

OTBer.

function n (x:integer):integer;

begin
if x = nil then begin
| n:= 0;
end else if (1[x]=nil) and (r[x]=nil) then begin {mmct}
| n:= 1;

end else begin

| n:= n(1lx]) + n(x[xD);

end;

end; O

7.2.4. Hanumure nporpaMMy NOACIETa BEICOTHL AepeBa (KOPEHbL UMeeT
BrICOTY (), €ro CBIHOBBA — BBICOTY 1, BHYKU — 2 U T.II.; BEICOTA IepeBa —
5TO MAKCUMyM BBICOT €0 BEPIIVH).

[Ykazauue. PexypcusHo onpenensercs dyHkimsa f(x) = BBICOTa MOI-
IepeBa ¢ KOPHEM B X.| O

7.2.5. Hammmwre nporpaMmmy, KOTOpPas 0O 3aJAHHOMY I CIUTAET THCIO
BCEX BEPIUUH BBICOTHL 0 (B 3aJaHHOM JEpeBe). O
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BumecTo HO,Z[C‘IéTa KO/INYIE€CTBa BEPIINH TO'O WJIN MHOI'O pOga MOXKHO
OIPOCUTH HalledaTaThb CIIACOK 3TUX BEPIIUH (B TOM WJIN NHOM HOpﬂ,Z[Ke).

7.2.6. Hamumure nporpaMMy, KOTOpasa medaTaeT (Mo OIHOMY pa3y) BCe
BEPIIAHLI IepeBa.

Pemenwe. [Ipouenypa print_subtree(x) medaTaeT Bce BEPIINHBI TOI-
IepeBa ¢ KOPHEeM B X [0 OMHOMY pa3y; IVIABHASA IPOTPAMMA CONEPIKUT BHI3OB
print_subtree(root).

procedure print_subtree (x:integer);
begin
if x = nil then begin
| {uu4ero He memaTh}
end else begin
writeln (x);
print_subtree (1[x]);
print_subtree (r[x]);
end;
end;

[lanHas mporpaMMma mevaTaeT CHadaJa KOPEeHb MOLAepPeBa, 3aTeM IIOJme-
PeBO HAa[ JEBBIM CHLIHOM, a 3aT€M HaJ HPaBbIM. Ipu cTpoku B else-dacTu
MOT'YT OBITH IEPECTABIEHBI 6 CIOCOOAMY, U KAXK [BIU U3 3TUX CIOCOO0B TaéT
CBOU TOPALOK TEYaTH BEPIIUH. O

7.3. lNopoxaeHne KOMBUHATOPHBLIX 06BEKTOB,
nepebop

PexypcuBnbre nporpaMMbr SBISIOTCA yIOOHBIM CIIOCOOOM IIOPOXK JEHILS
KOMOUHATOPHBIX 0OBEKTOB 33 JaHHOI'O Braa. MBI permmM 3aHOBO HECKOJIBKO
3a/1a49 COOTBETCTBYIOIIEU [VIABHI.

7.3.1. Hamumure mporpaMMmy, KOTOpas Me4aTaeT IO OJHOMY pasy Bce
HOCJEI0BATEILHOCTH JIUHEL I, COCTABJICHHBIE U3 ducea 1. ..k (ux Kouamde-
cTBO pasHO kM),

Pemenme. [Iporpamma OygeTr omepupoBarh ¢ maccuBoMm all] ...a[n]
u quciaoMm t. PekypcuBHas mpouenypa generate medaTaeT BCE MOCIEHO-
BATENTLHOCTH, HadmHaiommecsa Ha al[l]...a[t]; mocae eé okomvanus t m
a[1] ...a[t] umeroT TO X)e 3HAUEHNE, ITO U B HAJAJIE:

procedure generate;
| var i,j : integer;
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begin
if t = n then begin
for i:=1 to n do begin
| write(al[i]);
end;
writeln;
end else begin {t < n}
for j:=1 to k do begin
ti=t+1;
altl:=j;
generate;
t:=t-1;
end;
end;
end;

OcHoBHAsA TPOrpaMMa TEmeEPb COCTOUT U3 IBYX OMEPATOPOB:
t:=0; generate; O

3ameqanme. Komaumer t:=t+1 u t:=t-1 [1g DKOHOMUU MOXKHO BHIHECTU
n3 nukiaa for.

7.3.2. Hamwuimre mporpamMmy, KOTOpas mevaTana Obl BCe epeCcTaHOBKI
qucea 1...n 0o OJHOMY pa3y.

Pemenne. IIporpamma onepupyet ¢ maccusom al[1] ...a[n], B koTopom
XPAHUTCA TepecTaHoBKa uucea 1...n. PekypcuBuas npomenypa generate
B TAKOU CUTYAIMU TMEYATACT BCE TIEPECTAHOBKU, KOTOPHIE HA TIEPBHIX t MO-
BUIUAX COBMATAIOT C MEPECTAHOBKOU a; MO BLIXOAE U3 HEeE MepeMeHHBIE t
7 a UMEIOT Te XK€ 3HAYEHUs, 9TO U 10 Bx0Aa. OCHOBHAS IPOrpaMMa, TAKOBA:

for i:=1 to n do begin a[i]:=i; end;
t:=0;
generate;

Bot onmucanue mpomeayps:

procedure generate;

| var i,j : integer;

begin

if t = n then begin

for i:=1 to n do begin
| write(al[i]);
end;
writeln;
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end else begin {t < n}
for j:=t+1 to n do begin
moMeHATE MecTamu al[t+1] u a[j]
ti=t+1;
generate;
t:=t-1;
moMeHaATs MecTamu al[t+1l] u alj]
end;
end;
end;
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O

7.3.3. HamewarauTe BCe TOCTCIOBATEILHOCTY U3 h HYJIEH U €IUHUII, CO-
nepxkaime poBHO k equnull (IO OOHOMY pasy KaxkIyio).

O

7.3.4. HameuarauTre Bce BO3pacTaloIe IOCISI0BATEILHOCTY IJINHEL K,
DJIEMEHTAMU KOTOPHIX ABJAKTCA HATypaabHble yucaa oT 1 no n. (IIpeamo-
JaraeTcd, 9To k < n, HHaYe TAKUX MOCIENOBATEILHOCTEN HE CYIIECTBYET. )

Pemenme. I[Iporpamma onepupyer ¢ maccusom al[1] ... alk] u menon me-
pemennon t. Ipeanonaras, uro a[1]...a[t] — Bospacrarmmas nocieno-
BaTEILHOCTb HATYDAIBHBIX YUCET U3 OTPE3Ka 1...n, peKypCUBHO OMpee-
JEHHAS IPOLIEIYypA generate mevyaTaeT BCe €6 BO3PACTAOIINE IPOTOTKEHUs
pauael k. (Ilpu sTom t a1l ...a[t] B xoHue Takue ke, KAK B HAJAJE.)

procedure generate;
| var i: integer;
begin
if t = k then begin
| nevarats al[1]..a[k]
end else begin
t:i=t+1;
for i:=a[t-1]+1 to t-k+n do begin
alt]:=1i;
generate;
end;
t:=t-1;
end;
end;

Samevanne. [[ukn for Mor OB UMEThL BEpPXHEU

TpaHuien

n (BMecTo

t — k + n). Ham BapuasT SKOHOMAT 9aCTh PAGOTHI, YIATHBAA TOT (AKT,
uro npegnocaeuunt ((k-1)-u1) wien me MoxeT npesocxoguTb n-1, (k-2)-u

IJI€H HE MOXKET IIPEeBOCXOOUTH n-2 u T. 1.
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OcHOBHaAsA TPOrpaMMa Tenepb BHIMIAAAT TAK:

t:=1;

for j:=1 to 1-k+n do begin
al1]:=j5;
generate;

end;

MoxHO 6BLIO OB TOOABUTEL K MACCUBY a CJIeBa (pUKTUBHLIA daemeHT al[0] =
= 0, HOJOXUTH t = 0 U OrPAHUIUTHCS €IUHCTBEHHBIM BBI30BOM MIPOLEIYPHI
generate. ]

7.3.5. Ilepeuucnure BCe NMpenCTABICHUSA MOJIOKUTEILHOT'O ILEJIOT0 M-
CJa N B BUAE CYMMBI IOCJEIOBATEILHOCTA HEBO3PACTAOIINX ILETBIX ITOJI0-
KUTEJbHBIX CJIaraeMbIX.

Pemenue. IIporpamma onepupyet ¢ MmaccuBoM all..n] (MakcumanbHOE
YUCIO CIAraeMBIX PABHO N) U C Ietou mepemenuon t. Ilpegmosaras, 9To
al1]...alt] — =meBospacTamIaa MTOCIETOBATEILHOCTD IEIBIX TUCET, CYM-
Ma KOTOPBIX HE MPEBOCXOIUT N, MPOIeIypa generate medaraeT BCE MPe-
cTaBieHuss TPeOyeMoro BUIA, MPOTOMKAIOIINE DTY TMOCIEIOBATEILHOCTD.
s skonomun Beraucaenuu cymma al[1] + ... + a[t] xpaunurca B cmenu-
ATBLHOU TEPEMEHHON S.

procedure generate;

| var i: integer;

begin

if s = n then begin

| meyaTaThk IocilemoBaTenbHocTh al[l]..a[t]
end else begin

for i:=1 to min(a[t], n-s) do begin
ti=t+1;
alt]:=i;
s:=s+i;
generate;
s:=s-ij;
t:i=t-1;

end;

end;
end;

OcHOBHAA IPOrpaMMa [P DTOM MOXKET OLITH TAKOU:

t:=1;
for j:=1 to n do begin
| al1]:=j
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s:=j;
generate;
end;

3ameqanne. MOXHO HEMHOT'O COKOHOMHUTE, BEIHECS OMEPAINN YBEJUIe-
HUA U YMEHBIICHUSA t U3 IUKTA, a TakXKe He BO3BpAIlasd S KaXKIBI pa3
K UCXOMHOMY 3HAYEHUIO (yBEJAMIMBAA €rO Ha 1 ¥ BO3BpAIad K UCXOTHOMY
3HaveHuo B KOHIE). Kpome Toro, no6aBus pukTuBHBIN daeMeHT a[0] =n,
MOXHO yIPOCTUTH OCHOBHYIO MPOTPAMMY:

t:=0; s:=0; al[0]:=n; generate; O

7.3.6. Hamumure pekypCUBHYIO IporpaMMy 06Xona, 1epesa (ACIonb3ysa
Te e KOMaH[bl 1 TPOBepKHU, 4To u B ruase 3 (O6xon nepesa).

Pemenwme. IIpouenypa o6paboraTs Ham 00paGATHIBAET BCE JUCTbA HAT
TeKyIIeN BEPIIMHON U 3aKAHYMBAaeT paboTy B TOU K€ BEPIIMHE, YTO U Ha-
qana. BoT eé pekypcuBHOe onmcaHue:

procedure o6paboTaTh_Hax;
begin
if ecTe_cBepxy then begin
BBepX_HalleBO;
obpa6oTaTh_Ham;
while ecTe_cmpara do begin
BIIPaBoO;
obpa6oTaTh_Han;
end;
BHU3;
end else begin
| o6pa6oTaTs;
end;
end; O

7.4. [Ipyrve npuMeHeHUs peKkypcum

Tonosormeckas copTEPOBKa. IIpenctaBuM ce6e n IMHOBHUKOB, KaiK-
OB 3 KOTOPHIX BLIIAET CIIPABKM OMPENEJEHHOTO BUAA. MBI XOTHM TIOTY-
YUTH BCE DTHU CIPABKH, COOTIO A YCTAHOBICHHBIE OTPAHUYCHNA: y KAXK JOT0O
YMHOBHUKA €CTh CIMCOK COPABOK, KOTOPLIE HYKHO COOpaTh mepes obpaiie-
HEEeM K Hemy. Jleqo Ge3HALEXKHO, €CIU CXeMa 3aBUCUMOCTEH MMEET MK
(cupaBky A meaw3s moayuuth 6e3 B, B 6e3 C,..., Y 6e3 Z u Z 6Ge3 A).
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IIpegmonaras, ¥To Takoro nukiaa HeT, TPeOyeTCs COCTABUTH ILIAH, YKA3LI-
BAIOUIUY OAVH U3 BO3MOXKHKLIX MOPAIKOB MOLYYEHUA CIIPABOK.

N306paxkas YMHOBHUKOB TOYKAMIU, a 3aBUCUMOCTU — CTPEIKAMU, [IPU-
XOIUM K Takou (popMyaupoBke. ViMeeTcss n TOYEK, MPOHYMEPOBAHHLIX OT 1
10 n. W3 ka:xx 1ou TOYKY BEIET HECKOMBLKO (BO3MOXHO, ) CTPENOK B Apyrue
rouku. (Takas Kap TUHKA HA3BIBACTCA 0PUEHIMUP 06 arHbIM 2padom.) LTukios
uer. Tpebyercsa pacnosoxuTh BepmHbl rpada (TOUKN) B TAKOM HOPALKE,
ITOGBI KOHEIL JTI000U CTPEJNKU TPEIIIeCTBOBAT €6 HAYALY. JTa 3303493 Ha-
3BLIBACTCS MONOAOUNECKOT COPMUPOBKOT.

7.4.1. [okaxwuTe, 9TO DTO BCErIa BO3MOXKHO.

Pemrenne. U3 ycioBus OTCYTCTBUSA IUKIOB BRITEKAET, ITO €CTH BEPIIIN-
HA, U3 KOTOPOU BOOOIIE HE BEIXOAUT CTPEMOK (MHAME MOXKHO JABUTATHCA TIO
CTpeaKaM, TIOKa He 3alUKIuMCca). Bé OyaeM cauTarTh mepBou. Buikugbisas
5Ty BEPIINHY U BCE COCEIHUE CTPEIKM, MBI CBOAUM 334349y K rpady C MEHb-
[IUM YUCJIOM BEPIIVH U IPOIOIKAEM PACCYKACHUE IO WHIYKIIUA. g

7.4.2. TlpenmoaoxumM, YTO OPUEHTUPOBAHHLIN Tpad 6€3 IUKJIOB XPAHUT-
cA B Takon (popMe: MIA Kaxaoro i or 1 1on B num[i] xparurca 9ucio BLI-
xomammx u3 i crpenok, B adr [i] [1],...,adr[i] [num[i]l] — momepa Bep-
muH, Kyaa >ty crpeaku BeayT. CocraBbTe (DEKyPCUBHBIN) AIMOPUTM, KOTO-
PBIU IPOU3BOIUT TOMOJOTUYECKYIO COPTUPOBKY He 6omee vem 3a C - (n + m)
IEUCTBUN, MIe m — 9UCIo pédep rpada (CTPerok).

3ameqanne. Herocpeacreennas peanuwsanus IPUBEIEHHOIO BBIIIE JOKA-
3aTeNLCTBA CyIIECTBOBAHUA HE HAaET TPeOyeMOU OLEHKHU; €€ MPUXOIUTCS
HEMHOT'O TTOAMPABUTh.

Pemenue. Hamra mporpamma O6ygeT medaTaTbh HOMEpa BepmmH. B mac-
cuBe

printed: array[1..n] of boolean

MEI OyI€M XPAHUThL CBEJEHUA O TOM, KAKUE BEPIINHEI HAEIATAHbI (1 KOp-
PEKTUPOBATL WX ONHOBPEMEHHO C MEYaThI) BEPIIUHLI). ByneM roBOpPUTS,
4TO HaledaTaHHaA IOCJAeIOBATEIbHOCTb BEPIINH KOPPEKTHA, eCaIu HUKa-
Kas BepIIVHA He HAIeYaTaHa ABAXKIBL U I JI0OOr0 HOMepa i, BXOAIEro
B Ty [IOCIEJOBATEIbHOCTD, BCe BEPIINHBI, B KOTOPHIE BEIYT CTPEJKN U3 i,
HAIeYaTaHbl, M IPUTOM 10 i.

procedure add (i: 1..n);
{mano: HamevaTaHHOe KOPPEKTHO;}
{Hamo: HamevyaTaHHoe KOPPEeKTHO M BKINYaeT BepuMHy i}
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begin

if printed [i] then begin {Bepumua i yxe Hamewarana}
| {HM4ero memaTs He HamoO}

end else begin

{Hanevarannoe koppekTHO}

for j:=1 to num[i] do begin
| add(adrl[il[j1);

end;

{HanmevyaTaHHOe KOppPEKTHO, BCe BepUIMHH, B KOTODHE U3
i BemyT cTpemkm, yXe HamedaTaHH — TaK YTO MOXHO
meyaTtaTh i, He Hapymad KOPPEeKTHOCTH}

if not printed[i] then begin

writeln(i); printed [i]:= TRUE;

end;

end;

end;

OcHoBHAsA TpOrpamMMa:

for i:=1 to n do begin
| printed[i]:= FALSE;

end;

for i:=1 to n do begin
| add(i)

end;

K omenke Bpemenu pabOTHI MBI BCKOPE BEPHEMCS.

7.4.3. B npuseméuHOU mporpaMMe MOXKHO BHIOPOCUTH TTPOBEPKY, 3aMe-
HUB

if not printed[i] then begin
writeln(i); printed [i]:= TRUE;
end;
Ha
writeln(i); printed [i]:= TRUE;
IMouemy? Kak usMeHuTcs crenupuKaimsa Iponesypul?

Pemenme. Crnenndukannio MOXKHO BLIOPATL TAKOU:

LAaHO: HanevYaTaHHO€ KOPPeKTHO
Hano:. HAalleYaTaHHO€ KOPPEKTHO M BKINYaeT BEpPUHNHY i;
BCe€ BHOBB HalleYaTaHHEHE BEePIUWHH OOCTYMIHH U3 i. ‘:l
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7.4.4. Tne ucrnoab3oBad TOT (PaKT, 9TO rpad HE UMEET LMUKJIOB?!

Pemerne. Mer omycTmim g0Ka3aTeILCTBO KOHEIHOCTH MIYOUHEBI PEKYP-
cun. [l KaxIOU BEPUINHBI PACCMOTPUM €€ «MIyOMHY» — MAKCUMAIBLHYIO
IJIAHY Iy TH IO CTPENKAM, U3 Heé BBIXOMAIIErO. Y CIOBUE OTCYTCTBUS IUKJIOB
PapaHTUPYET, YTO DTA BEIUIUHA, KOHEUHA. V3 BEPIIUHBLI HYJEBOU MIyOUHEI
CTPEJIOK He BRIXOAUT. [ryOrHA KOHIIA CTPEIKY IO KPAUHEn Mepe Ha 1 MeHb-
e, ¥eM nrybuua Hadaaa. [Ipu padore nporenypsl add (i) Bce peKypCUBHBIE
BEBOBEL add (j) OTHOCATCA K BEpIIMHAM MEHBIIEU TIyOUHH. O

Bepuémcsa x omenke Bpemenu paborwi. Cxoabko Be3OBOB add (i) BO3-
MOXHO [JA KaKOro-To (pukcupoBanHoro i? Ilpexge Bcero sicHO, UTO mep-
BBIU U3 HUX MEYaTAeT i, OCTAIBHBIE CBEIYTCA K IPOBEPKE TOrO, ITO 1 yxKe
HanedaTaHo. SIcHO Takke, 4TO BBI3OBEL add (i) MHIYUUPYIOTCS «1€4aTa-
oMy (mepBeiMu) BozoBamu add(j) 4asA Tex j, U3 KOTOPBIX B i BEmET
pebpo. CrenoBarensHo, Yucao Ber3oBOB add (i) paBHO YMCIY BXOOAIINX B 1
pébep (cTpenok). Ilpu 5ToM Bce BBI3OBHI, KpoMe mepsoro, Tpedyror O(1)
OTIepalIny, a MEePBLIU TPeOyeT BPEMEHU, TPOMOPIUOHATLHOTO YUCTY UCXOIA-
mux u3 i crpenok. (He cauras Bpemenu, yxogsuero Ha Boinonaenue add ()
[JIs1 KOHLOB j BBRIXOAAIMX pé6ep.) OTcoona BUAHO, 9TO obLiee BpeMs Ipo-
MNOPLIUOHAILHO YUCAY pébep (IUIIoC YUCI0 BEPIINH). a

Ceasuas kommonenTa rpada. Heopuenmuposanunbit epagp — HAOOP TO-
4yek (BEpIIUH), HEKOTOPHLIE U3 KOTODPLIX COGNVHEHLI JUHUAMU (pébpamn).
HeopuenTupoBasHBIN T'pad MOKHO CIMNTATH YACTHBIM CIyIaeM OPUEHTU-
POBAHHOTO Ipada, B KOTOPOM JJiA KAXKIOU CTPEIKU eCTh OOpaTHAS.

C6a3n01 KOMMOHERMOT BEPIINHBI 1 HA3BLIBAETCSI MHOXKECTBO BCEX TEX
BEPIINH, B KOTOPHIE MOXHO MONACTb U3 i, mas mo pédpam rpada. (Io-
CKOJMbKY Tpad) HEOPUEHTUPOBAHHLIN, OTHOIICHNE «j MPUHAIJICKUT CBAZHON
KOMITOHEHT€ i» ABJAETCS OTHOLIEHVEM DKBUBAJIEHTHOCT. )

7.4.5. [lan HeOpMEeHTUPOBAHHBIN rpad (IJg KaKJOU BEPIIUHBL YKA3AHO
YUCI0 COCee U MACCAB HOMEPOB COCeler, KaK B 3a,a49e O TOMOJONMIeCKON
coptuposke). CocTaBbTe aIrOpUTM, KOTOPBLI MO 3aJaHHOMY i MeIaTaeT
BCE BEPIIUHLI CBA3HON KOMITOHEHTHI i MO OJHOMY pa3y (4 TOAbKO ux). Hu-
CJI0 IEUCTBUU He JOKHO npesocxoauth C - (o6mee 4ucao Bepmus u pédep
B CBA3HOU KOMIIOHEHTE).

Pemrenne. [Iporpamma B mpotiecce padoThI Oy IET «3aKPAITNBATEY HEKO-
Topuie BepumHEl rpada. Hezakpamennon dacTbio rpada OyIeM Ha3BBaTh
TO, YTO OCTAHETCS, €CIU BHIOPDOCUTH BCE 3aKPAIICHHBIE BEPIINHBEI U BEIY-
me B Hux péopa. [Ipouenypa add (i) sakpammBaeT CBA3HYIO KOMIIOHEHTY i
B HE3aKPAIIEHHON JacTH rpaga (1 He megaeT HUYero, e BepIInHA 1 yxe
3aKPAIIEHA).
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procedure add (i:1..n);
begin
if Bepummma i 3akpamena then begin
| HUYEero NeJaTh He Halo
end else begin
3aKkpacuTb i (HameyaTaTh M IOMETUTEL KaK 3aKpalleHHYo)
LIA BCeX j, COCENHMX C i
| add(j);
end;
end;
end;

HokaxkeM, 9TO dTa NpoOUELYPa AEUCTBYET MPABWILHO (B IPEANONOKEHNN,
YTO PEKyPCUBHBIE BHI30BBEL PA0OTAIOT HNPAaBWILHO). B camom geme, Hude-
o, KpOME CBA3HOW KOMIIOHEHTHI HE3aKPAIIEHHOrO rpada, OHa 3aKPACUTH
He Moxer. IIpoBepum, 4TO BCA OHa OymeT 3akparmeHa. Ilycts k — Bep-
IINHA, JOCTYIHAaA U3 BEPIIMHEI 1 o myTu i — j — ... — k, Ipoxoasamemy
TOJILKO IO HE3aKPAIIIEHHBIM BEpIMHAM. BymeM paccMaTpuBaTh TOJBKO IMTy-
TH, He BO3BPAIIAIOMIKECT CHOBA B i. W3 Bcex Takux myTen BHIGEPEM MyTh
¢ HauMeHbIIMM j (B MOPSAKe IPOCMOTPA cocenen B mpoueaype). Torga npu
PACCMOTPEHUU TIPEIBIAYIINX COCeIeN HU OMHA U3 BEPIINH MyTH j — ... — k
He OyneT 3axpaiieHa (MHade j He ObLIO OB MUHUMAILHEIM) U TIOTOMY kK OKa-
JKETCA B CBA3HON KOMTIOHEHTE HE3aKPAIeHHOTO rpada K MOMEHTY BBI30BA,
add(j). Yro u Tpe6boBAIOCH.

Yro6bl yCTAHOBUTH KOHEYHOCTDb MIyOMHBI PEKYPCUU, 3aMETUM, 9TO Ha
KaXKIOM YPOBHE PEKYPCUU UUCJIO HE3AKPAIIEHHBIX BEPIIWH yMEHBIIACTCA
xoTs Obr Ha 1.

Onenum uucao geucteun. Kaxnas Beprivua 3aKpalnBaeTCsa He 00TIee
OJHOIO pasa — mpu mepBbIM Bbr3oBe add (i) ¢ mamawiM i. Bee mocaemyto-
M€ BBI3OBBI MPOUCXOMAT MPU 3AKPAIIUBAHUU COCEIEU — KOJIUIECTBO Ta-
KUX BLI30BOB HE GOJBIIE YU COCEIEN — U CBOLATCA K MPOBEPKE TOTrO,
YTO BEpIMHA i y¥ke 3akparmieHa. [IepBEIU e BLI30B COCTOUT B TPOCMO-
Tpe BCEX COCENeN U PEeKYyPCUBHBIX Bh3oBaxX add(j) mia mcex mux. Takum
00pa3oM, 00IIee YUCI0 JeUCTBUAN, CBA3AHHLIX C BEPIIMHON i, HE MPEBOCXO-
OUT KOHCTAHTLI, YMHOXEHHON Ha 4ucio eé cocemer. OTCIOIa M BLITEKAET
TpebyeMas OIeHKA. (I

7.4.6. Pemmre Ty Xe 3a1a4y 11 OPUEHTUPOBAHHOrO rpada (Harme-
YaTaTh BCE BEPIINHBI, TOCTYMHLIE U3 JAHHOU MO CTpEIKaM; rpad MOXKeT
COAEPKATH LUKIIBI).

Orser. [ogurcsa mo cymecrBy Ta ke mporpaMma (CTPOKY «IJsA BCEX
coceneny HAIO 3aMEHUTH Ha «1Js BCEX BEPIIVH, Kyla BeAyT CTPeJaKm»). [
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Caenyommy BADUAHT 330a9U O CBA3HOU KOMIIOHEHTE UMEET CKOPee Te-
operuveckoe 3HadeHue (U HasbIBaeTCa meopemot Crsuua).

7.4.7. OpuenrupoBanubii rpadp umeer 2" BepmuH (IBOUYHBIE CIOBA
JJVHBL 1) U 3aJaH B BUAE (PYHKIUN eCTh_pe6po, KOTOPas [0 IBYM BEpIIN-
HAM X U Y COO0IAeT, ecThb i B rpade pebpo u3 z B y. CocTaBbTe alroputM,
KOTODBIN [JIA TaHHOU MAphl BEPIIMH 4 U ¥ ONpeNeiseT, eCTh Ju TyTh (1o
pébpaM) u3 ¢ B v, UCIONB3YA NAMATH, OTPAHUYIEHHYIO MHOTOYJIEHOM OT 7.
(Bpemsa mpu 3TOM MOXKET ObITH — U OyAeT — OYeHb OOIBLIIIM. )

[Ykazauue. Mcnoab3yinTe peKypCUBHYIO MPOLEAYDY, BEICHAIOIIYIO, CY-
IEeCTBYeT JU MyTh W3 T B Y AMmHEI He Gomee 2F (u BombIBabomyoo cebs
C YMEHBIIEHHBIM Ha €IVHULY 3HadYeHueM k).] O

Bricrpas coptupoeka Xoapa. B 3akmodenve mpuBeqéM peKypCUBHBIA
ANTOPUTM COPTUPOBKM MACCUBA, KOTODPHIM HA MPAKTUKE SBIACTCA OTHUM
73 caMbIX OBICTPBIX. IlycTh mam maccus al[l]...al[n]. PexkypcuBuas mpo-
ueaypa sort(l,r:integer) copTUpyeT yIaCTOK MACCUBA C MHICKCAMU U3
noxyuaTepsana (1,r], To ects a[1+1] ...a[r], He 3aTparusas ocTajbHOrO
MacCuBa.

procedure sort (l,r: integer);

begin

if 1 = r then begin
HUYEro [elaTh He HANO — YYacTOK MyCT

end else begin

BH6paThL CIyYaliHOe 4UCIO S B momyunTepmame (1,r]

b := a[s]

IepeCTaBUTEL SIEMEHTH COPTHMPYEeMOro yYacTKa TaK, YTOGH
CHayala WM DIeMEeHTH, MeHbIMe b - ywyacrtox (1,11]

3aTeM >IIEMEHTH, paBHHe b - yyactox (11,rr]
3aTeM >IeMeHTH, Gombume b - y4acrok (rr,r]
sort (1,11);
sort (rr,r);
end;
end;

Pasmenenue 31eMEHTOB COPTUPYEMOrO YIACTKa HA TPU KaTeropuu (MeHb-
e, paBHbIE, GOJbBIIE) pAcCMaTpuUBaiIach B rmase 1, ¢. 36 (3To MoxHO cre-
JaTh 33 BPEMs, IPOMOPIUOHAILHOE JIuHe yIacTKa). KoHedHOCTb riyOuHbL
peKypcuu rapaHTUPYETCs TeM, YTO JJUHA COPTUPYEMOrO y4acTKa HA Ka-
JKIOM YPOBHE PEKYPCHUU yMeHbIIaeTcs XO0Ta Obl Ha 1.

7.4.8. ([Insa 3HAKOMBIX C OCHOBaMu Teopuu BeposTHocTen). [Jokaxure,
YTO MaTEeMATUICCKOE OXUIAHWE HGUCIA ONepaluil mpu paboTe dTOro al-
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ropurma He npeBocxoaut Cnlogn, npuyuém koucrauta C' HE 3aBUCUT OT
COPTUPYEMOI'O MaCCHUBA.

[Ykazauue. [Iycts T'(n) — MakCUMyM MATEMaTHIECKOTO OXKUJAHUA U~
CJ1a OTIepAIWi 118 BCEX BXOIOB JUIUHLL 1. VI3 TEKCTA MPOUELYPH BEITEKAET
TAKOE HEPABEHCTBO:

T(n) <Cn+ > (k) +T())

[lepBBIl WieH COOTBETCTBYET PACIPELEJCHHAIO SIEMEHTOB HA MEHBIINE, DAB-
HBIE U Gombiune. BTopon wieH — 5TO cpejHee MaTeMATUIECKOEe OXUIAHIE
[JISL BCEX BAPUAHTOB CIy9IarHoro Buibopa. (CTporo roBops, moCKOJIBKY Cpe-
IV DIEMEHTOB MOI'YT OBITh paBHEIE, B mpasou dactu Bmecto T'(k) u T(1)
IOJIKHBI CTOATH MakcumyMbl T'() o BceM z, He mpeBocxoaammM k win [, Ho
5TO HE MEIIAET JATbHEHNIINM paccyx)aeHuam.) Janree nHIyKIuen mo n HyxK-
HO gokasniBaTh ouenky T'(n) < C'nlnn. llpu sToM nas BerMUCIeHUS CPELHE-
ro 3HadeHus xlnz mo Bcem £ = 1,...,n — 1 HY>XHO BBEIYUCIATH fln rlnzdr
no wactam kak [ Inz d(z?). lpr gocrarouno 6ombmom C’ wren Cn B mpa-
BOI1 IACTHU MEPEeBElMBACTCA 33 CI6T unTerpata [ x? dlnx, u MHAYKTUBHEIN
[IAr IPOXOIUT.| O

7.4.9. VmeeTcsa MacCUB U3 1 PABIUYIHBIX [ETBIX ducesa u aucio k. Tpeby-
eTcsa HauTH k-e 1o BeTUIrHE YUCI0 B 3TOM MACCUBE, CAeIaB He 6oaee Cn nen-
crBun, rage C' — HEKOTOpas KOHCTAHTA, HE 3aBUCALIAA OT k u n.

3ameuanue. COPTUPOBKA MO3BOMACT OYEBUIHBIM 00PA30OM CIEIATH HTO
3a Cnlogn meucrsun. QUeBUIHLIN CMOCOG: HAUTY HAUMEHBIITUN DIEMEHT,
3aTeM HAUTU BTOPOWU, 3aT€M TPEeTHuH, ..., k-u Tpebyer mopsagka kn neu-
CTBUU, TO €CTh HE TOAUTCA (KOHCTAHTA [IPU 7 3ABUCUT OT k).

[Ykazauue. U3 (XOTs IPAKTUYECKH 1 GECIIOIE3HBIN — KOHCTAHTHL
CJWIIKOM BEIUKM) CIOCOO CIEJATh 3TO TAKOB:

A. Pa306bém HaII MaccuB Ha n/5 TPYIH, B KX 0U U3 KOTOPHIX 110 5 HJie-
MeHTOB. Kax 1y rpynmy ynopamgodnM.

B. PaccmoTpuM cpeaHue aIeMeHTH BCeX TPYI U MEPEMUIeM UX B Mac-
cuB u3 n/5 saemMerToB. C HOMOLIBIO PEKYPCUBHOI'O BEI30BA HAAEM CPEIHUN
IO BEJIMYUHE DJIEMEHT 3TOr0 MACCUBA.

B. CpaBHUM 5TOT DIEMEHT CO BCEMU DIEMEHTAMU MCXOTHOTO MaCCUBA:
OHU DAa3JeMATCSA Ha GOJbIINE ero M MeHbIme ero (1 OJAWH PABHBIL eMY).
IMogcuyuTas KOIUIECTBO TEX U IPYTUX, MBI Y3HAEM, B KAKOU U3 DTUX YACTEN
[OJIKEH HAXOOUTCS UCKOMBIN (k-11) BJIeMEHT M KaKOB OH TaM IO IOPAIKY.

I'. [IpumennM peKypCUBHO HAII AJIrOPUTM K BLIODAHHON YACTH.
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ycrs T'(n) — MAKCUMAJIBHO BO3MOXKHOE UHUCJAO TEUCTBUM, €CIU DTOT
CocO6 MPUMEHATH K MACCHBAM W3 HE Gomee deM 7 aeMeHTOB (K MOxer
OeITh KakuM yroguo). Umeem ouneHky:

T(n) <Cn+ T(n/5) + T'(upumepuo 0,7n).

IMocrennee craraemMoe OOBACHACTCA TAK: TPUA PA3OMEHNM HA YACTH KAxK Tas
JacTh cogepxkuT He menee 0,3n naemenToB. B camom mene, ecin x — cpej-
HUH U3 CpefHuX, TO IPUMEPHO HOJOBMHA BCEX CPEJHUX MeHbIIe T. A ecin
B IATEPKE CPEeJHUI AJeMeHT MeHbIIe T, TO emé ABa 3aBeJOoMO MeHBIIe .
Tem caMbIM 1O KpanHen Mepe 3/5 0T HOMOBUHEI 3JEMEHTOB MEHBIIE .
Tenepsb M0 UHIYKIMA MOXKHO H0Ka3aTh oueHky 1'(n) < C'n (pemaromryo
POJIb TIPU HTOM UTPAET TO OGCTOATENLCTBO, UTO 1/5 + 0,7 < 1).] |



8. KAK OBOUTUCH
BE3 PEKYPCUN

[is1 yHUBEPCATBHBIX A3BIKOB [IPOrPAMMUPOBAHUA (KAKOBBEIM ABJIAETC
[ACKAIb) PEKYyPCUS He NaéT HUYero HOBOIO: MU BCAKOU PEKypPCUBHOU IIPO-
rpaMMBI MOXKHO HANKMCATH DKBUBAJIEHTHYIO mporpaMmmy 0e3 pexypcuu. Met
He OymeM MOKa3LIBATHL DTOTO, & MPOAEMOHCTPUPYEM HEKOTOPBIE MPUEMEL,
TIO3BOJIAIONINE M30ABUTHCI OT PEKYPCUN B KOHKPETHBIX CUTYAIUAAX.

3adem >To HyxkHO? OTBET mparMaTuKa MOr ObI OBITH TAKUM: BO MHO-
CUX KOMIBIOTEPAX (B TOM YHCIE, K COXAICHUIO, U B COBPEMEHHBIX, UCIIOIb-
syrouwmx Tak HasbBaemble RISC-mpoueccopsr), pekypCuBHBIE IPOrPAMMBL
B HECKOJIBKO Pa3 MeIJeHHee COOTBETCTBYIONINX HEPEKYPCUBHBIX IIPOTPAMM.
E1ié o1uH BO3MOXKHEIN OTBET: B HEKOTOPHIX A3LIKAX TPOrPAMMUPOBAHUS Pe-
KYPCUBHEIE TPOTPAMMBI 3aIpelIeHsl. A miaBHOe, MpU yIATCHUNA PEKYDCUN
BOBHUKAIOT U3ALIHBIE U IOy IUTEIbHBIE KOHCTPYKIIU.

8.1. Tabnuua 3Ha4eHUN (,LI,VIHaMI/I‘-IeCKoe
NporpaMMnUpoBaHue)

8.1.1. Crenyromas pexypCUBHAS TPOIENYPa BBIUUCIAET UUCIA, COIETA~
Hun (GuHOMMAIBHBIE KOd(duuuenTs). Hanummre skBuBateHTHYIO HEpe-
KYPCUBHYIO IIPOI'DAMMY.

function C(n,k: integer):integer;
| {n >= 0; 0 <= k <=n}
begin
if (k = 0) or (k = n) then begin
| C:=1;
end else begin {0<k<n}
| C:= C(n-1,k-1)+C(n-1,k)
end;
end;
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3ameqanme. C* — qmcio k-»1eMEHTHEIX TOAMHOXKECTB N-31eMEHTHOTO
muoxectsa. Coorromenne CF = CF =1 + OF_| nomy<mres, ecru vor pukcn-
pyeM HEKOTODBIH /IeMEHT N-3JIeMEHTHOIO MHOXKECTBA, I OTAEIbHO HOLCIh-
TaeM k-dIeMeHTHBIE [0 IMHOXECTBA, BKIIOYAIOIINE I He BKIIOYAIOINE STOT
snement. Tabmuma suadenun CF

HA3LIBAETCS TpeyronbHukoM Iackansa (Toro camoro). B HéM KaxkawIN Hie-
MEHT, KpDOM€ KDAWHUX €IUHUI, PABEH CyMMe ABYX CTOSMIINX HAJ HIM.
Pemenne. MoxXHO BOCIIONBL30BATLCA (POPMYJION

kL n!
Cn = El'(n —k)!

Mer, oguaxo, He 6yeM DTOro [eiarh, TAK KaK XOTAM IIPOAEMOHCTPUPOBATE
6ouee obIue IPUEMBI YCTPAHEHUS PEKypCur. BMECTO 3TOro cOCTaBUM Ta-
oy suaenmin Gymxmn C(n,k) = CF, sanmomaas eé nma n=0,1,2,...,

MOKa He MOWAEM [0 MHTEPECYIOIIEero HAC DJIEMEHTA. O

8.1.2. Yro MOXKHO CKa3aTb O BPEMEHH Pa0OTHI PEKYPCUBHOU M HEpe-
KYPCHUBHOU BEPCUU B Mpeawigymen 3agade? ToT ke BOIpOC O MaMATH.

Pemrenne. Ta6mmna 3aHIMaeT MECTO TIOPAAKA N2, IO MOXKHO COKPATUTE
IO M, eCJIU 3aMETUTb, UYTO I BEIMUCICHUA CASAYIOMEN CTPOKU TPEyTroJdb-
HuKa [lackana HyXHA TOMHLKO Tpenbiayinad. Bpems paboTwsl ocTaéres mo-
pagka n’. PexypcuBHag mporpaMMa TpebyeT CYMECTBEeHHO GOILIIEro Bpe-
menu: Ber30B C(n,k) cBoguTcs k aByM BhrzoBaMm misg C(n-1,...), Te —
K 9eThIpéM Ber3oBaM mia C(n-2,...) u Tak majee. Takum oO6pa3oM, BpeMms
OKa3BIBAETCS DKCIOHEeHIuAIbHBIM (mopsaika 2™). Ucnonbsyemasn pekypcus-
HOU BEpPCUEN MaMAThL TPOTOPIMOHANLHA, 7 — YMHOXKAaeM TIyOUHY PeKypCuu
(n) Ha KOIMYECTBO MAMATH, UCIIOAL3YEMOE OJHUM SK3EMILIAPOM MPOIETyPhI
(koHCTAHTA). O

KapauuaipHBI BBIMTPHIIT BO BPEMEHU MPU TIEPEXONE OT PEKYPCUBHOU
BEPCUU K HEPEKYPCUBHOU CBA3AH C TE€M, 9YTO B PEKYPCUBHOM BAPUAHTE OLHU
U Te K€ BLIYUCICHUSA MPOUCXOAAT MHOro pas. Hampumep, BoizoB C(5,3)
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B KOHEYHOM CYETE MOPOXKIAET B BuI30BA C(3,2):

c(5,3)
/ N
Cc(4,2) Cc(4,3)
/ \ / \
c(3,1) C(3,2) C(3,3)

3anoaHas TabauIy, MBI KaXK Y0 KJIETKY 3AMOJHAEM TOIBKO OTHAK [bI —
OTCIONA ¥ DKOHOMUSA. DTOT IMPUEM HABBIBACTCA UHAMULECKUM TP 02D AMMU-
posanueMm, I TPUMEHUM B TEX CIyIaAX, KOTAa OOBEM XPAHUMOU B TAOIUIlE
MH(OOPMAIINY OKA3LIBAETCA HE CAUIIKOM OOTBIIIM.

8.1.3. Ilorosopute Ha Ty ke TeMy Ha IpUMEPE PEKyPCUBHOU u (mIpo-
CTeNIIe) HePEKyPCUBHON IPOrPaMM I/ BhlaucaeHus ducen PuGonadun,
34JaHHBIX COOTHOIICHUEM

q)1=¢2=1; ¢n:¢nfl+¢n72 (TL>2) O

8.1.4. [TaH BBIOYKIBIA 7-YCOABHUK (330AHHBIM KOODIUHATAMU CBOUX
BEPIIKH B MOpAAKe 06x01a). Ero paspesarT Ha TPEYrOMILHUKYA TUATOHAIA-
MU, JJIS 9€r0 HEOOXOAUMO N — 2 [uaroHaau (3TO MOXKHO TOKA3aTh UHIYKIY-
er1 10 n). CTOMMOCTBIO Pa3pe3aHusa HA30BEM CYMMY JJIAH BCEX UCIOJIb30BAH-
HBIX AuaroHaten. Haugnre MUHNMAIBLHYIO CTOMMOCTH Da3pe3aHus. 1uciao
IEUCTBUY TOMKHO OBITH ONPAHKIEHO HEKOTOPHIM MHOrOWwIeHOM OT 7. (Ilepe-
60p HE MOAXOOUT, TAK KAK YUCIO BAPUAHTOB HE OCPAHUYEHO MHOTNOWICHOM. )

Pemenue. Bynem cumTars, 9TO BEepUIMHEI IPOHYMEPOBAHEL OT 1 10 N
u UAYT MO YacoBou ctpenke. [lycts k, | — HOMepa Bepinun, mpuaéMm [ > k.
Yepes A(k,l) 0603HAIUM MHOTOYTOMBHUK, OTPE3AEMBIM OT HAIIEr0 XOp-
nou k—1. (Dra Xopaa pazpe3aeT MHOMOYTONBHUK HA IBA, OTUH U3 KOTOPBIX
BKIIOUaeT cTopony 1—n; uepes A(k,[) mbr o603Haaem apyrou.) Ucxonuem
MHOTOYrOJIbHUK ecrecTBeHHO 0003HaunTh A(1,n). llpu [ = k + 1 noxyua-
eTCA «IBYYTOMBHUK» C COBIATAIOIIAMEA CTOPOHAMMA.

A(k,1)
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Yepes a(k,l) obosnadumM cromMocTh paspesanus MHoroyroiasHuka A(k,l)
IMACOHAIAMHI Ha TPEYTOMbHUKU. Hamwmem peKkyppeHTHYIO (POPMY.Iy IJId
a(k,l). lIpu l = k + 1 noay4aercs gByyroabHuk, u Mul noiaraem a(k,l) = 0.
Ipu | = k + 2 moay4aeTca TpeyroabHuK, U B 5ToM ciay4dae Takxe a(k,l) = 0.
IMycts [ > k + 2.

Xopga k—I ssasercsa croponou muoroyroiasauka A(k,l) u, cregoBarenbHo,
CTOPOHOU OJHOTO U3 TPEYTOJLHUKOB, Ha KOTOPHLIE OH paspesaH. [IpoTuso-
TIOJIOXKHOU BEPIITUHON | DTOTO TPEYTOJBHUKA MOXKET OLITh TI00aA U3 BEPIINH
k+1,...,1 —1, v MUHUMAIbHAS CTOMMOCTD PA3PE3AHUSA MOXKET OBLITH BhI-
YUCJIEHA KAK

min{(gmuna xopaer k—i) + (mmmua xopast i —1) + a(k,i) + a(i, 1)}

mo Bcem ¢ =k + 1,...,l — 1. IIpuz »ToM HaAmO ydecTb, 9TO mpu ¢ =p + 1
XOpaa p—q — He XOpHa, & CTOPOHA, W €€ IIWHY HAL0 CIMTAThL paBHOuU 0
(o cTOpOHE pa3pes He MPOBOLUTCA).

Cocrasus Tabmuiy mia a(k,l) v 3anonHss eé B mMOpALKE BO3PACTAHUA
qucaa Bepumd (paBuoro [ — k 4+ 1), MBI moay9aeM OporpamMMmy, UCIOIb3YIO-
IIy10 TaMATH TOpAIKa n’ u Bpems mopaika n° (0JHOKPATHOE MPUMEHEHTE
PEKYpPPEHTHOU GOPMY.IEI TpeOyeT BLIOOpA MUHUMYMA, U3 HE 60JIee 9eM 1, a1~

cen). O

8.1.5. Marpumen pasmepa m X N HA3LIBAETCA IPAMOYTOJLHAA TAOIAIA
7“3 M CTPOK U N CTOJOIOB, 3al0THeHHaA yucaamu. MaTpuiy pazmepa m X n
MOYXKHO YMHOXKWUTBL Ha MATPUILy pasmepa n X k (IIMpuHa JEeBOTO COMHOXKU-
TeJIA MOMKHA PABHATHLCA BHICOTE MPABOTO), U MOIYyIATCA MATPULA PA3Me-
pom m X k. [leron Takoro ymHOXeHna OyqeM CINTAThL IpousBeneHune mnk
(TAKOBO YUCIO yMHOXKEHUN, KOTOPBIE HYKHO BEHIIOJIHATH NIPU CTAHJAPTHOM
Croco6e YMHOXKEHUA — HO CEMYAC DTO HAM HE BAYKHO). YMHOXKEHUE MATPHUIL
ACCOIMATUBHO, IODTOMY MPOU3BEIEHUE § MATPUI] MOXKHO BLIYUCIATEL B Pa3-
HOM mopsake. /11 KaxkIOro MOpsAIKa MOACIUTAEM CYMMAPHYIO IEHY BCEX
MATPUYIHLIX YMHOXKeHuU. Hall [uTe MUHIMATBHYIO [IEHY BBIMACICHUS TPOI3-
BEJIEHUsA, €CIM U3BECTHBI PA3MEPBI BCEX MATPUIl. JUCIO TEUCTBUU NOIKHO
OBITH OrPAHUYEHO MHOIOYIEHOM OT YUCJIA MATPWUIL.
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IIpumep. Marpumer pazmepom 2 X 3, 3 X 4, 4 X 5 MOXHO IepEMHOXKATH
nByMs cnocobamu. B mepeom nena paBua 2-3-4+2-4-5=24+40=64,
BO BTOpOM IteHa paBHa 3-4-5+4+2-3-5=290.

Pemrenne. [IpencraBum cebe, ITO mepBas MaTPUIIA, HATTMCAHA, HA OTPE3KE
[0, 1], BTOpas — Ha orpeske [1,2], ..., s-1 — Ha oTrpeske [s — 1, s]. MaTpn-
UBl Ha oTpeskax [ — 1,4] u [i,7 + 1] uMeror o6umn pasmep, HO3BOMIOMINY
ux nepeMHOXUTh. O603HaduM ero 4epes d[i]. Taxum o6pasoM, uCXOLHBIM
DaHHBEIM B 3ajade ssisercsa mMaccus d[0] ... d[s].

Yepes a(i,j) 0003HAUMM MUHAMAILHYIO [EHY BBIYUCJICHWUA IIPOU3BEIE-
HUA MaTpUI Ha y9IacTke [4, j] (mpu 0 < i < j < s). Vckomas BemmvnHa paBHA
a(0, s). Bemuuunnt a(i,7 + 1) paBasr Hy 10 (MATPULIA OJHA U TEPEMHOKATD
HUYEro He Halo0). PekypperTHas gpopMyaa OygeT Takom:

a(i, j) = minfa(i, k) + a(k, j) + d[ild[k]d[j]}

rae MUHUMYM 0epéTca TO BCEM BO3MOXKHBIX MECTaM TIOCJACIHEr0 yMHOXKE-
HUs, TO €CThb 1o BceM k=1¢ + 1,...,5 — 1. B camom gene, nmpousseneHue
mMarpun Ha oTpeske [i, k] ects marpuuna pasmepa d[i|d[k], npoussenenue
marpun Ha orpeske [k,j] umeer pasmep d[k]d[j], u uena BbruucaeHEHA UX
npouseenenus pasra d[i]d[k]d[j]. O

3ameuanue. [[pe MOCTIETHME 330497 TOXOKHA. DTO CXOACTBO CTAHET AC-
Hee, €CTM HAMUCATh MATPUILI-MHOXUTETN Ha CTOpoHax 1-2, 2-3, ...,
(s — 1) —s MHOrOyroJbHUKA, a Ha KaXKIOU XOpIe i—j HAUCATh [IPOU3Be-
[IEHNE BCeX MATPUIl, CTACMBAEMEIX 3TOU XOPIOu.

8.1.6. ZKemesmas mopora ¢ OJHOCTOPOHHUM IBHKEHUEM UMEET 1 CTaH-
uut. V3BecTHBI HeHBI GWIETOB OT i-i cTaHuuu 10 j-u (npu i < j — B o6par-
HYIO CTOPOHY Tpoe3na HeT). HallquTe MUHUMAIBLHYIO CTOMMOCTD MPOE3-
Ia OT Havaka MO KOHIEA (C yIETOM BO3MOXKHOU DKOHOMHUU 34 CYET Tepeca-
JOK). O

8.1.7. 3agaHO KOHEYHOE MHOXKECTBO C OMHAPHOU omepanuern (BooOIe
COBODs, HE KOMMYTATUBHOU U [aXKe HE accouuaTwBHON). Mmeercs n aie-
MEHTOB @1, ..., 0, 3TOr0 MHOXKECTBA W eI¢ OJUH >IeMeHT Z. IIposepbTe,
MOXKHO JU TaK PACCTABUTL CKOOKM B IIPOU3BEAEHUN a1 X ... X G, YTOOI
B PE3yIbTATE MOMYIMICS &. HCI0 Omepanuit JOMKHO He IPeBOCXoTuThL Cn’
[T HEKOTOPOU KOHCTAHThI C' (3aBUCAIICH OT YUCJIA DIEMEHTOB B BHIODAH-
HOM KOHEYHOM MHOXKECTBE).

Pemenme. 3amogusem Tabauily, B KOTOPOU [ KAaXAOO YYIACTKA
@; . ..Q; HAIErO IPOM3BEIEHNUs XPAHUTCA CIMCOK BCEX BO3ZMOMKHBIX €0 3Ha-
vyeHuyn (IpU PasHOU PACCTAHOBKE CKOOOK). O
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ITo cymecTBy »TOT Xe MpUEM TPUMEHAETCA B MOJUHOMUAILHOM AJIIO-
pUTMe MIPOBEPKHU MPUHAIICKHOCTH CIOBA, MIPOU3BOILHOMY KOHTEKCTHO-CBO-
6ogHOMY s3bIKY (cM. rmaBy 15).

Crenyromas 3aga4a (3a1a49a 0 PIOK3aKe) ykKe YIOMUHATACH B TABE 3.

8.1.8. MmeeTcs n MOJMOKUTEIBLHBIX MEIBIX GUCET X1, ..., Ly U IUCTO N.
Brusicaure, MOXKHO it TOAyIuThb N, CKIAIBIBASA HEKOTOPHIE U3 YUCET T1, - - -
oo, Ty, HUCIO OENCTBUM TOMKHO ORITHL mOpAnKa N.

[Ykazauue. Iloce ¢ IaroB XpaHUTCA MHOXKECTBO TeX HUHCET HA OTPE3Ke
0...N, KOTOpbIe IPEACTABUMEL B BUIE CYMMBI HEKOTODPBIX U3 &1 ... &;.] [

3ameqanue. MBI BUAEIN, UTO 3aMEHA, PEKYPCUBHON MPOTPAMMEI HA, 38~
MOJHEHNE TAOMUIEI 3HAYEHUN WHOTAA, TO3BOIAET YMEHBITUThL YUCIO Teu-
creuu. [IpumepHo Toro xe >dpdexkra MOXKHO TOOUTHCA WHAYE: OCTABUTH
IpPOrpaMMy PEKyPCUBHOU, HO B XOJ€ BEIYUCJIEHUU 3ATIOMUHATDL YK€ BHIUM-
CJIeHHbIe 3HAYEHU:A, a Iepel OYepeTHBIM BBIMUCACHWEM IPOBEPATH, HET Jd
yKe TOTOBOT'O 3HAYEHUS.

8.2. CTek OTNOXEHHbIX 3a4aHUN

[pyron mpuéM yCTpaHEeHU PEKypPCUM TPOAEMOHCTPUPYEM Ha, TIPUMEpPE
3a0a9M O XaHOMCKUX OalIHgX.

8.2.1. HanwmuTe HepeKypPCUBHYIO TPOTPAMMY I HAXOXK TEHUSI TOCTe-
IOBATEJBHOCTHU MEPEMEIIEHUN KOMEIl B 3a0a¥e O XaHOUCKUX OAIIHAX.

Pemenue. BemoMHUM peKypCHBHYIO MPOTPAMMY, HIEPEKJIATBLIBAOILYIO
i BepxXHUX KOJEI C m Ha n:

procedure move(i,m,n: integer);

| var s: integer;

begin

if i = 1 then begin

| writeln (’cmemars xom ’, m, ’->’, n);

end else begin
s:=6-m-n; {s - TpeTu# CTepXeHbL: CyMMa HOMepoB paBHa 6}
move (i-1, m, s);

writeln (’cpemars xom ’, m, ’->’, n);
move (i-1, s, n);
end;

end;

Buno, 9T0 3a1a4a (IePEJOXKUTL i BEPXHUX UCKOB C M-I'0 CTEPKHA Ha N-1»
CBOAUTCA K TPEM 3aJadaM TOIO XKe THUa: IByM 3agadaMm ¢ i-1 guckamu
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U K OJHOU 3ajade C eQUHCTBEHHLIM IUCKOM. SAHUMAasAChL dTUMU 3aJa9aMHu,
BaXKHO HE IMO3A0BITDH, 9TO eIIé OCTAIOCH CAEJATH.

[l1a >Ton uean 3aBenEM CMmex 0MAONCEHHbIT 300aHUll, DIEMEHTAMU KO-
Toporo 6yayT Tpouku (i,m,n). Kaxgas Takas TpOUKa MHTEPIPETUPYETCS
KaK 3aKa3 (IepPeIOKUThH 1 BEPXHUX AUCKOB C M-T'O CTEPXKHA HA N-I». 3aKa-
3Bl YIIOPAIOYEHBEI B COOTBETCTBUM C TPEOYEMBIM MOPAIKOM WX BHITIOTHEHUA:
CaMBII CPOYHBIM — BEPIIMHA CTeKa. IloaydaeM Takylo IpOrpaMMy:

procedure move(i,m,n: integer);
begin
cIemaTh CTEK 3aKa30B IIyCTHM
IOMOXUTL B CTeK Tpouky <i,m,n>
{unBapMaHT: oCTamoCH BHIIONHUTE 3aKa3H B CTeke}
while cTek HemycT do begin
yEAmUTE BepXHUM DIEMeHT, IepeloXus ero B <j,p,q>
if j = 1 then begin
| writeln (’cgmemars xom’, p, '->’, q);
end else begin
s:=6-p—q;
{s - Tperu: cTepxens: cymma HOMepoB paBHa 6}
MOJIOXUTE B CTEK Tpoﬁxn <j-1,s,q9>, <1,p,q>, <j-1,p,s>
end;
end;
end;

(3aMeTuM, 9TO MEPBOK B CTEK KAAAETCS TPOUKA, KOTOPYIO HAIO BHITOIHATD
nocaegaen.) CTek TPOEeK MOXKET OBITH PeaTn30BaH KaK TPU OT IEAbHBIX CTe-
ka. (Kpome Toro, B mackaJe eCTh CIeNUATbHBIN THII, HA3BIBAEMEIN (3AIIUCH)
(record), KOTOPBIU MOXKET OBLITH IPUMEHEH. ) O

8.2.2. (Coobumn A.K.3soukun co ccoiikon Ha AHmkes JIuCcoBCKOro.)
[t 3a5a9K O XQHOUCKUX OGAILIHAX €CTh U APYTHe HEPEKYPCUBHBIE ATCOPUT-
MBL. BOT 0fnH M3 HEX: OPOCTAMBAIOLMM CTepXKHEM (He TeM, ¢ KOTOPOI'o
[EPEHOCAT, ¥ He TeM, HA KOTOPLIX IEPEHOCAT) LOMKHBL OBITH BCE CTEPXK-
HU 1[0 odepenu. JIpyroe mpaBmio: HOOYEPEIHO MEPEMENIATh HAUMEHbIIee
KOJIBIIO M He HAMMEHBIIee KOMBIO, IPUIEM HANMMEHbIIee — 10 Kpyry. [

8.2.3. Ncnonw3yuTe 3aMeHy PEKYPCHU CTEKOM OTJIOKEHHLIX 3aJaHun
B PEKYDPCUBHOU TPOTpPaMMe MeYaTh AeCATUIHOU 3aMUCh LEI0T0 IUCIA.

Pemrenne. [ludpur 100LIBAIOTCA C KOHIIA U 3aKIAIBIBAIOTCA B CTEK, & 3a-
TeM IIe9aTalTCA B 0OPATHOM MOPAIKE. (I

8.2.4. HammmmmTe HepeKypCUBHYIO MPOrpaMMYy, MEIATAONIYI0 BCE BEpP-
[IMHBI JBOUYHOT'O IEPEBA.
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Pemenne. B sToM ciIydae cTeK OTJIOXKEHHLIX 3aJaHUK OyIeT COMepPXKATh
3aKa3bl IBYX COPTOB: «HANEYATATH JAHHYIO BEPIIUHY» U (HAMEIATATH BCE
BEPIIHEI IOLAEPEBA C JTaHHBIM KOpHeM» (Ipu 5TOM nil cumTaeTcs KOpHEM
mycToro gepesa). Takum o6pa3oM, DJIEMEHT CTeKa ecTh mapa: (THUIl 3aKa3a,
HOMED BEDIIUHBI).

Boinumas saeMeHT u3 CTeka, Mbl TuGO0 Cpasy UCHOMHAEM ero (ecaum 3To
3aKa3 MePBOrO TUIA), IuOO MIOMELIAeM B CTEK TPU IIOPOXK IEHHBIX UM 3aKa-
33 — B OJHOM U3 IIECTU BO3MOXKHBIX MTOPSIIKOB. |

8.2.5. Yto mamenuTcs, ecau TpebyeTCA HE MEYATATH BEPUIMHBI TBOUY-
HOT'O JepeBa, a MOACIATATH UX KOJUIECTBO?!

Pemrenne. [levaTanue BEPIIMHBI CICAYET 3AMEHUTH MPUOABICHUEM €I1-
HUILI K CY€TYUnKy. /IpyruMu CloBaMu, WHBAPUAHT TAKOB: (OOLIee IUCIO
BepimH) = (CI6TIMK) + (CyMMa IMCEJT BEPUIVH B TOMAEPEBLAX, KOPHU KO-
TODPBIX JEXKAT B CTEKE). O

8.2.6. [lna HEKOTOPBLIX U3 IECTU BO3MOXKHBIX TOPIIKOB BO3MOXKHEI YII-
pOIIIeHNA, [eNalolIre HEHYXHBIM XPaHeHNE B CTeKe 3JIeMEeHTOB IBYX BUIOB.
YKaxXuTe HEKOTOPBIE U3 HUX.

Pemenne. Eciu TpebyeMbll mopsago0K TAKOB:
KOPEHb, JIEBOE TI0J1 IePEBO, MIPABOE IO AePEBO,

TO 3aKa3 Ha [eYaTaHue KOPHA MOXKHO He 3aKJIaBIBATH B CTEK, & BEIIOTHATH
cpasy.
Heckonbko 6oee ca0x)HAS KOHCTPYKIUA TPUMEHUMA, I TOPSIIKA,

JIEBOE IO IePEBO, KOPEHb, IPABOE MO AEPEBO.

B sToM ciydae Bce 3aKaswl B CTEKe, KpOME CAMOT0 MepBOro (HamedaTaThb
N0 IEPEBO) IETATCA Ha MapH:

HalleyaTaTh BEPIINHY X, HalledaTaTh «(IPaBO€ MO IEPEBO» X

(= mommepeBo ¢ KOpHEM B MpaBoM chiHe x). OObeIUHUB >TU TapHl B 3a-
Ka3bl CHEIUAJLHOIO BUIA W BBEIS MEPEMEHHYIO MIA OTIETHLHOTO XPAHEHUS
MEPBOrO 3aKa3a, MBI 000U IEMCA CTEKOM OIHOTUITHBIX 3aKA30B.

To xe camoe, pazymeeTcs, BEPHO, €CJIU TIOMEHATHL MECTAMU JEBOE U Ipa-
BOE — IIOJNYYIAETCA EIIE IBA MOPATKA. O

3ameqanue. /[pyrywo mporpaMmy MeYaTH BCEX BEPIIWH NEPEBA, MOXKHO
MOCTPOUTEH Ha OCHOBE MPOTPAMMEI 06X0/1a JePeBa, pa300paHHOu B TIaBe 3.
TaMm umcmonb3dyeTcs KoMaHIa «BHU3». I[OCKOMBKY TemepelHee mpencTaB/Ie-
HUe IepeBa C IOMOIILI0 MACCUBOB 1 M T HE O3BOIAET HAUTY IPEIKa 3a,IaH-
HOU BEPILIMHLI, IPUAETCA XPAHATEL CIMCOK BCEX BEPIIMH HA IIyTH OT KOPHA
K Texkymen Bepmmae. CM. Takxke ruasy 9.
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8.2.7. Hanummre HepekypCHUBHBLIM BAPUAHT IPOrPAMMBI OLICTPOU COP-
tuposku (cMm. c. 132). Kak o6outuck crekom, ruybuHa KOTOPOr'o OCDAHU-
qena C'logn, rae n — YUCIO COPTUPYEMBIX HJIEMEHTOB?

Pemenwe. B crek kmamgyrces mapsl (i,j), MHTEPIpeTUpPyeMble KaK OT-
JIOXEHHBIE 33 TaHUS HA, COPTUPOBKY COOTBETCTBYIOIINX YIACTKOB MACCUBA.
Bce 5Tu 3aka3bl HE mepecekarTCs1, IO3TOMY Pa3Mep CTEKa He MOXKET IIPeBbI-
cuThb n. YTOOLI OrPAHUIATLCA CTEKOM JIOrapu(pMUIECKON TIyOUHEL, Oy IeM
MPUIEPKUBATHCA TAKOTO TMPABUIA: TVIyGXKe B CTEK MOMEIATH OONBLITIA 13
BO3HUMKAIOMUX IBYX 3aKka3oB. Ilycts f(n) — MakcuMalbHAA TuyOuHA, CTe-
Ka, KOTOPas MOXET BCTPETUTHLCA NMPU COPTUPOBKE MACCUBA U3 HE OoJee
“YeM 7 BIEMEHTOB TakuM criocoboM. Ouenum f(n) cBepxy Takum CIoco6oOM:
mocsie pa3bueHus MAaCCUBa HA [OBA yYACTKA MBI CHAYAJIA COPTHUpPyeM Oouee
KOPOTKUM (XpaHsA B CTeKe 0Oojee IIMHHBIN PO 3alac), IPU STOM [IyOuHa
creka He 6ombiie f(n/2) + 1, 3aTeM coprupyem 6o/ee JIUHHEBIA, TAK ITO

f(n) <max(f(n/2) +1, f(n —1)),

oTKyza ouesuaHou uuaykimen nomydaeM f(n) = O(logn). O

8.3. Bonee cnoxHbie cnyyau pekypcuu

ITycTs dyukuusa f ¢ HATYpATHHBIMY APUyMEHTaMU U 3HAUEHUAMHA OIpe-
JeleHa PEeKYPCUBHO yCIOBUAAMU

f(0)=a,
flz)=h(z, f(I(z))) (z>0)
rIe @ — HEKOTOPOe Yucio, a h u [ — ussecrusie gpyukimu. [Ipyrumu cioBa-

MU, 3HaYeHne PYHKIUA f B TOUKE T BEIPAXKAETCA Yepe3 3HaUeHne [ B TOUKe
[(x). lIpu sTOM mpeAmoOnaraeTcs, 9To A1 JI0O0r0 T B IMOCIEJOBATEIBHOCTH

z, (), l(l(x)),...

paHo i no3aHO BeTperutcea 0.
Ecau nonosnuTensHo ws3BecTHO, uTo [(x) < & N4 BCEX X, TO BEIYUCIC-
Hue [ He TpeacTaBIgeT Tpyaa: BeraucageM mocrenoBarensuo f(0), f(1),

F2),...

8.3.1. Hanummre HepeKypCHBHYIO HMPOrpaMMy BLIYUCJACHUA f 11 00-
Iero CJIy9as.

Pemenwe. /Ins1 Boraucienus f(2) BBIMUCAAEM MOCIELOBATEILHOCTH

(), 1(1(2)), 1(1(1(=))), - ..
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IO TIOSIBJICHUSA HYJIA ¥ 3AIIOMUHAEM €€, a 33TeM BLIUUCJIgeM 3Ha9eHus [ B TOY-
KaX 3TOU MOCICAOBATEILHOCTH, UIA CIIPABA HAJIEBO. g

Emg Gosee CI0XHBIN CIydal U3 CAELYIOMIEN 3a1a91d BPAL JU BCTPETUT-
CA Ha NpaKTUKe (& ecu U BCTPETUTCA, TO IPOLIE PEKYPCUIO HE YCTPAHATD,
a ocraBuTh). Ho Tem He MeHee: mycTh QYHKIUA f C HATYPATLHBIMUA apTy-
MEHTAMU U 3HAYCHUAMU OMPEAEIACTCA COOTHONCHUAMMI

~
&
Il

Wz, f(I(2)), f(r(z))) (z>0),

rae g — HeKOTOpOe Yucio, a [, 7 u h — usBecTHble pyukmuu. [Ipegmomna-
raeTcs, 9YTO €CJAU B3ATH IPOU3BOJBLHOE UUCJIO U HAYATL NPUMEHATL K HEMY
dyukiwy [ 1 7 B IPOU3BOIBLHOM MOPSIKE, TO PAHO WIU 03 HO moxyduTcs 0.

8.3.2. Hammmmre HepeKypCUBHYIO IPOrPAMMY BLIYUCJICHUS f.

Pemenne. Moxuo ObLTO OBI CHAYaIa MOCTPOUTH IEPEBO, ¥ KOTOPOTO
B KOpHE HAXOOWTCSA T, & B CHIHOBbAX BepUIMHBL i cToAT (i) u r(i) — ecuan
TOJBKO i HE PABHO HYJII0. 3aTEM BEMUCIATHL 3HAYCHWA (DYHKIAU, UAA OT
JUCTBHEB K KOpHI0. OIHAKO eCTb U APYTou Crocob.

Ob6pamuoti noavckotli 3anucelo (W nocm@urcnoti 3anucbio) BHIpAKe-
HUS HA3LIBAIOT 3AIUChH, TJ€ 3HAK (DYHKIIUY CTOUT MOCTE BCEX €€ apTyMEHTOB,
a CKOOKM HE MCIOML3YI0TCA. BOT HECKOMILKO MpuMepoB:

f

N NN

g
7
2

U Sy

s
3 s u s

ITocTdukcHas 3anuch BLIPAXKEHUA MO3BOIAET YIOOHO BBHIUMUCAATEL €r0 C II0-
MOIIBIO CMEKOB020 KAALKYAAMOPG. DTOT KAIBKYJIATOP UMEET CTEK, KOTO-
PBIU MBI Gy IeM MPEICTABIATH Ce6e PACTIONOKEHHEIM NOPU30HTAILHO (ducaa,
BLIHUMAIOTCS U KIALYTCA CIPaBA), U KIABUIIM — YUCIOBLIE U (DYHKIIAO-
HaJIbHBIE. [IpU HAXXATUKM HA KJIABUIILY C YUCIOM 3TO TUCIO KIAAETCA B CTEK.
IIpu HaxxaTuu Ha (PYHKIMOHAILHYIO KIABUIILY COOTBETCTBYIOMAA (PYHKITAA
TMIPUMEHAETCSI K HECKOJALKUM apryMeHTaM Yy BepIIMHBI cTeka. Hampumep,
€Ca’ B CTeKe OBLIU YMCIa

23456

7 HaxaTa (QyHKIVOHAJBbHAA KJIABHUIIA S, COOTBETCTBYIOMAA (DYHKIUU OT
IBYX apT'yMEHTOB, TO B CT€Ke OKAXYTCA TUCIA

234 5(5,6).
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IMepengém Temeps k Hamen 3agade. B mpouecce BLIYUCICHUSA 3HAYCHUA
dyuxuuu f Mbr GygeM paboOTATbH CO CTEKOM YUHUCEN, a TAKXKe C MOCIEeI0BA-
TeJbHOCTBIO uncen u cuMBOIOB f, 1, r, h, KOTOpyI0 MBI OyaeM MHTEpIpe-
TUPOBATH KaK MOCTEOBATEILHOCTL HAXKATUNM KJAABUII HA CTEKOBOM KaJlb-
KyaaTope. MHBApUAHT TaKoOu:

€CJIN CTEK YUUCeN MPEeACTABIACT COOOUN TEKYIee COCTOSHUE CTe-
KOBOT'O KaJlbKYJATOPA, TO MOCJAe HAXKATUA BCEX KIABUII MTOC/IE-
IOBATEIHLHOCTH B CTEKE OCTAHETCS €IMHCTBEHHOE YUCJIO, U OHO
Oy IeT UCKOMBIM OTBETOM.

IIycts mam TpebGyercsa BoraucauTsb 3Hadenue f(z). Torga BHagamse Mbl mo-
MEIIAEM B CTEK YUCIO I, & MOCIEIOBATEIbHOCTD COAEPKUT eIUHCTBEHHBIN
cumpon f. (Ilpu »ToMm waBapuanT cobmogaerca.) [lanee ¢ MOCIEIOBATENb-
HOCTBIO U CTEKOM BBIMTOIHAIOTCA TaKue IPeoOpa3OBaHUA:

CTapBIN crapas HOBLII HOBasA

CTeK MOCJAE0BATEIBHOCTE  CTEK MOCJIE0BATEIHLHOCTD
X z P Xx P

Xz 1P X l(z) P

Xz r P X r(z) P

Xzyz hP X W(z,y,2) P

X0 fP Xa P

X x tfP X rxlfxrfhP

3mecw x, Yy, z — Unciaa, X — MOCJAeqOBATEIBLHOCTE ducesa, P — mocienosa-
TEILHOCTD YUCeI U CUMBOJOB £, 1, r, h. B mocaeguen cTpoke mpeamoiara-
ercs, 9To = # (. DTa CTPOKa COOTBETCTBYET PABEHCTBY

f(@) = h(z, f(I(2)), f(r()))-

[Ipeo6pasoBanus BEIMOMHAIOTCS, MOKA HOCJAEJOBATEILHOCTh HE CTAHET IIy-
cta. B 5TOT MOMEHT B cTeKe OKaxKeTCA eINHCTBEHHOE YUCI0, KOTOpoe u 6y-
IeT OTBETOM. ([l

3amevanue. IlocreqoBATENLHOCTL MO CYIIECTBY MPEACTABIAET COOOU
CTEK OTJOXKEHHBIX 33 JaHull (BEPIINHA KOTOPOrO HAXOJAUTCA CJIEBA).



9. PA3HBIE AJITOPUTMBbI
HA TPADAX

9.1. KpaTua#wue nyTu

B »ToMm pasgene pacCMATPUBAIOTCA PA3IUIHBIE BAPUAHTHI O THOU 33,1aH.
[TycTs uMmeeTcst n TOPOAOB, IPOHYMEPOBAHHBLIX unciamu oT 1 mo n. [Ias ka-
XK IO Tmaphbl FOPOIOB ¢ HOMepamu i, j B Tabauie al[i] [j] xpanurca memoe
YUCJI0 — IIEHA TPAMOr0 aBUabuwIeTa u3 ropoja i B ropox j. Cauraercs, 9To
PENCHL CYyIIECTBYIOT MeX Iy JoObMu ropogamu, alil [i] = 0 npwu Beex i,
al[i] [j] moxer ormuarsesa ot alj][i]. Haumenbinen cTomMocTbiO MPO-
e3fa n3 i B j CUMTAeTCs MUHIMATILHO BO3MOXHAA CyMMa IIeH OUJIeTOB A/
MapmpyToB (B TOM 4HCIE C mepecagkaMm), Beiynmx w3 i B j. (Ona me
npesocxoaut alil [j], HO MoxeT OBITH MeHBbILE. )

B mpeamaraemeix HuXe 3agadax TpeOyeTCs HAUTU HAUMEHBIIYIO CTOU-
MOCTB TPOE3Ia I HEKOTOPBIX ITap FOPOIOB IIPU TEX WIN UHBIX OTPAHUTE-
HUAX HA MACCUB a ¥ HA BPeMs PabOTHI aJIrOpUTMA.

9.1.1. IIpenmomoxmm, 9TO HE CYyMIECTBYET 3aAMKHYTBIX MAPIIPYTOB, IJI
KOTOPBIX CyMMA IIeH OTPUIATEIbHA. [JOKAXKUTE, 9TO B DTOM CIydae MapIil-
PYT C HAMMEHBINIEN CTOMMOCTBIO CYIIECTBYET.

Pemenne. MapuipyT mauuHON GOJBIIE N BCEIa COLEPXKUT LUKJ, IOTO-
My MUHUMYM MOXHO UCKATh CPEIM MAPIIPYTOB MJIMHOU HEe Oolee n, a ux
KOHEYHOE YUCJIO. g

Bo Bcex cregyrommx 3a1a9ax IpeanogaraeTca, 9TO 3TO yeaosue (OTCyT-
CTBUE IUKJIOB C OTPULATEIBHON CyMMOU) BBIIOJIHEHO.

9.1.2. Hamgmre HAMMEHBIIYIO CTOMMOCTBL TPOe3Aa u3 1-r0 ropoga BO
BCe ocTatbHEIe 32 Bpems O(n?).

Pemenune. O6Goznauum depes MunCt(1l,s,k) HAMMEHBIINYIO CTOMMOCTH
mpoesga w3 1 B s MeHee ueM ¢ k mepecagkaMu. Torga BBITOTHAETCA Ta-
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KO€ COOTHOIIIEeHHne:

MunuCt(1,s,k+1) = min(MnHCT(l,s,k), ) rrllin
i=1.

MuuCt(1,i,k) + a[i][s]))
.n

Kak ormedanoch Bbime, UCKOMBIM OTBeTOM aABIgeTca MunCt(1l,i,n) mis
Bcex i=1...n.

k:=1;

for i := 1 to n do begin x[i] := a[1][i]; end;
{unBapuaur: x[i] = MuuCr(1,i,k)}

while k <> n do begin

for s := 1 to n do begin
y[s] := x[s];
for i := 1 to n do begin

if y[s] > x[il+a[i]l[s] then begin
| y[s1 := x[il+a[il[s];

end;
end
{y[s] = MurCr(l,s,k+1)}
end;
for i := 1 to n do begin x[s] := y[s]; end;
k :=k + 1;
end; O

IIpuBeIEHHBIN AMTOPUTM HA3LIBAIOT AMTOPUTMOM TUHAMUYUECKOT'O TPO-
TpaMMUpOBaHUsA, niu aaropurmom dopra—bermvana.

9.1.3. [loxaxuTe, YTO MPOTPAMMA, OCTAHETCA TPABIILHON, €CITU HE 3a-
BOIUTL MACCUBA ¥, & MPOU3BOIUTH U3MEHEHUA B CAMOM MACCUBE X (3aMEHUB
B IPOrpaMMe BCe BXOXK IeHUsA OYKBHL ¥ HA X U 3aTeM yIATUTL CTABIINAE JIUIII-
HUMUI CTPOKH).

Pemenne. NuBapuanT 6yqeT TakoB:
MuuCt(1,i,n) <x[i] < MuuCr(1,i,k). O

OTOT AITOPUTM MOXKET OBITH YJIYUIIEeH B IBYX OTHOMIEHUAX: MOXKHO 34
To ke Bpema O(n?) HAMTH HAMMEHBIIYIO CTOMMOCTH TpOE3Aa i — j A
BCcex map i, j (a He TOMBKO mpu i = 1), a MOXKHO COKPATUTHL BPEMsA PAOOTEHL
10 O(n?). Tlpasaa, B OCTETHEM CTyTIae HaM TOTPeGYeTCs, ITOOBI BCe MeHbT
alil[j] 6buim HEOTpULIATENIBHEL.

9.1.4. Hangure HAMMEHBIIYIO CTOMMOCTL MPOe3aa i — j miaa Bcex i, j
3a spema O(n?).
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Pemrenwe. 11k =0...n vepe3 A(i,j,k) 0603HAYNM HANMEHBIIYIO CTO-
UMOCTb MApIIPYTa U3 1 B j, €CAU B KAYECTBE MEPECANOYHLIX PA3PEIICHO
UCIIONB30BATH TOJBKO MMYHKTHI ¢ HOMepaMu He Goabire k. Torga

A(i,j,0) =alil[jl,
A(i,j,k+1) =min(A(i,j,k),A(d,k+1,k) + A(k+1,5,k))

(,Z[Ba BapHuaHTa COOTBETCTBYIOT HEUCIOJb30OBAHNIO 1 UCIIOIB30BAHUIO ITYHK-
Ta k+1 B KavecTBe MepecagovHOro; OTMETUM, ITO B HEM He3adeM OBIBATH
60Jee OHOTO Pa3a). O

ODTOT AINOPUTM HA3LIBAIOT aiaropurmoMm Diaonia.

9.1.5. Kak mporepuTs 3a O(n?) meitcTBumit, mmeeT au rpad ¢ n BepI-
HaMM OUKJILL C OTPULATEILHON CYyMMOI?

[Ykazaune. Moxuo npuMeHATs arroput™ dionga, mpuaém paspemars
i=jBA(i,j,k), moKa He MOABUTCA MEPBLIN OTPULATEILHLIN UK. ] (|

9.1.6. Umeercs n BamoT u Tabiuua OOMEHHBIX KYPCOB (CKOIBKO (uio-
PUHOB IArOT 3a Tajep U T.0.). KOMMEPCAHT XOYeT HEOrPAHUIEHHO 060ra-
TUTHCSA, OOMEHUBAA CBOU HAYATLHBIN KAMUTAT TYAA-CIOAa O 3TUM KyPCaM.
Kaxk mpoBepuTb, BO3MOXKHO 11 5TO?

[Ykazauue. ITocae morapudMupoBaHus JeHBIM YHIOLOOISIOTCA PACCTOA-
HUAM. | O

9.1.7. UssecTHO, YTO BCE IEHBLI HEOTPUIATEILHLL. Hangure HamMeHb-
VIO CTOMMOCTH Tpoeafga 1 — i g1 Beex i = 1...n 3a Bpema O(n?).

Pemrenwe. B nporecce paGoTel anropurma HEKOTOpPBIE ropoga OyayT
BBLeJIeHHBIME (B Havaje — TOJILKO ropon 1, B koHne — Bce). [Ipu sTom:

® A KaXXJOT'O BBIJENEHHOI'O T'OpOJa 1 XPaHUTCA HAMMEHBINAs CTOU-
MOCTBb IyTH 1 — i; mIpu >TOM M3BECTHO, YTO MUHUMYM MOCTUTAETCSA
Ha Ty TH, IPOXOIAIIEM TOJBKO Uepe3 BhIIeTeHHBIE ['OPOIa;

® 71 KaXKJOT'O HEBBIEJEHHOT'O I'OPOAA 1 XPAHUTCSA HAMMEHBIASA CTOU-
MOCTb IyTH 1 — 1, B KOTOPOM B KadeCTBEe MIPOMEXKYTOUYHBIX UCIOIb-
3YIOTCA TONBKO BBIIEJEHHBIE TOPOIA.

MHO0X€eCTBO BBIIEJEHHBIX [OPOIOB PACIIMPSIETCS HA OCHOBAHUH CJIEIYIO-
IIero 3aMevYaHusd: eCIN CPelyd BCeX HEeBBIJEJIeHHBIX I'OPOJOB B3ATH TOT, LI
KOTOPOI'0 XPaHUMOE HUHCIO MUHUMATIBHO, TO dTO YUCIO ABIAETCA NCTUH-
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HOU HaMMeHbIIEe CTOMMOCTLIO. B caMoM gene, mMycTh eCTh 60jee KOPOTKUN
MyTb. PacCMOTPUM MEPBLIA HEBLIAEAEHHEIA FOPOT HA 3TOM IIyTH — YK€ 10
Hero nyTh aaunHee! (31eCh CyleCTBEHHA HEOTPULATEILHOCTD LIEH. )

[Jo6aBUB BEIOPAHHEIN TOPOI K BLIACICHHBIM, MBI JOMKHBEI CKOPPEKTH-
poBaTh MH(POPMAINIO, XPAHUMYIO A1 HEBLLICTCHHLIX FOPOIOB. Ilpm 5TOM
NOCTATOYHO yIECTh JUIIb MTyTH, B KOTOPBIX HOBBLIM MOPO [ ABIACTCA TOCTE]I-
HUM IIYHKTOM MEPECAIKU, 4 DTO JErKO CIEMATh, TAK KAK MUHUMAILHYIO
CTOMMOCTD TIPOE31a B HOBBI TOPOI MEI y2K€e 3HAEM.

IIpu camom 6GECXUTPOCTHOM CIIOCOOE XPAHEHNA MHOKECTBA, BHIIEICHHBIX
ropofoB (B OyJeBOM BEKTOpE) MOGABICHUE ONHOTO TOPOA K YUCTY BEIIE-
JeHHBIX TpebyeT Bpemenu O(n). O

OTOT ATNOPUTM HA3LIBAIOT ATTOPUTMOM [[eNKCTPHL.

9.1.8. Nmeercsa n ropooB, COSAMHEHHBIX TOPOraMu (C OTHOCTOPOHHUM
nBuKerreM). /I T6BIX TOPOIOB 4, j M3BECTEH MAKCUMAILHEIN BEC TPy3a,
KOTODBIM MOXKHO BE3THU U3 ¢ B j (Ipy3omoqbéMHOCTE noporu). Hanaure 3a
Bpema O(n?) maa Bcex TOPOJOB MAKCUMATBHEIR BEC I'Py3a, KOTOPLI B HAX
MOXKHO IPUBE3THU U3 CTOJUIEL.

[Ykazauue. [lencTBynTe aHaJOrwIHO aaroputMmy [JerKkcTpbI, 3aMEHUB
CyMMY Ha MaKCAMYM.] O

OTpicKanne KpaTJaylnero My TH UMeeT eCTeCTBEHHYIO0 MHTEePIIPeTaIo
B TepMmumHAX Marpum. Ilycte A — MaTpuma LIEeH OJHOM ABUAKOMIIAHWM,
a B — marpuna mes apyrou. IlycTs MBI XOTHM JE€TETh ¢ OJHOU MEpeca-
KOU, IpUYEM CHa4YaIa CaMOIeTOM KommaHuu A, a zarem — xommanuu B.
CxoNMBKO HAM MPUAETCA 3AMLIATUTE, YTOOLI MOMACTh U3 TOPOAa i B ropor j7

9.1.9. [loxaxuTe, YTO 3Ta MATPUILA BEIYUCIAETCA IO OOBIIHON hOpMY.Ie
[IJIA TIPOU3BENEHUA MATPUI], TOTHKO BMECTO CyMMBI HaJIO OpaTb MUHUMYM,
a BMECTO YMHOXEHUA — CYMMY. O

9.1.10. [ToxaxuTe, 94TO TaKUM OOpPA3OM OIMPEIETEHHOE MPOU3BEIEHUE
MAaTPUI] ACCOLUATUBHO. O

9.1.11. [JoxkaxuTe, 9TO 334294 O KPATIANIINX My TAX SKBUBATCHTHA, BbI-
qucaeHnio A® gia mMaTpuisl e A: B mocregoBaTeabHOocTH A, A% A% ...
BCE DJIEMEHTHI, HAYUHASA C HEKOTOPOT'O, PABHBI UCKOMOU MATPUIE CTOUMO-
cren kpardanmux nyren. (Ecin HeT orpunaTensHeX TUKIOB!) O

9.1.12. Hauummas ¢ Kakoro »IeMeHTa MOXKHO MapaHTAPOBATH PABEHCTBO
B IpenuIayinen 3agade? O
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O6branoe (He MOAUPUUMPOBAHHOE) YMHOXKEHWE MATPUL TOXKE MOXKET
0Ka3aTbCA TOJE3HBIM, TOIBKO MATPUIEL JOMKHEL OBITH Apyrue. IlycTh ecTh
He BCe pelchl (KaK paHbIIe), a TOIbKO HekoTopee, alil [j]1 pasuo 1, ecan
peuc ects, u 0, ecmu perca Het. Boszseném mMarpuily a (O6GLIMHEIM 06Pa30OM )
B CTENEeHb k 1 mocMoTpuM Ha €€ (i-j)-u smeMeHT.

9.1.13. Yewmy ou papen?

OrBer. Yucay pasmmyuubix cnoco6OB momacTb w3 i B j 3a k pencos
(c k-1 mepecagkamn). O

ITpu omucanuy KpaTdIaunmmx MyTeu CIydar, KOTga eCTh He BCE PEUCHI,
MOXKHO CBECTU K UCXOTHOMY, BBEIA (PUKTUBHLIE PEUCH C GECKOHEUHO GOMb-
mwoi (MaIu JOCTATOYHO GONBIION) CTOMMOCTBIO. TeM He MeHee BO3HUKAeT
TAKOW BOIPOC. UMCI0 PEATBLHLIX PEMCOB MOXKET OLITH CYyIIECTBEHHO MEHb-
me n?, MO3TOMY MHTEpECHLI AINOPUTMEL, KOTOPEIE PAGOTAOT 2hhEKTUBHO
B Takou curyaruu. VcXoqubie TaHHBIE €CTECTBEHHO MPENCTABIATH TOTA,
B Takou (popMe: I KaxKJOTO IOPOa U3BECTHO YUCIO BEIXOIAIINX U3 HENO
PEMCOB, UX IIYHKTLI HA3HAMEHUA U [EHEL.

9.1.14. [lokaxwuTe, 9TO aIropuT™ JeNKCTPLI MOXKHO U3MEHUTEL TaKAM
06paszoM, 9TOOKL [J14 1 TOPOIOB U 1 PENCcoB (BCero) oH TpebGosaa He 6oaee
C(n + m) logn omepamuir.

[Ykazanue. Uro Hano caerars Ha Kax oM mare? BriGpaTs HEBbLAeIeH-
HBI TOPOJ ¢ MUHIMAJILHON CTOMMOCTBIO I CKOPPEKTUPOBATE IEHHI 1A BCEX
rOPOIOB, B KOTOPKLIE M3 HErO €CTh MAPIIPYTHL Ecam OBl KTO-TO COOOMIAT
HAM, [IJA KAKOTO MOPOIa CTOMMOCTH MUHAMAILHA, TO XBAaTWIO OB1 C'(n + m)
IEUCTBUU. A TOAAepKAHAE CBEIEHUN O TOM, KAKOU 3JIEMEHT B MACCUBE MIU-
HuManeH (cM. 3agady Ha c. 115), obxoqures emé B MHOXKUTENs logn.] O

WNuorma mam HyxXHBI He Bce ropoga. IlycTs, ckaxkem, B rpade mZopor
HY>KHO HAUTHU KPATYAUIINU IIyTh MEXKIY ABYMA OIM3KUMM MTOCEIKAMU —
TOrIa TOPOAa U JOPOTY B IPYTOU YACTU CTPAHBI HAC ABHO HE WHTEPECYIOT.
C TOYKU 3peHus aaropuTMa, eCau HAC WHTEPECYyeT PAcCTOSHUE OT i M0 j,
TO anropuT™ [[eNKCTPHI, BEYMUCIAIONINN PACCTOAHNS OT i IO BCEX TOPOIOB,
MOXKHO OCTAHOBUTB, KAK TOIBKO TOPOJ j CTAHET BBIICICHHBIM.

9.1.15. ITokaxwuTe, 9TO B DTOT MOMEHT BBIIEJIEHLI MOI'YT OBITH TOJIBKO
ropoja, KOTOphIe He Jafbllle OT i, 1eM j.

[Ykazauue. [l HEBBIAEAEHHOT'O MOPOAA C MUHUMATHLHOM CTOMMOCTBIO
pacCcTosHME O HErO PaBHO €ro CTOUMOCTH, a IIA JI0OOr0 APYrOro HEBHI-
JEIEHHOTO TOPOIa U PACCTOAHWE HE MEHBINE (CPABHUM C PACCTOAHUEM IO
[EePBOr0 HEBBLLAEJEHHOrO I'OPOAA HA KPATYANIIEM IIyTA B U).]
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Ecau MBI (KaK 5TO 9aCTO 4EIal0T HA NMPAKTUKE) XPAHUM OTIEIbHO BBI-
JeJeHHBIe ropoAa (Kak MHOXECTBO, cM. riaBbl 13 u 14), a Takxke HEBbI-
JeJeHHBIE TOPOIa KOHEYHON CTOMMOCTY (MHOXKECTBO ILIIOC IIPUOPUTETHASL
ouepennb, ¢. 115), npeasiaymas 3a1ada OrpaHnIUBACT KOJIMIECTBO XPAHU-
MBIX TOPOJOB: 3TO I'OPOMa, OTCTOAIINE OT i He OOJbIIe, YeM T'Opox j, a
TaKkXe BCe UX cocenu. Takou crmocob XpaHeHUs MOME3eH, ecau rpad 3a1aH
HEABHO — CKAaXKeM, eCJIM Mbl UINeM KPaTYaWlIud [IyTh U3 OJHOU ITO3UIINN
KaKOU-TO rojoBojoMku B apyryo. (Ilpu peamusanuu arropurma JenkcTpst
OT MPUOPUTETHOU OUEPEIN, TOMUMO B3ATUA HANMEHBIIIETO DJIEMEHTA, TOHA~
TOOUTCA OMEPAIUsa YBETUUIEHUA MPUOPUTETA DAEMEHTA, HO €€ TOXe JTeT'KO
pPeaIn30BaTh IPU CIOCOGE XPAHEHUA, ONMUCAHHOM B 3agade 6.4.2.)

Ipeapiaymme 3aMedamna OCOOEHHO MOJE3HBI B COYETAHUU C MemMoJdoM
nomenyuasos. IlycTb ecThb HeKOTOpasa (PYyHKIUA (¢ Ha BepmumHAX rpada,
HA3BIBAEMAA NOMENYyuasom. I3MeHuM 1avHEL Beex pébep rpada, npubaBus
K nuuHe pebpa u3 u B v Bemmauny p(v) — o(u).

9.1.16. [JoxkaxuTe, YTO IPU TAKOM U3MEHEHUU rpada KpaTIaulime my-
TU COXPAHATCA (KPATIANIINN Iy Th U3 OJHOU BEPIIVHLL B IPYTYIO OCTAHETCA
KPATYANUIINM ), HO UX IJIWHBI U3MEHATCA: K JJIMHE KPATIANUIIEero Iy T U3 P

B q mpubasutca ¢(q) — p(p).

[Ykazauue. K giune m1060r0 myT U3 p B ¢ IPUGABUTCA KaK Pa3 Ta XKe
camas pasHocTb ¢(q) — ¢(p) (upu caoxennu nOOGABOK K oauHAM DEGEp BCe
[POMEXKYTOYHBIE WIEHB COKPATATCA). |

JTa 3ajada BMECTE C TPEeIBIIYIIIMEA UCIOIb3YeTCSA B AITOPUTME, Ha-
spiBaeMoM A*-momckom. IlycTh HaM HATO HAUTHU KPATYIAUIIEE PACCTOSHUE
oT i mo j. Bo3bMéM B KauecTBe MOTEHINATA HEKOTOPYIO DBPUCTUYIECKYIO
omeHKy paccrosHus no j. Torga pébpa, uayime B CTOPOHY yMEHbBIIECHUs
DTOU OUEHKU, CTAHYT KOPOYE, U MOITOMY AJICOPUTM OyAeT PacCMaTPUBATH
X B IEpByIO odepenb. HyKHO TOIbKO, ITOOBI mauHA BCex pébep ocTasa-
JaCh HEOTPUIATEILHON, TO €CTh YTOOKI IINHA pebpa uv ObLIA HE MEHDIIe

p(u) — o(v).

9.1.17. IlokaxuTe, 9TO €CIM 3TO CBOUCTBO BLIIIOJHEHO, TO 3BPUCTUIE-
CKas OLEHKA PACCTOAHUA OygeT (rapaHTUPOBAHHO) HUXKHEU OLEHKOM.

[Ykazanne. Kak oHa MeHAETCSA BAOTL KpATIANIIEro myTu? |

9.1.18. IlycTb pébpa B Tpade — >TO mOpOrH, a UX AJNHA U3MEPSIET-
€A BOOJAL AOPOrd. UTO TOrma MOXKHO BHIOPATH B KAa4eCTBE TAKOU HUXKHEN
OlLIeHKU?

Orset. [eomerpuyeckoe paccrosuue (IO MOBEPXHOCTU 3eMIH) 10 j.
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9.2. CBsA3Hble KOMMOHEHTbI, MOUCK B FAYy6UHY
N LLUMPUHY

HaubGomee mpocTon caydan 3a0adu 0 KPATUAUIIAX MYyTAX — €CIU BCE
ueHsl paBHBL 0 wm +00. [IpyruMu croBaMu, MBI HHTEPECYEMCsI BO3MOXKHO-
CTBLIO IONACTh U3 § B j, HO 33 IEHOU He IOCTOMM. B Opyrux TepMuHAX: MEIL
uMeeM OPUEHTUPOBAHHBLIN rpad (KAPTUHKY U3 TOYEK, HEKOTOPHIE U3 KOTO-
PBIX COCOUHEHBI CTpeJIKaMI/I) U HaC UHTEPECYIT BEPINUHBI, TOCTYIHBIC N3
NAHHOM.

[lna 5>TOro crydasa 3aJadd O KPATIaAWIX MYyTAX MPUBEICHHLIE B Mpe-
OBIIYIIEM pasgese aIrOpUTMBI — He Hawrydmue. B camom gene, 6o/ee ObI-
CTpas PeKypCUBHAS MPOTPAMMA PEIIeHUS 3TOU 32 Ja41 IPUBEICHA B TIaBe 7,
a HepekypcuBHaa — B Tase 6. Cenvac HaC MHTEpecyeT Takas 3ajJaja: He
MPOCTO MEPEIUCIUTE BCE BEPITUHEL, JOCTYMHLIE U3 JAHHOU, HO MEPEINCIUTh
UX B ONpENeJEHHOM mopsaake. /[Ba MOMyIAPHBIX CIyYas — MOUCK B ITUPUHY
7 B TVIyOUHY.

Ilouck B nmpumy.

Hano mepevyucaunTh BCe BepIIMHBI OPUEHTUPOBAHHOIO rpada, NOCTYII-
HBIE U3 JAHHOW, B IIOPALKE yBeaudeHus AauHbl myTu oT Heé. (Tem cambiM MBI
pelmM 3a0a9y O KpATIANIINX My TAX, KOMIa HeHbl pé6ep paBHH 1 wiu +00.)

9.2.1. IlpugymanTe aIrOpuTM PELIEHUA DTOU 3a4a9M C GUCIOM Aer-
ctBun He 6onee C - (aucao pé6ep, BEIXOAANMX U3 UHTEPECYIOUUX HAC BEp-
I7H).

Pemenume. JTa 3amada paccmarpuBaiack B riase 6, ¢. 114. 3mecs Mb
npuBenéM nogpobuoe pemrerne. I[lycts num[i] — xomudecTBO pébep, BLI-
xomsamux w3 i, out[i]1[1],... out[i] [num[i]] — Bepmuubl, Kyma BegyT
pébpa. Bor nporpamma, npuBenéHHAA paHee:

procedure Joctymuume (i: integer);
{HanmevaTaTs Bce BepumMHH, HOCTyIHHe M3 i, BkmwyYad i}
var X: momMHOXecTBO 1..n;
P: mommHOXecTBO 1..n;
q, v, w: 1..n;
k: integer;
begin
...cmemate X, P mycTemMu;
writeln (i);
...mobaBute i ¥ X, P;
{(1) P = mMHOXecTBO HameYaTaHHHX BepuMH; P comepxur i;

(2) HamevYaTaHH TOIBKO NOCTYIHHE M3 1 BEpUMHH;
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(3) X - momvMHOXecTBO P;
(4) Bce HameyaTaHHHe BEpUMHH, U3 KOTOPHX BHXOIUT
pebpo B HeHalevaTaHHyl BEpUMHY, OpUHALIexaT X}t
while X HemycTo do begin
...B3ATb KaKOM-HUOGYLEL >IeMeHT X B V;
for k := 1 to num [v] do begin
w := out [v][k];
if w He mpmuammexuT P then begin
writeln (w);
Lo6aBUTL W B P;
Lo6aBUTE W B X;
end;
end;
end;
end;

Torga HAM OBLTO GE3PA3MIUIHO, KAKOW MMEHHO DJIEMEHT MHOXKECTBA X BEI-
6upaerca. Ecau mbr Oygem cauraTts X odepensio (HepBbIM IPUIIET — [ep-
BLIM YIIET), TO 3TA IPOrPAMMa HAIEIaTAET BCE BEPIINHEI, JOCTYIHbIE U3 i,
B MOPAIKE BO3PACTAHUA UX PACCTOAHUA OT i (ducia pédep Ha KpaTdauiiem
nyty u3 i). Jokaxkem 5To.

O6ozuauum vepes V (k) MHOXKECTBO BCEX BEPIIVH, PACCTOAHUE KOTOPHIX
oT i (B onmucanHOM CMBICIE) paBHO k. MIMeeT MeCTO Takoe COOTHOILIEHUE:

V(k + 1) = (xonust pébep ¢ magamamu B V(k)) \ (V(0)U... UV (k))

Moxaxewm, uro mis aroboro k= 0,1,2... B xome pabOThI TPOrPAMMBI Oy I€T
TaKOU MOMEHT (TOCJe OYepeIHON UTepalnu NuKIa while), korga

B odepeny cTOAT Bee diaeMeHTH V (k) 1 TOIbKO OHu;
Hanedaransl Bee aaeMeHTs V (0),..., V (k).

(Ina k = 0 sTo GyneT cocToauue nepen nukiaom.) Paccyxnas o uugykiuu,
OPENTOI0KUM, UYTO B OUEPEIN CKOMMUIUCHL Bee aneMeHTrl V (k). Ouu GynyT
IPOCMATPUBATLCA B IMKJE, IIOKA HE KOHIATCA (MOCKOIBKY HOBBIE BJEMEH-
Tl TOOABIAIOTCA B KOHEL, OHU HE IepeMemaiorcs co crapbivu). KoHubr
BEIYIIUX U3 HUX PEGEP, €CIM OHU yKe HE HAEYATAHBI, MeIATAIOTCA U CTar
BATCS B O¥Yepenb — TO €CTh BCE KaK B 3AMMCAHHOM BHIIIE COOTHOIIEHUN
o V(k + 1). Tax 4To korga Bce cTaphbie DJIeMEHTH KOHYATCA, B OYepenn
6yayT cTOATH Bee dmeMenTH V(k + 1). O

Ilouck B riry6uny.

Paccmarpusas mouck B riiybuHy, yIOOHO MPEACTABIATL Ce0e OPUEHTH-
poBaHHBIN rpad Kak o6pa3 gepesa. Bomee TOYHO, MyCTh €CTH OPUEHTUPO-
BaHHBIZ rpady, OMHA U3 BEPIIUH KOTOPOrO BEIAENEHA. ByneM mpeamnonrarars,
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YTO BCE BEPIIMHBL JOCTYIHBI U3 BBIJEJEHHON 10 OPUEHTUPOBAHHBIM Ty TAM.
IMocTpoum gepeBo, KOTOPOE MOXKHO OBLIO OBI HA3BATH «yHUBEPCAJILHLIM Ha-
KpeITHEM» Hamrero rpada. Ero kopuem 6yneT BuIgeseHHas BepuinHa rpada.
W3 KOpHSA BEIXOMAT Te XKe CTPENKU, ITO U B I'pade — UX KOHITLI Oy IYT ChI-
HOBBAMU KOpHA. VI3 HUX B JepeBe BHIXOAAT T€ XKe CTPEeNKU, UTO U B Tpade
u Tak mpanee. Pasuuia Mexay rpadoM # IepeBOM B TOM, UTO IYTH B I'pa-
(e, Begymupe B OQHY U Ty XK€ BEPIIUHY, B JAepeBe «PACKJIEEHBD. B apyrux
TEePMUHAX: BEPIIUHA TepeBa — 3TO MyTh B rpade, BEIXOIAIINNA U3 KOPHI.
Eé cbHOBbS — 5TO myTH, IPOLOKEHHBIE HA OTHO peGpo. 3aMeTum, ITo
IepeBo OGECKOHETHO, eCIU B Tpade eCTh OPUEHTUPOBAHHLIE ITUK.TH.

Nmeerca ecTecTBeHHOE OTOOpaXeHue aepesa B rpad (BeplmH B Bep-
mumus). [Ipu 5TOM Kaxnas BepimHa rpada UMEeT CTOIBKO IPOOOPA30B,
ckobKO 1y Ten B Heé Benét. [losToMmy 06x0x gepesa (mocelnenre ero Bepiius
B TOM WU MHOM IOPSJKe) OJHOBPEMEHHO SBJAAETCA U 00X0moM rpada —
TOJTBKO KaXKIas BEPIINHA MOCENIaeTCsA MHOTOKPATHO.

Bygem mpegmomaraTth, 9TO A KAXKIOW BEPIMUHEI rpada BBIXOIAIINAE
u3 Heé pébpa ymopaALOveHH! (HampuMep, TPOHyMepOBaHbl). TeM caMbIM 11
KaXK O BEPIIMHLL IePeBa BLIXOIAMME 13 Heé PEOpa TakkKe YIOPAILOYeHEL.
Bygmem 06xoquTh gepeBo Tak: CHavaIa KOPEHb, & HOTOM IOAAePeBbs (B mo-
pAaKe Benymmux B HUX pébep). Taxon 006X01 AepeBa pacCMATPUBAJICA HAME
B raBe 7. Emy coorBeTcTByeT 06x01 Tpada. Ecau BLIKUHYTE U3 3TOT0 06-
X018 TTOBTOPHBIE TIOCEIIEHUA YKe TOCEIIEHHBIX BEPIIWH, TO TOJYIUTCA TO,
YTO HA3BIBAETCS (ITOUCK B [VIYOUHY».

[dpyruMu caoBaMu, HA MyTAX, BBHIXONAIIUX U3 BLITEJEHHOU BEPIIUHEI,
BBEAEM HOPSAIOK: IIyTh MPEIIIECTBYET CBOEMY IPOIOIKEHIIO; €CJAN IBA ITy-
TU PACXOIATCA B HEKOTOPOU BEPIIUHE, TO MEHBIIUM CIUTACTCA TOT, KOTO-
PBI BEIXOQUT U3 HEeE M0 MEHbINeMy pedpy. BepmuHnt Teneps yrnopagounsa-
IOTCS B COOTBETCTBUU C MUHUMAJIBHBIMU Iy TAMY, B HUX Begymmmu. O6xon
BepiinH rpadga B yKa3aHHOM HOPSIIKE HA3LIBAETCI NOUCKOM 8 24YOUNY.

9.2.2. Hanwmmmre nporpaMMy HOUCKA B MIyOUHY.

[Ykazanue. BospméM nporpammy 06xoga gepesa (KOpeHb — JIEBOE MO/~
IE€PEeBO — MpPaBOe MOMIEPEBO) U3 DMIABLI 7 WIA U3 TVIABLL 8 U UCIOIb3YEM
€€ TIPUMEHNUTENBLHO K OOCTOATETLCTBAM. [IABHOE M3MEHEHUe: He HAA0 MO-
CemaTh BEePIIMHLI TOBTOPHO. Tak ITO eCaM MBI TOMATA B yKe MOCEMEHHYIO
BEPIIUHY, TO MOXHO C Hel Hudero He aenarsb. (Ecin nyrts He Munumanen
Cpenu BeIyIIuX B NAHHYIO BEPIIMHY, TO W BCE €r0 MPOJOIKEHUA HE MUHU-
MaJbHBI — UX IPOCMATPUBATH He HATO).] a

3ameqanne. Hamomuum, 9T0 B riiaBe 8 yIOMUHAINCEH IBE BO3MOXKHOCTU
yCTpaHeHus pekypcuu B mporpamme obxona gepesa (c. 142). O6a sapuanra
MOXKHO HCIOJIB30BATH IJIs MOUCKA B IUIyOuHY.
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ITouck B rryOuHy JI€KUT B OCHOBE MHOT'MX AJCOPUTMOB Ha rpadax, mo-
POU B HECKOJIBKO MOIUMUITPOBAHHOM BUJIE.

9.2.3. HeopuenTupoBaHHBEU Tpad HABBIBACTCA 06YJ0AbHbIM, €CIU ero
BEPIINHBI MOXKHO PACKPACUATH B IBA IIBETA TAaK, UYTO KOHIIKI TI0OO0r0 pedpa —
pasuoro mseta. CoCcTaBbTE aICOPUTM TPOBEPKU, ABIACTCA JU 33 TAHHBIA
rpad ABYLOJBHBIM, B KOTOPOM YUCJIO geucTBun He npesocxoaut C - (qucao
pé6ep + IUCIO BEPIINH).

[Ykazanue. (a) Kaxayio CBA3HYI KOMIIOHEHTY MOXHO DACKPAIIABATH
oTaenbHo. (6) BRIOpaB BET OMHOU BEPIIMHEL U OOXONA €€ CBA3HYIO KOMIIO-
HEHTY, MBI OPEeIAeM €IUHCTBEHHO BO3MOXKHBIN [BET OCTATBHEIX. ] O

3ameuanue. B sTou 3agate 6€3pasiniHO, IPOU3BOUTE [IOUCK B IINPUHY
UIn B DIIyOUHY.

9.2.4. CocTaBbTe HEPEKYPCUBHBEIA AMTOPUTM TOMOJOTUYIECKON COPTU-
POBKHU OpHEHTUPOBAaHHOIO rpada 6e3 mukios. (PekypcusHbil aaropurm
cM. Ha c. 128.)

Pemenue. [Ipeanonoxum, 9T0 rpad uMeeT BEpIINHLI ¢ HOMepaMmu 1. ..n,
[T KAXK OV BEPITUHET i U3BECTHO umMciao num[i] BuIXOgATIUX 13 Heé pédep
u HoMmepa BepimmH dest[i] [1],...,dest[i] [num[i]], B xkOoTOpBIE DTU pPE-
6pa BenyT. BygeM yciIoBHO cauTaTh, ITO pEOPA MEPEINCTICHBL «CIEBA HAIPa-
BO»: JIeBee TO pebpo, y KOTOporo Homep Mensbine. Ham Ha 10 HamevaTaTs BCe
BEPIINHLI B TAKOM MOPAIKE, YTOOLI KOHEIl JI00r0 pebpa ObLT HAIeYaTaH
mepen ero HadajaoM. Mbr mpeamoaaraeM, 9ToO B rpade HET OPUEHTUPOBAH-
HBIX [VKJOB — WHAYE TAKOE HEBO3MOMKHO.

[1a magaga mobaBuM K rpady sepmmHy 0, U3 KOTOpOU pébpa BemyT
B BepumuHkl 1, ...,n. Eciau eé ygacrcsa HanedaraTs ¢ COOIIO [eHUEM NPABUIT,
TO TEM CAMBIM BCE BEPIIUHBI Oy IyT HAEIATAHHI.

AnropuT™ XpaHUT MyTh, BEIXOIAIINU U3 HYJEBOUW BEPIIUHLI U UIYIIANA
o pé6pam rpada. [lepemennas 1 0TBOAUTCA MIA AJIUHEL 5TOro myTu. [lyTs
obpasoBan Bepumuamu vert[1]...vert[1] u pébpamu, uMeIMMI HOME-
pa edgel[1]...edge[1l]. Homep edgels] orHocuTcs x Hymepamuu pébdep,
BBIXOAAMUX n3 Bepmuusl vert [s]. Tem caMbiM 11 BCEX S TOMKHBI BBITTOJN-
HATBHCA HEPABEHCTBO

edge[s] < num[vert[s]]
U PABEHCTBO
vert[s+1] =dest [vert[s]] [edgels]].

3aMeTuM, 9TO KOHel[ MOCAeIHEro pedpa HAIero myTu (TO eCTh BepIIuHA
dest[vert[1]] [edge[1]], me BriutouaeTcsa B maccus vert. Kpome Toro,
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s IOCJIefHero pebpa MBI IeqaeM UCKIIOYeHNe, Pa3pelias eMy YKa3bIBaTh
«B yCTOTY», T. €. pazpemraem edge[1] paBusrocs num[vert[1]]+1.

B mpomecce paboTer anropurMm OygeT medaTraTbh HOMEpA BEPIIUH, MpU
>TOM coOmonas TpeOOBaHME «BEPIIMHA HalledaTaHa TOIHKO MOCTE TeX Bep-

IIMH, B KOTOphIe n3 Heé BenyT pébpar. Kpome Toro, OymeT BHITOTHATHCA
Takoe TpeGosanue (1):

BEpIIUHEL Iy TH, Kpome mocaenuen (vert[1] ... vert[1]) ue na-
MEeYATAHBI, HO CBEPHYB C MIyTU HAJEBO, MBI HEMEIJIEHHO YDA~
€MCsI B HAIEYATAHHYIO BEPIIUHY .

Bot uTo monyuaercs:

1:=1; vert[1]:=0; edge[1]:=1;

while not( (1=1) and (edge[1]l=n+1)) do begin

if edge[l]l=num[vert[1]]+1 then begin

{myTe KoHYaeTcA B HmyCcTOTe, MOSTOMy BCE BEpIMHH,
crnenyoume 3a vert[l], HamewaTaHH - MOXHO
mevyarats vert[1]}

writeln (vert[1]);

1:=1-1; edge[l]:=edge[1]+1;

end else begin

{edge[1] <= num[vert[1]], myre koHuaerca B
BepumHe}

lastvert:= dest[vert[1]] [edge[1]]; {mocmemusaa}

if lastvert mamewarana then begin

| edge[1] :=edge[1]+1;

end else begin

| 1:=1+1; vert[l]:=lastvert; edge[l]:=1;

end;

end;

end;

{myTe cpasy ®e BeméT B NyCTOTy, IO>TOMy BCe BepUIMHH
ZIeBee, TO ecThb 1..n, HameyaTaHH}

9.2.5. JloxaxwuTe, YTO ecin B rpade HET MUKIOB, TO 3TOT AITOPUTM
3aKaH4INBaET PaboTy.

Pemrenne. Ilycts 510 He Tak. Kaxmas BepimHa MOXET MeYaTATHCA TO-
JBKO ONWH pPa3, TaK ITO C HEKOTOPOT'O MOMEHTA BEPIIUHBI HE MEYATAIOTCA.
B rpade 6€3 MUKIOB AJIMHA Ty TH OrPaHNIeHa, (BEPIIMHA HE MOXKET BXOIUTH
B IIyTh ABAXK[HBI), IOSTOMY MOLOXKAAB €IIE, MBI MOXKEM JOXKIATHCA MOMEH-
Ta, IOCJe KOTOPOro IyTh He yaauHseTcs. [locme sToro moxer pasee 4TO
yBeauuuBaThesa edge[1] — HO u 5T0 He GecrnpenesbHoO. O
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TeM caMBIM MBI HOCTPOUIA UCKOMBIN HEPEKYDCUBHBLIA AICOPUTM TOIIO-
JIOCMYECKON COPTUPOBKHU Irpada. O

9.2.6. [loxkaxwure, 9TO BpeMsa padOTHI DTOr0 AITOPUTMA HE MPEBOCXO-
aut O(uucnao Bepuve + qucio pédep). O

9.2.7. Kak MoaupuimpoBaTh aIrOpUTM TaK, YTOOBI OH OTBICKUBAT
OJVH U3 IUKJIOB, €CJAA TAKOBLIE UMEIOTCA, U IPOU3BOLUI TOMOJOINIECKYIO
COPTUPOBKY, €CIN UKIOB HET? O

9.3. CeTu, NOTOKM M paspessbl

B sTom paszgene MBI pazbepéM aIrOpuUTM 1A PElleHns eIné OTHOrO TUIIA
3aa4, CBA3aHHBIX C rpadaMu.

9.3.1. B mymkre A nobniBaioT HeQTh, a B IyHKTe B eé nepepabarniBa-
1oT. [lJocTaBka oT HO6BME 10 epepaboTKy npoucxogut mo Tpybam. Okomo
KaXKIOU TPYOLI MOKA3aHA €€ NPOnYycKkHas CnocoOHOCMb: CKOMBKO €IMHMUIL
HeTU MOXKHO TIO HEU MPOKAYATh 33 eIUHUILY BpeMenu. Kakoe MakcuMaih-
HOE KOJIUYECTBO HEPTU MOXKHO NOCTABUTH u3 A B B 3a equHuiy BpeMeHu
7 KaK 5TO CAeIATh?

Pemenne. Cpa3y xe sacuo, 94T0 60ubiie 10 u3 A He BhiBe3TH (moTOMY 9TO
€CTb TONBLKO TPYOsI 4 u 6), 1a u B B He gocTaBuThb Mo TOU Xke npuanse. Ho
naxe u 10 He TOMIYIUTCA: TPUIIEAIINAE TI0 BEpXHEN TpyOe 6 equHuUIl HEeKy1a,
neBaTh (MakCUMyM MOXHO OTmpaBuThb b =4 + 1). Ho 9 equnum nponyctuTsb
10 CeTU MOXKHO:

Oxos0 Kaxgou TPYOBl YKA3AHO HANPABJICHUE IOTOKA U €r0 BeJUYNHA
(B KBaAPATHBIX CKOOKAX — MAKCUMAJIbHO BO3MOXKHASA BEJIUIUHA).
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JIerko moBepuTh, 9TO 3TO HAWIYYILIAN BAPUAHT U ITO OOJbIIE 9 eIrHNII
OPOIYCTUTh IO CeTU HEMb3sA, HO €CIN KTO COMHEBACTCA, MOXKHO OOBACHATE
sro Tak. [Iposeném B ceTu rpanuny (IyHKTUPHAS IMHAA HA PUCYHKE), Da3-
nensromnyio A u B.

Yepes meé BegyT TpyOBI mpomyckHOu crmocoouoctu 4,1,4, B cymme 9,
TaK 9TO OOJBINE HE MOJTYIUTC. O

B sToM pasgene MBI yBUAUM, YTO MPUMEPHO TaK XKe OOCTOUT IEI0 U B
o0IIIeM Caydae: B JIOOOU CeTU MAKCUMATLHO BO3MOXKHBIN TIOTOK OTPDAHUYEH
MUHAMAJILHBEIM PA3PE30M TOU ke BeIUYUHEL, U pa3tepéM oquH (CaMBId mep-
BBl ¥ CAMBIN IIPOCTOR) AJTOPUTM MOMCKA DTOrO MOTOKA U DTOTO Pa3pesa.

Ho mpexzge gem 510 BCé TOYHO cHOPMYIUPOBATDH U AOKA3ATH, HANO 10O-
rOBOPUTHCA 00 0603HAYeHUAX. B HameM npumepe TpyObI OBLIN «HEOPUEHTH-
POBaHHBIE» — OHU MOTVIN pa00OTaTh B 00€ CTOPOHKI, U IPOIIYCKHBIE CIIOCO0-
HOCTY TyIa U Ciofa ObLn ofuHaKoBLIe. HO 5T0 He 00sa3aTenbHO: 6y 1eM Cum-
TaTh, 9TO MO TPYOe U3 y3/a i B y3eJ j MOXKHO IIPOKAYUBATH C[i, j| eauHuI,
a B 00paTHYIO CTOPOHY C[j,i] eIUHUL, U DTU IPAHUNLI B IPUHIUIE MOLYT
ObITH pa3HBIMU (HAIIPUMED, I OTHOCTOPOHHEN TPYObl OJHO M3 DTUX UW-
cel PaBHO HyJ0). MBI Ipeamonaraem, 9To y3asl ceTu (= BepumHsl rpada)
MIPOHYMEPOBaHKI OT 1 M0 n, Tak ITO ¢ O6yAeT ABYMEPHBIM MACCUBOM THCEN.

OTu 0003HAYEHNS BLI3BIBAIOT HECKOIBKO €CTECTBEHHBLIX BOMPOCOB!

o Yemy pasno cfi, j], ecaw uz i 6 j nem mpybu? OTBET: OTCYTCTBYIOWAA
TpybHa — BCE paBHO 9TO TPYyOa ¢ HyJEBOU MPOIYCKHOHN CIIOCOOHOCTHIO,
Tak 9TO MBI moJaraeM cli, j| = ¢[j,i] = 0 B arom caygae. (IIpu ouenxe
BpeMeHM paboOTHI AIrOpUTMa HAM Oy IeT BaXHO, Kakue pedpa ecThb, a
KAKUX HET, HO TOKAa, YTO MOXKHO CIMTATH TAK.)

o A ecauuzi e j eedym deée mpy6u? OTBET: TAKOE HE PA3PEINIAETCA, HO
STO HE BAXKHO, IOTOMY 9TO HECKOJIBLKO TPYO MOXKHO BCErIa 3aMEHUTH
OIHOU, CJIOXKUB UX MPOMYCKHBIE CTOCOOHOCTH.

o Yemy pasuw c[i,i]? OTBET: HE UMeET 3HAUEHUS, HO MOKHO CIUTATH,
aTo c[i,i] = 0.

Maccus c[i, j] 3agaér cemv (mo-aurvmucku network), sHadenwe c[i, j]
HA3LIBAIOT NPONYcKHot cnocobrnocmuio (capacity) Tpy6et u3s i B j. Tenepn
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HAIO HOTOBOPUTBCA, KAK MBI OyI€M MPEICTABIATE M XPAHUTH B AITOPATME
nomox (flow) B aTOU ceTn, TO ecTH cXeMy TPaHCHOPTUPOBKU. TyT mosesHa
MaJeHbKas XUTPOCTD: MMOTOK U3 j B i MBI OyI€M CUYUTATh MOTOKOM U3 i B J,
HO C TPOTUBOMOIOKHLIM 3HAKOM. [pyTUMu CI0BAMU, MBI Oy IeM paCCMATPH-
BaTh Maccus [[i, j] Toro xe pasmepa, y koroporo f[i, j] = —f[J, 4] npu Bcex
i,j ot 1 mo m. M3 sroro ycrosus crenyer, uto f[i,i] =0 (u »To mormd-
HO: HaM He HyXKeH IOTOK u3 BepmuHbL B cebs). Boaee dpopmanbao, mycts
(PUKCUPOBAHLI IBA PA3HBIX 4KCaAa § (HOMED Y3Ia-UCTOYHUMKA) u ¢ (HOMep
yana-nmorpeburens). Uuorga s HaseiBaloT ucmokxom (source), a t HA3LIBAIOT
cmokom (sink). Maccus f HA3BIBAIOT NOMOKOM B CETH ¢, €CIU

o fli,j] = —flj,i] mna Bcex 4,j oT 1 1o n (yxe obcyxmanu);

o fli,j] < cli,j] mns Beex 4, j or 1 1o n (MOTOK MO eGPy He MPEBHIMIAET
€ro MPOMYCKHON CIIOCOOHOCTM);

o >0, fli,j] =0 mpu Beex i, ommaHBIX OT S 1 1.

ITocrenuee ycmoBue o3HadvaeT, YTO BO BCEX BEPIIMHAX, KpoMme S u t, Ha-
18 yCJIOBHAS HEe(PTH HE HOOBIBAETCA M HE TEPSIeTCS — CKOMBKO MPUXOIUT,
CTOJBKO U YXOAUT. 3AMETUM, YTO HAIIU COTVIAIIEHUS O 3HAKAX MO3BOJAIOT
3ammucaTh HTO YCJIOBUE, He PA3Nesdas BXONAIINE U BHIXOAAIME PEdpa, 1 TO
yIO0HO.

9.3.2. Kak B 5>Tux 0603HAYEHUAX 3aMNCATH CETh M IMOTOK M3 HAIIErO
npumepa?

Pemenne. O603Ha9UM BEPXHIOI U HUXKHIOK BepiuHbl uepes C' u D (Mb
UCIOb3yeM OyKBBL BMECTO HOMEPOB, HO MOHATHO, 9TO UMEETCA B BULY).

c|A[B|]C|D fTA[B]C D
A[0[0[6]4 Al 0|05 | 4
BlO[O0]|4]6 Bl O |0]|—-4]-5
Cl6|4a0]1 Cl-5]4]0 |1
D[4]6[1]0 D|[-4[5]|-1] 0 O

O6paTuTe BHUMAHUE, 9TO MATpPULA f, KAK TOBOPAT, KOCOCHMMETPUY-
Ha (CMMMETPUYHBIE OTHOCATEILHO IVIABHOU IMATOHAIN KJIETKU COAEPKAT
IPOTUBOMOMOKHEIE YUCTA), & MATPUIA ¢ cuMMeTpudHa. KococuMmmerpud-
HOCTb MaTPUULI f — DTO pe3yabTAT HAIIEr0 COMVIAIIEHUs, ITO MOTOK U3 §
B j B HAIlEW OyXTaATEPUN YINTHIBAETCA OBAXKILI, CO 3HAKOM ILTIOC B OHOU
KJIETKE U CO 3HAKOM MUHYC B cuMMeTpudHon. Ha Bcakum ciaydanu emg pas
MOAYEPKHEM, YTO HET ABYX OTAENBHBIX HOTOKOB U3 % B j» U «U3 J B i»,
KOTOPBIE MOXHO MEHATH HE3aBUCUMO; CTh TOJBKO ONUH MOTOK, KOTOPHIU
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JIUIIb 3AMUCBIBAETCA B ABYX KAETKAX C IPOTUBONONOKHBIME 3HaKamu. (Ilo-
IO0GHO TOMY, KaK [MEPETOK 3IEKTPUIECTBA U3 OJHON CTPAHEL B IPYLYIO OJHA
CTpaHa 3alUCHIBAET KAaK DKCIOPT, & APYras KaK UMIIODT.)

A MaTpuna ¢ cuMMeTpUYHa U3-33 TOTO, YTO MBI PACCMATPUBAEM CUM-
MeTpUYHBIE TPYOhI — W DTO, B OTJINYNE OT KOCOCUMMETPUIHOCTHU MTOTOKA,
He o0s3aTensHO. BriomHe MOXHO OBLIO OBI pACCMaTPUBATH OTHOCTOPOHHIOK
TpyOy (CM. HEHXKE).

9.3.3. Kaxkue yc1oBus HaKIaIBIBAIOTCA HA TOTOK U3 § B f, ecau c[i, j| = 2
u clj,i] = —2?

Pemenue. Ycnosus nawor f[i,j] <2 un f[j,i] = —f[i,j] < =2, To ecTh
flé,j] = 2. Takum ob6pasom, B aTou cetu Tpebdyerca f[i,j] = 2, He Gomabiue
u me menbme. (MoXHO npencTaBuTh cebe TPyOy, B KOTOPOU MO KAKAM-TO
TEXHOJIOTUICCKAM IPUIMHAM HETb3S OCTAHABINBATE WK JAXKe YMEHBIIATH
MEePEeKavKy HUXKe MAKCUMATLHOTO YPOBHIL. ) O

9.3.4. Kak orpasuTh B HAIWX OOO3HAYEHUAX OTHOCTOPOHHIOI TPyOy,
MO0 KOTOPOU MOYXKHO MEPEKAYUBATEL U3 1 B j He Oomee 2 equHUIl, a 06GpPaATHO
HUYEr0 MePEeKaINBATE HEIb35 !

Otser. ci,j] =2, c[j,i]=0. a

9.3.5. Kaxk sanucars B TepMuHax c[i, j| yCJIOBUE «IOTOK U3 i B j JOKEH
OBITH He MeHbIne 2 u He Goabine 3»7

Otser. c[i,j] =3, c[j,i] = —2. |
9.3.6. To0 MOXHO CKa3aTh O IOTOKE B CeTH, ecau cli, j| =2, ¢[j,i] = —37
OrBer. Takoro noroka He CyIIeCTBYeT. ]

Ecnn oTpuniarensHble 3HAUEHUs c[i, j| BAC MyraloT, TO MOXHO IOTOBO-
PUTBLCA PACCMATPUBATHL TOIBLKO CeTH, rae cli,j] > 0 upu Bcex i, j. B Takon
CeTH BCErga eCTh MOTOK (HyJIeBOM — BCe TPeOOBAHUA BBIIOIHEHHI). Tak
MBI U CIUTAEM B JaJLHEUINEM, €CIU 0OPATHOE He ONOBOPEHO ABHO. 3aMETh-
Te, uTO cpenn f[i,j] oTpunaTenbHEE YMCIa BCE paBHO OyayT (ecam mOTOK
HEHYJIEBO) — B CHIY KOCOCUMMETPUIHOCTH.

B cremytomen 3agade TpebyeTca mepeBecT OYEBUIHBIA (DAKT HA MATE-
MATUIECKUN A3BIK U TOKA3ATh €ro.

9.3.7. Tlokaxwure, 9TO mas JOOOTO MOTOKA BHIIIOJIHEHO PABEHCTBO
> flsil=) it
i J

Yro osmagaeT 5TO PaBEHCTBO Ha YI€JI0BEYECKOM A3BIKE?
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Pemenne. JleBas 9acTh — 5TO CyMMapHBIN IOTOK U3 UCTOKA (B IPUHIA-
e Tyaa MOXKET 9TO-TO U BTEKATb, TOTMA B DTOM CyMMe €CTb OTPUIATENb-
HBIE WIEHHI), a IPaBas YaCTh — CyMMAPHBIA IOTOK B CTOK. PaBeHCTBO, Ta-
KM 06pa30M, MOXKHO HA3BATh «3aKOHOM COXPAHEHUA MATEPUM»; OHO BEPHO,
€CJIU B CETU HET yTEYEK U NOTOJHUTEILHBIX UCTOYHUKOB (OMHO U3 HAIIUX
YCJIOBUI).

O61ee 3HAYEHUE JEBOU U MPABOU YACTU HABBIBAIOT CYMMAPHOT 6eauull-
not moToka f.

Kak »ro (oueBmgHoe) yTBepxkpenue nokasarh ¢popmanbHo?! Bor kak:
PACCMOTPUM CYMMY Zijl fli,j]. Ora cymma paBHa HYJTIO, TAK KAaK YIEHBI
flé, 4] m f[j,4] coxpamatores, a Bee f[i,i] pasas Hymo. C Ipyron CTOPOHBI,
€€ MOXHO IMEepPenucaTh Kak

SO flisdl-

i=1 j=1

ITo onpenenennio MOTOKa BHYTPEHHAA CyMMa PaBHA HYJIO, KDOME CIydaeB
i=sui=t, TaK 9TO OT BCeU CyMMHI (PABHOU HY.JIIO, HATTOMHUM) OCTAETCA

0=Zf[s,j]+2f[t,j]-

Mockonsky f[t,j] = —f[j, t], u3MeHsIeM 3HAKEM BO BTOPOM CJIATaeMOM U TO-
Jy9aeM UCKOMOE PABEHCTBO. O

Termepb MBI OKHBLI MEPEBECTH HA TOT K€ MATEMATHICCKUN A3LIK yT-
BepKAeHNe O paspesax. BymeMm Ha3BEIBATEL paspe3om pa3bueHME BCEX TUCE
ot 1 1o n (y3710B ceTn) Ha nBa Hemepecekaomuxcsa kiaacca S u T, B KoTopom
HUCTOK S momajgaeT B S, a cTok ¢t nomagaer B 1. BymeMm o6o3HadaTs Takon
paspes (S,T). IlycTs, moMuMO 3TOro, y HAC ecTh TOTOK f. Torga MOXHO
TMOCUYUTATL NOMOK uepe3 pa3pe3, TO €CTh CYMMY

> flu,l,

ueS,weT

KOTOpYI0 MEI Oynem o603Hadars vepes f(S,T).

IMoacuéT moToka wepes paspes — 3TO UMEHHO TO, UTO MEIAEeT TaMO-
KEHHasA CTATUCTUKa C TOTOKOM TOBApPOB Yepe3 I'PDAHUILY. n €eCIu TOBAPHI
IPOM3BOAATCA B OLHOU CTPaHe, a MOTPEOIAITCA B APYron (1 TOIBKO), TO
ATa CyMMa PaBHA MPOU3BOACTBY B UCTOKE U MOTpebmenuto B croke. Caeny-
IoIIas 3aJajva IpeJaraeT NOKa3aTh 3TO (GOPMATILHO.
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9.3.8. Ilycrs (S,T) — npou3BOALHEIA pa3pes ceTH, a f — MOTOK B DTOU
cetu. [JOKaxXuTe, YTO PABEHCTBO NPEABIAYINCH 3aTa91 MOKHO JOMOTHATD:

Zf[s,z'] =f(S,T) = Zf[j,t]-

Pemenne. Byaem nercTBOBaThL MO aHAJOTMU C MPEALIAYIIEH 3aJa9€M:
PACCMOTPUM CYyMMY
S il

i€S,je{l...,n}

HO OMPAHUYUM CYMMUPOBAHUE TOJBKO mapamu (4,7), 1Jd KOTOPHIX i € S.
Temnepsb yXe COKPAIEHUA HE TOMYIUTCA: XOTA PEOPA, ¥ KOTOPHIX 0068, KOHIIA
B S, MOABIAIOTCA C ILUIFOCOM M C MUHYCOM U TO-TIPEKHEMY COKPALIAITCA,
oCcTaHyTCsA pébpa, y KOTOPEIX i € S, a j € T, UM COKPATUTLCA HE C KeM,
o6paTHOro pebpa B cymme HeT. Tak 4To oT Bcen cymmbr ocranercs f (S, T).
C Ipyrou CTOpOHBI, €CIU MEPEMUCATH CYMMY KaK

SN i dl,

ieS j=1

TO BCE BHYTPEHHUE CyMMBI DABHBI HYJIIO TPH § 7 §, TAK 9TO OCTAHETCS KAK
Pa3 MOTOK, BBIXOAAIIMNA U3 UCTOKA S. g

9.3.9. IloBTopuTe paccyxmeHue Ias MOTOKA, BXOIAIIETO B CTOK. O

3aMeTuM, 9TO TP MOACIETE TTOTOKA Y€PE3 PA3PE3 B CYyMME MOT'YT OBIThH
ClTaraeMble PA3HBEIX 3HAKOB. /laXe eCcim KaKOU-TO TOBAP MPOU3BOIUTCA TO-
JILKO B OJHOU CTPaHe, U MOTPEOIACTCA TOMLKO B IPYTOU, BCE pABHO MTOTOKU
Yepes rpaHully MOI'YyT ObITh B 00e CTOPOHHI (IpeacraBbTe cebe Hed Ternpo-
BOJ U3 TPEX YACTEN, KOTOPHIU UAET 3UT3aroM, CHAYAIA TIepeceKas PPAHUILY,
nOTOM 06PATHO, U TOTOM CHOBA Tyna). ECTECTBEHHO, YTO IpPH MO ACIETE MO~
TOKa, CIAraeMble PA3HOTO 3HAKA, MOTHOCTHIO WIN JACTUIHO COKPAIIAIOTCA.

9.3.10. Kak m3aMeHUTCA MOTOK Uepes paspex, ecau Mbl momersem S u T
(a TaxXe UCTOK § U CTOK ) MECTaMu, He MEHAA MaccuBa, f7

OrBer. UsmenuT 3HAK. g

3Has MPOIMYCKHBIE CIOCOGHOCTU PEOEp Uepe3 paspes, MOKHO OrpaHU-

YNTHb CyMMapHBII‘/JI IOTOK Yepe3 Hero:

9.3.11. Ilycrs gama ceTb C OPOIYyCKHBIMU CIIOCOOHOCTAMU C[i,j]| u HE-
KoTopeit oToK f[i,j] B menn. IlycTs, ¢ APyron CTOPOHEI, B TON CETU €CTh
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Hexoropsin paszpes (S, T). Jokaxure, 9T0 CyMMapHas BEIXIAHA TOTOKA HE
TIPEBOCXOMUT NPONYCKHOT CNOCOOHOCTAU Pa3Pe3a, OMPENeTIeMOn KAk

Z clu, v].

ueS,weT

Pemenme. [JokasarenscTBo KOpode GOPMYIUPOBKA: MBI 3HAEM, ITO CYyM-
MapHas BEIMYUHA IOTOKA PABHA IIOTOKY Yepe3 pa3pes, a oH (OYeBUIHO) He
MIPEBOCXOMUT MPOILYCKHOU CIOCOOHOCTH HTOrO PAa3pesa. O

3aMeTuM, 9TO B CYMME, ONPEICIAINIEN TIPOMYCKHY CIOCOOHOCTD Pa3-
pesa, Bce claraeMble HEOTPUIATEMLHE (HATIOMHUM, YTO MbI OT'DAHUIUBA-
eMCsA CIydaeM HeOTPULATENbHBIX IUCel C[i, j]) — 0A HOTOKOB 5TO OBLIO HE
TaK.

9.3.12. MHorga BMeCTO IOTOKOB PACCMATPUBAIOT Npednomoku, B KOTO-
PBIX Pa3PEIIAIOTCA MOTEPU MEPEKAMUBACMON KUAKOCTU (HO OHA HE MOXKET
B3ATHCA U3 HUOTKYAA). Kak uamenurca onpenenenue? Ilokaxkure, 9TO He-
CMOTPSA HA TAKOE IPEHEOPEKEHNe dKOJIOIMEN, KOINIeCTBO KU IKOCTH, IPH-
XOIAILIEN B CTOK, BCE PABHO HE IPEBOCXOAUT IPOIYCKHON CIOCOOHOCTH JI0-
Ooro paspesa.

dukcupyeM HEKOTOPYIO CeTh, U OyJeM PacCMaTPUBATL B HEU Pa3HBIC
MOTOKM (HAIOMHUM, YTO MBI CINTaEM cli, j| HEOTPUIATEIHLHLIMA, TAK ITO
HYJIEBOU [IOTOK BCEra CYIIECTBYET) U PA3HBIE PA3Pe3bl. Y KaxkK OO MOTOKA
€CTh CyMMAapHAas BEIWYMHA, & ¥ KaXIOr'0 Paspesa — IMPOIYCKHAS CIOCO6-
HOCTB. 3aga4a 9.3.11 yTBepxIaeT, ITO BCE MEPBLIE HE MPEBOCXOMAT BCEX
BTOPBIX — M0 OYeBUIHLIM mpuanHaM. OKA3BIBAETCA — U DTO YTBEPXK IEHUE
HA3BIBAIOT Mmeopemoti Popda— Daakepcona, — ITO DTO HEPABEHCTBO 0ODa-
[IAETCA B PABEHCTBO I HEKOTOPOr'O MOTOKA (MAKCUMAAbHO20 NOMOKGQ)
U HEKOTOPOro paspesa (Munumasbro2o pazpesa). IpyruMu croBamu, ecThb
YUCI0, KOTOPOE ABIAETCA OMHOBPEMEHHO CyMMAPHOU BEIUIUHOU HEKOTOPO-
IO TIOTOKA ¥ MPOMYCKHON CIOCOGHOCTHIO HEKOTOPOT'O Pa3pesa. DTO UUCIO
OTPPAHUYUBAECT CBEPXY JHOOOU MOTOK (MOTOMY YTO JHOOOU MOTOK OTDAHU-
YeH CBepXy MUHUMAJIBHBIM Pa3Pe3oM) W CHU3Y JI000U paspes (HOTOMYy 4TO
0001 Pa3pe3 OrpaHUYEH CHU3Y MAKCUMAJIBHBIM IOTOKOM). Tak 4To meu-
CTBUTEJIBHO HA3BAHUA (MAKCUMAJBHLINY U «(MUHUMAIBHBINY A MOTOKOB U
pPa3pe30B OMPAaB IAHEL

Mer mokaxem Teopemy Popaa—Parkepcona, HO He cpady. Hauuém c
Oomee crmaboro yTBepK IeHUA.

9.3.13. IlycTts mMeercsa ceThb ¢ M HEKOTOPHIM MOTOK f B Her. Toraa
BEITIOMHEHO OJHO M3 ABYX: MO0 B CETH ¢ CYyMIECTBYET MOTOK OOJBIIEH Be-
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JUYAHLL, U000 B HEM €CThb Pas3pes, y KOTOPOro MPOMYCKHAA CIOCOOHOCTD
paBHA BeIUMYMHE [IOTOKA f.

(Kak MBI BUIM, 5TU CIy9an UCKIIOFA0T APYT APYTAa: €CIu MOTOK Pa-
BEH HEKOTOPOMY Paspesy, TO GOJBIIEro MOTOKA yKe GBITh HE MOXKET.)

DTO yTBEPKJEHNE OYeBUIHO crenyeT u3 TeopeMul Popaa— Dankxepcona:
CPABHUBAA TIOTOK C MAKCUMAJILHBIM (KOTOPHIU CYIIECTBYET TI0 3TOU TEOpe-
Me), MBI JUOO MOXKEM €r0 YBeJIUYUTh, JUGO0 3aMEYaeM, UTO OH yKe DABEH
MUHMMAJILHOMY paspesy. Ho ofpaTHoe paccyxIeHHe TaK IPOCTO He Mpo-
xoauT (CM. OOCY X I€HUE MOCHE PEIIEHUs 3a,1a51).

Pemtenue. OcHoBHAS UL COCTOUT B PACCMOTPEHUM 0CMAMOUHOT Cem
(residual network). [IpeacraBum ce6e, 4T0 1O TPYOE € IPOIMYCKHOU CIIOCOO-
HOCTBIO 3 B KAKOM-TO HAIPABICHUY UAET HOTOK BennduHEL 2. B 5TOoM ciayuae
pu HEOOXOMUMOCTHU MOXKHO YBEIUYUTH STOT MOTOK €I1é Ha 1; Kak TOBOPAT,
0CMAMOURAA NPONYCKHAA CNOCOOHOCTD ITOU TPYORL (B TOM Xe HATIPABIE-
uuu) pasHa 1. Boree xuTpuii mpumep: mycTb eCTb OJHOCTOPOHHAA TPYyOa
MPOMYCKHOU CIIOCOOHOCTH 2, U OHA MOJIHOCTHIO UCIOAb30BaHA. Toraa BO3-
HUKAeT (BUPTyaTbHAM» TPybal B 06pATHYIO CTOPOHY C TOH K€ IIPOIIyCKHOM
CIIOCOOHOCTBIO 2: €CJIM MBI 3aXOTUM [OOABUTH MOTOK B OOPATHOM HAIPABIE-
HUU, HYHO TPOCTO YMEHBIIUTH UCXOTHBIA TIOTOK HA COOTBETCTRBYIOIILYIO
pemmauHy. POPMATBEHO TOBOPSA, MBI PACCMATPUBAEM OCTATOYHYIO CETh ¢,
nonoxus c[i,j] = c[i,j] — f[i,j]. 3amerum, 9TO HO OmPENEJICHUIO MOTOKA
BCe 3HadeHus ¢ [i, j| HeoTpUUATEIbHLL (M HYJEBOU HOTOK B OCTATOUHOU Ce-
TU COOTBETCTBYET HEU3MEHEHHOMY MOTOKY UCXOTHON).

9.3.14. Ecau B gBycTOpOHHEN TpybGe € MPOIYCKHOU CIOCOGHOCTBIO 3
cemvac TMOTOK 2 B OQHY CTOPOHY, TO KAKOBLI MPOMYCKHLIE CIIOCOGHOCTHU
OCTATOYHOU CETU B Ty U APYTYIO CTOPOHY? a

IMpomonxum pemtenue 3agadu 9.3.13. [Ins mamHOU ceTH ¢ U MOTOKA f
B HEU PACCMOTPUM OCTATOYHYIO CeTh. [loCTpOUM OpUEHTUPOBAHHEIN Ipad,
npoBens PEOPO U3 U B ¥ B TEX CIydasx, KOUAA B OCTATOYHOU CETH HEHy.JIe-
Bas ([IOMOKUTEMBHAA) IPOIYCKHAA CIOCOGHOCTD C[u, v]. DTOT 0cmamounbiil
epag orpaxkaeT BO3MOXKHOCTY JOMOJIHUTEABHBIX IOCTABOK. (3aMeTbTe, 9TO0
B HEM BIOJTHE MOTYT OLITH OMHOBDEMEHHO pEGpa u3 u B v u 06paTHo.) Te-
mephb eCTh IBa CIydas:

e B ocmamounom 2pagde ecmv nymv u3 ucmoxa s 8 cmox t. Takon
OyTh HA3HIBAIOT donoanstowum nymém (augmenting path), mockomns-
KY BJOJb HEr'0 MOXHO MPOMYCTUTH NOMOJHUTEILHBIM TOTOK U3 S B t.

B ra3oTpaHCTOPTHOW OTPACTN TO HA3KIBAIOT (BUPTYANBHBIM DEBEPCOM» W MHOTO
CIIOPAT O 3aKOHHOCTHU 2TOTO.
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IMouemy? IlocMOTPUM HA MOMOKUTENBHBIE OCTATOYHBIE IIPOIYCKHBIE
CIIOCOGHOCTHY BIOJb 3TOrO Iy Th. Bo3bMEM HAMMEHBIIYIO U3 HUX, IIyCTh
5T0 Kakoe-To d > 0. [o6aBUM K MCXOTHOMY IOTOKY AOMOMHATEIBHBIN
MOTOK BEINYMHEI §, TO €CTh YBEINUNM UCXOLHBIM MOTOK MO péGpaM
TOTIOMHAIOIMIETO MyTH Ha 0, a MO APYTUM pPEOpaM OCTABUM KaK ObI-
no0. (ITegaHTUIHBEIN YnTATEIb WK PEIAKTOD CIPABEIINBO YKAXKeT Ha
HETOYHOCTDb B IOCTEIHEM IPEIIOKEHUN: €CIU B JONOMHAIOMNN Iy Th
BXOIUT peGpo U3 4 B v, TO MH yBenudusaeM f[u,v] Ha § 1 yMeHbIIaeM
flv,u] Ha 0 B cOOTBETCTBUM C HAIINM COIVIAIIIEHUEM O 3HaKaX.) Jlerko
IPOBEPUTH, UTO BTO OyneT MOTOKOM ([06aBKa 0 KakK BOILIA, TaK U
BBINJET), M CYMMapHas BEIMIMHA MOTOKA YBETUIATCA HA 0.

e B ocmamounom epagie wem nymu u3 s 6 t. [[pyruMu croBaMu, BepIim-
HA t He BXOQUT B YUCJIO BEPIINH, TOCTYNHEIX B 3ToM rpade u3 s. Torga
MOHATHO, T «Y3KOE MECTO», B KOTOPOM HA IO MPOBECTHU PA3PE3: MyCTh
S — BepIIMHBL, JOCTYIHBIE U3 § B OCTATOYHOM rpade (BKIYas caM
ucTok s), a T — Bce ocranbhele (Bkmodas cTok t). U3 S B T He
BeZ€T pébep B OCTATOYHOM rpade (M3 LOCTYIHON BEPUIMHBLI HEIb3S
MOMAaCTh B HENOCTYNIHYIO, MHAYE OHA OblIa Obl JOCTYIHOW). SHAYUT,
/st pé6ep 3 S B T UX MPONyCKHAs CIOCOGHOCTH c[u, v] MCIOMB3yeT-
¢ TOTOKOM f[u, ] MOJHOCTBIO, M IOTOMY HIPOIYCKHAA CIOCOGHOCTH
paspesa pasna notoky f(S,T) depes paspes.

OTHU ABA CIyYas U COOTBETCTBYIOT IBYM BAPUAHTAM U3 YCIOBUA 3a0a49m. [

9.3.15. B pemmenun ecth HEOOMBINIAA HETOYHOCTL: HYXHO OBLIO OpaTh
HE TMPOCTO MYTh B OCTATOYHOM Tpade, a MyTh, He MPOXOIAIIANA IBAK IHI TIO
omHOMy pebpy (Hampumep, kpardauumin). [logemy 310 BaxkHO?

Pemtenne. Ecmu nyTh qBaX LI MPOXOAUT TIO pebpy, TO MOTOK IO STOMY
pebpy IpuaéTca yBeInInBaTh Ha 20, a 9TO MOXKET IPEB30UTH OCTATOIHYIO
MIPOILYCKHYIO CIIOCOOHOCTD. (I

9.3.16. [Joxaxure, 9TO BO BTOPOM U3 PACCMOTPEHHBIX CIydaeB (Korjga
IPOILYCKHAs CIOCOOHOCTH PABHA BEJIUYUHE [IOTOKA) IOTOK IO BCeM PEOpam
mepeceKaeT paspes3 B ONHY U Ty e CTOPOHY, TO ecThb f[u,v] > 0 mmsa Bcex
ueS,veT.

Pemenue. HepaBeHCTBO MEX Iy MOTOKOM U MPOMYCKHOU CIIOCOGHOCTHIO
MOy 9aeTCsA CAoKeHneM HepaBeHCTB f[u,v] < ¢[u,v]; oHO o6pamaercs B pa-
BEHCTBO, JIUIIb €CIA BCE CKJIAILIBAEMbIE HEPABEHCTBA OOPAIIAIOTCA B PABEH-
cTBa, U B 3TOM ciaydae fu,v] = c¢fu,v] > 0 no npegnomoxeHuio.

Teneps mompobyem gokaszars Teopemy Popma—Danakepcona, TO eCTb
MOCTPOUTH MOTOK, PABHBINA pa3pesy (TOYHee: MOTOK, CyMMAapHAas BEIXINHA
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KOTOpPOr'0 PaBHA IMPOIYCKHOU CIIOCOGHOCTH HEKOTOPOro paspesa). Byxem
paccyxaars Tak. Haquém ¢ npousBOIBHOrO IOTOKA (HAIPUMED, HYJIEBOI'O).
Mg TOIBKO YTO HOKAa3aau, ITO JuOO ero MOXKHO YBEIUYUATH, IuDO OH yKe
paBeH HEKOTOpOMY paspesy. Bo Bropom cayuae Bcé xoporro. B mepeom yBe-
JUYUM MOTOK, ¥ CHOBA MIPUMEHUM TO e paccykaeHue. JInbo moToK MOXKHO
eI YBEIUYIUTE, JUOO €CTh PABHEIN MYy Pa3pe3 — eCIU MEePBOe, YBEIUIUM
elIé 1 TaK Jajee, IOKa DTO He CTaHeT HeBO3MOXHBIM. Korga »To cryyuurcs,
MBI TTOJMYYIUM MAKCUMAJBHLIU MOTOK, PABHBI MUHUMAJILHOMY Pa3pesy.

9.3.17. B uém ommubka B 3TOM PacCyKIeHUU?

Pemrenwe. HuoTkyaa He ciaeqyer, 9TO 5TOT OPOLECC YBEINIEHUS KO A~
TO OCTAHOBUTCS, TaK ITO CAOBA «KOT'IA DTO CIYIUTCSY HEOTPAB TAHHO ONTH-
MUCTUYHHI. O

1 510 HE mpoCcTO TEopeTmYecKas BO3MOXKHOCTH, TAKOE PEANBbHO OBbIBa-
€T, eCJI HUKAK He OCPAHUYUBATH BHIOOP TOMOIHSAIOMIErO myTH. HadarbHbIN
npumep Popaa— Darkepcona OBLT TOBOJBHO CJIOKHBIN, HO TOTOM OBLIN TIPU-
aymannl 6omee mpocteie (I[Buk B crarse 1995 roga mocTpowa mpumep C
6 BepmHAMY U 8 PEOPAMU U TOKA3AJ, UYTO HU OJUH U3 TapaMeTPOB HElb3s
ymenbiuTh, Theoretical Computer Science, 148(1), 165-170, 1995). Uzero
TaKUX MPUMEPOB MOHATH HE TAK CJIOXKHO. lIpexcraBum cebe ceTb, B KOTO-
pou ecThb Tpu pebpa HeGOIBIION MPOILYCKHON CIOCOOHOCTH, 8 KPOME DTOr0
MHOT'O pé6ep GOMBIION MPOMYCKHON CITOCOGHOCTH, KOTOPLIE CBA3LIBAIOT BCE
OCTANBHBIE MAPHI BEPIIITH.

Koneuno, Torga stu pébpa MaJoOl IPOILyCKHOU CIOCOOHOCTH HE OYEHB-TO
U HYXKHBI, HO MBI XOTUM TIOKa3aTh JUIIh, YTO NPU HEKOMOPOM CNOCOOE 6bi-
6upamv donoanas0 WUl NYmMb TPOLECC MTPONOTKAETCA GECKOHETHO. Tak ITo
MBI UMEEeM MPABO BLIOUPATH NOMOJHAIOIINA MYyTh KAaK XOTUM. A UMEHHO,
PACCMOTPUM MyThb, B KOTOPOM OBa pebpa u3 TPEX MPOXOMATCA B IPAMOM
HAIPABJICHUN, & TpeTbe B oOparHoM. Takux myTen BosbMéM Tpu (B 3aBU-
CUMOCTH OT TOr'O, KAKOE PeOpPO MPOXOAUTCS B 0OPATHOM HAIIPABICHUN), HA,
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PUCYHKe IIOKa3aH OLUH U3 TPEX.

YT0 mpouCXOoAUT MPHU MOMOJHEHUU MOTOKA MO TakuMm myTam? Ecam mo
»TOro pébpa OLLIN HEIOrPYXKEHHI Ha a, b, ¢, TO MOCIE DTOrO B ABYX U3 HUX
HEJOrPY3 YMEHBIIUTCS, & B OJHOM yBEJIUIATCH:

(a,b,c) ~ (a—6,b—0, c+6) mwm (a—0, b+0, c—0) wmna (a+6,b—0,c—3)

IIpu »ToM § BLIOMPAETCA MAKCUMAILHO BO3MOXKHBIM, ITOOLI IPU JaIbHEH-
MIeM YBEIWYCHUM HENOTPY3 yKe CTal OBl OTPUHIATEIBHBIM — TO €CTh OfI-
HO 13 4dmcea craHeT paBHbIM Hyqao. Cregyommi mar (yKa3saHHOIO BUIA)
ONpEeAeTACTCA OTHO3HATHO: HAJO YMEHBIIATH ABA TOMOKUTETLHLIX GUCIA,
yBEIWHYUBAA HYJEBOE, IO TEX MOp, MOKA HAMMEHBIIeE U3 ABYX HE OOPATUTCA
B HYJb, 1 TaK fafnee. JIerko coo6pasWTh, ITO €CIU MOCTe TEePBOTO IMIara
uenorpys 6yger (0,ca, ), rge @ u 3 HecomsmepuMmbl (UX OTHOLICHUE APDa-
OUOHAIBHO), TO TPOUECC Gy T MPONOIKATHCA HEOTDAHTIEHHO.

9.3.18. TloxaxwuTe, ITO ecau ¥ OOPATHO 30JOTOMY CEUYEHUIO, TO €CTh
apnsgeTca (MOTOKUTETEHBIM) pelmeHneM ypasHeHus v + 72 = 1, To HaIaB ¢
tpoitku (0, 1,7), Mer moxyamm Tpouku (7,72, 0), (v3,0,72) u Tax gamee —
TakK 4TO Iponecc OyIeT mpOIoMKATHCI O€CKOHETHO. (I

B npuBeaéHHOM BBIIE PACCYKICHUN TPOMYUIEH OAWMH MOMEHT: TIOUYeMy
ocTambaBe PEGPa (6OMBIION MPOIMYCKHON CIOCOOHOCTY, KAK MBI CKA3AJN)
HUKOra He HachTATCA? Ho BUIHO (OCOOEHHO B MOCTETHEM TIPUMEDE), UTO
yBeJUdeHre O0IIero NOTOKA OCPAHUYEHO, TaK UTO €CJIN IPOILYyCKHBIE CIIO-
COOHOCTH OCTANBHBIX pEGEpP TOCTATOYHO BEIUKHU, TO [0 UX HACHIIIEHUS IEJ0
HUKOT I He TOUIET.

IMocTpoeHHBI TPUMEP CYLMIECTBEHHLIM 00Pa30M UCIOIL3YET UPPALAO-
HATBHBIE TUCTA.

9.3.19. Ilokaxure, 9TO B ceTH C LeABIMU (MU XOTS OBl PALMOHAIL-
HBIMU) OPOIYCKHBIMU CIIOCOOHOCTAMY AHAJOIWYHAA CATYALWSI HEBO3MOXK-
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Ha: yBeJUIeHUe IOTOKA BIOJb TOMOIHAIOMEr0 Iy TH, KaK €ro HU BEIONPATH,
PaHO WIN HO3IHO NACT IOTOK, B KOTOPOM JOMOJHAIOMIEro IyTH He Oy IeT.

W3 sToro yreepxkaenus (1 panee IOKa3aHHOrO) ciexyer Teopema Dop-
na—PamkepcoHa A TaCTHOTO caydas TpadOB € HETLIMU IIPOMYCKHBIMUI
CIIOCOOHOCTSMM.

Pemenue. Fcau Bce mpomyCcKHBIE CTOCOOHOCTY LEALIE, U MBI HAUMHACM
C HyJIEBOI'O MOTOKA, TO APOOHBIE YUCIA HE MOT'YT BO3HUKHYTH (M OCTATOY-
HBIE IPOMYCKHEBIE CIOCOGHOCTH, I MUHAMYM WX BAOIb TOIOJHAIOMErO Iy TH
OyAyT LEIBIMU, U TIPU BEIYUTAHUU TOXKE OYIYT TOJBKO IEJIBIE TUCIA. SHA-
YUT, KaXKIBI Pa3 MOTOK YBEJUUYUBAETCA 10 KpauHen Mepe Ha 1, u paHo
W TO3IHO 3TO KOHYUTCA (MOTOK OTPAHUYEH JIOOLIM paspesom). i pa-
[UOHATHLHLIX YACET MOXKHO TEPENTH K APYTOU eIUHUIEC U3MEPEHUA MTOTOKA,
YTOOBI BCE YUCAA CTATA HEMLIMU. O

B sToM paccyxaeHnM GmuCIO MIArOB MOXKET OBITH OOJBIIAM TaXKe IJIsT
MaJIeHBKOrO T'pada. ITO BUIHO HA COBCEM MPOCTOM MIPUMEPE.

9.3.20. IToxaxwure, uTo Ha rpade Ha pucyHke (rge N — Goabluoe me-
JI0€ 9IKCIO) [MPU HEYIadIHOM BLIOOPE NOIMOIHAIINX IIyTEU TUCIO UTEePALUL
OyaeT me menbire N.

Pemtenne. Byaem moouepéaHo ncnomL30BaTh S—p—q—t u s—q—p—t B Kate-
CTBE TOTOMHAIOIIAX Ty Tel, HAYAB C HyJIeBOr0O MOTOKa. Toraa Ha IepBOM IIIa-
ré IOTOK YBEIUIATCA Ha 1, a Ha KaXKIOM CIeqyOmeM OyIeT YBEInIABATHCA
Ha 2. MakcuMaibHbI TOTOK (KOTOPHIM BOOOIIE HE UCIOJBL3YeT PeGpo p—q)
paBer 2N, Tak 9TO IO HErO HAAO CHEJATH KAaK MuHUMyM N wmTepannu.
(BugHo, KaK HEyJaYHLIM BLIOOD NOMOJHAIOIIErO IIyTH TIPUBOIUT K NOJTON
paboTe B TPUBUAILHOM MIPUMEDE. ) O

9.3.21. PaccMoTpuM ceTh C IEeIBLIMU TPOMYCKHBIMY CTTOCOOHOCTAMU. [[0-
KAXKWUTE, 9TO MAKCUMAILHBIN MOTOK B HEU BCEr'a MOXHO BLIOPATD IEJIOTM-
CJIEHHBIM (HELeIble IIOTOKA MOT'YT JABATh TOT XK€ Pe3yabTaT, HO HE MOI'YT
JIaBaThb GOJIBIIErO).
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Pemenme. OnucanHBIN OIPOIECC YBEAMIEHUA NAET LEJILIE IMOTOKA — U
KOI'a OH 3aKOHIMUTCA, IOTOK PABEH Paspesy, a dTOr0 He MOKET IPEB30UTH
HUKAKOU MOTOK, eI WK HET. O

Kak xe HauTy MakCUMAJLHLIA IOTOK M MUHUMAILHLIN Pa3pes3 M IPo-
m3BoabHOU ceTu? CaMbI MPOCTOU AMTOPUTM [ TOTO, HABLIBAEMELIN AJ-
ropuTMoM DaMoHAca—Kapma B 9ecTh ero msobperarenen, CIeIyeT OIMu-
CAHHOU CXEMe C eNUHCTBEHHBIM NOOABICHUEM: 8 Kauecmee 00NnoAHA0ULe20
nymu éceada bepémca xKpamuatiwut nymos u3 S 6 t 6 ocmamounom 2page.
Mer yxke 3HaeM, Kak OBICTPO UCKATH KPATYAUIINU IIyTh, TAK UTO 3TO HE
npo6aema. OcTanoch TOIBKO [OKA3aTh, YTO MPU DTOM MPOIECC COUTETCA,
u oneHuTh yucao urepanun. Hauuém ¢ mepsoro. Bot mpocrtoe (Ho HeBep-
Hoe!) paccyXeHue: Ha KaXKIOM Iare OqHO u3 peé6bep MOMOTHAIOMIETO My TH
UCTIONB3YETCA MOJHOCTBIO, XU TEM CAMBIM OOJBIIE [0 HEMY HUYErO MPOIy-
CTUTH HEMb3sA. SHAYUT, KOMUIECTBO PEGEP B OCTATOYHOM rpade KaxK IbIi
Pa3 YMEHBIIAETCsA, U GECKOHEYHO TAK MPOIOIKATHCA HE MOXKET.

9.3.22. Yro mesepHO B sTOoM paccyxkaeruu’ (OHO HE MOXKET OLITH Bep-
HBEIM, TAK KaK MBI HE UCIOML3YeM, YTO NOMOJHAKIINA Iy Th KPATIANIIALN. )

Pemenme. XoTsa onHO u3 péGep MOMOMHAIOIIErO TYTU NEUCTBUTETHLHO
TIPOMAaTaeT, HO ObIIee Yucao pebep MOXKET He YMEHBIIUTLCI WX TaXKe YBe-
JUYIATHCSA, TOCKOJIbKY BOBHUKAIOT peBepcHbe pébpa. (Mbr Bugenn na mpu-
Mepax, YTO OTHO U TO ¥Ke PeOpPO MOKET BXOAUTH B JOMOJHAKOIIAN IyTh TO
B OJHY CTOPOHY, TO B APYT'YIO.)

Ho Tem me Menee 4T0-TO B TakoM poge (4TO OCTATOYHBLIN rpad mocre-
MEHHO (IPOPEKUBACTCAY) CKAZATH MOXKHO.

9.3.23. BribepeMm Kaxyoo-TO BepmHy v rpada u 6yaeM CIeIUThb 33 pac-
CTOSTHUEM B OCTATOYHOM Tpade oT s 10 u. [Jokaxure, ITO B XOIE aIro-
puTMa 3TO PACCTOAHUE HE MOXKET YMEHBbIIATHCA (a MOXKeT OCTaBaTBbCA HE-
N3MEHHBIM NJIN yBeJII/I‘II/IBaTBCﬂ).

AmanormaHoe yTBEpKAEHWE BEPHO U LI PACCTOAHUA OT U 10 ¢ (CmMMe-
Tpus).

Pemenwe. [lycTs MBI CeTamun HECKOIBKO IIATOB AITOPUTMA, U UMEETCA
OCTATOYHAA CeTh (M COOTBETCTBYIOIIMN OCTATOUYHEN rpad). Packnaccudu-
IIIPyeM BCE BEPIIUHLI [0 IVHE KPATIAUIIEr0 MyTH U3 § B 5TOM Tpade: B
So BXOOUT CaMa BEpIIWHA S, B S| — BEPIIUHEI, Ky1a U3 § BegéT pebpo, B
Sy — BEPUIMHBL HA PACCTOAHWU 2, U Tak gajee. (DTa KIacCupUKALUA He
3aBUCAT OT BEIGOpa BepumHbl %.) Ecau paccrosaue or s 10 ¢ OBLIO PABHO
KAKOMY-TO i, TO BEpIINHA ¢ TONALET B Ki1acc S;.
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3aMeTuM, 9TO KPATIYAUIINNA MyTh U3 § B U JOMKEH TPOXOJAUTH MO OYe-
peau [Uepe3 BepIIMHBI B Kjaaccax Sgp,Sq,...,S;: OPONyCTUTH KIACC OH HE
MOXKET, TaK KaK Ha KaxKIOM Ilare PacCTOSHUE MEHseTCs Ha 1, a ocTaBaTh-
CcA B TOM e KJIacCe WIM WATHU HA3aJ HETb3sd, TOTAA MyTh He OygeT KpaT-
ganmmM. To e camMoe MOXKHO CKa3aTh U PO PEbpa TOMOMHAOIIErO My TH.
ITocne yBenwdeHus mOTOKa BAOML MOMOJHSIONIETO MyTH MTOOABATCA 00paT-
HBIE PEOpa HTOro myTu (ecau ux He ObLI0) — U 6ce amu pébpa 6ydym udmu
U3 KAGCCA C OOADULUM HOMEPOM 6 KAACC C MEMbULUM HOmepom. VI moTomy
uX noOaBjeHUE HE COKPATUT MyTh U3 S B U: AaxKe ecau BOOOIIe mo00aBUTH
6éce pébpa, Begymue m3 KIACCa C OONBIIUM HOMEPOM B KJIACC C MEHBIIM
HOMEPOM, TIyTh HE COKPATUTCA — KAKOU CMBICT UATU B TOYUKY, KOTOPAS
OJKe K HaJaIy OyTH, 9eM TeKyIIas?!

Taxk 9TO pPacCTOAHUE WIU OCTAHETCH NPEXKHUM, WM yBEIUIUTCA (BEIb
OMHO m3 PEGEp MOMOMHAIIErO MyTH MPOMATIO, W IPYrOro MyTH TOU Ke
IJIVHBEL MOXET HE OBITH).

DopMaTEHO TOBOPA, MBI HE PACCMOTPEIN CAydYal, KOTJIa PACCTOAHUE
yXKe OBLTO GECKOHEUHBIM (MyTH U3 § B U HE OBLIO) U HE JOKA3ZAIM, ITO OHO
ocTaHeTCsa OecKOHEeIHBIM. TyT HAIO CKa3aTh TaK: HOBLIE PEOpPA MOI'Y T BECTHU
TONBKO B BEPIIWHEL, JOCTYIHBIE U3 S, IOTOMY HOBBIX JOCTYIIHBIX BEPIIUH
He TIOABUTCA. (|

Kax MBI yxe TOBOPWIN, HA KaXJIOM mare paboThl aaropuTma (yBeru-
YEeHME TIOTOKA BAOML JOMOJHAIOMIETO My TH) OJHO U3 PEGED TOMOMHAIOMErO
nytu (TO, TAe MPOMyCKHAA CIOCOOGHOCTH MUHUMAILHA — €0 eII¢ Ha3hI-
BAIOT KPUMuUueckum peOPOM) UCIE3AET, 3aMEHAACH HA MPOTUBOMOIOKHOE.
Ecmu MBI omeEnM CBEpXy, CKOTBKO Pa3 dTO MOXKET MPOUCXOINTE C KAXK IBIM
pebpoM, TO TOTYyIUM U BEPXHIOI ONEHKY A THACIa MArOB (yMHOXKUEB HA
obuiee 1ucio péodep).

9.3.24. [lokaxwuTe, ITO OMHO U TO XK€ PeOPO HE MOXKET OLITH KPUTHUIE-
ckuM (B Ty U B APYryio cTOpoHy) Gonee gem O(n) pas. (HamomuuMm, uro
N — YUCIO BEPIIUH. )

Pemenne. IlycTs mac uarepecyer pebpo u—v. OHO MOXKET OLITH KPUTU-
YEeCKUM JUIIL TTO0YEPENHO B TY U B IPYTYI0 CTOPOHY. BymeMm creauThb, Kak
MEHSIOTCS PACCTOSHUAS OT UCTOKA IO % U 00 v. MbI yxe 3HaeM, 9TO OHU MO-
CyT TOJBKO BO3PACTaTh (U He MPEBOCXOAAT N, Pa3 y HAC BCErO 7 BEPIIVH).
IIpu sTOM, KOraa pebpo KPUTUUECKOE, OHO U3 PACCTOAHUU TPEBLIIIACT
apyroe poBHO Ha 1, kak Mbl Bugenau. OCcTaéTCsa 3aMETUTh, 9TO €CIM €CTh
[IBA TIEIeX01a, KOTOPhIE UAYT IO IOPOre B N KMIOMETPOB, He TOBOPAMNBAs
HA3aJ, ¥ B KAKOU-TO MOMEHT MEPBHIN OOTOHAT BTOPOrO HA KUIOMETP, TOTOM
BTOPOU MEPBOT0, TIOTOM CHOBA MEPBBIA BTOPOT'O W TAK Aajee, OOMIee Iucao
TAKUX MOMEHTOB He G0ublie 1 (IOTOMY 9TO MEXAY COCEJHUMU MOMEHTAMU
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OJVH 13 TIEMeX010B JOLKEH IPOUTH KAK MUHIMYM ABA KHIOMETDA, & BCErO
OHU TPOXOTAT 2n). O

Orciona creayer, 9To aaroput™ DamoHaca—Kapma Bcerga 3asepuiaet
paboTy, M TEM CAMBIM MBI ToKa3aau Teopemy Popra— Dankepcona B obmem
caydae (He TOJTBKO U HEIBIX MPOMYCKHEIX CIIOCOOHOCTEN).

MoxHO mompo60BaTh OIEHUTH BpeMs paboTH >Toro arropurma. Cpasy
BUIHO, 9TO OH, KAK ["OBODPAT, IOTUHOMUATBHBIN (BpeMs PaGOThl ONPAHIIEHO
HOJMHOMOM OT 71), HUKAKOr'O IIepebopa SKCIOHEHIMAIBHOIO YUCIa BADUAH-
TOB B HEM HeT. [Ipu mpakTUYEeCKOU peann3aliuy MOJe3HO XPAHUTh JaHHBE
(3Hauenus ¢ u f) He MPO BCE MAPHI BEPIINH, & TOMLKO [JIA TEX Map, KOTOPLIE
B U3HAYAJIBHOU CETU COEIUHEHBI PeOPOM (U ¥ KaK JOU BEPIIMHLI UMETh CIIU-
COK COCeled B UCXOLHOM rpade) — Mg BCEX OCTAIBHBIX Hap U B MACCUBE
¢, 1 B MaccuBe f CTOAT TOJBKO HyJIM, KOTOPHIE TAK U OCTAIOTCA HYJAMU.
Eciu, cregys tpaguuuu, 0603HaAYATH IUCAO BepmvH 3a V, a qucao pédep
3a E, To mpu TakoM crnocobe XpaHEHU TAHHBIX

e noucK Kpardaumero myTu (mouck B mupuny) tpedyer O(E) maros;

e Koppexuus BAOIb gonoansomero mytu Tpedyer O(V) maros (aro
noromaerca O(E) maramu nmoucka);

e uucio urepauun ecte O(EV'), noromy uro xaxgoe us E pébep sapius-
erca xkpurudeckum O(V') pas.

9.3.25. Kaxoe o0I1ee IucyIo maros JaiT STU OIEHKU?
Otser. Beero nmonyuaerca O(E?V). O

Ecte MHOrO 6omee 3 PEeKTUBHBIX AIrOPUTMOB (MOCTPOEHHBIX HA Pa3-
HBIX UI€AX ), DTO OOJBLION Pa3ne] HHPOPMATUAKY, HO MBI OTDAHUIUMCS [IPU-
BEIEHHBLIM TIPOCTHIM aATOPUTMOM, U B 3aKIOYEHIE TPUBEIEM IBa IPUMEDA,
KOT'Ia DTOT AIrOPUTM MOXKHO HCIIOIb30BATH AJIA PEIIeHusa IPYTruX 3a1ad.
IepBBit TpUMEpP COBCEM TTPOCTON.

9.3.26. Paccmorpum ceThb 6e3 CTOKa U UCTOKA, U OyJeM UCKATb B HEU
YUPKYaayuy (KUIKOCTb UUPKYIAPYET 110 TPyOaM, Zj fl#,7] =0 upm Bcex 7).
Bynem paspemars oTpunaTensHsle 3HadMeHnsa GyHKIUN cfi, j| (4TO o3Havua-
€T, 9TO B HEKOTOPHIX TPy6ax yKa3aHO MIHUMAMLHOE TOMYyCTAMOE 3HAYCHUE
noroka). Kak mpoBepuThb, BOZMOXHA 1 B JAHHOU CETU HUPKYJLALUA?

Pemenme. /[To6aBuM K ceTH OTAENbHBLIE BEPIIMHBI CTOKA U UCTOKA, U
COEIUHUM UX CO BCEMU BEPIIMHAMHU WCXOLHOU CETH TPyOaMM IPOILyCKHOU
CIIOCOGHOCTH ¢, TI€ ¢ — MOCTATOYHO OOJBIIAS KOHCTAHTA.
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/)

IMocTpouM B MOSYUIEHHOU CETU HEKOTOPBIM MOTOK. /L1 3TOT0 myCcTuM 1o
KaX IO TpyHe KaKoe-TO Pa3peméHHOe KOAMIECTBO XUJAKOCTH (TIPEInona-
raem, 9To I KaxAou TpyOsl ycaosus Ha f[i, j] u f[j, ] He mpoTuBopeuar
APYT OPYTY, HHAYE 3a/1a49a TPUBUAIBHA), O€Ps DTy XKUIAKOCTH IPU HEOGXO-
OUMOCTH IO TpyOe M3 UCTOKA W CaumBas eé mo Tpybe B cTok. IIpobirem me
BOBHUKHET, MMOCKOJILKY MBI TPEATONOKIIN, UTO ¢ JOCTATOYHO BEJUKO.

Nrak, y HAC €CTh HEKOTOPHIN TTOTOK B Pe3yabTupyoouen cetu. Temeps
UCTIONb3yeM aaroput™ O amonaca— Kapma nma ero makcumusaruu. flcuo,

9TO HE MOXKET MOAy4IuThesa Oosbire ¢V, rge V — <9uciao BepumwH, M 9ITO
POBHO ¢V MOAYYUTCA B TOM M TOJIBKO TOM CIydae, KOUAA B UCXOTHOU CETHU
CYIIECTBYET IUPKY AN, (|

Bropou nmpumep — sra 3amaMa 0 MAKCUMAJIBHOM MAPOCOYETAHUA B IABY-
moabHOM rpade. B azranTupoBaHHOM NI MIKOTHLHUKOB BAPUAHTE €€ MOXHO
chOopMyIIpOBATL TaK. FCTH HECKOILKO MIKOMLHUKOB, KAXKIBIA U3 HUX Pe-
AT HECKOMBKO 3amad. Hamo opranm3oBaTh pa3bop MaKCUMAILHOT'O HUCAA,
3a1ad, IPX DTOM OJVH U TOT Ke IIKOJLHUK He MOXKeT BLICTYIATh IBAXKIEI,
U HeJb3sA ABAXKIBL PACCKA3LIBATH OLHY U Ty XKe 331ady.

9.3.27. Cxema «KTO 4YTO pemmDy MOKA3aHA HA PUCYHKEe (CIEBA MIKOIb-
HUKE a,b,c,d,e, cupasa 3agauu 1,2,3,4,5). Kakoe makcumaabHOE 9IUCIO
3a0a9 MOXHO pa3obpaTh, COOMIOIAA OTPAHNICHUA !

MKOJIBbHUKN 3a0aIn
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Pemenue. MoxxnO opranmzoBaTh pa3bop Tpéx zagad (mapocoderanue
a—2, b1, e=5, cM. PUCYHOK).

|

Kak y6enurbes, 9T0 GoJbllie Helb3s, He TMepebupas BAPUAHTHI! 3ame-
TUM, 9TO IIKOJBHUKU G, C, d, € HE PEMIWIN HUIero, KpoMe 3a1ad 2 u 5 (a
MIKOABHUK d Naxke U 3a1a4y 2 He PEIni, HO 3TO He BaxKHO). [1oaToMy 13 HuX
MOT'YT BBICTYNIUTEL TOMBKO IBOE — a ABOE APYTUX OCTAHYTCA He y mena. [

Tepmunonorus: deydoavubiti 2pad HA PUCYHKAX COCTOUT U3 4601 J0AU
(mxombuUKY) U npasot doau (3amauu). ITapocouemanue (cmocob pasbo-
pa) — Habop pébep, y KOTOPBIX BCE JeBLIe KOHIBL Pa3Hble (HU OQWH IIKOIb-
HUK He BLICTYIAET ABAXKIHI) U BCE IIPABbIE KOHIBI PasHbe (HU OLHY 3aJaTy
He PACCKA3bIBAIOT ABAXKIBI). AHAJOIMYHYIO 3aJady O MAKCUMAJILHOM IIa-
POCOYETAHNN MOXKHO [TOCTABUTH IS MPOM3BOILHOIO ABYIOMBHOIO I'pada
(IPOU3BOJIBHOU CXEMbI COSIUHEHUA BEPIIVH CIEBA U CIIPABA).

9.3.28. Hamaure MakCUMATLHOE TTAPOCOYETAHNE B MPOU3BOILHOM IBY-
IOJBHOM T'pade, CBeId 3Ty 3aIady K OTBICKAHUI0 MAKCUMAJIbHOT'O IIOTOKA.

Pemenne. Bynem cunrars pébpa rpada uaymuMu caeBa HAIPaBO U UMe-
IOIMMY HEOTPAHUYEHHYIO TPOIMYCKHYI0 CIOCOOHOCTD, U T06ABAM UCTOK CJIe-
BA U CTOK CIPaBa, COEIUHUB UX C BEPIIXHAMU OJHOCTOPOHHUMEU pEGpaMu ¢
TIPOTYCKHOU CIMOCOOHOCTHIO 1.

[lemovncaeHHBLIT TOTOK B TaKOM rpade — 3TO B TOYHOCTU TAPOCOUE-
Tanue. B camMoM geje, MPUXONSINAS M3 MCTOKA EJUHULA HOTOKA JOKHA
KyIa-TO HAMPaBUTbCA. [IOCKOIBKY MOTOK LEBIU, TO OHA MOXKET TOUTH TO-
JbKO 110 ogHOMY pebpy. U ecam aBa Takumx MCHOOJB30BAHHBIX pebpa mpu-
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BEeIyT B OQHY BEpIIMHY CIPaBa, TO U3 HEE yKe INOTOK He CMOXKET BLINTH.
A kak ncKkaTh MaKCUMAaILHBINA HEI0OYUCACHHBIN IOTOK, MBI 3HAEM, IJIA DTOrO
naxke aaropuT™ O amonaca— Kapmna He HyKeH, MOXKHO HCIOIL30BAT JI00LIe
IONOMHAIOIINE Iy TH. O
B »Tom 3amade TOMOMHAOMIME MyTH B OCTATOYHOU CETH UMEIOT ACHBIN
CMBICJT: U3 JIEBOU JOJU MBI UEM BIPABO [0 HEUCIOAL30BAHHLIM PEOPaM rpa-
(a, MOTOM BJIEBO IO KCIOIL30BAHHBIM, IIOTOM CHOBA, BIIPABO IO HEUCIIOJb-
30BaHHLIM 1 TAaK JaJee, IOSTOMY 3TOT AJCOPUTM HA3LIBAIOT MHOLA, (IIOMCK
MaKCHMAaJILHOIO HapOCOIETAHNA C IIOMOIILIO I€PEIYIOIIUXCS [Iemeny.

Mgbr nonsmu, 9T0 (LENIOYMCIEHHBIE) MOTOKA B IOCTPOEHHOU CETU CO-
OTBETCTBYIOT MApPOCOYETAHUAM. A 4YeMy COOTBETCTBYIOT Pa3pe3bl U UTO
MOXKHO H3BJEYb U3 COBHAJEHUS MAKCAMAIBHOI'O IMOTOKA M MUHUMAJIHHOI'O
paspesa? BecmoMauM 0OGBACHEHNE PO IIKOJILHUKOB: TOTOK HE MOXET OBITH
O0JBIINM, TIOTOMY TO €CTBb MeTHIPE MIKOILHUKA, KOTOPhIE PEIININ OMHU U
Te ke nBe 3amgavuu. OKa3LIBAETCS, YTO UMEHHO TAKOrO PONA MPEMATCTBUE
€CTb BCErja, U 5TO KaK Pa3 COOTBETCTBYET Pa3pe3y B CETH.

IIpencrapum cebe, 9TO B IEBOKM HOJE, A€ BCEI'O M BEPIINH, €CTh HAOOD
U u3 u BepinmH, y KOTOPHIX BCE UX COCENU BXOAAT B KAKOU-TO HaGop V u3
MEHBINEr0 YUCIA BEPIINH U B MIPABOU JOJE.

m n

OTO 03HAYAET, IYTO KAK MUHUMYM % — ¥ BEPIIUH CJIEBA OCTAHYTCA 6e3 mena,
TaK 9TO MaKCUMAaJIbHOE IIapOCOYeTaHUE HE IPEBOCXOTUT

m—(u—v)=m—u-+v.

OKa3bIBAETCSA, 9TO TAKYIO OIEHKY BCETIa MOXKHO CAEIATH TOYHOU.
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9.3.29. Ilycts B aBygombHOM rpade (caeBa m BEpILIMH, COPaBa N Bep-
IIMH) HE CyMEeCTByeT mapocoderanusa pasmepa k > 0. Torga B meBon mose
ectb HAGOP U U3 u BepuInH, a B IPaBOU J0Je eCTh HAGop V u3 v BepiwH, 1as
koropuix (1) Bce cocemu Bepmmu w3 U nomagaor B V; (2) m —u +v < k.

(TlockonbKy ucxomHAS 3a4ada CUMMETPUIHA, MOXKHO CHOPMYIAPOBATH
U CUMMETPUIHOE YTBEPXKACHNE O BEPIIMHAX B IIPABOU TOJE U UX COCEIIX B
JIEBOU [0JIE; DTO SKBUBATEHTHO Tepexony ot MHoxecTB U n V k ux gomos-
HEHUAM. )

Pemenme. PaccMoTpuM MakcuManibHBI paspe3 — 1o Teopeme PDop-
na—®Pankepcona on menbine k. JleBas ero kommnonenTa S COAEPKUT UCTOK,
KAKWe-TO BEPIIUHLI JeBOU H01u (Ha30BEéM ux U), 1 Kakue-TO BEPIIMHEL TPa-
Bou noim (HazoBéM ux V).

3aMeTuMm, 9To BepmuHa B U HEe MOXKET OBITH COSIUHEHA PEOPOM C BEp-
MIMHOU He m3 V', TOTOMY YTO TOPAa 3TO PeOpO MOmagaeT B pas3pes, a Ta-
Kue pébpa MMEIT HEOTDAHUYEHHYIO (OUeHD GOJBIIYIO) MPOMYCKHYIO CIIO-
cobuocTh. Ilycte B U momasno w BepiruH, a B V nonano v Bepima. Kakue
pébpa mepecekaior pazpes? ITo m — u pé6ep, KOTOPLIE U3 UCTOKA BEAYT B
BepuuHbL He u3 U, a Takxke v pédep, koTopwie u3 V' BegyT B cTOK. Bee onn
UMEIOT TPOMYCKHYIO CIOCOOHOCTE 1, TIO3TOMY MUHUMAIBLHEIN PA3Pe3 PABEH
m — u + v 1 MeHbIe k (MBI ¢ DTOCO HAYAN). O

To xe caMoe yTBEp¥KIEHUE B Uy Th APYTOu (opMe:

9.3.30. B mkone paboTaeT HECKOIBLKO KPYXKKOB. TpebyeTcsa B KaxkI0M
KPYXKKe BEIOPATH CTAPOCTY U3 UHUCAA YIACTHUKOB DTOTO KPYKKA, TPUTEM
OJIVH YEeMOBEK HE MOXKET OBITh CTAPOCTOU IBYX KPYXKKOB. [JoKaxwuTe, ITO
9TO HEBO3MOXHO B TOM ¥ TOJBKO TOM CJIy4ae, KOTJa MIPU HEKOTOPOM U
HAMAETCA % KPYXKKOB, B KOTOPBIX BMECTE 3aHUMAETCS MEHBIIIE 1% IeI0BEK.

Pemenme. KpyXku — TOYKM B JIEBOU [0J€, MIKOJLHUKNA — B IPABOU, a
pébpa BeIyT OT KPYXKKaA KO BCEM €I'0 YIACTHUKAM. (I
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B Takou ¢popme 5TO yTBEpK IEHNE HAZLIBAIOT meopemoti Xoara o nped-
cmagumenar (CTapoOCTa IPEACTABIAET CBOU KPYKOK). B 01HYy cTOpOHY OHO
OYEBUIHO: €CIM B U KPYXKKAX BCEr0 3aHUMAIOTCS MEHBIIE U YEJOBEK, TO
CTapOoCT BEIOpPATHL HE yaacTcAa. B 0OpaTHYIO CTOPOHY OHO, KaK MbI BUIENIN,
crenyet u3 TeopeMbl Popaa—Pankepcona. Ho MOXHO noKa3aTh ero u 6e3
Heé.

9.3.31. [lokaxuTe >TO 0OpaTHOE yTBEPKACHNE MHIYKIUEN 10 YUCILY
KDPYZKKOB, PACCMOTDEB ABa ciydast: (1) ecTs HAGOP M3 HEKOTOPOIO YUCIA U
KDPY¥KOB, B KOTOPBIX BMECTE 3aHUMAIOTCA POSHO U IIKOILHUKOB, U (2) BCe-
rIa €CTh 3amac: I/ 0000 CEMENCTBA KPYIKKOB OOIIee IMCIO MTKOJLHUKOB
B HUX OOJBIIE YUCI KPYKKOB B CEMEUCTRE.

Bort emé ogua nepedopMyIupoBKa TOrO Ke yTBePXK JeHUs, HA3bIBAEMast
meopemoti Kénuza; € mpemmMyIecTBo B TOM, 9TO 06e 1oau rpada BXOIAT
B HEé CUMMETPUIHBIM 00Pa3oM.

9.3.32. ITokaxwuTe, ITO pa3zMep MaKCUMAILHOT'O TAPOCOUYETAHUS B IBY-
OOJBHOM rpade paBeH pasMepy MUHUMAILHOIO BEPUIMHHOI'O MTOKPBITHSI.
(MHOXECTBO BEpIINH HABBIBAETCA 6EPULUHKbIM NOKPLUNUEM, €CIA Y JI0OO0-
ro pebpa xoTs Obl OAVH KOHeI IPUHALJIEKUT DTOMY MHOXKECTBY. BepIInHE
MOXKHO BHIOMDATH U3 00enx JOel. )

Craenyrolyio 3a1ady MOXHO HAUTH B COOPHUKAX OMUMITUATHBLIX 3319
U1 MKOJIBHUKOB, HO, TO-BUAAMOMY, €€ PelIeHne 110 CyIecTBy TpebyeT Te-
opembl X0w1a B TOM Wi UHOM BUAE (& OCOOEHHO MPOCTO €€ PEIIUTb, 3HAd
0 MOTOKAX U Pa3pe3ax).

9.3.33. Ha KOHTPOJLHON KaXK ILIU MTKOMLHUAK PEITUI 5 3a1a4, U KAXK VIO
3aJady PermiIo 5 MKOJLHUKOB. /[[oKaXuTe, YTO MOXKHO OPTaHU30BATL Pa3-
60p TaK, YTOOLI KaxXK [LIM MIKOJILHUK PACCKA3AI OQHY U3 PEIICHHBIX UM 3a1a4
¥ Bce 3a1a49u ObLir OB Pa30OpaHbL.

[Ykazauue. Incio 33139 paBHO HUHCIY MIKOJILHUKOB (MOCIMTAEM Dellle-
HUA OBYMA Coco6aMu), 0603HAYMM ero 3a n. B cooTsercTByOmEM rpade
eCTh APOOHBLIM MOTOK BEIUYWHEI 7, B KOTOPOM KAXKIAA 334398 PACCKA3ZHI-
BaeTcsA ¢ BecoM 1/5, 3HAYAT, €CTh U UeIb NOTOK Takon Beauiuubl. (Ecau
n36eraTh YIOMUHAHAA HOTOKOB, TO MOXKHO 3aMETHUTb, YTO MPEMATCTBUE K
pa3bopy BCEX 3aJa¥ U3 TEOPEMBI XO0JUIa, HEBO3ZMOKHO, TIOTOMY UTO B 3TOM
caydae u3 U BBIXOAUT Gosblile pEGep, 1eM MOXKeT 3aiuTu B V.)]



10. COMOCTABIJIEHUE
C OBPA3LIOM

10.1. lNMpocTenwnn npumep

10.1.1. Hmeercsa mocregoBaTenbHOCTL cuMBosoB x[1] ... x[n]. Onpexe-
JUTe, UMEIOTCS JIU B Hell uAylume APYT 3a APYyroM cuMBogbl abed. (Ipyru-
MU CJIOBaMU, TpeOyeTcs BBISICHUTD, eCTh Ju B ciaoBe x[1] ... x[n] moxcroso
abcd.)

Pemenme. Nmeercs npumepuo n (ecau OLITH TOYHBIM, N-3) MO3ULUN,
HA KOTOPBIX MOXKET HAXOIUTHCA UCKOMOE MOACIOBO B UCXOMHOM caoBe. [luas
KaXK IOU U3 TO3UIMYA MOXKHO MPOBEPUTD, JEUCTBUTEILHO U TaM OHO HAXO-
IUTCA, CPABHUB YeThIpe cuMBoaa. OaHako ecTh Gonee >pPEKTUBHBLIN CITO-
co6. Yuras croBo x[1] ...x[n] creBa HATIpaBO, MBI OXKUIAEM TOABICHUA OY-
kBHI a. Kak ToabKO OHA MOABWIACKH, MBI UIIEM 33 HEW OyKBY b, 3aTeM c, u,
Hakonell, d. Eciv HaImm oXu qaHusa Onpas IbLIBAIOTCSA, TO CJIOBO abcd oOHAPY-
keHo. Ecin ke xakas-To u3 Hy KHBIX OYKB HE MOABISETCS, MBI OKA3BIBAEMCS
yV pazbuToro KOphITa U HAUMHAEM BCE CHAMAJA. (I

ODTOT MPOCTOU AITOPUTM MOXKHO ONUCATH B Pa3HLIX TepMmuHax. Wc-
MOJIB3YS TEPMUHOJOTUIO TAK HA3BLIBAEMBIX KOHEUHbIL G8MOMAMO8, MOXK-
HO CKa3aTh, YTO TPU UTEHUM CJOBA, X CJACBA, HATPABO MBI B KAXKILIA MO-
MEHT HAXONUMCA B ONHOM W3 CIEAYIOUUX COCTOAHWEA: «Hadaabuoe (0),
«cpasy mocne a» (1), «cpasy mocre aby (2), «cpasy mocre abe» (3) u «cpa-
3y mocie abcd» (4). Yuras ouepennyno OykBy, MBI MEPEXOAUM B CJIELY-
I0lllee COCTOAHME IO MPAaBWILY, yKasaHHOMY B Tafauue (CM. CIeLYIOILYIO
crpanuiy). Kak Tombko MBI momagéMm B cocTosHue 4, paboTa 3aKaHIMBa-
ercs.

Harnsaauo BLImOMHEHNE alrOpUTMa, MOXKHO TPEICTABATE cebe Tak: (hUIl-
Ka IBUCAETCA U3 KPYKKA B KPYKOK MO CTPEIKAM; CTPEIKA BEIOUPAETCSA TAK,
4TOOBI HAIIUCH HA HEM COOTBETCTBOBAJIA OYEPEIHON OYKBE BXOJHOT'O CIOBA.
YT0o06bl 5TOT NPOUECC OBLI yCIEMIHLIM, HyKHO, YTOOLI I/ KaXK 0N OyKBBI
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Texymee | Ouepennas Hosoe
COCTOSHUE OyKBa COCTOSTHUE
a
KpoMe a
b
a
KpoMe a,b
c

(an)
—_

a
KpoMme a,c
d
a
KpoMe a,d

WWWNNN = O
O k= O WO HFHENDO

[Ipapura nmepexoa st KOHEYHOI'O ABTOMATA,

OBbLTa POBHO OMHA, MOIXOMMAIIAA CTPEIKA U3 JI000T0 KPYXKKa.

CooTBeTCTBYIOIAA MTPOrpaMMa OUeBUIHA, (MBI YKa3bIBAEM HOBOE COCTO-
AHUE, Ta¥Ke eCIU OHO COBIATAET CO CTAPLIM; 3TU CTPOKU MOXKHO OMyCTUTh):

i:=1; state:=0;

{i - mepBaa HempoumTamHaa 6ykBa, state - cocToaHme}
while (i <> n+1) and (state <> 4) do begin

if state = O then begin

if x[i] = a then begin

| state:= 1;
end else begin
| state:= 0;
end;

end else if state = 1 then begin
if x[i] = b then begin

| state:= 2;

end else if x[i] = a then begin
| state:= 1;




10.1. IIpocmetiwutd npumep 179

end else begin

| state:= 0;

end;

end else if state = 2 then begin
if x[i] = c then begin

| state:= 3;

end else if x[i] = a then begin
| state:= 1;

end else begin

| state:= 0;

end;

end else if state = 3 then begin

if x[i] = d then begin
| state:= 4;
end else if x[i] = a then begin
| state:= 1;
end else begin
| state:= 0;
end;
end;
end;
answer := (state = 4);

WHBIME cIOBaMM, MBI B KaXKIBI MOMEHT XPAHUM MH(MOPMAIMIO O TOM,
KaKOe MaKCHMAILHOE HAUAIO HALIEro 06pasna abed ABIAETCA KOHIIOM IPO-
wwranaon vact. (Ero mmua u €CTh TO «COCTOAHUE), 0 KOTOPOM HIIA PEdb. )

TepMUHONOr WA, HAMU UCIOAB3yeMad, TakoBa. Ca080 — dTO 100as mo-
CJIeJOBATEIBHOCTD CHMBOJIOB U3 HEKOTOPOr0 (PUKCUPOBAHHOIO KOHETHOI'O
MHOMKECTBA. DTO MHOXKECTBO HA3BIBACTCA GAPHABUMOM, €TI0 DIEMEHTHI —
6yrsamu. Ecim 0T6pOCUTH HECKOIBKO OYKB C KOHIIA CIOBA, OCTAHETCS APY-
roe CJIOBO, HA3BIBAEMOE HAUAL0M TEPBOro. JII06oe CJIOBO TaKkKe CIMTAeT-
ca comM Hadamom. Kowey CI0Ba — TO, ITO OCTAHETCA, €CAM OTOPOCHUTH
HECKOJIBKO NEPBHIX OykB. JlIo6oe c1oBo cunmraercsa cBouM KOHUOM. [lodcao-
60 — TO, ITO OCTAHETCS, ECIM OTOPOCUTL OYKBEL U C HAYaIa, U C KOHIA.
([Ipyrumu croBamu, MOACIOBA — 3TO KOHIEI HAYAT, WX, YTO TO XKe, Hadala
KOHIIOB. )

B TepMuHax mHIYKTUBHEIX QYHKIUE (CM. pasgen 1.3) CHTyaluo MOXKHO
OIMCATH TAK: PACCMOTPUM (DYHKIUIO HA CIOBAX, KOTOPAA MPUHUMAET IBA
3HAYEHMA (MCTUHAY U «IOKb» U MCTUHHA HA CJIOBaX, NMEIOIINX abcd CBOMM
MOJACAOBOM. DTa DYHKINS HE SABALETCA MHIYKTUBHON, HO UMEeT NHIYKTUB-
HO€ paCILIupeHue

T — OJINHA MaKCUMAJBbHOI'O HaYaJla CJI0Ba abcd, ABIAOIIETOCA KOHIIOM T .
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10.2. lloBTopeHUs B 06pasLe — UCTOHHUK
npo6nem

10.2.1. MoxHO 1 B IPeABILAYIINX PACCY XK ICHUAX 3aMEHUTh CJIOBO abcd
Ha [IPOU3BOJLHOE CJIOBO?

Pemrenne. Het, 1 mpo6ieMbI CBA3aHEI ¢ TEM, ITO B 06pa3Ile MOryT OBITH
noBTOpAImeca OykBbl. [lycThb, Hampumep, MBI WIIEM BXOXKIEHUA CIOBA
ababc. Bor mossunack 6ykBsa a, 3a Heu UAET b, 3a HeU UAET a, 3aTeM CHOBA b.
B sToT MOMeHT MBI ¢ HeTepreHueM XK aéM OykBel c. O IHAKO — K HAIEMY
Pa30vapoOBaHUI0 — BMECTO Heé MOABIAETCI Apyras OykBa, u Hall oOpaserr
ababc e obmapyxen. OIHAKO HAC MOXET OXUAATH YTEIIUTEIbHBIN MTPU3:
eCIM BMECTO C TOSABUIACH OYKBa a, TO HE BCE MOTEPAHO: 33 HEU MOT'YT TMO-
CTeqoBaTh OYKBHEL b U ¢, U 00pa3eln-Taku OyIeT HauIeH. 0

Bot xapTunka, MOACHIOIAA CKa3aHHOE:

X y z a b ab a b c < BXOJHOE CIOBO
a b a b c «— MBI XJajau o0pasna 31ech
a b a b c <— a OH OKa3aJICA 31eCh
Takum 06paszoM, K MOMEHTY
Xy z a b a b <— BXOJHOE CJIOBO
a b a bj|c «— MBI XJaau 00pa3sia 371ech
a bjla b c < a OH OKa3aJICA 3IeChb

€CTh IBA BO3MOXKHBIX TOJOXKEHUA 00pa3Ia, KaXkI0e U3 KOTOPHIX MOMLICKUT
mpoeepke. TeM He MeHee TO-TIPEKHEMY BO3MOXKEH KOHEIHBIM aBTOMAT, M-
TAKIIAA BXOJHOE CJIOBO OyKBa 3a OyKBOM M IEPEXOMAMINN U3 COCTOAHUA
B COCTOSIHUE B 3aBUCHMOCTHU OT IPOIUTAHHLIX OyKB.

10.2.2. Ykaxure COCTOAHUA COOTBETCTBYIOIIEI'O aBTOMATa M TaOIM-
1y mepexoga (HOBOE COCTOAHWE B 3ABUCUMOCTH OT CTAPOrO U UATAEMOU
OyKBBI).

Pemrenne. Ilo-mpexHeMy cocTosHUA OYIYT COOTBETCTBOBATH HAMOOIb-
[IeMy Ha4aly oOpasIia, ABJIAIMEMYCS KOHIIOM OPOYNTAHHOU YACTU CJIOBA.
Nx 6yger mecrs: 0, 1 (a), 2 (ab), 3 (aba), 4 (abab), 5 (ababc). Tabruua
epexoa MOKa3aHa Ha CJAEIYIOMIEN CTPAHUIIE.
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Tekyuee Ouepenuan | Hosoe
cocTosiHne | OyKBa COCTOSHUE
0 a 1 (a)
0 KpoMe a 0

a) b 2 (ab)

a) a 1 (a)

a) kpoMe a,b | 0

ab a 3 (aba)
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KpoMe a,c

s mpoBepKM MOCMOTPHUM, K IPUMEPY, HA BTOPYIO CHU3Y CTPOKY. Ec-
JU TPOYUMTAHHAA YaCTh KOHYAJNACh HA abab, a 3aTeM mosBuiach OYKBa a,
TO Temeph MPOUNTAHHAA YaCTh KOHUYAeTCA HA ababa. Hamboabiee Hawamo
obpasia (ababc), ABaAOImIEECA €€ KOHIIOM — 3TO aba. O

Dur0COp CKUI BOMPOC: MBI TOBOPWIN, YTO TPYAHOCTH COCTOUT B TOM,
YTO €CTh HECKOMBbKO BO3MOXKHEIX MOJOXKEHUN 00pasIia, KaxK I0€ U3 KOTOPLIX
MOXET OKa3aThCA UCTUHHBIM. IM COOTBETCTBYIOT HECKOIBKO HAMAT 00pa3-
1a, ABMIAKIINXCA KOHIAME BXOIHOrO caoBa. Ho KOHeYHEIN aBTOMAT IIOMHUAT
JUIIb CaMOe IJIMHHOE 13 HuxX. Kak ke ocTaabHEe?

Dunocopckun orser. [leno B TOM, 9YTO caMOe NIIMHHOE U3 HUX OIpPe-
IeJseT BCe OCTANbHBIE — DTO €ro KOHIILI, OJHOBPEMEHHO ABIAIOIINECT ero
HAYATAMMA.

He cocrasaser Tpyga nis 106000 KOHKPETHOrO 00pasiia HAMKUCATD TPO-
IpaMMy, OCYIIECTBIAIOIIYIO TOUCK 3TOTO 0OPA3Ia OMUCAHHBIM CIOCOOOM.
Oguako XOTenoch OBl HAMUCATH MPOTPAMMY, KOTOPAA WIIET TPOU3BOIhL-
HBII 00pasel] B MPOM3BOMLHOM CJOBE. DTO MOXKHO Ie1aTh B IBA DTarma:
CHAYama Mo 00pasiy CTPOUTCA TAGIMIA TMEPEeXOI0B KOHEIHOrO aBTOMATA,
a 3aTeM YUTAETCS BXOMHOE CIOBO U COCTOSHUE MPeoOpasyeTcs B COOTBET-
cTBUU ¢ »Tou Tabmumen. [T0TOOHBIX METON YACTO MUCTIOMBL3YETCA OaA 0O-
Jiee CIOXKHBIX 33139 TOUCKa (CM. majtee), HO IJA MOUCKA TOACIOBA, CYIIEe-
cTByeT Gomee TpoCTON U 3P HEKTUBHBIN ATTOPUTM, HAZLIBAEMBIN AITOPUT-
mom Kuyra—Moppuca—IIparra. (Panee cxognble ugen GbLIu mpeIa0XKeHBL
1O.B. Maruscesuuem.) Ho npex e HaM nOHAZOGATCA HEKOTOPHIE BCIOMO-
PaTeNbHLIE YTBEPXK ICHUA.
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10.3. BcnomoraTensHble yTBEpXKAEHUS

11 mpOM3BOIBHOIO CIOBa X PACCMOTPHUM BCE €r0 HAUAIa, OTHOBDE-
MEHHO ABJIAIOIMECHA €ro KOHIAMMY, W BhIOepeM u3 Hux camoe gmmuHOE. (He
cuuras, KoHedHo, camoro caosa X.) Bygem o6osnadars ero [(X).

IIpumepsr: [(aba) = a, [(abab) = ab, [(ababa) = aba, l(abc) = mycroe
CIIOBO.

10.3.1. Mokaxkure, uro Bce caoBa (X)), [(I(X)), L(I(I(X))) u T. 1. aBus-
IOTCA HavaJIaMn CI0Ba X .

Pemenne. Kaxnoe usz Hux (COMIACHO OMPEIENCHUIO) ABIACTCA HAYAIOM
IpeIbIIYIIEro. (|
ITo Tou ke mpuvuHEe BCE OHU ABJIAIOTCA KOHIIAMH CI0Ba X .

10.3.2. [loxaxuTe, 9TO MOCIEIOBATEILHOCTE TPEILIAYINCH 3aa49u 06-
peBaeTcA (HA IyCTOM CJIOBE).

Pemenne. Kax noe c10Bo Kopotie IpenbIIyIIEro. O

10.3.3. [lokaxute, 9TO J0O60E CIOBO, OTHOBPEMEHHO SBIAIOIIEECT HAYA-
JOM ¥ KOHIOM cioBa X (kpome camoro X ) BXOAUT B HOCJAEIOBATEILHOCTD

1(X),1((X)), ..

Pemrenue. [Tycts cmoBo Y ects ognoBpemMenno Hakdauao u korern X . Cioso
[(X) — camoe IIUHHOE U3 TAKUX CJOB, TaK 4T0 Y He muuHee [(X). O6a sTu
C/I0BA ABIAIOTCS HAJYATaMu X, MOPTOMY 6o/ee KOPOTKOe M3 HUX SABIAETCA
HavanoM Gonee AauHHOrO: Y ecth Hauamo [(X). Anamoruuno, Y ecTs KoHen
[(X). Paccyxgas mo MHAYKINM, MOXKHO MPEINONAraTh, ITO yTBEPXKAEHUE
3a4a94 BEPHO A BCEX CI0B Kopodue X, B yacTHOCTH, aus caosa [(X). Tax
9TO CI0BO Y, ABjsomeecs KOHIoM u HadaaoM [(X), mubo pasuo (X)), mu60
Bxogut B nocaegoarensHocts [(1(X)),(1(1(X))),. .., 9T0 u TpeboBamock
MOKa3aTh. O

10.4. Anroputm KnyTa—Moppuca—IlpaTTa
Aaropurm Kuayra—Moppuca—I[Iparra (KMII) monygaer Ha Bxox cI0BO

X=x[11x[2]...x[n]

U IPOCMATPUBAELT €0 CJIeBA HAIPABO OyKBa 3a OYKBOU, 3AMOJHSAA IPU STOM
MaccuB HaTypanbHbIX umces 1[1]...1[n], roe

1[i] = gmmma crosa [(x[1] ...x[i])
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(dyukuus [ onpenenena B npeasiaymem nyakre). Crosamu: 1[i] ects mum-
Ha HanbOoJbIIero Hadaaa caoBa x[1] ...x[1], ogHOBpeMEeHHO ABJIAIOIIETOCA
€ro KOHIIOM.

10.4.1. Kaxoe oTHOmeHne BCE >TO uMeeT K MOUCKY moaciaosa? [Ipyru-
MM CJIOBaM#, KaK UCIOAb30BaTh aaroputm KMII mia ompemenenus Toro,
SABIAETCA JU CJIOBO A mmomcaoBoM caoBa B?

Pemenne. IIpumenum aaropurm KMII k cioBy A#B, rae # — croenuaib-
Has 6ykBa, He BCTpevaroaacsa uu B A, au B B. CoBO A ABIAETCA MO ICIOBOM
CTOBA B TOra U TOMIBKO TOrIA, KOT'Ia CPEIU IUCE] B MaccuBe 1 6yaeT Jucio,
paBHOE mIUHE CI0Ba, A. O

10.4.2. Onumnure anaroput™ 3amnonuenus tadaunst 1[1] ... 1[n].

Pemenwme. IIpennonoxum, uTo mepseie i s3madenuu 1[1]...1[i] yxe
HaugeHsl. Mur ynTaem ovepenuyio OykBy ciaoBa (T.e. x[i+1]) m momxubr
BeraucanTs 1[i+1].

1 i i+l
| yXKe MPOYMTAHHAS IACThb X | |

Z Z

[lpyrumu ciroBamu, HaC MHTEpecyloT Hadama Z ciaosa x[1]...x[i+1],
OJHOBPEMEHHO SBJAIOIIMECS €r0 KOHIIAMM — W3 HUX HAM HAJI0 BHIOPATH
camoe mauuHOe. OTkyna GepyTca »tu Hadana? Kaxkmoe w3 Hux (He Ccuu-
Tas IyCTOrO) MOIYyYaeTCA U3 HEKOTOPOro CJIOBa Z' MPUINCHIBAHUEM OyKBEHI
x[i+1]. Cnoso Z’ aBasercsa HagaaoMm u KoHIOM caoBa x[1]...x[i]. Oxna-
KO He JI000e CJIOBO, ABJIAIIIEECT HadaJdoM u KOHIoM caoa x[1]...x[i],
TOMUTCA — HALO, YTOOBI 38 HUM caeqoBana Oyksa x[i+1].

IMonywaem Taxou pement OTHICKAHWA CIOBa Z. PaccMoTpum Bce Hada-
aa caoBa x[1] ...x[1], aBastommecs ogHOBpeMeHHO ero koumamu. U3 Hux
BHIOEPEM MOAXOIAIINE — Te€, 33 KOTOpuIMEU naéT Oyksa x[i+1]. U3 moaxo-
IAMUX BeIOepeM camoe mauHHOe. [Ipunucas B ero xomer x [i+1], moxy«dum
HICKOMOE CJOBO Z.

Temeps mopa BOCHOMB30BATHCA CACTAHHBIMUA HAMU MPUTOTOBICHUAMUA
¥ BCIIOMHUTB, YTO BCE CJIOBA, ABIAIOMINECA OMHOBPEMEHHO HAYAIAMU U KOH-
LAMU JaHHOI'O CJIOBA, MOXKHO IOJIYYAThH IOBTOPHBIMU IPUMEHEHUAMU K HEMY
dyukuu [ w3 npegpraymero paszgena. Bor 4To nomydaercs:

i:=1; 1[1]:= 0;

{ra6bmuua 1[1]..1[i] 3amomnena mpaBumbHO}
while i <> n do begin

| len := 1[i]
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{len - mmuma mavama cmoma x[1]..x[i], xoTopoe aBmseTca
ero KOHIIOM; BCe 6ojiee IIMHHHE Hadala OKa3alUCh
HEeIOLXO LAILMMY }

while (x[len+1] <> x[i+1]) and (len > 0) do begin

{Havamo He momxXomUT, mpUMeHAeM K HeMy GyHKIMBD 1}

len := 1[len];

end;

{Hawmm momxomsmee umM y6emMIUCH B OTCYTCTBUM}

if x[len+1] = x[i+1] do begin

{x[1]..x[len] - camoe mmMHHOe MOAmXOoIAllee HaYalo}

1[i+1] := len+i;

end else begin

{nomxomaumx uet}

1[i+1] := 0;

end

i = i+1;
end; O

10.4.3. [oxaxwuTe, 9TO YUCIO AEUCTBAU B IPUBEIEHHOM TOJLKO 9UTO
aaroputMe He npepocxoguT Cn 1aa HeKOTOpour KOHCTAHTHL C.

Pemrenne. D70 He BOOIHE OYEBUIHO: OOPAOOTKA KaXK IOU O9epPeTHON Oy-
KBEI MOXKET MOTPeHOBATH MHOIMX UTEPAIMY BO BHy TpeHHeM 1ukiae. O 1HAaKo
KaxK1aa Takas UTepaIusa YMEHbITaeT len Mo KpauHen Mepe Ha 1, 1 B 5TOM
crygae 1[i+1] oxawxerca zamerno Menbite 1[i]. C apyrou cTOpoHbI, mpu
yBeJauveHnM i Ha equHuny BeawduHa 1[i] moxer BospacTu He Gojee dem
Ha 1, TAK 9TO YACTO U CUIBLHO yOBIBATH OHA HE MOXET — MHA4Ye yOLIBAHUE
He OyIeT CKOMIIEHCUPOBAHO BO3PACTAHUEM.

Bomnee TOYHO, MOXHO 3aMUCATh HEPABEHCTBO

1[i+1] < 1[i] — (umcao urepanun Ha i-m mare) + 1

i
(umeno wrepanun Ha i-m mare) < 1[i] — 1[i+1] + 1.

OcTagTca CIOXUTEL DTU HEPABEHCTRA, MO BCEM i U MOMYyYUTh OLEHKY CBEPXY
I OOILIEro YKCIa, UTEPAIIN. O

10.4.4. Byzaem ucmoab3oBaTh dTOT aJICOPUTM, 9TOOBI BLIACHUTD, ABJIA-
eTCaA U CJI0BO X IJIMHBLL h TOACAOBOM cioBa Y mamuel m. (Kax »To merars
C MOMOIIBIO CIEIUATLHOrO PA3IeauTeNsa #, OMucaHo Boime.) [lpu sToM ¥u-
cao meucteun Oyger He Goee C(n + m), U UCHOIb3yeMas MAMATH TOXKE.
IpugymanTe, Kak 060ATUCH TaMATHIO He Oomee Cn (4TO MOXKET OBHITH Cy-
IIECTBEHHO MEHBIIE, €CIU UCKOMBIN 0OPA3el] KOPOTKUHU, A CJIOBO, B KOTOPOM
ero UIyT — IJIUHHOE).
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Pemenne. ITpumvensem aaroputm KMII k criosy A#B. Ilpu sTOoM BoIvYEM-
crenne 3adenun 1[1],...,1[n] opoBoaum mis ciaoBa X IIMHBEL I ¥ 3AIO0-
MHUHAaeM 5TU 3HadeHud. [Jajabiine MBI MOMHAM TOJLKO 3Hadenume 1[i] mgaa
TEKyIIero i — kpome Hero m kpome tabmunsr 1[1]...1[n], mam ama BeI-
YUCICHUN HUYErO HE HYKHO. O

Ha mpaxTuxke ciaoBa X u Y MOr'yT HE HAXOIUTBHCSA MOAPS, IIOSTOMY IPO-
cMoTp cioBa X u 3aTeM c0Ba Y yIo6HO OPOPMUTH B BUIE PA3HBIX IIUKJIOB.
OT0 n30aBIAET TAKKE OT XJOMOT C PA3IETUTEIEM.

10.4.5. Hamumure COOTBETCTBYIONUMN ANNOPUTM (TIPOBEPAIONINAN, ABJIA-
ercsa au ciaoBo X =x[1] ...x[n] mogcaosom caoa Y =y[1]...y[m]).

Pemenwe. Cuauana Beraucastem Tabauiy 1[1] ... 1[n] kak paubire. 3a-
TeM IUIIEM TaKyI OIPOrPAMMY:
j:=0; len:=0;
{len - mmuHa MakCUMambHOIO Hayala ClIoBa X, OLHOBPEMEHHO
ABnApWeroca KoHumoM cmosa y[1]..y[j1}
while (len <> n) and (j <> m) do begin
while (x[len+1] <> y[j+1]) and (len > 0) do begin
{Havamo He mMomXOmUT, NpUMeHAEM X HeMy GyHKuMb 1}
len := 1[lenl;
end;
{Hawnmy momxozmsmee uIM y6eNUTUCH B OTCYTCTBUM}
if x[len+1] = y[j+1] do begin
{x[1]..x[len] - camoe mmmHHOe mOmXOonAmee Havamo}

len := len+1;
end else begin
{momxomsumx HeT}
len := 0;

end;

j o= 3

end;
{ecimm len=n, cmoBo X BCTpeTMIOCEH; MHa4Ye MH NOWIM IO KOHIA
cmoBa Y, Tak ¥ He BCTpeTuB X} (I

10.5. Anroputm Bowepa—Mypa

ODTOT aIrCOPUTM IETAET TO, YTO HA TIEPBBINA B3MVIAL KAXKETCA HEBO3MOXK-
HBIM: B TUMWYHOW CUTYAIIUU OH YMTAET JUIIL HeGOMBIIYIO YaCTh BCEX OYKB
CJI0Ba, B KOTOPOM MINETCA 3aJaHubi o6pasern. Kak tak moxet 6uiTs? Unes
npocra. [lycTs, Hanpumep, Mbl uiem o6paser abed. I[locmorpum HA YeTBEP-
Tyi0 OYKBY CJIOBa: €CJIM, K IIPUMEPY, 9TO OyKBa €, TO HeT HUKAKOU HeoOXO-
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OUMOCTY YUTATh mepBele Tpu OykBhl. (B camom merme, B o6pasne GyKBHL e
HET, ODTOMY OH MOXKET HAYATHCA He PAHBINE IIATOU OyKBHL.)

Mui mpuBeéM caMbIl IPOCTOM BAPUAHT DTOrO aIrOPUTMA, KOTOPLIU He
rapaHTUpyeT OBICTPOU PabOTHI BO BCex caydaax. [lycrs x[1]...x[n] —
obOpasel], KOTOPLIM HAL0 UCKATh. [Ia KaxIOro CUMBOIA S HAUIEM CAMOE
[IpaBoe ero BXOXKJIeHue B CI0BO X, TO ecTh Hambomibllee k, Ipu KOTOPOM
x[k] = s. Oru cBegenns OyaeM XpaHUThL B Maccuse pos[s]; eciu cumBoa s
BOBCE HE BCTPEYAETCH, TO HaM OygeT ygoOHO moaoxuTh pos[s] =0 (Mo
YBUOUM JAJIBIIE, HOIEMY ).

10.5.1. Kaxk samomHuTh Maccus pos?

Pemenmne.

momoxuTk Bce pos[s] paBumMm O
for i:=1 to n do begin
pos[x[il]:=1i;
end; O

B mpomecce moucka MbI OyIeM XpaHUThL B TiepeMeHHou last HoMep Oy-
KBEHI B CJIOBE, IIPOTUB KOTOPOU CTOUT MOCAeAHAA OyKBa oOpasua. Buauame
last =n (gauna o6pasua), 3aTeM last MOCTENEHHO yBEIXIUBACTCA.

last:=n;

{Bce mpemmnyume momoxeHuA obpasua yXe IPOBEPEHH}

while last <= m do begin {cmoBo He koHuMmOCH}

if x[n] <> y[last] then begin {mocmemume 6ykBH pa3HHe}

last := last + (n - pos[y[last]]);

{n - pos[y[last]l] - »To MuEmManbHEM cpBUr ofpas3na,
mpux koTopoM HampoTuB y[last] BcTaHeT Takas xe
6ykBa B ofpasue. Eciam Tako¥ 6YKBH HeT Booblue,

TO CEBUTaeM Ha BCH IIUHY obpasmal

end else begin

€CIN HHHellHee [ONOXKeHMe NIOLXOLUT, T.e. eCIH

x[1]..x[n] = y[last-n+1]..y[last],

TO COOBWMTE O COBIIALEHNH;

last := last+1;

end;

end;

3HATOKN PEKOMEHIVIOT MPOBEPKY COBIAIEHUS TPOBOAUTHL CIPABA HAJIEBO,
T. €. HAUUHAA C TIOCIeqHen OyKBhI 00pasia (B KOTOPOU COBIAICHNAE 3aBEIOMO
ecThb). MOXXHO TaxXe HEMHOI'O COKOHOMUTh, IPOU3BE/s BEITUTAHMIE 3aPAHEe
u xpans He pos[s], a n-pos[s], T.e. uucmo 6yxB B 06pasue cupasa OT
MOCJIEHENO BXOXK A€HUA OYKBHI S.
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Boamoxkwer pasubie Mo qudukanuy 3Toro atropurma. Hanpumep, MOKHO
cTpoky last:=last+1 3amenuThb Ha last:=last+(n-u), rie u — KoOOpaAU-
HaTa BTOPOI'O CIPaBa BXOxkIeHUI OyKkBHI X [n] B o6paserr.

10.5.2. Kax mpore Bcero y4ects 3T0 B mporpaMmme?
Pemenwe. IIpu nocrpoenun Tabaunsl pos HANMKUCATH

for i:=1 to n-1 do...

(manee kak paHblie), a B OCHOBHOM mporpaMme BMecTO last:=last+1 Ha-
OICATH

last:= last+n-pos[y[last]]; U

IIpueenéuuniy HaMK YIPOIIEHHLIN BapuadT aaropurMma Bounepa—Mypa
B HEKOTOPBLIX CIy4agX TPeOyeT CYIIECTBEHHO OOJBIIE N NeUCTBUU (YUCIO
IEUCTBUY MOPAIKA Mn), TPOUrpeiBas atropurmy Kuyra—Moppuca—IIpar-
TA.

10.5.3. TlpuseguTe mpuMep CATyalud, B KOTOPOU OOpasel He BXOIUT
B CJOBO, HO AJITOPUTMY TPEOyeTCA MOPAIKA MmN IeUCTBUN, ITOOBI DTO yCTar
HOBUTB.

Pemenne. IlycTes o6paser umeeT B baaa. .. aa, a CaMO CIOBO COCTOUT
TOJIBKO u3 OykB a. Torga Ha KaxIOM LIAre HECOOTBETCTBUE BLIACHAETCA
JIUIITb B MOCTEIHAN MOMEHT. O

Hacroamuu (me ynpomgénnsmn) amroput™ Bonepa—Mypa rapasTupy-
er, 4To umucao gercteun He npesocxomut C(m + n) B xymmem caydae. On
UCIONB3YeT uaen, Oaumskue K uaesm anaropurma Kuyra—Moppuca—IIpar-
ta. [Ipencrasum ce6e, 9TO MBI CPABHUBAIN OGPA3EI] CO BXOAHBIM CJIOBOM,
UIA CIpaBa HaaeBO. IIpu 5TOM HEKOTOPBIM KYCOK Z (ABIAMOIIMNACA KOHIIOM
obpasIia) COBIAT, a 3aTeM OOHAPYXKWIOCH pasiudue: nepel Z B oOpasie
CTOUT HE TO, 9YTO BO BXOJHOM CJOBE. dTO MOXKHO CKa3aTh B DTOT MOMEHT
o BXOomHOM cjoBe? B méMm oOGHapyx)eH pparMeHT, PABHBIN Z, a MEpen HUM
cTouT HE Ta OyKBa, 9TO B 0Opasmne. JDTa WHPOPMAIUI MOXKET MO3BOJUTH
CABUHYTH O0Opa3el Ha HECKOAbKO MO3UIUU BIPABO 03 PUCKA MPOILYCTUTh
€ro BXOXK[IEHWE. DTU CABUTU CIEIYEeT BLIYUCIUTL 3apaHee I KaxkKJOT0
KOHIIa Z Hammero o6pasua. Kak roBopaT 3HaTOKM, BCE 5TO (BEIYUCICHNE Ta-
OJIULBL CABUIOB U €€ KCIOMb30BAHNE) MOXKHO yI0KUTh B C'(m 4+ n) neicTBriL.

10.6. AnropuTtm PabuHa

OTOT alIrOPUTM OCHOBAH Ha pocTon ujee. [Ipegcrasum cebe, 4TO B CIO-
B€ JJIWHBI 1 MBI HIIEM OOPA3eIl IJIUHEL 7. BEIPpEKEM OKOIIEIKO pa3Mepa n
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u OyjaeM ABUraTh ero mo BxogHomy ciaoBy. Hac muTepecyer, He coBnagaer
JIU CJIOBO B OKOIIIEYKE ¢ 33 daHHbBIM 06pasnoM. CpaBHUBATE O GyKBaM JOJITO.
Bwmecto sToro dukcupyem HEKOTOPYIO (PYHKINIO, OMPENeIéHHYI0 HA CJI0BAX
nauHsL n. Ecam 3Hadenns >Ton GyHKINN Ha CTOBE B OKOIIEUKE U HA 00PAa3Ie
Pa3IUYHBI, TO COBMaAeHUA HET. TOMBKO €CaU 3HAUYEHUS ONWMHAKOBLI, HYXKHO
MIPOBEPATH COBMAIEHUE IO OYKBAM.

Yro Mol BomrpeBaeMm npu takom nogxoxe? Kaszamocs 6b1, auaero —
Beqb IYTOOBI BEIYUCAUTDL 3HAYEHNE (DYHKINY HA CJIOBE B OKOIIEYKe, BCE PaB-
HO HYKHO IPOYeCTb BCe OYKBEI HTOIO CJIOBA. 1aK yXK JIydIle uX cpasy Cpas-
HUTH ¢ 00pasnoM. TeMm He MeHee BBIUTPHII BO3MOXKEH, U BOT 34 CIET Hero.
IIpu caBUTe OKOIIEUKa CIOBO HE MEHAETCA MOTHOCTHIO, & JUIIHL T0OABIAETCS
OyKBa B KOHIIE 1 yOUPAETCA B HAYALE. XOPOIIO ObI, ITOOBI II0 DTUM TAHHLIM
MOXKHO OBLTO PACCUNTATDH, KAK MEHSETCS (PyHKIWA.

10.6.1. TIpuseauTe mpuMep yIOOHOU A1 BEIYUCTCHUS (DYHKIIUN.

Pemenne. 3aMenuM Bce OYKBBI B CJIOBe U 0Opasiie UX HOMEDPAMU, TPE-
CTABIAIOIIAME COOOHM IeJable Yuciaa. lTorga ymoOHOM (PYHKINEH ABIAETCA
cymma tudp. (Ilpu casure okomedka HyXKHO JOGABATH HOBOE UUCJIO U BBI-
9ecTh IPOIABIIEE. ) O

s xaxgon QYHKINM CYMIECTBYIOT CIOBA, K KOTOPHLIM OHA TPUMEHU-
Ma TII0XO. 3aTO0 Apyras (GYHKIUA B DTOM CIydae MOXKeT paboTaTh XOPOIIO.
BosHmkaeT maes: HATO 3amACTE MHOrO (GDYHKIMA U B Hadane paGOTHL aaro-
puTma BEIOMpATh 13 HuX caydanHyio. (Torma Bpar, xKeramomun noarajuTs
HAIIEMy aJIrOPUTMYy, He OyIeT 3HATH, ¢ KAKOM UMEHHO (yHKIHEn eMmy 60-
pOTHCA.)

10.6.2. TIpusenuTe MpUMEp CEMEUCTRA, YIOOHBIX (DYHKIIUN.

Pewenue. Bribepem HekoTOpOE 9ucio p (xKeaaTeabHO IPOCTOe, CM. Ja-
Jiee) ¥ HEeKOTODHIM BHYUET Z IO Moaymio p. Kaxngoe cioBo mausbl n Gynem
paccMaTpUBATHL KAK MOCASI0BATEILHOCTD IEIbIX YUCET (3aMEHUB OYKBBI KO-
naMu). ITU 9ucaa OyIeM pacCMATPUBATEL KaK KOD(MMUIMEHTE MHOTOWIE-
Ha CTEmeHu 1 — | ¥ BEIYUCIUM 3HAMEHUE DTOT0 MHOTOWICHA MO0 MOIYJIIO P
B TOYKE . DTO 1 OyAeT OAHA U3 (PYHKIUN CeMercTBa, (111 KaKJOU Haphl P
U T MOJIy4daeTcs, TaKuM 00paszom, cBos ¢yukuus). Casur okomka Ha 1 co-
OTBETCTBYET BLIMUTAHWIO CTApIIero wieHa (z"~! cremyeT BLIMHCIATE 3a-
paHee), YMHOXKEHUIO Ha & U JOOABICHUIO CBOGOTHOTO WICHA. O

Crnenyroree coobpazkeHne FrOBOPUT B MOMB3Y TOrO, YTO COBIAIEHUS HE
CIIUIIKOM BEepOATHBI. [lyCcTh YUCI0 p PUKCUPOBAHO U K TOMY XK€ MPOCTOE,
a X n'Y — 1Ba pasauvHBIX CJIOBA LIXHEL . TOrma mM COOTBETCTBYIOT pas-
JUYHBIE MHOTOWIEHE! (MBI IIPEANIOIaraeM, ITO KOJBL BCeX OYKB PA3IuIHbL —
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5TO BO3MOXKHO, ecau p Goublne ducaa 6yks aapasura). CoBnagenue 3uaxde-
HUU (PYHKIUU O3HAYAET, 9TO B TOYKE T DTU ABA PABIAIHBIX MHOTOWICHA
COBIIAJAIOT, TO €CTh UX PasHOCThL obpamaercs B 0. PasnocTs ecTs MHOrO-
4IeH cTeneHn n — 1 u umeet He 6omee n — 1 kopHen. Takum 00pa3oM, eCan
7 MHOT'O MEHBINE P, TO CIYIANHOMY & MAJO IIAHCOB MOMACThL B HEYIATHYIO
TOUKY.

10.7. Bonee cnoxHbie 06pa3ubl U aBTOMATbI

M= MOXKEM UCKATh HEe KOHKPETHOE CJIOBO, a IMOICI0BA 33 JaHHOIO BUIA.
Hampumep, M0X)HO mMCKATL CAOBa BUAa aTh, rae BMECTO 7 MOXET CTOATH
mobas OykBa (MHBIME CJIOBAMU, HAC MHTEpecyeT OyKBa b Ha paccTosHuu 2
nocse OyKBH a).

10.7.1. YxaxuTe KOHEIHBIN ABTOMAT, IPOBEPSIONINN, €CTh JU BO BXO-
HOM CJIOBe (pparMeHT BrjJa a?b.

Pemenwe. Yuras cioBo, creqyer HOMHATE, €CTh Ju OyKBa a Ha MOCAE[-
HEM MECTEe M Ha IPEeANOCJeTHEM — MOKA HE BCTPETUM UCKOMBIN PPATMEHT.
AsTomar umeet cocrosuua 00, 01, 10, 11, ux cMbICT TakoOB:

00 wa mpexmociegHEM W TIOCAETHEM MecTaX HeT a
01 wa mpexmociTegHEM HET, HA MOCJAETHEM €CTh
10 He mpexmocregHEeM €CTh, HA, MOCTEIHEM HET

11 ectb u Tam, u TaM

Tabauma mepexonoB aBTOMATA:

Tekymee | Ouepenuas Hogoe
COCTOSHUE OyKBa COCTOSTHUE
00 a 01
00 He a 00
01 a 11
01 He a 10
10 a 01
10 b HalJeHO
10 He au He b 00
11 a 11
11 b HaIJEHO
11 He a 1 HEe b 10 0
[pyron craHmapTHBII 3HAK B 0Opasue — 5TO 3BE310YKa (*), HA Me-

CTO KOTOPOHU MOXKeT OBITh IOACTABICHO JMI000e c10Bo. Hampumep, o6paser:
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abxcd o3Ha4aeT, YTO MBI HUIIEM IIOJCJOBO ab, 3a KOTOPBIM CJIEAyeT YTO
yroaHo, a 3areMm (Ha J060M paccTosHuu) uaéT cd.

10.7.2. YxaxuTe KOHEYHBIN ABTOMAT, MPOBEPSIOUIUN, ECTh JU BO BXOI-

HOM cJ0Be o6paser abxcd (B ONUCAHHOM TOIBKO YTO CMBICTE).

Perrenne.

Tekymee | Ouepennas Hogoe
COCTOSHUE OyKBa COCTOSHUE
HAYAJILHOE a a
HAYAJILHOE He a HAYAJILHOE

a b ab
a a a
a He a 1 He b | HaYaJbHOEe
ab c abc
ab He C ab
abc d HAalJeHO
abc c abc
abc He c 1 He d ab m

Ewé oqun Bug moncka — 5TO MOKUCK JIOO0r0 U3 CJIOB HEKOTOPOI'O CITUCKA.

10.7.3. [Mau crimcok caoB X1, ..., X u ciaoBo Y. Kak onpenennts, BXo-
JUT Ju XOTs Ob1 0gHO u3 cjoB X; B caoBo Y (kax moxcaoso)? KommaecTso
IeUCTBUAU HE NOTKHO TTPEBOCXOMUTH KOHCTAHTHI, YMHOXEHHOU HA, CyMMap-
HYIO [UIUHY BCEX CIOB (M3 CIUCKA U TOTO, B KOTOPOM TPOUCXOIUT MOUCK).

Pemrenne. QO4ueBUIHBEIN CIIOCOO COCTOMT B TOM, YTOOBI KaxKI0O€ CIOBO
U3 CIMCKA MPOBEPATH OTAEJIBHO (C HOMOLIBIO OZHOIO U3 PACCMOTPEHHBIX
anmroputMoB). OQHAKO IPU 3>TOM MBI HE YKJIAALIBAEMCA B 3aJAHHOE TUCIO
gencTBUN (M3-3a yMHOXKeHUs k Ha 1JauHy ciaoBa Y).

IMocMoTpUM Ha M0 ¢ IPYron CTOPOHBI. KaxIoMy o6pasily 3 CIUCKa,
COOTBETCTBYET KOHEUHBIN aBTOMAT C HEKOTOPHIM MHOXECTBOM COCTOAHUMN.
OTU aBTOMATHI MOXHO OOBEAUHUTL B ONUH, MHOXKECTBOM COCTOAHUU KO-
TOpOro OyerT NpOu3BEeIeHUe MHOXKECTB COCTOAHUU BCEX TEX ABTOMATOB.
ITO — Od¥eHb Goubinoe MEOXKeCTBO. O IHAKO HA caMOM [ene GOJIBITHHCTBO
ero DIEMEHTOB HEJOCTYNHBLI (He MOTYT MOABUTLCA MPU UTEHUUM BXOTHOIO
CJIOBA) W 34 CYET DTOrO MOMYydaeTCA dKoHOMUsA. IIpumepHo >Ty uger (HO
B U3MEHEHHOM BUJE) MBI U OyIeM UCIOIL30BATH.

Benomuum anroputm Kuyra—Moppuca—IIparTa. B wém, yuras Bxos-
HOE CJIOBO, MBI XPAHWIN HAarOOJbIIee HAYAJIO 00pasua, sSBIAIOMIEECS KOH-
[OM MPOYUTAHHOU YACTU. Temepb HAM CIeAyeT XPAaHUTh I KaXIOrO U3
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00pasIoB HaubOJbIIEE €I0 HAYAJO, AB/IAIOIIEECA KOHIIOM IPOYUTAHHON da-
CTH. PeH_IaIOH_II/IM OKa3BbIBaCTCA TaKO€ 3aMeYTaHne: T0CTATOYHO XPAaHUTDH Ca-
MO€ OIMHHOE M3 HUX — BCE OCTaJIbHBIE II0 HEMY BOCCTAHABINBAITCA (KE‘LK
HauOOIbIINE HAYAMA, 0OPA3IOB, ABIAIIINECA €0 KOHIIAMM).

CkrenM Bce 0OpasIbl B 1€pEeBO, OOBLEIMHUB UX COBIIA JAIOIINE HATAILHEIC
yuactku. Hampumep, Habopy 06pasmnos

{aaa, aab, abab}

COOTBETCTBYeT IEPEBO

b > >
a b
dopmanbHO TOBOPs, BEPITUHAMYU TEePEBa, ABIIIOTCI BCe HAYAIa BCeX 00pas-
IIOB, a CBIHOBBS BEPHINHBI TOJIYTAI0TCA TPUNUCHIBAHNEM 6yKBBI.
Yuras BXOIHOE CJIOBO, MBI ABUTAEMCS IO DTOMY OEPEBY: TEKYINAA BEp-

muHa — 3TO HaubOoJbIIasA (CaMas IpaBas) U3 BEPIINH, ABAIOMINXCA KOHIIOM
IPOYUTAHHON YacTH ( = HAMOOJBIIMU KOHEL MPOYUTAHHOU IaCTH, SBJIAIO-
MIAACA HAYAJIOM OTHOrO U3 06PAa3IoB).

Omnpenenum pyHKIUO [, APryMEHTAMA 1 3HAYEHUAMU KOTOPOU ABJIAIOT-
ca BepumHbl gepesa. Umenno, [(P) = Hauboabias BepUIVHA, 1€peBa, ABI-
romasca kouunoMm P. (Hamomuuwm, Bepmmubr gepesa — 5o caosa.) Ham mo-
HAOOUTCA TAKOE yTBEDPK ICHUE:

10.7.4. Ilycts P — Bepumna nepeBa. /JlokaxuTe, YTO MHOXECTBO BCEX
BepimH, apiaommxcsa koauamu P, passo {I(P),l(I(P)),...}

Pemenume. CM. 10Ka3aTeIbCTBO AHAIOTUYHOTO YTBEDXK IEHUSA IS AJIr0-
putma KuyTta—Moppuca—IIparra. (I

Temneps SACHO, YTO HYXHO A€JATh, HAXONACH B Bepmuue P u yuras Oy-
KBy Z BXOTHOT'O CI0Ba. Hamo mpocMarpuBaTh MOCJIEIOBATENBLHO BEPIIU-
uet P, [(P), I[(I(P)),. .., moKa He OGHAPYKUTCA TAKasA, U3 KOTOPOU BEIXOIUT
crpenka ¢ OykBon z. Ta BepimHa, B KOTOPYIO dTa CTPEIKa BeIeT, u Oyaer
HAIIUM CJIeIYIOIIIM MTOMOKEHUEM.

Ocragrca MOHATH, KaK A1 KaXK JOU BePIIUHBI JePEBa BLIYUCIUTE YKA3a-
Tenb Ha 3HAYeHUE (PYHKIVY | B 3TOU BEPIIUHE. DTO AETAETCA KAK PAHbIIE,
TIpU DTOM 3HAYEHU | 151 601e€ KOPOTKUX CIOB UCTIOIB3YOTCS IIPYU BEIYUCTE-
HUU OYePENHOr0 3HAYCHUA PYHKIUY [. DTO O3HAYAET, YTO BEPUINHEL IePEBa
CJIeqyeT IPOCMATPUBATE B MOPAIKE BO3PACTAHUA UX MiuHbL. HeTpyaHo mo-
HATH, YTO BCE DTO MOXKHO yJIOXHUTHL B TpeOyeMoe 9UucaI0 IeUcTBUR (XOTs
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KOHCTaHTa 3aBUCAT OT 4ucia Oyks B andasure). OTHOCAIMECT K DTOMY
OAPOOHOCTHU CM. B riaBe 9. g

MOXHO MOMHTEPECOBATHLCSA, KAKME CBOUCTBA CJIOB PACIO3HAIOTCA C ITO-
MOIIBIO KOHEYHBIX aBTOMATOB. OKa3BIBAETCA, 9TO CYyMIECTBYET TPOCTO OIIM-
CLIBAEMBIN KJIacC 0Opa3IoB, 3aal0UIui BCe TAKNE CBOUCTBA — KJAACC pery-
JIAPHEIX BBEIPAKCHUH.

Omnpegenenne. I[ycts puxcupoBan koneunwin aadgasut [, He comepxka-
i cuMBogioB A, €, (, ), * u | (oHU OyIyT UCTIONB30BATHCA IJIA TTIOCTPOEHUA
PEryJIAPHBIX BHIDAXKEHUU U HE JOKHBI [IEPEMEIINBATLCA ¢ OykBamu). Pe-
CYJIAPHEIE BEIPAKEHUA CTPOATCA 110 TAKAM IPABIIAM:

(a) 6yxBa andasura I' — peryaspHoe BBIpaXKeHUE;
(6) cumBoaBI A, € — peryiapHBIE BLIPAKEHUS;

(8) ectm A, B,C,...,E — peryiapHble BEIPAKEHUA, TO
(ABC'...E) — pery/aapHOe BBIPAKEHUE;

(r) ectm A,B,C,...,E — peryiapHble BEIPAKEHUA, TO
(AIBIC]|...|E) — peryaapHoe BLIpaXKeEHUE;

(x) ecmm A — peryaspHOe BEIpaXeHUe, TO A* — DEryIApHOe BHIDAKEHNUE.

Kax poe peryaapHoe BeIpaKeHMe 33 1a6T MHOXECTBO CJIOB B andasute ' o
TaKUM TIPABILIAM:

(a) GyxBe COOTBETCTBYET OQHOIEMEHTHOE MHOXKECTBO, COCTOSINEE U3 Of-
HOOYKBEHHOT'O CJIOBA, COCTOSINErO U3 DTOU OyKBHI;

(6) cuMBOIY € COOTBETCTBYET IyCTOE MHOXKECTBO, & CUMBOLY A — OqHODIe-
MEHTHOE MHOXKECTBO, €IUHCTBEHHBIM DJIEMEHTOM KOTOPOTO ABIACTCA
yCTOE CJIOBO;

(8) peryaspuomy suipaxkenuio (ABC...E) cOOTBETCTBYeT MHOXECTBO
BCEX CJIOB, KOTOPHIE MOXKHO MOJYYUTDb, €CIU K CIOBY U3 A IpUNucaThb
caoBo u3 B, zarem u3 C,. .., 3arem u3 E (Kowkamenayus MHOXKECTB);

(r) peryaspuomy Bripaxkenmio (A|B|C|...|E) coorBercTByeTr 00BeIN-
HEHVE MHOXKECTB, COOTBETCTBYyIIMX Bhipaxenuam A, B, C, ... E;

(7) perymapHOMY BHIpaKEHHIO A% COOTBETCTBYET UMEPGUUs MHOKECTBA,
COOTBETCTBYIOIIETO BLIPAXKEHUIO A, TO €CTh MHOXKECTBO BCEX CJIOB,
KOTOPBLIE MOXKHO TaK pa3pe3aTh HAa KyCKHU, UTO KaKIbI KyCOK IpPHU-
HAIEKUT MHOXKECTBY, COOTBETCTByomeMy Buipaxkennto A. (B gact-
HOCTH, YCTOE CJIOBO BCETHA COMEPKUTCA B Ax.)
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MHuoxkecTBa, COOTBETCTBYIOIINE PErYIAPHBIM BHIPAXKEHISIM, HA3BIBAIOT-
cs1 pe2yaaprbimy. BOT HECKOIBKO MpUMEpPOB:

Bripaxenne MuoxecTBO
(alb)* Bce cIOBa U3 OYKB a 1 b
(aa) * CJI0OBA, M3 YETHOrO YMCIA OYKB a

(Alalblaalablbalbb) Bce croBa gauHEL He Goaee 2 u3 OYKB a, b

10.7.5. HanummTe peryaapHoe BBIpaKeHUEe, KOTOPOMY COOTBETCTBYET
MHOXECTBO BCEX CIOB 13 OYKB a U b, B KOTOPHIX YUCIO OYKB a YE€THO.

Pemenne. Bripaxxenue b*x 3amaét Bce cioBa 663 OYKBBI a, a8 BEIPAKEHIE
(b*ab*ab*) — Bce caoBa POBHO ¢ AByMs OykBamu a. Ocrtaércesa o6benu-
HUTBb DTU MHOXKECTBA, & MOTOM IPUMEHUTH UTEPALNIO:

((b*abxabx) |b*)x*
[pyrou BapuaHT OTBETA!
(bx ab* a)* b* O
10.7.6. HamummTe peryaspHOe BBIpAXKEHUE, KOTOPOE 3aTaéT MHOXKE-
CTBO BCeX CJOB 13 OyKB a, b, c, B KOTOPHIX CJIOBO bac SABIAETCA MOACIOBOM.
Pemenme. ((alblc)*bac (alblc)*) O

10.7.7. HanummTe peryaspHOE BBIpAXKEHUE, KOTOPOE 3aTaéT MHOXKE-
CTBO BCeX CJIOB m3 OYKB a,b,c, B KOTOPBIX CJIOBO bac He ABIAETCS MOI-
CJIOBOM.

[Ykazanue. Dra 3a1a4da CI0KHEE IPEABIAYIIEN; BUIUMO, CAMBIA IPOCTON
CIIOCO0 €€ PeINThL — MEPEeNTH K KOHEUYHBIM ABTOMATaM U BEPHYThCA 00paT-
HO (cM. Huxe 3agady 10.7.14).] O

Teneps 3azady o moucke o6pasla B CJIOBE MOXKHO mepedOpMyInpOBaTh
TaK: IPOBEPUTDH, IPUHALIEKUT JU CIOBO MHOKECTBY, COOTBETCTBYIOLIIEMY
JAHHOMY DEryJIAPHOMY BEIDAKEHUIO.

10.7.8. Kaxkue BbIpaXeHUsA COOTBETCTBYIOT oOpa3iaM a?b u abxcd, pac-
cMoTpenHbM panee? (B 06pasue cUMBOI * MCHOIB3YETCA HE B TOM CMBICIE,
YTO B peryJApHBIX Bhipaxenusx!) IIpenmosaraercsa, 9To amngaBuaT cOmep-
KuT OYyKBHI a, b, c,d, e.

Pemrenne.

((alblcldle)*a (alblcldle) b(alblcldle)*)
((alblcldle)*ab (alblcldle)*cd (alblcldle)*) O
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10.7.9. TokaxwuTe, 9TO IJIA BCAKOT'O PEry/APHOO BHIPAKEHUSI MOXKHO
MOCTPOUTH KOHEYHBIM ABTOMAT, KOTOPHIU PACIO3HAET COOTBETCTBYIOIIEE
5TOMY BBIPAXKEHUIO MHOXKECTBO CJIOB.

Pemrenwe. Ham morpebyercs HOBOEe NHOHATHE — IOHATHE UCTMOUHU-
K4, WK HeJeMePMUHUPOBAHHO20 KoHeuno20 asmomama. IlpencraBum ce-
6e OPUEHTUPOBAHHBLIA I'Pad — KAPTUHKY U3 HECKOJIbKUX TOYEK (BEPIIINH )
1 HEKOTOPHIX CTPEJIOK, COCIUHAMNX 3T Touku (pébep). IlycTh Ha HEKO-
TOPBIX pE6pax HamucaHbl OyKBHI (He 06A3aTenbHO HA Beex). IlycTh Takxke
cpenu BeplMH BHIOpaHBI ABe — HadanbHad H u xomewnasa K. Taxas xap-
TUHKA HA3BIBAETCA UCTOUHUKOM.

Byaem geurarncs pasamuaaesivMu crocobavu u3 H B K, unTas 6ykBbI 110
nopore (Ha Tex CTpenkax, rae oHu ecth). Kaxkgomy nytu uz H 8 K, rakum
06pa3zoM, COOTBETCTBYET HEKOTOPOE CIOBO. A MCTOYHUKY B IIEIOM COOTBET-
CTBYET MHOXKECTBO CJIOB — TE€X CJIOB, KOTOPBIE MOXHO MPOYECTh HA, MY TAX
u3 H B K.

3ameqanne. Eciu HApUCOBATH COCTOAHWS KOHEYHOI'O aBTOMATA B BU-
e TOYeK, & MePexObl NP YTEeHuN OyKB m300pDa3uTh B BUAE CTPEIOK, TO
CTAHET fACHO, YTO KOHEYHBIN ABTOMAT — 3TO YACTHBLIN CAyIall UCTOIHUKA.
(C monomHUTEIBHBIME TPEOGOBAHUAME: (&) HA BCEX CTPEIKAX, 38 UCKIHOUE-
HueM Beayuwx B K, ects OykBol; (6) 4us MIO00N TOYKY HA BBIXOIALMX U3
Heé cTpesKax Kaxkaas OyKBa BCTPEYAETCS POBHO OAUH Pa3.)

Mgzt GygeM CTPOUTH KOHEYHBIM ABTOMAT MO PEryJAPHOMY BBIPAYKEHUIO
B 1Ba nmpuéma. CHavama MBI MOCTPOUM UCTOYHUK, KOTOPOMY COOTBETCTBY-
eT TO XK€ CAMOE€ MHOXECTBO CJOB. 3aTeM [ MPOU3BOJBHOIO UCTOTHUKA
MOCTPOUM ABTOMAT, KOTOPHIX MPOBEPSAET, MPUHAMLJICKUT JU CJAOBO COOT-
BETCTBYIOLIEMY MHOXECTBY.

10.7.10. TIo peryaspHOMY BLIPAXKEHWIO MOCTPOUTE MCTOYHUK, 3aTAF0-
MUY TO XKe MHOXKECTBO.

Pemrenne. MHIyKIua mo MOCTPOEHUIO PErYIAPHOTO BHIpaXKeHUsa. By-
KBaM COOTBETCTBYIOT rpadsl U3 ogHOu crpenku. OOnequHeHne peatusy-
€TCsI TaK:

A K

—NHQ K2'—

S 1, K; o
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HapucoBana kapTuaka Iis 0O0bEIUHEHUS TPEX MHOXKECTB, MPAMOYTOJIbHU-

KN — DTO NUCTOYHUKH, UM COOTBETCTBYIOIIVE; YKA3aHBI HadaJbHbIE U KO-

Heunble BepmmHbl. Ha HOBBIX cTpeakax (ux 6) OyKB He HAIUCAHO.
KoukaTeHnanuu cOOTBETCTBYET KapTUHKA,

H —»H; K; »e Hy K> »e Hy Kj3e—1pe K

Haxownen, nrepanuu cOOTBETCTBYyeT KapTUHKA

H K

AN

O

10.7.11. Jan ucrouynuk. IloCTpOUTE KOHEYHLIN ABTOMAT, IIPOBEPSIIO-
AT, TPUHALIEKAT JU BXOIHOE CIOBO COOTBETCTBYIOMIEMY MHOXKECTBY (TO
€CTb MOXHO JI IPOYecTh 5TO0 caoBo, uad us H B K).

Pemerme. Cocrosauuamu aBToMaTa OyAyT MHOXKECTBA BEPIIUH UCTOY-
Hrka. VIMEHHO, pOoYTs HEKOTOpPOe Hadano X BXOJHOrO CJIOBA, MBI OyxeMm
MTOMHUATL MHOXKECTBO BCEX BEPIIUH UCTOYHUKA, B KOTOPHIE MOXKHO TPOUTH
U3 HAYATLHOU, TIPOYUTAB HA MYyTHU CIOBO X . (I

Tem cambim 3agada 10.7.9 perena. (I

Oxa3BIBAETCA, YTO PEryJIIpHBLIE BHLIPAXKEHUS, aBTOMATHI U UCTOTHUKUI
PACIO3HAIOT OTHU U Te K€ MHOXKeCTBa. UTOOB yOeIUTHCA B DTOM, HAM
OCTAJIOCH PELIUTH TAKYIO 331a4y:

10.7.12. [Manm ucrounuk. IlocTpouTe peryaapHoe BLIPAXKEHNE, 3a1ai0-
iee TO e MHOXECTBO, ITO U DTOT UCTOIHUK.

Pemenne. IlycTts ncTouHMK mMeeT BepimHb 1,..., k. Byzem cunrars,
4T0 1 — 3T0 Hagao, a k — xoren. Yepes D; ; ; 0603HATIM MHOXKECTBO BCEX
CJIOB, KOTOPBIE MOXKHO MPOYECTh HA IIYTU U3 { B J, €CIM B KAYECTBE MIPOMe-
JKYTOYHBIX MYHKTOB Pa3peIaeTCs UCIOIb30BATh TOMHKO BEPUINHEL 1, . . ., S.
CormacHo ompeneneHnio, NCTOYHUKY COOTBETCTBYET MHOXKECTBO Dy f 1.

W nykiuen mo s 6y1eM JOKA3LIBATH PEryIAPHOCTD BCeX MHOXKeCTB D; ;
upu Beex i u j. [Ipu s = 0 570 09eBUAHO (IPOMEKYTOUHBIE BEPIINHLL 3a-
[PEIIEHE], TIO3TOMY KaXK0€ U3 MHOXKECTB COCTOUT TOJBKO U3 OYKB).
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W3 wero cocromT MHOXKECTBO Di7j7s+1? OTMeTuM HA MyTU MOMEHTHI,
B KOTOPHIX OH 3axoauT B (s + 1)-to Bepruuny. [Ipu sTom myTs pazbusaercsa
Ha 9YaCTH, KaxXkIasd U3 KOTOPHIX yxke He 3axoquT B Heé. ITosTomy Jerko
€co00pa3nuTh, UTO

Di,j,erl - Di,j,s | (Di,erl,s Ds+1,s+1,s* Ds+1,j,s)

(BOJIBHOCTB 3aIUCH: MBI UCIONB3YEM A ONEPALMN HAL MHOXECTBAME 060~
3HAYEHUA KAK NI PeryJapHbIX BoipaxeHun). OcTaéTcs BOCIOIB30BATLCA
IpEeNOIOXKeHNeM WHIYKINN. (|

10.7.13. T'me emé MCHOIB3yeTCs TO XKe CaMOe PACCyk aeHue?

Otrser. B anmropurme dsonga BLIYUCIEHUA IEHLI KPATIAUIIErO IIyTH,
cM. riaBy 9 (Pasubie anropuT™bl Ha rpadax). a

10.7.14. [loxaxuTe, ITO KIACC MHOXKECTB, 3a1aBAEMBIX PEryAPHLIMUI
BBIPAXKEHUAMU, He U3MEHWICA ObI, eCIU GBI MBI PA3PENININ UCIONb30BATD He
TONBKO 0OBEIUHEHNE, HO U OTPULAHUE (& CJIELOBATEABHO, U II€PECeIeHne —
OHO BHIPAKAETCA Uepe3 OOBLEIUHEHNE U OTPUIAHUE).

Pemenne. /[151 aBTOMATOB TEPEX0Oq K OTPUIIAHUIO OUEBUIEH. 0

3ameuanne. Ha mpakTuke BAXKHYIO POTL UTPALT TUCTO COCTOAHUN ABTO-
Mara. OKa3bIBaeTCsS, YTO TYT BCE HE TaK MPOCTO, U MEPEXOT OT UCTOTHUKA
K aBTOMATY TpefyeT SKCIOHEHINAIBLHOrO POCTa ducia coctosaunt. [loqpo6-
HO€ PacCMOTPEHNE CBA3AHHBIX C OTUM TEOPETUIECKUX U NPAKTUIECKUX BO-
IpOCoB — fes10 0coboe (cM. kaury Axo, Yasmana u CeTu 0 KOMOUIATOPAX).

10.8. CyddpukcHble nepeBbs

o cux mpo HAIK TPOrPAMMBL CHAYAIA TOLY Yaa 06Pa3ell, KOTOPLIN Ha-
IO UCKATh, & IOTOM TEKCT, B KOTOPOM HAJI0 UCKATh. B creayomux 3a1adax
BCE HA0OOPOT.

10.8.1. IIporpamMma moaydaeT Ha BXOI CJAOBO Y IJIUHBI M U MOXET €ro
o6pabaThiBaTh (TOKa 6€3 OrPAHUYCHUN HA BPEMA U MAMATH). 3aTEM OHA,
OJy9aeT CI0BO X JJIUHBL N U JOIXKHA COOOIIUTD, SIBJIAETCS JIX OHO MOCJIO-
BoM ciaoBa Y. IIpu sToM 4umcsio onepanuu npu o6paboTke caoBa X TOLKHO
ObITH TOPALKA N (HE MPEBOCXOAUTH €N, MIe KOHCTAHTA ¢ MOXKET 3aBUCETH
oT pasMepa andasura). Kak manucats Taxyo mporpamMy?

Pemenue. [Toka He HAKTAIBBAETCA HUKAKUX OTPAHUYIEHUU HA BPEMS
u namATh npu obpaborke Y, 5T0 He mpexcTasiseT TPyaa. IMeHHO, HATO
CKJIEUTH BCE MOCIOBA CI0BA Y B IepeB0, OOBEIUHUB CIOBA C OOMUMY HAYa-
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JaMu (KaK MBI DTO [I€JAIU, DACIIO3HABAA BXOXK I€HWUA HECKOJILKUX 0OPAa3IoB).
Hanpuwmep, gua Y = ababe noay4aurcs Takoe gepeso noacaos (Ha pe6pe Ha-
mucaHa OyKBa, KOTOpas J00aBIAETCA MIPU IBUKEHUU [0 DTOMY pebpy; Bep-
IIUHBI HAXOAATCS BO B3AUMHO OTHO3HAYHOM COOTBETCTBUM C MOACIOBAMU
coBa Y):

I[Iycts Taxkoe mepeBo mocTpoeno. Ilocae sToro, uuras croBo X caeBa Ha-
MIPaBo, MBI IPOCaeXnBaeM X B IepeBe, HAYMAB ¢ KOPHA; ¢I0BO X OymeT moj-
CJIOBOM CJIOBa Y, €CJIM IPU DTOM MBI HE BBEIAAEM 33 IPeIelbl IepeBa. (I

3aMeTuM, 9T0 AHAJOTUYIHAS KOHCTPYKIUA POAUTCA I JIOO0T0 MHOXKE-
ctBa caoB U, a He TOMBKO I MHOXKECTBA BCEX TOACAOB TaHHOTO CJIOBA: MO-
CJe TOro KaK COOTBETCTBYIOIIEE AEPEBO MOCTPOEHO, MBI MOXKEM IIPO JII00O0e
c10B0 X OMpenequTh ero MPUHAIIEXKHOCTE K U 3a BpeMs, MPOMOPINOHAb-
voe mauue X. (Hago TOABKO NONOMHUTENBHO XPAHUTH B BEPIIMHE NEPEBA
UHOOPMALINIO, MPUHALICKUT JU COOTBETCTBYIOIIEE €U CIOBO MHOXeCTBY U
W JIUIIb ABJIAETCA HAYAIOM IPYTOro CJIOBa, IpuHasiexamero U.)

10.8.2. Pemmre npeapaymyo 3a1ady ¢ JOMOJHATEILHEIM OT'DAHNICHN-
eM: 00BEM UCTIONB3YEeMOU MaMATHU MPOMOPIUOHATEH IIUHE CIOBa, Y .

Pemenne. IIpexHunn cnoco6 He MOAUTCA: YUCAO BEPIIMH IEPEBA PABHO
YUCAY TOACTOB CJAOBA Y, & Y CAOBA IIAWHBI 1M UCIO MOACTIOB MOXKET OBITH
nopagxa m?, a ge m. OIHAKO MBI MOXKEM «CKATb» HaIlle JepeBO, OCTABUB
BEPIIMHAMY JUIIb TOYKA BeTBIeHUs (rge Gosblie oqHOro chiHa). Torga Ha
pébpax mepeBa HAIO HAMKUCATDL yKe He OYKBHI, a KyCKH CJIOBa Y .

Bot 4To monyuuTcs mpu CKATUM HAIIETO TIpUMEpPa

¢
b abc

ab
abc

Bymem cuntats (31echk u gasee), 9TO mocaeqHss OyKBa CIoBa Y Gombine
B HEM He BCTpedaeTca. (DTOro BCerga MOXKHO JOCTUYb, JOIKCAB JOIOJ-
HUTEIbHBIN (PUKTUBHBIM CUMBOJ.) TOrga IuCThA CKATOrO NepeBa COOTBET-
CTBYIOT KOHLIAM CJIOBA Y, a BHYTDPEHHUE BEPUIMHBI (TOYKMA BETBICHUA) —
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TaKUM IMOJACJIOBAM § CJIOBA Y, KOTOPBIE BCTPEYAIOTCSI B Y HECKOJBKO Pa3,
U IPUTOM C PA3HBIMU OYKBAMU MIOCHE S.

Y Kax[gou BHYTDPEHHEH BEPUIMHBL (He JIMCTA) CXKATOrO AepPeBa eCThb HE
MeHee IBYX CLIHOBEHU. B 1epeBbAX ¢ TAKUMU CBOUCTBAMU UUCIO BHYTPEHHUX
BEPIIUH HE TPEBOCXOIUT IUCIA JUCTheB. (B camom nene, mpu qBukeHUn Cie-
Ba HATIPABO B KAXKOU TOYKE BETBICHUA NOOABIAETCA HOBBIM Iy Th K JUCTY. )
IMockonbky smcThHEB M, BCEro BepimH He HGosiee 2m, U MBI YJIOXKUAMCS B JIU-
HEIHYIO II0 1M MaMATh, eCIn Oy1eM SKOHOMHO XPaHUTh IIOMETKH Ha pEOpax.
Kaxpas Takas moMeTka sBASETCSA MOICJIOBOM CJIOBA Y, M IIOTOMY HOCTa-
TOYHO YKAa3BkIBATH KOODAMHATY €6 Havaia M KOHUA B Y. JTO HE MOMENIaeT
BIOCJIEACTBUN TIPOCACKUBATE MIPOUM3BOIBHOE CIOBO X B DTOM JepeBe OYKBA
3a GYKBOU, MPOCTO B HEKOTOPBIE MOMEHTHI MBI OyIeM HAXOIUTHCSA BHYTPU
pébep (1 ZOKHBI IOMHUTD, BHYTPU KAKOr'0 PeOpa U B KAKOU MTO3WIUK MBI
maxogumcs). IIpu nossiaenun HOBOU OyKBHI ci0Ba X €€ Hy»KHO CPaBHUTH
C COOTBETCTBYIOIIEN GYKBOU IIOMETKH 3TOr0 pedpa (ITO MOKHO CoeTaTh 34,
O(1) meucTBum, Tak KaK KOOPAUHATY DTOU OYKBHI MbI 3HAECM. ) O

ITocTpoeHHOE HAMU CXKATOE JEPEBO HABHIBAIOT CHCAMbLM CYPPurcHbim
depesom cioBa Y (KOHIIBI CJIOBA HABHIBAIOT «CyddurcaMmy ).

10.8.3. IlokaxkuTe, 9TO MOCTPOEHHE CKATOTO CyPPUKCHOTO IepPeBa
MOKHO BHITIOTHUTH 3a Bpema O(m?) ¢ ucnomssopanuem O(m) mamaTi.

Pemenue. Bynem 1o6aBaars B cypPUKCHOE 1epeBO Cy(PPUKCH IO OYepe-
ou. [lobaBreHune O4epenHoro cydpuKca IemnaeTcs TaK XKe, KaK U MPOBEPKa,
TMPUHAIICKHOCTU: MBI YUTAEM €r0 OyKBa 38 OYKBOU U MPOKJIAILIBAEM Ty Th
B JepeBe. B HEKOTOPBIM MOMEHT NOOABMAEMBIN CYy(P(UKC BEIUIET 34 TpPe-
Jenbl nepeBa (HAIOMHMM, 9TO MBI CIATAEM, UTO IOCJACHUN CUMBOI CJIOBA
YHUKAJIEH).

Ecnu sTo mpousougér nocepeaure pebpa, TO pebpo OpUIETCsa B DTOM
MecTe paspe3aTh. Pebpo mpeBpaTuTCsa B IBA, €r0 MOMETKA, PA3PEKETC HA
IBe, TOABUTCA HOBAA BEPIINHA (TOYKA BETBJICHUA) U €€ HOBBIU CHLIH-TACT.
Eciu Touka BeTBIeHUSA COBHALET C yXKE UMEBIIEUCA B JepeBe, TO y Hed
MOSIBUTCA HOBBIM CHIH-TUCT. B I060M CiIydae Tocae OOHAPYXKEHUs MEeCTa
BerBaeHusa Tpebyerca O(1) omepauuul 1s nepecTpouKku gepesa (B 9aCTHO-
CTHU, PA3PE3aHNE TIOMETKN HA [BE BHIMTOJHIETCA JIETKO, TAK KAK MOMETKU
XPaHATCA B BUIE KOODIVHAT HAYATIA U KOHIIA B CioBe Y ). (|

Topazmo 6omee CAOKHOU 33Ma4U€ ABMACTCA TTOCTPOEHUE CKATOTO Cyd-
(PUKCHOTO epeBa 3a JUHENHOEe BpeMsa (BMECTO KBaPATUIHOTO, KAK B Ipe-
OBLAyIen 3anade). ITo0b U3I0KUTL aaroputM MakkpenTa, KOTOPLIA pe-
IaeT ATy 33149y, HAM MOHAIOOATCA HEKOTOPHIE TPUTOTOBICHI.

s magaaa onwmireMm Gosee TOAPOOHO CTPYKTYPY AEPeBa, KOTOPOE MBI
UCIIOJAB3YEM, W OTIEPALIAU C HUM.
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Mer paccmaTprBaeM IepeBbsi C KOPHEM, HA PEOGPAX KOTOPBIX HAMKUCAHBI
cjoBa (IOMETKM); BCE IOMETKY ABIAIOTCA MOICIOBAMEI HEKOTOPOr'O 3apaHee
duxcupoBaruoro ciosa Y. [Ipu 5TOM BBIMOIHEHBI TaKue CBOUCTBA!

® KaXK[as BHYTPEHHsAS BEPIIUHA UMEET XOTA Obl IBYX CHIHOBEN;

® MOMETKU Ha PEOPAX, BHIXOAAIINX U3 JAHHOU BEPIIUHBI, HAYUHAIOTCA
Ha pasHble OYKBHI.

Kax nou Beprimsae v TaKOTO IEPEBa COOTBETCTBYET CIOBO, KOTOPOE 3a-
NUCAHO HA My TH OT KOPHA I' K BepumHe v. ByxeM 0603Ha9aTEL 5T0 ¢10BO $(v).
O6o3naduM momeTKy Ha pebpe, BegyweMm K v, depes [(v), a oTua Bepiu-
el v — depes f(v). Torga s(r) = A (mycroe cioBo), a

s(v) =s(f(v)) +1(v)

IS TIOO0U BEPUIMHEL U # 1 (3HAK «+» 0003HAYAET COCIUHEHUE CTPOK).

IMoMuMmo BEepIIUH nepeBa, MbI Oy eM PacCMATPUBATD NO3UUUU B HEM, KO-
TOpBIE MOTYT OBITH PACIIONOXKEHBI B BEPIIUHAX, & TAKXKE «BHYTPHU PEOGEP»
(paszensan momeTKy »TOro pebpa Ha aBe dactu). POPMAILHO TOBOPS, HO-
3UIUA TpeacTaBigeT cobou mapy (v, k), roe v — BepmvHa (OTIUYHAA OT
KopHs), a k — wmenoe umcao B mpomexyTke [0, |l(v)]), ykaswBatommee, Ha
CKOJIBKO GYKB HAJO BEPHYTHLCS OT ¥ K KOpHIO. 3xech |l(v)| — mmmHa mo-
meTku [(v); 3Hadenue k = [(v) cOOTBETCTBOBAIO OBI MPEABIAYILEN BEPIIMHE
7 TOTOMY He NOmyckKaeTca. K 9meoy mosunmumé MBI TOOABAAEM TAKKE ITa-
py (r,0), coorBeTcTByiomyo KOopHIO aepesa. Kaxnon mosuuum p = (v, k)
COOTBETCTBYET CIOBO S(p), KOTOPOE MONYyYACTCA yAATeHueM k TOCTeIHUX
CUMBOJIOB 13 5(v).

IIycte p — mpousBoibHAs MO3UIMA B IepeBe, a w — CJI0BO. [IpouTun
BJOJb W, HAYAHAA C P, O3HAYAET HAUTHU APYTYIO IMOBAIUIO ¢, IIA KOTOPOU
s(q) = s(p) + w. Ecim rtakas nosunmsa ecThb, TO (OpU ONUCAHHOM CIOCOGE
XPAHEHUA MOMETOK, KOT'a YKA3HLIBAIOTCA KOODIVHATHI UX HAYAMA, U KOHIA
BHYTpU Y') €€ MOXHO HAUTHU 38 BPEMs, POMOPINOHATLHOE IJIVHE CIOBA W.
Ecau Takon mosumuu HET, TO B KAKOU-TO MOMEHT MbI «CBEPHEM C MyTH»;
B ATOT MOMEHT MOXKHO HONOJHUTE JE€PEBO, CAETAB OTCYTCTBYIONIYIO B 1e-
peBe YacThb CJIOBA W MOMETKOW HA IIyTH K HOBOMY JHUCTy. Hamo TOmbko,
9TOOBI 5Ta TOMETKA OBLIA MOICIOBOM CJI0Ba Y (Mpu HAIEM COco6e XpaHe-
HUA TTOMETOK); 5T0 OyIeT TapaHTUPOBAHO, €CJIU MPOCIEKUBAEMOE CJIOBO W
ABJIAETCA MOJCIOBOM CJIOBA, Y.

3aMeTuM, UTO NPU DTOM MOXKET OOPa30BATHCA HOBAs BEPUIMHA (eciau
Pa3BWIKA OKA3aIaCh BHYTPU peOpa), a MOXKET U He 06pPa30BaThCA (ecau pas-
BUJIKA OKa3al1ach B BepumHe). Tucio IedcTBUM Ipu TAKOW MOAuUKAIMA
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IPONOPUUOHATBLHO [IJIMHE MPOUIEHHON YaCTH CIOBA ([IJMHA HEMPOUJeHHON
He BaXKHA).

Oxa3BIBAETCS, YTO HABATAIIAIO B JEPEBE MOXKHO YCKOPUTE, €CIIH 3aPAHEE
M3BECTHO, YTO OHA, OyAEeT YCIEIIHON.

10.8.4. TlycTh masa MAHHOUW TOBWIMKA P W CIOBA W 3apaHee MU3BECTHO,
9TO B AEPEBE eCTh mo3unua ¢, aaa xkoropou s(q) = s(p) + w. Hoxaxure,
YTO MO3UINI0 ¢ MOXKHO HAUTH 33 BPEMsA, IPOMNOPIUOHAILHOE YUCIy PEOep
JepeBa Ha MyTH OT P K ¢. (DTO UUCIO MOXKET OBITH 3HAYUTEILHO MEHBIIE
JJIVHBL CJIOBA W, €CAM IOMETKHU Ha PEOpax IJIVHHBIE. )

Pemrenne. B camom nene, mpu HABUTAIINY HYKHO OPUEHTUP OBATHCA JTUIITH
B BepIIMHAX (BHIOMPATH UCXOAAIIEE PeOPO B 3ABUCUMOCTU OT OYEPEIHOU
OYKBBI); B OCTAJIBHLIX MECTaX MyTh OJHO3HAYHLIM U MOTOMY MOXKHO CJIBU-
raThCA CPa3y K KOHILY pebpa. O

Hoaeeaém nroru. PaccMoTpeHHbBI CIOCO6 XPAHEHUSA IE€PEBBEB MO3BOLA-
er (111 PUKCUPOBAHHOIO CI0BA Y')

e co31aThb nepeBo u3 oxgHoro kopHa [O(1)];
e HanTH OTIA JMI060K BepimHL (kpome kopHs) [O(1)];

® Y3HATL MOMETKY JIOOOU BEPIIUHLI (KPOME KOPHA), TO €CTh IIOMETKY
Benymero x Hen pebpa [O(1)];

e MPOUTHU U3 JIOOOU MO3UIUU P BIOJIL JHOOOTO CJAOBA W, €CIU 3apaHee
M3BECTHO, YTO MBI HE BLIUJEM U3 NEPEBA; PE3YIbTAT — TMO3UIASL (
B gepese, mias Koropon s(q) = s(p) + w [O(aucao pébep Ha myTn)];

e 06aBUTH CJIOBO W (HEKOTOPOE MOACAOBO CJIOBA Y ), HAYAB C TIO3ULNA P;
ec/au IpU 3TOM B JepeBe HeT mosuuuu ¢, nias xkoropou s(q) = s(p) +
+ w, TO DepeBO MEHAETCS U TaKasd Ho3unusa ¢ codnaércs (oHa Gymer
qucrom) [O(uucao 6yke B w, He Bomexmux B [(q)];

® HAKOHEN, i JI060ro cioBa X MOXKHO BEIACHUTH, HAUETCA JIU B 1€~
peBe mosunus ¢, 11 koropon s(q) = X [O(|X|)].

B xBanpaTHBIX CKOOKAX YKA3aHO YUCJIO MEUCTBUN IIPU BEIIOJHEHUA CO-
OTBETCTBYIOMINX OIIEPALUHA.

Emé mer 6ygeM XpaHuTh B BEPIIMHAX AEPeBa «Cy(PUKCHBIE CCHLLIKNY
(B kaxmoU BepimmHEe OygeT He 60Mee OMHOU CCHLIKA Ha APYTYIO BEPIINHY),
HO CHAYAMA HAJO0 OOBACHATH, ITO ATO TAKOE.

Hauuém ¢ monmoro (He cxaroro) cyd@UKCHOrO gepeBa mis CJaoBa Y .
Kaxgon ero Bepumae (KpoMe KOPHf) OTBEYAET HEKOTOPOE HEMyCTOe IIO-
cnoBo coBa Y. Ecam MBI oTpexkeM y »TOro moacaoBa MOCAETHIO OyKBY,



10.8. Cyddurcubie depesva 201

TO B JepeBe CIycTuMCS Ha oawH mar K kopHioo. Ho dro Gymer, ecim Mbr
oTpexeM mepByio OykBy? CHOBa MOLyYUTCA MOACIOBO, HO OHO yXKe OymeT
COBCEM B IPYI'OM MeCTe IepeBa.

BoOT kak BEINIALAT 5TU MEPEXOIB B HAIEM TpuMepe (0Tpe3aHue mepBon
OYyKBBI COOTBETCTBYET MYHKTUPHOU CTPETKE):

OTU CTPETKA MBI OyJeM HA3LIBATEL CYPHUKCHBIMU CCOIAKAMU, TIOCKOTh-
Ky OHH COOTBETCTBYIOT IEPEXOLy OT CJIOBA K €ro Cy(pPUKCy Ha eIUHUILY
Menbmen qmHbl. OHE ONpeneaeHsr 1S BCEX BEPIINH, KPOME KOPHI.

DopMaTBEHO MOKHO CKa3aTh Tak. IlycTh w’ O3HAYAET CIOBO w 6e3 mep-
BOU OYKBHI (w' OmpemeneHo s JrbOro HemycToro ciaosa w). Torma cyd-
(PUKCHAA CCHLIKA BEIET U3 BEPIIMHLI p B BepumHy ¢, eciu s(q) = s(p)’ (ua-
MOMHEM, 9TO $(U%) — CJIOBO, COOTBETCTBYIOLIEE BEPIIUHE U).

10.8.5. Kax ceasanbl Cy(hPUKCHBEE CCEUIKY OBYX COCEIHUX BEpUIMH (OT-
1A U CHIHA)?

OtBer. OHE YyKA3BIBAIOT HA COCEIHUE BEPIIUHLI, U OyKBA HA COEUHAIO-
meM uxX pebpe Ta XKe camMas. ([l

10.8.6. [ToxkaxkuTe, ITO P HEPEXOIE K CKATOMY CY(PPUKCHOMY IepEBY
CCBUIKHU MO-TIPEXKHEMY UAYT M3 BEPILIVHLL B BepIIKHY (HEe BHYTDPb PEGEp).

Pemrenme. B camom mene, mo Hamemy TpeNNONOXKEHUIO TOCAETHAA OY-
KB CJOBA OOJBINE B HEM HE BCTPEYACTCA, TOITOMY U3 JUCTA CCHLIKA BEIET
B JuCT. A ecau BepuMHA (OTJIMYHASA OT KODHsA) ABJAETCS TOUYKOM BETBJE-
HUsA, TO COOTBETCTBYIOIIEE €U CIOBO S BCTPEUAECTCA € PABMUIHBEIMU OyKBAMHA
nociae Hero. [IpyruMu cioBamu, i HEKOTOPHIX OYKB a # b caoBa sa u sb
SABIAIOTCA TIOACaoBaMu cioBa Y. OTpe3aB OT HUX MEPBYIO OYKBY, MOJYIUM
caoBa s'a u s'b, KOTOpBEIE TAKKE ABIAIOTCA MONCIOBAMEA CIOBA Y, TOSTOMY
u §' ABIACTCA TOIKOW BETBICHUA. O

Bot uro MOMTYYIUTCA OO HAIIETO MpuMepa:
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Teneps MBI yxe DOTOBBI K u3noxeHuto aaroputma Makkpeura. Cxa-
Toe cydpPUKCHOE TePEeBO CTPOUM MIOCTEIEHHO, T00ABIAA K HEMY CY(DPUKCHI
mo Mepe yMmenbinenusa ux gauasl. O6o3uadum depes Y; cyddukce, HaInHAIO-
muuca ¢ i-i 6ykBol cioBa Y. (Takum obpasom, Y7 =Y, a Y, cocrout us
onuon 6ykeel.) Ilocae i IAroB MOCTPOEHUA HAIE IEPEBO OyoeT XPAHUTH
Yi,...,Y;.

10.8.7. Ilokaxkute, 9YTO CydPUKCHBIE CCHLIKNA B TaKOM JepeBe Olpee-
JIEHBI KOPPEKTHO (BEAyT B IPYTyH BEPIIMHY TOrO XK€ AEPEBa) [ BCEX BEp-
[IKH, KPOME, BO3MOXKHO, [TOCAEIHEr0 JOOABIEHHOO JUCTa (COOTBETCTBYIO-
LIEro CJIOBY Y;) 4 €ro oTua.

Pemwenne. B camom pene, cypduKcHaA CCbLIKAa U3 JHUCTa Y; BemET
B JIUCT Y41, X IOTOMY €H eCThb KyjAa BecTu. PaccMoTpuM Temepb BHyTpPeH-
HIOIO BEPINUHY ¥, HE ABIAIONIYIOCA OTIOM MOCIeIHEro aucta. IlycTs B Hen
Pa3BETBIAIOTCA [Ba MyTH B IUCTBA Y; u Yj. Bes orpanudenna o6mHOCTH
MOYKHO CIATATh, 9TO j, k < i (eciu oqun u3 myTen BeIET B Y;, TO €ro MOKHO
3aMEHUTH APYTUM, BeIb BEPIINHA U MO MPEANOJOKEHUIO HE MOCASTHAA Pas-
BuiIKa Ha »ToM ImyTu). OTpe3aB OT TUX MyTeH MEePBBIA CUMBOJ, [IOTYIUM
IyTH B JACTbA Yji1 U Yj41; 9TH IyTH OIPUCYTCTBYIOT B LepeBe (IOCKOJb-
Ky 7+ 1 u k + 1 He npeBoCXOAAT %), & TOYKA UX PA3BUIKEA OyNeT KOHIOM
Cy(pPUKCHON CCHLLTKYU BEPINUAHLL . O

CyddukcHble CCBLUIKYM A/ JUCTHEB HAM HE TTOHAI00ATCA, M BBIYUACIATD
MBI UX He OyIeM, a I BCEX OCTANLHBIX BEPIIUMH IEePeBA MBI UX Oy IEM BBI-
YUCAATH U XPAHUTHL. bosee TOYHO, mOCTe ¢ MIArOB alrOpUTMa,

® B IepeBe XPAHATCA CIoBa Y7, ...Y; (4 Bce ux Havdama);

e ampec JHUCTa, COOTBETCTBYIOUWIErO MOCICTHEMY TOOABICHHOMY Cyd-
oduxcy (Y;) xpanurcs B nepemenson last

® /11 BCEX BHYTPEHHUX BEPIINH qepeBa, KpoMe, OBITh MOXeT, OTIIa Bep-
IAHEL last, XPAHUTCA IPABUILHAA CYy(HPUKCHAA CCHLIKA.

Hamo moHaTh, Kak TOLAEPXKUBATL 3TO TPU AOOABIEHUM OUEPEITHOTO
cydduxca. MoxHO, HE MyAPCTBYS JIyKaBo, T00aBIATH Y;1 OykBa 3a Oy-
KBOI, HAYUHAA C KOPHA nepeBa. (MMeHHO Tak MBI paHblle U Ie1aiu, U 3TO
TPe6OBATO KBAIPATUIHOTO BPEMEHU. )

Kakue TyT BO3MOXHEBI onTuMmusanuu? [lepBas CBA3aHa C TEM, YTO MEI
MOXEM JBUTATHCA TIO AepeBy OLICTpee, eCau 3HAEM, UTO 3aBEJOMO U3 HErO
He BeIIAeM. Bropas cBa3aHa ¢ UCIOAb30BaHUEM Cy(HPUKCHBIX CCHLIOK.

O6a BapmanTa TpeANOJAraiOT, YTO OTel % JUCTa last He COBIAJAET
¢ xopueMm. (Ecau coBmagaer, Ham mpumérca no6aBaAThH Yji1 OT KODHA.)
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IIycts tail — nomerka aucra last, a head = s(u); APyruMu CI0BaMu, CJIOBO
head cooTBeTcTBYeT Bepmuue 1. Torma

Y; = head + tail.
Orpesas mepByio GYKBY, HOTyIaeM
Yii1 = head’ + tail.

3ameTuM, 9T0 head’ 3aBefOMO He BLIXOAWUT 3a Mpeeasbl gepesa. B ca-
MOM feje, U OBLTO TOYKOU BETBJICHUA, MOPTOMY MOMMMO JUCTa Y; depes
TOUKy u mpoxogua u aucT Y; ¢ j < 4. Torga Y; mauunaerca Ha head, a Y4
HaumHACTCA HA head’ m yxe ecTh B mepese.

IosTOMY MBI MOXKEM CHAYAIA TPOCICIUTD head’ (HAUTYU TO3UIAIO v, I/
koropon s(v) = head’), a morom yxe n06aBuTh tail, HaIMHASL C V.

head 10l e Jast [Y:]

[¥;]

Iepsuin cioco6 onTuMm3anuu: head’ 3aBefoOMO €CThH B IepeBe.

ITa ONTUMU3AIMA HUKAK He UCIOMB3yeT CypOUKCHBIX CCBITOK. BTopon
CroCO6 ONTUMU3AINYA WX UCHOAB3YeT M TMO3BOMAET (B TOM CIydae, KOTAA
OpUMEHNM) OGOUTHCH (€3 MPOCIeKMBAHUA Y;y1 OT KODHA (KAK YCKODEH-
HOro, Tax u 06eraHOro). IlycTs Ha myTn K ucty last, IpencTaBiIAIOmLEMy
cypdukc Y;, nMmeerca BepiiMHa v, Y KOTOPOHU CYy(PPUKCHAS CCBLIKA yKa3bI-
BaeT Ha BepHIMHy w, Tak 410 s(w) = s(v)’. IlycTs p — cJI0BO HA Ty TH OT v
K last. Torga,

Vi=s()+p, Yy =Y/=s)+p=s(w)+p,

7 s qo6aBieHus Y41 B IEPEBO JOCTATOYHO HOOABUTH CJIOBO P, HAIUHAS
C BEPIINHEL W.

Bropon cmoco6 ONTUMU3ANNN COYETACTCA C TIEPBBIM: OTPE30K CJAOBA P
OT v [0 OTIA JucTa last MOXKHO TPOXOAUTH C YBEPEHHOCTBHIO, ITO MBI HE
BLIIAEM 3a IPeNeanl IepeBa.

Urax, MBI MOXeM OMUCATH AEUCTBUA, BLIMOIHAEMEBIE TIPU NOOABICHUN
ovepenHoro cydduxca Y;i1 B IePEBO, CAeAYIOMUM 00pa30M.
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%’L' [Yit1]

P o last [V

Sé----

Bropon cnoco6 onTuMusanmu: moab3yeMcsa cyhOUKCHON CCHLIKON
BEPIIVHEI HA TIYTH K last.

I[Iycre v — orer aucTa last, COOTBETCTBYIOMIErO MOCTETHEMY VKe IO-
6aBienHOMYy cyddukcy Y.

Cayuan 1: u ecTb Kopenb gepesa. Torga HM OfHA W3 ONTUMU3AIUAU HE
OPUMEHNMa, U MBI TO0ABIAEM Y;, 1, HAIUHAS OT KOPH.

Cayuan 2: u He eCTh KOPEHL IepeBa, HO OTell % eCTh KOPEHbL Jepe-
Ba (muctT last maxogurea ua Beicore 2). Torma Y; = head + tail, roe head
u tail — momeTku BepiuH U u last. MBI mpuMeHsAeM MEPBYIO ONMTUMUA3AIAIO
u mpociaexuBaeM head’ ¢ rapaETHEN O HEKOTOPOU IO3WIMU 2, & HOTOM
nobasasgeM tail oT z.

Cayuan 3: © He eCTh KOPEHbL NepeBa W ero OTeIl ¥ TaKXKe He eCTh
KOpeHb aepema. Torma mia v uMmeeTca Cy(p@UKCHAS CCHLLIKA HA HEKOTO-
pyto BepuwmHy w, u s(w) = s(v)’. lycrs pretail — momerxa BepIIUHLL W,
a tail — nomerka gucra last, npu stom Y; = s(v) + pretail + tail w moTomy
Yiv1 =Y/ = s(w) + pretail + tail. Ocraérca npocaenuts pretail oT Bepmm-
HBI W C TAPAHTUEN, TOIYIUB HEKOTOPYIO MO3UIIAIO 2, 4 TIOTOM J00aBUTH tail
OT BEPIIUHLI Z.

Ocraércs emé moHATH, KaK MOLAEPKUBATH CTPYKTYPY CYy(POUKCHBIX
CCBUIOK (apec HOBOI'O JIUCTA Y HAC MOJLYyIaeTCA IpU JOOABIEHUN caM COGON,
TaK 9TO C HUM NPOOJEM HET) U OUEHUTDb YUCJIO JEVCTBUU NPU BHIIOJHEHUN
ATUX TPOLEAYP MOCTEIOBATENLHO I BCEX CY(PHUKCOB.

Haunéwm ¢ cyddukcubrx cebriok. [Io mpaBmiaM OHU TOMKHBI OBITH Y BCEX
BHYTPEHHUX BEPIITUH, KPOME OTIA TOJBKO ITO J0OABICHHOTO aucTa. [1oaTo-
My HaM Ha10 3a60TUThCI 06 orue aucta last, coorBeTcTByOmEro Y; (3ror
JIUCT TMEPECTAaN OBITh «TOJBKO YTO AOOABICHHBIMY; HATIPOTUB, € TUHCTBEHHAS
HOBAA BEPINHA KaK Pa3 ABIAETCA OTIOM TOJLKO UYTO JOOABICHHOT'O JUCTA,
u B Hen Cy(pPUKCHAA CCHUIKA He HYXkKHA). ITO aKTyalbHO B CIydadx 2 u 3,
HO B DTUX CIyYasgX MO XOLy Aena ObLIa HAUIEHA HYXKHAA BEPITUHA, 2, KYIa
u OyaeT HampaBieHa Cy(DOUKCHaA ccbuika u3 4. CTPoro roBops, z MOLJa
OBITH HE BEPINUHOW, a MO3UIMEN, HO TOTIA MOCAe NOOABIEHUS OHA CTAHET
BepIIMHON (OTIOM TOJBKO UTO TOGABIEHHOO JUCTA) — BEdb B HOBOM [e-
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peBe u yiKe He FBIAETCS OTIOM IOCIEIHEro JUCTA, U HIOTOMY Cy(hdUKCHAs
CCBUIKA M3 U, KaK OBUIO NOKA3aHO, NOMXKHA BecTu B Bepuuny. (Ipyrumu
CJIOBAMU, B CAYYasAX 2 U 3, eCau mo3unus 2z ObLia BHyTpU pebpa, TO B HEU
pebpo paspesaeTca.)

Bcé cxazanHOe MOXKHO YCJIOBHO 3aMKCATH B B TAKOT'O aIrOPUTMA IO~
6aBneHus cydouxca Yiyi:

{ mepeso comepxut cypduxce Yi,...,Y;
s(last) =Y;
MMEIOTCS KOPPEKTHEIE CY(DPUKCHBIE CCBLIKA IS BCEX
BHYTDEHHUX BepIIVH, KpOMe OTIa Jaucra last }

u := oren Jucta last;

tail := momeTka qucta last;

{Y:=s(u)+ tail }

if 4 = kopeHb gepeBa then begin

{ Yip1 =tail’ }

no6aBuTh tail’, HAYMHAS ¢ KOPHA,

MOy Y€HHBIN JUCT TOMECTUTH B last
end else begin
U 1= OT€I[ BepIIHbI U;
pretail := MOMETKa BEPIIUHEL U;

{Y; = s(v) + pretail + tail }
if v = xopenb gepeBa then begin
{ Yiy1 = pretail’ + tail }
npociefuTs pretail’ U3 KOpHA B z
end else begin
w := cydpdUKCHAA CCBLIKA BEPIINHBI U}
{ s(w) =s(v), Yiy1 = s(w) + pretail + tail }
poCaenuTsb pretail u3 w B 2
end;
{ ocranoce 106aBUTH tail M3 z U CCBIIKY U3 U B 2 }
if mosmums z SABIAETCS BEPUIMHOM then begin
[IOMECTUTH B U CCHLIKY HA Z;
n06aBUTL tail, HAMUHAA C 2,

TIOJIY Y€HHBI JTUCT TOMECTUTH B last;
end else begin
n06aBUTL tail, HAMUHAA C 2,

MOy IeHHBIN JUCT TTIOMECTUTD B [ast;
[IOMECTUTH B % CCBLIKY HA OTLA JUCTA [ast;
end
end;
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OcTanoch OIEHUTDb YUCAO NEUCTBUN, KOTOPHIE BLIMOIHAIOTCA IPU MOCIE-
IoBaTEILHOM nobaBieHun cyppurcos Yy, ...,Y,,. [Ipu nobaprennn Kax mo-
ro CIenyrmero Cy(gp@UKCa BBEIIOJHAETCA OIPAHWYIEHHOE KOMUIECTBO Nel-
CTBUH, €CIM HE CINTATH AEUCTBUU MPU (MIPOCTEKUBAHUNY U «IOOABICHA) .
Ham mamo ycTaHoBuThb, 9TO OOImiee ducio genctsuu ectb O(m); 1 3To-
O JOCTATOYHO OTIEMBHO OKA3aTh, YTO CyMMAPHOE YUCJAO NEUCTBUU TPU
BCEX IPOCJeXRUBAHUAX ecThb O(m) U CyMMapHOEe YUCIO JEUCTBUI IIPU BCEX
pobapireHusax ectb O(m). (3aMeTHM, 9TO HEKOTOPBIE IPOCACKUBAHUS I
JIOGABJEHUSA MOLYT OBITH JOITMMU — HO DTO KOMIIEHCUPYETCA APYTCUMU. )

IIpocaexuBamms. [[UTEIBLHOCTD MIPOCAEKUBAHUA P OMOPIINOHAIBLHA, 1~
cry k 3a0eiCTBOBAHHBLIX B HEM pEGEp, HO NP DTOM BHICOTA MOCAETHErO
IOGABIEHHOTO JucTa (YUCA0 pEGep Ha MyTH K HEMY) YBeIMUIMBAETCA Ha
k — O(1) (mo cpaBHEHWIO C IPEALIAYIIUM JOOABICHHLIM JUCTOM). ITOOBI
yOEIUTLCA B DTOM, LOCTATOYHO 3AMETUTH, YTO B TPETHEM CIydae BEICOTA
BepUIMHEL S(W) MOXKET OBITh MEHBIIE BHICOTHI BEPUIMHLL $(v) pasBe 4TO Ha
eQVHUILY, TIOCKOMbKY Cy(h(UKCHBIE CCBITKM U3 BCEX BEPIINH HA MyTH K v (He
CUNTAsA KOPHA, T'Ie HeT CyDMUKCHON CCHUIKN) BEIYT B BEPIIMHBLI HA MyTH
K w. [TOCKOMBKY BBICOTA MIOOOTO JIMCTA OIPAHIYEHA TUCIOM 170, 3AKII0TAeM,
4TO OfIAs LIATEILHOCTD BCEX MPOoCiekuBanun ectb O(m).

Mo6aBimenusa. PaccyxaeM aHATOTHYHO, HO CIEAUM HE 33 BBICOTOM IIO-
CJIEQHEro JWCTA, & 38 IJUHOU ero nometku. Ilpu go6asnenun crosa tail (mm
tail’) Tmeno meucTBUN IPONOPLUMOHAJIBHO IHUCIy HPOCMOTDPEHHBIX OYKB, HO
KaxkIas MPOCMOTpeHHasA GykBa (Kpome, OBITh MOXKeT, OTHOM) yMEHBIIAeT
IINHY TOMETKY XOTS OBl HA e[UHUILY: B IOMETKE OCTAIOTCA JAIIb HEIPOCMO-
TpeHHbIe OyKBEL (He cauTas nepson). [loaTomy Ha Bce TOGABICHUA yXOLUT
B o0wen ciokuHocTu O(m) KercTBUM.

TeM caMbIM MBI TOKA3AIM, 9TO OMUCAHHBEIA AITOPUTM CTPOUT CEKATOE
cyddukcaoe nepeso ciaosa Y mauuer m 3a O(m) gercrsui. [locae sToro gis
aro6oro caoBa X miuHBL 1 MOXKHO 3a (O(n) NEUCTBUYN BLIACHUTD, ABJIACTCA
au X TOJCTOBOM CJIOBA Y .

10.8.8. Kak MogupuimpoBaTh aIropuTM MOCTPOECHUI CyPPUKCHOTO Ie-
peBa, YTOOBI He TOTBKO Y3HABATH, ABMAETCA U JaHHOE CIOBO X TOLCIOBOM
caoBa Y, HO 1 (eciu ABIAETCA) YKA3BLIBATH MECTO, DI OHO BCTPEIACTCA
(0@HO M3 TAKMX MECT, eCIu UX HECKOIbKO)? Bpems mocTpoeHus mOLKHO
ocraBarscsa O(|Y]), Bpems noucka noxcaosa — O(]|X]).

Pemrenne. Kaxmas Bepmwmna c:kaToro cyd@UKCHOTO TepeBa COOTBET-
CTBYET HEKOTOPOMY IOICAOBY CJIOBA Y ; B MOMEHT, KOI'Ia DTa BEPIINHA OBLIA
mobaBJjeHa B I€PEBO, U3BECTHO, B KAKOM MECTE €CTh TaKOe MOACI0BO, X MOXK-
HO 3aIIXCaThb B BEPUINHE, I'1€é COOTBETCTBYIOUIEE IIOACJIOBO KOHYIAaETCA. D
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10.8.9. Kak mMoampuimpoBaTh 3TOT AICOPUTM, ITOOBI IIA KAXKIOrO
[OCIOBA MOXKHO OBLIO Obl YKa3LIBATH €0 IMepBOe (CaMoe JIeBOe) BXOXKIe-
uume?

[Ykazauue. IIpu BO3SHUKHOBEHUN HOBOK BEPIIMHLI Ha PeOpe HYKHO OPaTh
eé mepBoe BXOX aeHue (MHDOPMAIUA O KOTOPOM €CTh Ha KOHIIE pebpa), a He
BTOPOE, TOIBKO ITO OOHAPYKEHHOE. | O

10.8.10. Kax MoauduumpoBaTh 3TOT AATOPUTM, ITOOBI IIA KAXKIOrO
MOCIOBA MOXKHO OBLIO OBl YKa3BIBATH €r0 MOCAefHee (caMoe mpaBoe) BXO-
XK IeHune?

[Ykazauue. Eciu mpu kax I0M mpoxoje KOPPEKTUPOBATH NHMDOPMAIINIO
BJOJb ITyTH, 3TO OyAeT JOIr0; OBICTpee MIOCTPOUTE AePEeBO, 3aTeM BHOBL €0
OGOUTH 1 JJIA KaK JOU BEepIIMHEL BEIMACINTE MOMEHT HOCAeJHEN0 HOABICHIA
COOTBETCTBYIOLIErO IMOCJIOBA. ] O

10.8.11. Kax mcmoan3oBaTh ckaToe cydduKCHOE TepeBO, ITOOLI MII
nanHOrO c1oBa Y 3a Bpems O(|Y|) mantu camoe IJIMHHOE MOACIOBO, KOTOPOE
BXOAUT B Y Gosee OQHOrO pasa’

Pemenme. Takoe momca0BO ABIAETCA BHYTPEHHEH BEPIIMHOU CKATOLO
cyd UKCHOrO AepeBa, MOITOMY AOCTATOYHO M3 BCEX €r'0 BEPIINH B3ATH
Ty, KOTOPOU COOTBETCTBYET CaMOe AJUHHOE Ci0BO. /1A 3TOro mocrarod-
HO OOOUTHU BCE €r0 BEPUIMHEL ([IJMHY MOXKHO BEIYUCIATHL MO Mepe 00X0na,

CKJIAABbIBAsA IJIVHBL IOMETOK Ha PEOpax). (I
Ha mpaxTuke MOXHO MCIOIB30BATH TAKKE U APYTOU CHOCOO HAXOXKIE-
HUA CAMOrO [IMHHOTO MOJACIOBA, BXOMSAMIETO ABAXK LI, — TAaK HA3LIBAEMBIN

maccus cydPdurcos. A uMeHHO, OyIeM PACCMATPUBATEL UUCIO 1 KAK «KOMI»
KOHIIA CJOBA, HAYUHAKOLIETO C i-U OYKBHI. BBeAéM Ha KOLAX MOPAILOK, CO-
OTBETCTBYIOLIWHI JEKCUKOrPADUIECKOMY (CIOBAPHOMY) MOPAIKY HA CIOBAX:
KO i IPEIIIeCTBYET KOLY j, €CIM KOHEI CJI0BA, HAYNHAIOIINUCA C 4, B JEKCHU-
KOrpaduIecKoM MOPSIIKe UAET PAHBIIE KOHIA CIOBA, HAYMHAIOIIEIOCS C j.
ITocne »Toro orcopTupyeM KOILI B COOTBETCTBUU C DTUM TOPSIIKOM, IO-
Jy9UB HEKOTOPYIO MEepecTaHoBKy maccusa 1,2,3,....m (rae m — nmuHa
ucxoguoro caosa Y). Eciu kaxoe-To cioBo X BXOAUT B CIOBO Y IBAXKIHI,
TO OHO SIBIAETCA HAYAJIOM OBYX KOHIOB cioBa Y. Ilpm sTOM 5TM KOHIEI
MOXKHO BBEIOPATH COCEIHUMU B JEKCUKOIPAPUIECKOM MOPIIKE, MOCKOIBKY
BCE MPOMEXKYTOYHBIE CIOBY, TOXKE HAYUHAIOTCA HA X . SHAYAT, HOCTATOTHO
IS BCEX COCETHUX KOHIIOB MOCMOTPETH, CKOTHKO HAYAIBLHBIX OYKB Yy HUX
COBIAMAET, U B3ATH MAKCUMYM.

AToT cnocob TpedyeT MeHbIIe TaMATHA (HAM HyKeH JWIIb OJUH MACCUB
U3 LEIBIX YMCeJI TOM XKe JIUHBI, 9YTO MCXOLHOE CJIOBO), HO MOXeT Tpe6o-
BaThb OOJBIIOrO BPEMEHU: BO-IEPBBLIX, COPTUPOBKA caMma mo cebe TpebyeT
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nopsaxka m log m cpaBHEHUN, BO-BTOPBIX, KAXK [0 CPABHEHUE MOXKET [IUTh-
€A JONT0, eCJAM COBIATAIOIMUN KycoK Ooabimon. Ho B caydasx, Korga mIuH-
HBIX COBIAJAIOMIAX KYCKOB MAJO, TAKOU AJTOPUTM PAOOTAET HEILIOXO.

10.8.12. TlpumenuTe OOMH U3 TAKUX AITOPUTMOB K JHOOUMOU KHUTE
1 OOBACHUTE Pe3yIbTaT.

[Ykazanue. [[TuHHBIE TOBTOPAIOMIUECA KyCKA MOT'Y T OBITh XY I0KECTBEH-
HEIM TPUEMOM (KAK B M3BECTHOM CTHIIKE PO JO0M, KOTOPHIM HTOCTPOMT
[KeK) mim CreacTBueM 3a0BIBIMBOCTH aBTOPA. [ COBDEMEHHEIX ABTO-
POB BO3MOXHO TAaKXKe HEyMEPEHHOE MCIOML30BAHUE (DYHKIWU BLIPE3AHWA
U BCTABKU (3aJUBKYU TEKCTA B MBI 1 BELIABAHUA W3 MBIIIA, €CIA UCIOTb-
30BaTh rpaduIecKkuit HTEPQENC) B TEKCTOBOM PEenaKkTOope. | a



11. AHAIU3 UTP

11.1. Tlpumepsl urp

11.1.1. [IBoe mrpaioT B Takyo urpy: Ha crome jgexut 20 coumvex; urpa-
IOLHe 110 O4Yepenu MOT'YT B3ATH OT 1 10 4 ciomvek; KTO HE MOXKET CAEIaThb
X013 (CIUYeK He OCTATOCH) — MPOUrPLIBACT. KTO BHIUTPLIBAET MpPU Mpa-
BUJILHOU Urpe?

Pemenue. Bropou BemrpeiBaer, ecau OygeT MOMOJHATH XOMA MEPBOTO
10 5 crimyex (ecaiu nepBbii 6epeT OIHY , BTOPOU TOMKEH B3ATh YETHIPE U TAK
nanee). Torga mociae YeTHIPEX PAYHIOB CIUYEK HE OCTAHETCA U TEPBHIA

IPOUrpaeT. (I
11.1.2. KTo0 BHIArpaeT — OEepBBIA WX BTOPOU — ecau cnmdek He 20,
a 237

Pemenwe. [lepBuin: eciim OH BO3BMET TPU CIMYKU, TO CTAHET BTOPBIM
B yXe Pa30OpaHHOU UTPE U MOTOMY CMOXKET BHIUTPATH. O

AHATOTUYHO TOMYYIAETCA OTBET U A MPOU3BOILHOTO YUCAA, CITUIeK N
ecin N KpaTHO MATH, TO BEIUTPLIBAET BTOPOU, & €CJIU HET, TO MEPBLIN.

11.1.3. MsMeHuM yCJIOBUS UPHL: MYyCThb B3SABIIAN MOCTIEIHION CINYKY
mpourpuiBaeT. KTO Temeps BLIMCPLIBAET MPU MPABUILHON UTpe? (]

11.1.4. IlycTes Temepb urpokam paspemreHo 6pars 1, 2 wim 4 cnuyaku,
a KTO He MOXKET CHeNaTh XOI, MPOUrphIBAeT. KTO BEIMIPLIBAET TPHU Mpa-
BUJILHOU UTPe, €I BHaYAe ObL1o 20 cnumdex?

Pemrenwme. 31ech yxke He Tak TPOCTO CPa3y yKA3ATh BHIMTPHIITHYIO CTPa-
TErUIo JJsA TIEPBOr0 Wiu BTOPOro. HauuéM ¢ HEGOJBINOrO YUCAa CIUYEK,
u300pa3uB pa3peleHnbie Xoaul B Buge crpeqok (puc. 11.1). Urpok, oka-
sapmmnca B nosunuu (), TpoUrpeiBaeT (TAKOBLI MPABUIA), IOITOMY COOT-
BETCTBYIOIIUN KPYXKOK rmomeruM Oyksou II. Irpok, oxaszaBmmmucsa B mo3u-
muax 1, 2 wim 4, BEIMTPBIBAET, MOCKOJIBLKY OH MOMXKET 3a0paTh BCE CIUYIKN
U EPeBeCTH MPOTUBHUKA N0 cTpeske B nosuiuio (. [losToMy MBI moMeTuM
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Puc. 11.1. Urpa co cnmakamu.

a1t mozuruu 6ykeou B. Tenepsb ACHO, YTO MO3UINA 3 ABMACTCA MPOUTPHIII-
HOW: U3 HEe& MOXKHO MOUTU TOJBKO B 1 m 2, m TOrjga NpOTUBHUK (KAK MBI
yxke 3HaeMm) Bemarpaer. [lomernm eé 6yxsou II. [amee 3amedaem, 4TO m0-
sunun 4, 5 u 7 OyAyT BHIMCPHINHBEIME ([IOCKOIBKY U3 HUX MOXKHO IIONACTH
B MPOUTPHINIHYIO IS TPOTUBHUKA, MO3UINIO 3; 3aMETHUM, ITO U3 mo3uuu 4
MOYKHO BHIUTPATh u ObicTpee, nouad B 0). Teneps BuaHO, uTO mosummsa 6
OPOUrPBIIHAA (BCE CTPEIKHU U3 HEE BeAyT B BHIUIPHILIHLIE 15 IPOTUBHUAKA,
NO3ULWN), 8 — BLIMCPHIIHASL, 9 — NPOUrPHILIHAL U TAK JAJTEe C IEPUOLOM 3.

Taxum o6pasom, eciam 49uciIo CIUYeK NEIUTCS Ha 3, TO MO3ULHUS IIPO-
UTPBINIHAA, €CAU HeT — TO BHIMTpHIIHAA. [losToMy B urpe ¢ 20 cmakamu
MEPBLIN UTPOK BLIUTPLIBAECT. O

11.1.5. Kaxk om mia 5TOro noaxKed Urparb’

Pemenune. CTaBuTh NPOTUBHUKA B MPOUTPHINIHYIO MO3UIUI0, TO €CTh
CJAEAUTH, 9TOOBL IOCIE ero XOAa YUCIO COMYEK OBLIO KPATHO TPéM (B 4acT-
HOCTH, B HAYAJIE UTPHL B3ATH 2 CIIUYKHU, YTOOBI OCTATOCH 18). (|

11.1.6. Ha crose JexkaT oBe KyYKHU CIUYEK: B OQHOU M, B IPYTOU n. 3a
OIVH XOJ Pa3pemaeTcs B3ATh J060e (HeHyJIeBOe) YUCIO CIUIEK, HO TOIBKO
U3 OJHOU Ky9IKU (MOXKHO B3ATH BCE COMYKU B HEU); KTO HE MOXKET CAEIATh
XO[, IPOUTrPHLIBAET. KTO BEIMMPEIBACT IPU MIPABWILHOU Urpe?

OTBeT: mMpu m = N BLIUT'PHIBAET BTOPOW, TIPU 1M 7 N, — TIEPBLIN. (|

11.1.7. Ha maxmMaTHOU TOCKE CTOUT JadbsA, KOTOPYIO UT'POKU MO OUepe-
[U IBUCAIOT, IPU DTOM Pa3PELIeHO CABUTATH €€ BJIEBO U BHU3 (OCTABJATH
HA MECTE HeJb31); KTO He MOXKET CAEJATH X0, IPOUrPHBAET. KTO BHIATDHI-
BAaEeT IPU IPABUILHOUN Urpe?

[Ykazaune. Kak 5Ta urpa cBazaHa ¢ IpegblayImen?] (|

11.1.8. (Urpa «uum») Umeerca k Kydek us ny, ..., Ny COUYEK; 338 OIUH
XOI MOXHO B3ATb JI0060€ (HEHY/IeBOE) YUCI0 COUYIeK, HO TOABKO W3 OJHOU
Kyun (MOXKHO B3ATH BCe CIUYKW B HEU); KTO HE MOXKET CIETATh XO., TPO-
urpeBaeT. KTo BEIMIPHIBAET IIPU IPABUILHON Urpe?
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Pemenwe. 3anuinem wucaa nq,...,Ny B IBOUIHOU CUCTEME CIUCICHUA
OPYT MO APYTOM, KAK €CIU ObI MBI COOMPATUCE X CKIAILIBATEL. Kcau B Ka-
KIOM Pa3paie P ATOM OKA3ATOCH Y6THOE IUCIO0 eIUHUIl, TO BLIATPEIBAET
BTOPOW, B OCTANBHEIX CAydYasX — TepBbIA. B camoMm meme, ecau BO BCEX
paspsAgax 46THOE YUCAO €IUHUIl, TO MOCJAE YMEHBIICHUA OTHOTO U3 UUCEN
KaKOU-TO U3 €r0 Pas3pAIOB U3MEHUTCA W B DTOM Pa3PALe MOJYUUTCA He-
98THOE YMCJ0 equHul. (DTO COOTBETCTBYET TOMY, UTO M3 MPOUCPLIIIHON
HO3UIUH JIOO0K X0 BeAéT B BHIUTPHIUHYIO.) Eciu ke B HeKOTOPBIX («wio-
XUX») Pa3pagax HeIETHOE YUCIO €IUHUL, BO3bMEM CTAPIIUY [LIOXON Pa3pAL
U TO U3 YUCENT, KOTOPOE COAEPKUT B DTOM paspsAae equHuiy. Torga, uame-
HUB B DTOM YHUCJIE BCE TUIOXUE PA3PAILI, TOMIYINM MEHBIIIEE YUCI0, KOTOPOEe
[MOCTABUT IPOTUBHUKA B MPOUrPHIIHYI0 no3unuio. (CMm. mpaBmia I Bbl-
UCPHILHBIX W IPOUCPHIIHEIX IO3ULUE B CJIEAYIOLEM Pa3iele. ) O

11.1.9. B psag aexar N AMMKOB, B KaXKIOM M3 HUX II0 MOHETE. 3a OJUH
XOI UI'POK MOXKET B3ATH JI00YI0 MOHETY WM JIOOLIE IBE MOHETHI U3 COCE-
HUX SIIAKOB; KTO HE MOXKET CAEJATh X0, TPOUTPhLIBAeT. KTO BEHIUTPHLIBAET
IIpU IPaBWILHOU urpe?

Pemenne. [lepBuii: OH OMXKEH B3ATH OLHY WIM IBE MOHETHI B IIEHTPE,
a IOTOM CHMMETPUIHO HOBTOPATH XOABI BTOPOT'O. O

11.2. LleHa urpsi

ARamm3upys Wrpel B OpeABIIyIIEM pPa3nene, MBI NCIOIB30BANH CIELYI0-
mue (OYeBUIHBIE) IPABUIA:

1. Eci w3 HEKOTOPOU MO3ULIUY P MOXKHO HOUTH (IO CTPEIKAM) B HEKOTO-
PYIO MIPOUTPHIIIHYTO ([1JI MOMABIIEr0 B HEE UTPOKA,) MO3UIUIO, TO TIO3ULNA D
ABJIAETCA BHIMTPHIIHON (/I MOMABIIErO B HEE).

2. Eciv u3 HEKOTOPOU MOBUIIAU P MOYKHO TTOUTU TOJBKO B BLIUTPHIIITHEIE
TO3UIUY, TO MO3UIUA P ABIAETCA TPOUCPHIIIHON.

11.2.1. [JoxaxkuTe, 9TO €CIM YKUCIO HO3ULIUN B UI'PE KOHEYHO, HET IU-
KIOB (HeNb3sA BEPHYTHCA B OJHAXKALI IPOUAEHHYIO IO3ULUIO) U IIPO BCE
BAKIIOYUTENLHEE MO3UIuK (DIe Hedb3A CAEMATh XOIa) U3BECTHO, KTO BhI-
UT'PLIBAET, TO MPABWIa 1 1 2 OTHO3HAYMHO PA3OUBAIOT BCE MOBUIINU HA BHI-
UTPHIIIHLIE U TPOUTPHIITHEIE.

Pemenne. ByaeM mpuMeHATEH 5T MpaBuUiIa, MOKa 3TO BO3MOXKHO. flcHo,
YTO HUKAKas MO3UIUA He OymeT OOBABICHA OTHOBPEMEHHO BBIUTPLIINIHON
u npourpsiuHon (auas momasmero B Heé). Hamo awme nokasars, 910 HE
OCTAHETCA «COMHUTEALHBIXY NO3UIUY (He OTHECEHHBIX HU K BHIMTDBIMIHBIM,
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HU K [OPOUCDLIIHBIM). 3aMETUM, 9TO U3 KaXKJOU COMHUTEILHOU MO3ULUN
BeZET CTpenka XOTs Obl B OQHY COMHUTEIbHYIO mosuuuio. (B camom gese,
€CaM BCE CTPEJKU BEIyT B HECOMHEHHBIE MO3ULKK, TO JuOO0 BCE OHU BHI-
WUTPHIIIHBIE, 00 €CTh XOTh OJHA TIPOUrPHIIIHAA, U MOXHO OBLTO OBI BOC-
NOMB30BATHCA OMHUM U3 IBYX MPABWIL. ) SHAUUT, WA 110 CTPETKAM B COMHU-
TeIbHBIE MO3UINYN, MbI PAHO WK 103 THO MOJYIUM UK, YTO IPOTUBOPEUUT
[IPEAIOI0KEHUIO. O

11.2.2. ChopmyaupyuTe u JOKAKUTE AHAIOTMIHOE YTBEDKIACHUE NI
WP, JOMYCKAIOIMX HUILU. O

Wrpsl ¢ HUYEUHBIM UCXOAOM ABJIAIOTCA YACTHBIMU CIYIAAMU KOHEUHIL
uep ¢ noanot urnpopmayuet u Hyse60t cymmot, pacCMaATPUBAEMEIX B TEO-
pun urp. UYrobul 3a1aTh TAKYIO UCPY, HEOOXOIMMO:

1) ykasaTb KOHEYHOE MHOXKECTBO, SIEMEHTHI KOTOPOr'0 HA3BIBAIOTCA NO-
BUYUAMUY;

2) m1A KaXKIOU MO3WIUM YKA3ATh, ABIACTCA JU OHA 3AKAOUUMEAbHOT
(Mrpa 3aKOHYEHA) WIN HET;

3) oA KaX IO 3aKTI0UATEILHON MO3UIUY YKA3ATh PE3YILTAT UrPhI (Iu-
CJI0); DTO YUCIO TOHUMAETCA KaK CyMMa, MeHer, KOTOPYIO OJUH UTPOK
ILJIATUT APYTOMY;

4) nnA KaxJI0M HE3aKIIYATEILHON TO3UIUN YKA3aTh, KTO 13 UT'POKOB
JOJKEH JeMaTh XOI B TOU IMO3ULUY U KAKUAE PA3PeIIeHbl XOH (B Ka-
KU€ MO3ULUA dTOT UI'POK MOXKET [HEPETH);

5) ykasaTb HAYAIBHYIO MO3ULUIO UCPHL

IIpu sToM Tpebyercs, 9TOOH He OBLIO UUKJIOB (HEIb3s ObLIO BEPHY THCA
B y2K€e IPOUIEHHYIO TO3ULMI0 NOCAE HECKOIBKUX XOAOB).

[Mosunuu urpsr yno6HO paccMaTpUBaTh KaK BepIIMHEL rpada u n3obpa-
KaTh TOYKAMU; BO3MOXKHBIE XOBI IIPU DTOM CTAHOBATCS pébpaMu rpada
7 U300pakaoTcsa cTperkaMu. UIrpy MOXHO pacCMaTpUBAThH KaK TEPEeIBU-
xkeuue GUIKN, 0603HAIAIOIEN TEKYIIYI0 MO3UIUI0 UTPHI, IO 3TOMY rpady.
B xax1ou BepuvHe HAMCAHO, KTO JOMXKEH JeJaTh XOX (ecJau urpa He KOH-
YMNACh) WIM KTO M CKOABKO BRIUTpan (ecaum mrpa koHumrtack). OmgHa u3
BEPIIVH YKa3aHa KaK HAYAIbHAS TO3UIIN.

Byaem naseBaTh urpokoB Makc u MuH u cunTaTh, YTO PE3YILTAT UTPHI
ompegenser, ckoabko Mun miarur Makcy. (Morusuposka: Makc xoder,
9TOOBI 3TO YUCIO OBLIO MAKCUMAIBHBIM, & MUH — MUHUMAJIBLHBIM — a JIyd-
e BCEro OTPULATENBHBIM, IIOCKOIbKY Tora OH moxy4daer genbru!) Kro
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U3 UCPOKOB [AEIAET TEPBBIU XOI, ONPEIeNACTCS HAYAIBLHOU TTO3UIUEN. 3a-
METHM, 9TO MBI TEIEPb HE MPEIIOIAraeM, YTO UCPOKU XOIAT MO OYePean:
OJVH ¥ TOT K€ UI'POK MOXKET AeIaThb HECKOJIHKO XOJOB MOAPSII.

(Tem caMbIM, HATPUMED, B UCPE CO COMYKAMU KaXKIbIM KPYKOK Ha PU-
cyuke 11.1 Teneps mpeBparaeTca B ABe mo3unuu: ¢ xomom Maxkca u ¢ xomom
Mura.)

Urpa, B KOTOpOU OAUH U3 UTPOKOB BHIUTPLIBAET, & APYTOU IPOUTPHIBA-
€T, COOTBETCTBYET 3HaYeHUAM +1 B 3aKI0UATENbHBIX BepumHax (41 o3ua-
vaeT Beurpein Maxkca, —1 o3Hagaer seurpsim Muna). Urps ¢ HudennsiMu
UCXOAAMU TOIYUATCA, €CAU TPUTUCATE IUCI0 ) HUMEUHBIM TO3UIUAM.

Onpenemum Teneps nouatue cmpamezuw. Ctparerus aaa Makca (wim
Mumna) onpegenser, Kak OH TOJKEH XOIUTH B KaXKIOU U3 NO3UUUA (TA€ XO1
3a HUM); (POPMAIBHO 3TO PYHKLIUA S, ONPENeIEHHASL Ha MHOXKECTBE MO3UINN,
e XO[ 33 HUM. SHAYEHUAMHI dTOU (PYHKIUU SBIAIOTCA MO3UINAA, TPU DTOM
XOIbI NOMKHEI OBITH TOMYyCTUMBIMU, TO €CTb U3 p B $(p) MOMKHA BECTH
CTpENKA.

CrpaTerun Takoro THUMIA HA3BIBAIOT B TEOPUU UTD NO3UUUOHHLLMU, TTOT-
YEPKUBAsA, ITO BLIOOP XOAA 3ABUCUT JUIIL OT TEKYINEW MO3WUIUU, HO HE
oT ucropuu Urpbl (Kak MBI B 5Ty nosuuuio momanu). ([Ipyruwe crpare-
'y HaM He MOHaA00SATCA, TaK UYTO CIOBO «IIO3UIIMOHHAIY MBI OyIeM OIyC-
KaThb.)

Ecmu puxcupoBath crparerun aia Makca u Muna, TO 1CXOI UTPHL TIpe-
OOMPEREIEH: 3TU CTPATErUU OTHO3HAYHO ONPENeISAI0T TOCAeI0BATEIBHOCTD
HO3UUUN ((IAPTUIOY) U PE3YJIbTAT UCPHL

11.2.3. [Moxaxure, 9TO 1A 000U Urphl (G MOXKHO HAUTU YUCIO C U
crparerun M u m mia Makca u Muna, npu KOTOPHIX:

(1) Maxkc, moab3ysach crpareruern M, rapaHTupyeT ceGe BHIUTDLINT HEe
MeHee ¢, Kak Obl Hu urpaua MuH;

(2) MuH, moib3yACh CTpaTeruen m, rapaHTUpPyeT ceGe MPOUTPHII He
6onee ¢, kKak ObI Hu urpaa Makc.

Yucao ¢ "HasbIBAIOT %enoti urpel (G. 3aMeTuM, 9ITO IEHA UCPHI OmMpe-
JenseTcs ONHO3HA4HO: m3 ycaoui (1) m (2) crenyer, uro y Maxkca HeT
cTpaTeruu, rapaHTUPYIOMEN eMy BBIUIPHII GoJbIie ¢ (TOCKOIBKY OHA HE
MOXKET DTO CIeIaTh IPOTUB CTpaTeruu m), a y Muna mer crpareruu, ra-
PAHTUPYIOUIEN €My TTPOUTDHIIIT MEHBIIIE C.

[ng urp ¢ OBYMA MCXOZAMU YTBEPKICHUE 3a0a9d (HA3BIBAEMOE 1Meo-
pemoti Lepmeso) O3HATAET, UTO POBHO y OTHOTO U3 UI'POKOB MMEETCS BEL-
UCPHIMIHAA CTpAaTerusd. Eciu paspemmnTs U HAYbU, TO JUOO Y OXHOIO M3
UT'POKOB €CTh BHIUTPHINIHAA CTPATErusd, Ju00 y 000UX ecTh cTpaTerus, ra-
PAHTUPYOMAA HUYBIO.
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Pemenue. Ilycte p — mpowmsBombuas nosunusa urpsl G. Paccmorpum
urpy Gp, koTopas oTaudaerca oT G Iniib HAYAJIbHON IIO3UIUEH, U DTa Ha-
vajbHad nosunus ects p. (Ecau p — saxmounrensrasn BepruunHa, TO urpa G
TPUBUATLHA: UTPA KOHYAETCA, HE HAYABIIUCH, U UTPOKAM COOOIIAETCA pe-
syabTar urpsl.) Kax MBI cenuac yBuamm, meHy urpel G, (kak (QyHKIIO
OT P) MOKHO ONPENEIUTh PEKYPCUBHO, HAUMHAA C 3AKTOYATEILHBIX MTO3U-
LIUH.

Bonee TouHo, paccMoTpuM clenyomee peKypCuBHOE ONPENeJeHne HEKO-
TOpOU (PYHKIMK ¢, OMPEIEIEHHON Ha BEpIIMHAX rpada:

e ¢(p) paBuo BRIrpbmy Makca (=npourpeiny Muba) B mo3umuu p,
eCJIU TO3UIHUA P ABIACTCA 3AKIHOIUTEILHON;

e ¢(p) =max{c(p’)}, ecau B Bepmmue p xogur Makc; Mmakcumym GepéT-
ca IO BCeM BepmmHAM p', B KOTOpBIE Makc MOXeT MOUTH W3 p TI0
IPaBUIAM WTDHI;

e ¢(p) =min{c(p’)}, ecim B Bepumue p xoaur Mun; MurrMyM Gepércs
[0 BCeM BepmmHaM p’, B KOTOpEIE MUH MOXET OUTH U3 P IO IPABHU-
JIAM UTPHI.

Jlemma. OTO ompeneneHUe KOPPEKTHO: CYHIECTBYET U EIUHCTBEHHA,
GysKIya ¢ (APryMEHTH — BEPIIXHEL rpada, 3HAYCHUA — TUCIA), YIOBIe-
TBOPAIOIAA YKA3AHHEIM TPEOOBAHUAM.

HMokazaTerbcTBO JeMMEL. Haz0BéM paneom BEPIIUHBEI MAKCUMAILHOE IH-
CJI0 X0 0B, KOTOPOE MOXKHO CIEIATH 13 >TOU BepmuHbL. [[0CKoaBKy 10 mpe-
MOJOXKEHNIO B UTPE HET IMUKJIOB, TO PAHT OO0 BEPIIUHEI HE GOMBIIE TUCIA,
BepumH. [JokaxkeM MHIyKIuEer 0o k, 9TO CyIECTBYeT U eIMHCTBEHHA, (hyHK-
oy ¢, OMpeneaéHHAS Ha BEPIIMHAX PAHra HE OOJbIIE k U yIOBIETBOPAIOMIAL
pexypcuBaomy onpexenenuto. Juas k =0 sto oveBuguo. lar us gy uc-
noab3yeT Takoe (OYEBUIHOE) 3aMeUaHue: eCId U3 BEPIIUHBL P MOXKHO Cle-
JIATH XOI B BEpPIMHY p’, TO PAHT BEPIIMHEI P’ MEHBIE PAHTA BEPIIIHEL P.
IMosTOMY pEKypCUBHOE OMpeeTeHne OTHO3HAIHO 3a0a6T 3HAYCHNSA Ha, BEp-
MMHAX PAHTa k, €CIM M3BECTHHLI 3HAYEHMA HA BEPIIMHAX MEHBITAX PAHTOB.
Jlemma moxasaHa.

Ocranock 1oxa3aTh, 9TO 3Ha4eHUe ¢(p) ABigeTcsa neHon urpsl Gp. Pac-
CMOTPUM CIeAYIONyo (MO3UIMOHHYI0) cTpaTeruto mia Makca: u3 Bepiu-
HEL p XOJUTHL B Ty BepImuHy p’, IIa KOTOpOU 3HadeHue c(p’) MakcuMambHO
(m pasuO ¢(p)). Ecim Makc cregyer 5TOM CTPaTErnu, TO HE3ABUCHMO OT
xox0B Muna suadenue ¢(g) 4ia TeKyumiedl BepIIMHBL ¢ HE yOLIBAET B XO[Ie
urps (mpu xogax Muna oHO yOBRIBATE BOOOIIE He MOXKeT, npu xogax Max-
ca OHO HE yOBIBAET IO IOCTPOEHUIO CTPATEruy). 1eM CaMBIM B BepIIAHE P
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Makcy rapaHTUPOBAH BLIMTPLINT HE MeHbIIe ¢(p). AHAIOTTIHEIM 06PA30M,
ecau Mun xogut B Ty BepumHy p’, rae gocturaercsa MmuaumyM c(p’) (pas-
HBIA ¢(p)), TO 3HadeHue c(g) He BO3PACTAET B XOHe UCPHL U mOoTOMy Mun
IPOUrpPLIBAET HE Goaee c(p).

Teopema [lepmeno moxkaszana. ([l

11.2.4. Urpa B KpECTUKU-HOJUKKA COCTOUT B CACAYIOMIEM: HA OOJBIIOM
KBaJPATHOM IIOJE IBA UTC'POKA [0 OYePEeaN CTABIT KPECTUKHU U HOJUKH B €IIE
He 3aHATHIE KIeTKA (HAIMHAIOT KPECTUKH). BEIUIPEIBAET TOT, KTO IEPBBIM
MOCTABUT TATH CBOUX 3HAKOB NOApAL (IO BEPTUKAIM, MOPUIOHTAIA WA
nuaronaun). Ecium BCE moJe 3amOTHEHO, a TAKoro He CAYIWIOCH, MAPTUSL
cuuTaeTca HudenHou. /Jokaxkure, UTO y KPECTUKOB €CTh CTPATErud, Ta-
PAHTUPYIOWAS UM HAYBIO WM BBIMTDHIII.

Pemenwme. Cornacuo teopewme Ilepmeno, B mpOTUBHOM Ciiydae y HOTUKOB
€CTh CTPATEerus, rapaHTUPYIOMAsA UM BuIUTPHIIL. [lokajxkeMm, 4TO KpecTu-
KU MOT'YT MCIOJB30BATH MO CYIIECTBY Ty K€ CTPATEruio, 3a0BIB O CBOEM
mepBOM XOfe. A MMEHHO, TpeACTaBUM cebe, ITO KPECTUKU NeTAl0T MPO-
U3BOJBHEBIN IIEPBBIU XO[ (KapaHIamoM), a 3aTeM OTBEYaT (YepHUIAMH)
HA XOJbl HOIUKOB II0 BHIAT'DBINHON CTPATErUN [l HOTUKOB (CIUTAsA XOIBI
HOJIMKOB KPECTUKAMHU U 3a0bIB O CBOEM TIEPBOM XOIE).

MoxeT Jiu ipu >TOM TEepBBIA X0 moMmernarh? MoxeT, ecin cTpaTerus
VKa3BIBAET KaK Pa3 Ha Ty KJIETKY, DIe YKe CTOUT KAPAHIANTHBIA KPECTUK.
B sToMm ciaygae HATO KApAHIANIHBIA KPECTUK OOBECTH YEPHUIAME, & KAPAH-
JAIIIOM CIeJaTh X0 B 0Oy CBOOOAHYIO KIETKY. Ecau cBOOOIHBIX KIeTOK
HET, TO HO3UIMA COOTBETCTBYET (C TOYHOCTHIO JO 3AMEHBI KPECTUKOB Ha
HOJIUKN) 3aKIUATEILHON TIO3UINY B BEIUTPLIITHON TAPTUY 1A HOJUKOB,
U TIOTOMY SABIAETCS BHIUTPBIITHON.

Kpowme Toro, urpa MoxeT KOHIATHCS PAHBIIE BPEMEHU, €CJIU KAPAH TAII-
HBII KPECTUK OOPA3yeT BBIUTCPHIMIHLIN DAL C YePHUILHBIMUA — HO DTO HAM
TOJIBKO JIydIIIe.

Takum 06pa3oM, MBI TOKA3AJIM, YTO €CIAN Yy HOJUKOB €CTh BBIUTDHIII-
Has CTPATErus, TO U Y KPECTUKOB €CTh BBIUT'PHIMIHAS CTPATEr WS — U €CJIN
IATh DTUM CTPATErUAM UTPATH IPYT TPOTUB APYTa, MOJYIUTCSA MTPOTUBO-
pedne. (I

11.2.5. [JoxaxuTe, 9TO LeHA JIOOOU WI'PLI PABHA BBIUTPLIILY B OTHOU
U3 3aKTIOUYUTETHHBIX BEPIINH. O

11.2.6. Iloxkaxwute, uTOo Teopema llepMeno BHITEKAET U3 CBOETO YaCT-
HOI'O CJIydas UCP € ABYMsA MCXOZaMU (BBIUCPHILI IEPBOI'O U BTOPOrO).

[Ykazauue. [Jna xaxaoro ¢ GygeM CIATATH BHIUCDLII MEHBIIE ¢ IIPO-
UrpeimeM, a GoJblle ¢ — BBIUTPHILIEM. | O
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11.2.7. Tlycts mama mekoropas urpa (G. Beibepem oaHy u3 3aKiIo04u-
TENbHBIX BEPIIMH U Oy1eM MEHATH BEIUTPHIIIL B 3TOU BEPIIMHE: TOJOXKUB €ro
paBHBIM ¢, noxyuuM urpy G[c]. Paccmorpum neny 5Tou urpel Kax GpyHKIUIO
ot ¢. YTo 510 MOXKeT OBITH 38 QyHKIUA!

Otser. Ilena urpst G|c] paBHA GIKAUIIEN K ¢ TOYKE HEKOTOPOT'O OT-
peska [a,b] (3aBucsmero ot urpst G). O

Bot emé omuu mpumep urpnsl, rae Teopema llepmeno mosBoaseT 1o0-
Ka3aTh CYIIECTBOBAHUE BBIUTPLINIHON CTPATETMM AJA TEPBOTO UTPOKA.
dta wrpa Hassana B kumrax M.Tapamepa («MaremaTtudueckue KoCyruy,
M.: Mup, 1972; <MarTemaruieckue roJoOBOJIOMKY U pasBiedennsasy, M.: Mup,
1971) wrpou lemna wim «Gpugx-ury. PaccMoTpuM mpAMOYTOMBHYIO CEThb
13 TYHKTUPHBLIX JUHAKM BLICOTHI 1 U mupuHel n + 1 (puc. 11.2); sepruunnt

e — — — — — —6 — — — —

| | | | |
| | | | |
B e ST SIS S SR

Puc. 11.2. Urpa Tenia.

CeTH COENUHEHBI MyHKTUPHBIMU OTpe3kamu aauubl 1. [lepBbi urpok ka-
K IBIM CBOUM XOJOM OOBOAUT (CIUIONIHOW JUHUEN) OUH U3 OTPE3KOB. Ero
3a/ava — COeIVHUTDH CILIONIHBLIMU JTUHUAMHY JIEBYIO U IPABYIO CTOPOHBI IIPSA-
MOYTOJBHUKA. 331393 BTOPOr'0 UCPOKA — €My HMOMEIATh; KAXK IBIM CBOUM
XOJOM OH CTHPAET OAVH U3 OTPE3KOB (JIMIIAS IMEPBOIO BO3MOXKHOCTHU BIIO-
caencTeuu ero obsectn). Urpa sakaHauBaeTCs, KOraa BCe OTPE3KU 00Bee-
HBI WU CTEPTHI; IIEPBBIU BLIUTPAJ, €CIN IIPU DTOM JEBas U MPABAsS CTOPOHEI
IPAMOYTOIBHUKA COeTUHEHHI.

11.2.8. Ucnonbsysa Teopemy llepmeno, QOKaxkuTe, UTO TEPBBIA UTPOK
“MeeT BBIUTPHINIHYI CTPATErnIo.

[Ykazauue. Irpy MOXHO MpPeACTABATH B 60/€€ CUMMETPUIHOM BUIE, €C-
a1 106ABUTH CETKY [/ BTOPOro urpoka (puc. 11.3) u cauraTs, 9T0 BTOPOU
XOYeT COENUHUTH BEPXHIOK U HUNKHIOW CTOPOHBI CBOEW CETKU, A JUHUAM
[EePBOrO U BTOPOr0 UI'POKOB 3AMPELIEHO [MePeceKaThCsA (TeM CaMbIM IPOBe-
Il CBOIO JIMHUIO, BTOPOU UT'POK KAK OBl CTUPAET MEPECEKAIONIYI0 €6 JIUHUIIO
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nepsoro). Eciu urpa sakonumiace (B KaxI0U BO3MOXKHOU TOYKE Iepecede-
HIS IPOBEJEHA BEPTUKAIBHAA UM POPU3OHTAILHASML JMHUAA), TO POBHO OJUH
U3 UTPOKOB BHIUT'PAT: MOXKHO TPOUTH MO JUHUAM WA CIEBA HANPABO, WIA
CBEPXY BHU3, HO HE OHOBPEMEHHO. AKKypaTHOE JOKA3ATEILCTRO STOT0 WH-
TYUTHUBHO SICHOT'O TOMOJOTMIECKOTO (haKkTa, BIPoUeM, He Tak mpocTo.] [
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Puc. 11.3. Urpa lewia, cuMMeTPUIHBIN BAPUAHT.

Kak numer Tapauep, Knon lMlernon (cosgarens Teopuu undopmannm)
TPUIYMAT [JA DTOU UTPHI JOOONBITHYIO «PUIUIECKYIO» CTPATErUI0, KOTO-
pas Jerko 0600IaeTca Ha, o0y ceTh auuauu. [pegcraBuM cede, ITO BCe
CTOPOHBI BCEX KJIETOK CeTU ([ MepBOr0 UT'POKA) MPENCTABIAIOT COOOU
PE3UCTOPHI OMUHAKOBOT'O CONPOTUBICHUA, KPOME JEBOU U MPABOU CTOPOH
IPSAMOYTOJBHUKA, KOTOPHIE CAEJAHBL U3 IPOBOAA HYJIEBOI'O COMPOTUBICHNUS.
[lepBBI UTPOK CBOMM XOAOM 3AKOPAMUBAET DTU COMPOTUBIEHUS, & BTOPOU
UTPOK pas3phiBaeT ux (memaeT 6eckonednbivu). CTpaTerus mepBoro Urpoka
COCTOUT B TOM, YTO HAIO TIOIKIIOYAUTEL HATTPAKEHUE MEXK Iy JEBOU U TTPABOU
CTOPOHAMU NIPAMOYTOJBHUAKA, 1 3aKOPAIUBATL (0OGBOAUTE) TO COIMPOTUBJIE-
HIE, 9epe3 KOTOPOe UAET MAKCUMAIbHBEI TOK (WM, 9TO TO XKe camoe, Ha
KOTOPOM IaJaeT HaubOIbIIAsA PA3HOCTh NOTEHIUAI0B). Eciu Takux conpo-
TUBICHUN OKA3AJ0CH HECKOMIBKO, MOXKHO 3aKOPAYUBATE JTI000E 13 HUX.

N3 xuur Tapauepa He fACHO, ABAAETCA JU DTA CTPATETrUA BBIUTPHIII-
HOU. 3aTO TaM MPUBENEHA ABHAA BLIATPHINHAA CTPATEruda (CO CCHLLIKOU
ua O.[pocca). YTo6b 06bACHUTE €8, OyeM CIUTATH, YTO LEIbI0 IIEPBOr0
Ur'POKa ABJAETCS He JaTh BTOPOMY COeIMHWUTH Bepx u Hu3. (Mbr yxe ymo-
MUHATA, 9TO 3T 1IEIb PABHOCHIbHA UCXOAHON.) HavalbHBIM XOX mepBoro
UTPOKa MOKa3aH Ha puc. 11.4; >TOT X0 3amperaeT oqH0 13 pEdbep BTOPOro
urpoka. Pazgenum ocTambHble péGpa BTOPOrO UT'DOKA, HA MAPBI COCETHUX,
KaK TIOKA3aHO HA TOM e PUCYHKe. [IepBLIN UTPOK MPEmATCTBYET BTOPO-
My mpopecTu 06a pebpa KakKOu-aubO Maphl: eCIM BTOPOHU MPOBEI OLHO 13
pé6Gep mapsl, HEpPBLIA HE AAET IPOBECTU BTOPOE PeGPO 3TOU maphl (mpoBe-
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Puc. 11.4. Urpa l'eiia: BEIMCpEBIIHAA CTPATErNA.

Is epecekaolee ero cBoé pe6po). Crenymomas 3a1ada MOKa3LBAET, ITO
DTa CTPATErus ABIAETCA BHIUIPHIMHON ([IEPBLIM UCPOK HE Ja8T BTOPOMY
COEIUHUTEL BEPX U HU3 U MOTOMY COCIUHACT JEBYIO U MPABYK CTOPOHHI).

11.2.9. [oxaxuTe, 9TO JIOOOU MYyTh MO JUHUAM MTYHKTUPHOU CETKWU,
COENUHAIOIINYT BepX U Hu3 pUCyHKa 11.4, 0613aTEILHO TOKPLIBACT IBA PEGPa,
OMHOU TApPHL.

Pemrenwne. [lisn sicHOCTM OCTaBUM HA PUCYHKE TOJBKO IIYHKTUPHBIE JIV-
HUZ U cOOTBeTcTBYyMomue Bepmussl (puc. 11.5). OrMerum cepyio 06aacTs,
KaK MMOKa3aHO HA PUCYHKE; TeM CaMbIM pEbpa MeaaTcsa Ha cephle U Oemble.

]
. w
N

Puc. 11.5. Urpa Tenia: ananus BEIMCPHIMIHOA CTPATEMH.

ITpeanonoxumM, 9TO UMEETCA Ty Th CHA3Y BBEPX, KOTOPLIA HE TOKPLIBACT HA
OMHOU Tapel pédep. MOXHO CIMTATL, YTO DTOT MyTh HE MPOXOANUT IBAXK-
IbI 9epe3 OHy BepumHy (BEIOPOCHM HMUKAED). Kaxk e mar Ha 5TOM myTn
MOXKET OTHOCUTBCA K ONHOUM U3 BOCHMHU KATErOPHUU: I€THIPE HAPABICHUA
(ceBep, BOCTOK, IOI' U 3amaj) KOMOMHUDPYIOTCA C ABYMsA IBeTaMu (CEpBIM
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u 6enbiM). Kak BugHO 3 pucyHka, nyTh IOMKEH HAYUHATHCA C CEPOrO IIa-
ra Ha CEBEP, a 3AKAHIMBATBLCA OEJIBIM IIATOM Ha CEeBEp.

IMokaxem, 9TO DTO HEBO3MOXKHO B CUIYy HAMIUX OIPAHUICHUN (HEAB3S
UCTOML30BATEL ABA pebpa OMHOUN TAphl U HEMb3SA ABAXKILI IPOXOIUTEL Yepes
onuy BepimHy). UT0, K IpUMEpy, MOXKET CJAEI0BATH 33 CEPHIM IIATOM Ha,
cesep? Emé ogun cepnin mar Ha CeBep, CEPHIN MIAr HA 3amajl WM OeJTbIn
mar Ha BOCTOK. 3a CEPhIM MIArOM HA 3amMaj MOXKET CIeIOBATL CEPBIN IIar
HA 3ama[ WIM CepLIi Mmar Ha cesep. Pazbupas moodepénHO BCe BAPUAHTHI,
JIETKO yOeIUTHCA, ITO IIyTh, HAYABIIACH CEPLIM IIATOM HA CEBEP, HUKOI'IA
He BHIXIET (€CJAM HE HAPYIIAT MPABUI) 38 MPEIETbl MHOXKECTBA,

{cepmill war Ha ceBep, CEpPBIN Al HA 3aMAfL,
GBI Iar Ha BOCTOK, OEJBIN Al HA 10T }.

MosTomy Genbiin mar Ha ceBep (KOTOPBIU T0KEH OBIThH TOCACIHAM B ITYTH )
HEBO3MOXEH, X MBI JOKA3AJIU, YTO BEPX U HU3 PUCYHKA HEAb3S COEIUHUTH
myTéM, He IPOXOAAIIMM IO ABYM pEOpaM OTHOU HAapHL. (I

11.2.10. [Ipoe urpatoT Ha GECKOHEIHON KJIETIATON OyMare, o odepenu
00BOIs KPACHBIM U CUHUM CTOPOHHI KJIETOK (33 OOWH X0 MOXHO OOBECTH
OMIHY CTOPOHY JIOO0U KJIETKHU, €CJAU OHA eIe He o6Benena). [Jokaxure, 4To
BTOPOU MOXKET BOCIPEMATCTBOBATEL MEPBOMY MOCTPOUTH 3aMKHYTHIU My Th
U3 JAHUU CBOErO IIBETA.

[Ykazauue. OH MOXeT MOMEIIATEH EPBOMY, HATIPUMED, OBEPHYTH C 3a-
najga Ha CeBep, Pa3buB BCe CTOPOHBI KIETOK HA MAPHL U HE AABasd HOKPHITH
o0a “wIeHa maphl.] O

11.2.11. ([ns 3makoMbix ¢ Teopuen BeposTHocTern) Ha nome mis urpsr
Pemna (puc. 11.2) xaxjgas U3 MYHKTUPHBLIX JUHUKM OOBEIEHA C BEPOATHO-
cTbio 1/2 HesaBucumo oT Apyrux. [JokaxuTe, 9TO MyTh OT JEBOK 10 IPABOK
CTOpOHHI (IO O6BENEHHBIM IMHUAM) CYIIECTBYET C BEPOATHOCTHIO 1/2. [

11.3. BbluucneHune ueHbl: nonHbIn ob6xon,

Kak BugHO m3 mokasarembcTBa TeopeMbl llepmeno, mis HAXOXKIEHWA
ONTUMANBHON CTPATErMA JOCTATOUYHO YMETh BEIYUCAATH IIEHBI BCEX Bep-
muH. B 5TOM pasfgene Mbl paCCMOTPUM CIyday, KOT4a MO3UIA UCPHL 06pa-
3yI0T AepeBo (Bemymme BBEPX PEODA IEPEBA COOTBETCTBYIOT BO3MOMXKHBIM
B JAHHOU MO3ULA XO4AM) I HOKAXKEM, KAK IPUMEHITH IPOrpaMMy 06X0xa
zepeBa (rmasa 3).
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HamoMmumMM, 9TO MBI paccMaTpusain Po60Ta, KOTOPHI B KAXKIBII MO-
MEHT HAXOJWUTCA B OJHOU U3 BEPIINH IePEBa U YMEET BBIIOJHATEH KOMAHIEI
BBepX_HajleBO, BIPaBO W BHE3. POGOT HAMMHAET PabOTy B KOPHE IEPEBA
(POJIb KOTOPOT'O Temepb UrpaeT HAYATbHAA TO3ULIUA Urphl). Paubime Po6oT
yMea emmé 00pabaThIBATL BEPIIUHBL, TENEePb MBI TIPEAMOIAraeM, ITO OH MO-
XKET ONpeNeJUTh THI TEKYIIeN BepImnHbl (OAUH 13 Tpéx: max, min u final,
49T0 cooTBeTcTByeT BepmunHaM Makca, MuHa 1 3aKI09ATENbHBIM) 1 MOXKET
ONPEEeJUTh CTOMMOCTEL TEKYINEH BEPIIMHBLI, €CIU OHA ABIACTCA 3AK/IIOTN-
TEJBLHOU.

11.3.1. Hanwmmmure mporpaMmy, KOTOpas ynpasaseT Po60TOM U BBIYUU-
CJIsIeT LEHY UTDEHL.

Pemrenne. Hanmmmem pexypcuBHyIo mponenypy, KOTOpas, HA4aB ¢ HEKO-
TOPOU BEPIIMHLI, OGXOAUT MO IEPERO dTOU BEPIIMHEI, Bo3BpainaeT Pobora
HA MECTO U COOOIIAET IIeHY BEpPUIMHEL (Te OHA HAYATA U KOHUWIA):

procedure find_cost (var c: integer)

| var x: integer;

begin

if Tum = final then begin

| C:= CTOMMOCTS;

end else if Tum = max then begin

BBepX_HAaJIeBO;

find_cost (c);

{c = mMakcuMyM LeH Tekymell BepuWHH ¥ 6paTbeB cleBal}
while ecTr_cmpaBa do begin

BIIPaBo;
find_cost (x);
c := max (c,x);
end;

{c=nena Bepummm mox Texymen}
BHU3;
end else begin {Tun = mun}

| . ..aHaJIOTUYHO C 3aMeHol max(c,x) Ha min(c,x)
end;
end;

M&bI moap3yeMcsa TeM, UTO Y BEpIIMH THUIa max U min ecThb XOTA OBI
ONVIH CHIH (BEPIIUHLI 63 CHIHOBEU TOMKHBI OBITh 3aKIIOUATEIBHBIMA, U MBI
OpeanoaaraeM, ITO OHM OTHECEHBI K TUILY final). O

11.3.2. Hanmummmre HEPEKYPCUBHYIO MPOTPAMMY IJIA BBLIUUCICHUS [TEHDBI
urps (3aJaHHOU IEePeBOM, IO KOTOPOMY xoauT Pofor).



11.3. Buiuucaenue yenbl: noaubit 061od 221

Pemenne. Kak 06bIYHO, pEKYyPCHIO MOXHO YCTPAHUTD, UCHOIb3YS CTEK.
B mamHOM caydae KaiKABIU DJIEMEHT CTeKa OyaeT XpaHUuTh WHQOPMAIUIO
00 OJHOM U3 NPEJKOB TEKyIIel BepPIIUHBL (YeM Jaiblie, TeM MIybxke — Ha
oHe cTeka OyneT mHpopMaima o KopHe). Korga MBI HAXOIUMCA B KODHE,
CTEK MyCT, IPU IBUXKEHUN BBEPX 0 IEPEBY OH Y IIVHAETCS, DU TBUNKEHUN
BHU3 — YKOPAIUBAETCA.

Kax 1pi1 sieMeHT CcTeKa MPeqcTaBIaeT COOOU Mapy; MePBLIA SJIeMEeHT —
TUII COOTBETCTBYIOUIEN BEPUIMHLL (min/max), a BTOPOU DJIEMEHT — MUHU-
MyM /MaKCUMyM 3HAYEHUN BCEX €€ CHIHOBEW JeBee TeKyllero. B mporpaMme
73 TVIABHI 3 CYMIECTBEHHYIO POJIb urpaiu nea yreepxaeuus: OJ] ozuagamo,
49TO 06pabOTAHEI BCE BEPIIUHLI JeBee TEeKyIlen (Te, MyTb B KOTODPHLIE OT-
KJIOHSETCA HaJaeBo OT myTu B Tekyuyio); OJIH osmagano, uro o6paboranst
BCE BEPIIMHBL J€Bee U HaJ TeKylen (3TO OBIBAIO, KOrJa MbI IIPOXOIAIA
BEPIIUHY BTOPOU pa3).

IMomumo cTexa (KOTOpEIU BCerga OyAeT XPaHUThL JAHHBIE, YKA3AHHBIE
BHILIIE) MPOrpaMMa UCHOAL3yeT eIg nepeMennyo c. B curyamuu OJ1 sra
mepeMeHHas He ucrnoab3yercsa, a B curyamuu OJIH oma xpamut meny Te-
Kylen BepummHbl. [lokaxeMm, KAK MOXHO MOJIEPKUBATL 3TO, OMUCAB IeU-
CTBUA C MEPEMEHHOU M CTEKOM [JIA KAXAOT0 BapuaHTa ABMXKeHusa PoGora

(cp. c. 64):

e {OJI, e ectns_cBepxy} o6paborars { OJIH}:
B IIEPEMEHHYIO C 3alUCHIBAEM LIEHY TEKYIIEro JUCTa;

e {OJI, ecTe_cBepxy} BBepx_Hameso {OJI}:
nepes TeM, KaK UATH BBEPX, JOOABIAEM B CTEK TUII TEKYIEH BEPIINHEL
(max/min) u 3HAYEeHME —00/+00 COOTBETCTBEHHO, UMEA B BULY, ITO
MaKCHMyM IIyCTOI'O MHOXKECTBA DABEH —00, & MAUHUMYM DABEH +00;

e {ectb_cupasa, OJIH} Bnpaso {OJI}:
OOHOBJIIEM 3HAYEHUE B BEPIUIVHE CTEKA, OEpA MAKCUMYM WIA MUHU-
MyM (B 3aBUCHMOCTH OT THUIA BEPIIWHEI CTEKA) CO 3HAYEHUEM Tepe-
MEHHOH C;

e {He ecTb_cnpasa, ects_cHuzy, OJIH} s {OJIH}:
B [IEPEMEHHYIO C MOMEIIAEM MAaKCUMyM/MUHUMYM (B 3aBUCUMOCTH OT
THTA BEPIIVHEL CTEKA) €€ MPEKHEr0 3HAYEHU 1 3HAYEHUA HA BEPIITHE
creka (OHO 3a0MPAETCA U3 CTEKA, U CTEK YKOPAIUBAETCA).

Jlerko BugeTh, ITO IPU STOM yTBEPKAECHUS O COAEPKAHUN CTEKA U 3HA-
YEHUY MEPEMEHHOU C HEe HAPYIIAIOTCSA, U IO OKOHYIAHUIO PAGOTH IPOrPAMMEL
crexk Oymer mycT, a 3HAYEHUE TMePEeMeHHOU ¢ OyIeT PaBHO IeHe urpul. [
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11.3.3. Kak u3MeHUTH Ty NporpamMmy, ITOOBI BHIYUCIUTEL IIEHBI BCEX
BEpIIH?!

[Ykazanue. B cocrosuuun OJIH MbI 3HaeM LeHy TeKyLled BEPUIMHBI, U
TAKOEe CIyIaeTCsA A BCEX BEPIIVH.] |

11.4. Anbda-6eTa-npouesypa

Mgl Bugesn, KaK MOXKHO BEIYUCIUTE LIEHY UL, 000U I BCE BEPIIUHEI €8
nepesa. OIHAKO MHOT A MOXKHO COKOHOMUTDL U YaCTh IEPEBA HE MOCEIIATE.
IycThb, HApuUMeEp, Urpa UMEET ABA UCXOa, (BLIMTPHIII U TPOUTDHIIT) U MBI
obHapyx)uu (IOCJIe TPOCMOTPA YACTH JEPEBA), YTO HEKOTOPHIA X0 ABIA-
€TCs IS HAC BBIUTPHIMIHEIM. TOrJa HET CMBICJIA PACCMATPUBATE OCTAILHEIE
xoabl. Bosee 061110, €Cau MBI HAIILUTE X0, TAPAHTUPYIOMIAN HAM MAKCUMAIb-
HBIU BBIATPHIM ([IOIyCKAEMBIM OPABWIAMUA UPHI), TO HET CMBICAA UCKATH
TaJbIIIe.

[Mogobuas onTmMM3aIua BO3MOXKHA HE TOIBKO B TeX CAyYadX, KOTIa
MBI 3HAEM MAKCAMAIBHO BO3MOXKHBIM BLIUTPHINIL. [lycTh, Hampumep, nepe-
BO UIPHI UMEET TAKOU BU, KaK Ha puc. 11.6, npuuém a > b u MBI 06X0 UM
BEPIINHBI JePeBa CJIEeBa HAMPAaBO. 10rga mocjie MpoCMOTPA BEPUINHBL G MBI

max
Puc. 11.6. OnTuMusammsa BO3MOXKHA TIpK a > b.

3HAEM, UTO [IeHA KOPHEBOU BEPIITMHEI He MEHbINE a. Ilepenia K min-sepurmse
U IPOCMOTPEB €€ MEePBOr0 CHIHA b, MBI OMPEAEIIeM, 9TO IEHA Min-BepIIHEL
He Goubite b u (mpu b < a) OHA HE MOXKET MOBIUATH HA LeHy KOpH:A. [loaToMmy
caenyromue BepuHbl (cepas 06IacTb HA PUCYHKE) W UX MO IePEBbA HAM
MPOCMATPUBATEL HE HYKHO.

ITpuMmenéaHy0 B 000UX CAyYasX OMTUMMUBALUAI0 MOXKHO OMUCATL TAK.
IMpucrynas k OLEHKE HEKOTOPOU BEPUIMHBI, MBI 3HAEM HEKOTOPBIM IMIPO-
MexyTOK [m, M|, B mpegesax KOTOPOrO HAC MHTEPECYET LeHa DTOU Bep-
IMUHBL — JU60 MOTOMY, YTO OHA 3aBEJOMO HE MOXKET BBLIUTU 33 IIPEIesbl
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OPOMEXyTKa (KaK B IEPBOM CIydae, KOrJa Jydlle BLIMIPBINA HAYErO HE
ObIBaeT), ubO IMOTOMY, ITO STO HAM HUYEro He 1aéT (Kak BO BTOPOM CIy-
“Jae, KOra BCe LIEeHBI MEHBIIE ¢ 11 HAC HEOTJIMIUMEL OT @).

Bonee popvanbio, BReIEM 0603HAMEHNE T, 5], TAE T — THUCTO, a [a, b] —
TIPOMEXKYTOK:

a, ecauar < a;
Tlap) =42, ecma<T<Db
b, ecmb<zx
Jlpyrumu croBamMu, T, — OMMKaumIas K & TOUKa MPOMEexyTKa [a, b], ko-

TOPYIO MOXKHO HAa3BATh (IPUBEIEHHBIM K [a, b] 3HadeHueM z». Teneps MOxKHO
CKa3aThb, UTO [IOCIEe IPOCMOTPA BePIIMHEL ¢ HA pucyHke 11.6 Hac mHTEpecy-
eT MPUBEAEHHAA K [a, +00] IeHa min-BepuiMHbl (BCe 3HAYMEHW, MEHBIINE a,
0€3PA3MIUYHEL), & MOCIe TIPOCMOTPA, BEPIIUHLL b 3Ta MPUBEIEHHAA IICHA, YIKE
u3BeCTHA (paBHA a). AHATOTMYHBIM 00PA30M LIE€HA UTPHL C ABYMS UCXOJTaMI
+1 paBHa eé npusenéuHOU K 0Tpe3Ky [—1, +1] uene, u mocae oGHApYKeHU
BEIUTPEIINIHOrO XOIa CTAHOBUTCA ACHLIM, ITO 5Ta HeHa paBHa +1.

Ncnmoap3ys 5T0 coOOpakeHne, HAAIIEM ONITUMU3APOBAHHLIA AT OPATM,
B KOTOPOM DEKYPCUBHO ONpENenseTcs MPUBeISHHAS K MPOMEXYTKY [a,b]
[IeHA UTPHl B TEKYIIEH BEPIIAHE:

procedure find_reduced_cost (a,b: integer; var c: integer)
| var x: integer;
begin
if tun = final then begin
| C:= CTOMMOCTH, IpuBenEHHax K [a,b]
end else if Tum = max then begin
BBepX_HalleBo;
find_reduced_cost (a,b,c);
{c = MakcuMyM LeHH BepuMHH X 6paTheB ClIeBa,
npuBenéuusi x [a,b]
while ects_cmpaBa and (c<b) do begin
BIIPaBO;
find_reduced_cost (c,b,x);
c := x;
end;
{c=nena Bepummm mon Texymel, mpuBenéHHaZ K [a,bl}
BHUS3;
end else begin {Tun = mun}
| . . . CUMMETPHMYHO
end;
end;
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ODTOT AITOPUTM FACTO HABBIBAIOT (-(-TPOLEIYPOUN MO UCTOPUIECKUM
npuarHaM (MpaHUIBl MHTEpBata 0603Hadatuch Oykamu « u 3). [loapo6Guo
(3amyTaHHAs) MCTOPUA HTOrO AIrOpUTMA omucaHa B crarbe Kayra u My-
pa B xypuaue Artificial Intelligence, 6(4), 293-326 (1975). B uacTHOCTH,
OHU TIUIIYT, YTO DTOT AITOPUTM TIEPEOTKPHIBAICA HECKOIHKO Pa3, BHAYA-
Jie BOCIIPUHUMAJICA KK 3BPUCTUYECKUU (T.€. COKPAIIAIIA mepe6op, HO
He MapaHTUPYIOIMUA TOYHONO OTBETA), & OMyOIMKOBAH OH ObLI BIEPBHIE B
crarbe Bpyaao 1963 roga «C JOBOJIBLHO CJIOXKHBIM IOKA3ATEILCTBOM» (KAK
numyT Kayt u Myp).

EcTecTBeHHBIN BOMPOC: HACKOMBLKO TAKOT'O POIA OMTUMU3AIN TOMOTA~
eT yMeHLIThL mepebop? Mbl paccMoTpuMm mpocTeumuu mpumep. IycTs
urpa uMeeT (PUKCUPOBAHHYIO [IWHY, U3 KAXKIOU MO3UIUA BO3MOXKHEI 1BA
XO[Ia, UTPOKU XOIAT MO OYePenu, KAXKIBIU AeIaeT N XOIOB U IEHHI JUCThEB
paBubl 0 wiu 1. [[epeBo TAKOUM UTPHI — IOJHOE ABOMYHOE AEPEBO, Min-
7 MaX-YPOBHU YEPEAYIOTCA, B IUCTHIX HANUCAHLI HYJIA U €IUHUIILI, U HYKHO
BLIMUCIUATE 3HadeHue B kopHe. (Ecau cuurars, yro 1 = uctuna, 0 = 10XKb,
TO MaKCUMYM ¥ MUHUMYM cOOTBeTCTBYIOT omepamuam OR (MJIN) u AND
(M), nosromy unorga rosopat o6 AND-OR-zepese.)

CKOJIBKO UCTHEB HYKHO MOCETUTD, YTOOBI BEIYUCIUTE 3HAYCHUE B KOP-
ue? HamomumM, 110 Beero mucThen 227 mra gepesa ¢ 2n ypoBHAME (KasK TbIi
U3 UCPOKOB [EJIAET 1 XOOB).

11.4.1. [okaxwuTe, 9TO MIA JIOOBIX 3HAYEHUU B JUCTBAX ONUCAHHLIN
HaM¥ ONTHMU3NPOBAHHLIA AJICOPUTM IPOCMATPUBAELT He MeHee 2" JUCTLEeB.

Pemenue. Ha ypoBHe 2 HAaXOOATCA YeTHIpE BEpIIMHBI. B xome paboTh
QJICOPUTM [OJKEH Y3HATH IEHYy UrPHI XOTA ObI B ABYX U3 HuUX. B camom
Iene, MyCTh HUXKHAA BEPINMHA €CTh min-sepumHa. ECiu B HEM HyJ b, TO
B OJHOM 13 €€ CLIHOBE! TOXKe HYJb. A pa3 »TO Max-BepIIuHA, TO I yCTa-
HOBJIEHUSA 5TOr0 (DaKTa HyKHO 3HATH LIEHy 0060UX CHIHOBEU (PaBHYIO HYJIIO).
Bropou cayuan: B kopHe eguHuna. Torga B 06eUX €ro CHIHOBBAX NOIKHA
OBITH €[UHUIA, U 9TOOLI OBITH B 5TOM YBEPEHHBIM, HYKHO B KaXKIOM U3 HUX
MOCMOTPETH KAK MAHAMYM OJHOI'O CHIHA.

AnanmoruvHo pagu KaxIoro 3HAYEHUs HA YPOBHE 2 HYXKHBLI B3 3HAMTE-
HUsA HAa ypoBHE 4 U Tak gajee — B KOHIE KOHIOB HA YPOBHE 271 HYXKHO
3HATL 2" 3HAYEHUM. |

[l HADIATHOCTY MBI FOBOPUIN O KOHKPETHOM aJCOPUTME, OMUCAHHOM
Bemme. Ho copaseamus u 6osee o6mmn hakT: T000u HAGOD 3HAMEHUU B JIU-
CTBAX, KOTOPEIU OTHO3HATHO ONPEIETIICT 3HAIEHUE B KOPHE, COIEPKUT HE
MeHee 2" 3HAYEHUN.

11.4.2. IIpoBemuTe akKypaTHOE HOKA3ATEALCTBO 3TOr0 YTBEPKICHUA.
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[Ykazauue. Ilo cymecrBy yxe BCE HOKa3aHO, HAIO TOIBKO BTO 0(hOD-
MUTB.] O

Tosnbko 4TO MOy YeHHAS OLIEHKA OTHOCHIACH K CAMOMY OJArONPUATHOMY
caydaro. YTBEPXKIeHUe CIeAYIOIIEN 3a1a491, HAMPOTUB, TOBOPUT O HAMXY -
IIeM CIydae.

11.4.3. Ilycts y mac cnpamusatoT 3uadenus B auctbax AND-OR-xepesa
B 3apaHee HEM3BECTHOM HAM HOPAIKE, M MBI MOXKEM HA3LIBATE DTU 3HAMECHUA
MO COGCTBEHHOMY YCMOTpeHUo. [JOKaX)uTe, 9TO MBI MOXKEM IeNCTBOBATH
Tak, 9TOOLI IO TOCIEIHEr0 MOMEHTa, (IMOKa eCTh XOTh OJHO HE HA3BAHHOE
:3HaL1eHne) [IeHA KOPHSA OCTABAIOCH Obl HEM3BECTHOU (To eCTh MOnIa OBITh
U HyJEM, U €IVHULEHN B 3aBUCUMOCTY OT IIE HE HA3BAHHBIX 3HAYECHUN).

JTa 3a1a9a MOKA3BIBAET, ITO JIOOOU AITOPUTM OTHICKAHUA IIEHBI KOP-
HA B Hanbosee HEGIATONPUATHOM CJAyYae BBIHYKIEH OOXOIUTH BCE JUCThSI
(B 9aCTHOCTH, HAIL O TUMU3UPOBAHHBIN AINOPUTM HUKAKOI'O BEIUIDHIIIA He
1aéT).

Pemenme. Bynem qokaswuiBaTh 3TO MHIYKIMEN IO BEICOTE Aepesa. [lycTs
kopenb apageTca AND-seprmuon. Torga 6ygeM oTTArMBaTE (IO TPEATIOJIO0-
KEHUIO MHIYKIAA) ONPEIEICHIE 3HAYCHUN B TeTAX KOPHA, & KOTIA JATbIIE
OTTATUBATEH Oy 1eT HEMb3sA (MOCACTHUN JUCT MO 1ePEBa, CTAHOBUTCS U3BECT-
HBIM), CAEMAEM TaK, YTOOBI DTO MOLAEPEBO OBLIO UCTUHHBIM. TeM cambiM
3HAYEHUE B KOPHE COBIIAAET CO 3HAYEHUEM B IPYTIOM MIOIJEPEBE U MOXKET
OCTaBATLCA HEOMPEAETEHHBIM [0 MOCASTHEr0 MOMEHTA. O

Bonee uaTepecHon ABIAETCA OLEHKA CPEIHErO YUCIA OMPOIIEHHBIX JIM-
cTheB. Bymem cumrarh, ¥To amroputMm find reduced_cost mpuMeHsET-
ca x mekotopoMmy dukcuposannomy AND-OR-nepesy (¢ dpukcupoBaHHBI-
MU 3HAYEHUAMU B JUCTHAX), HO IJIA KAXKJIOU BEPIIXHEL TIOPALOK IIPOCMOTPA
OBYX €€ neTel BLIOMpaeTcsa CIydanHo. Torma oblee I1cIo IPOCMOTPEHHEIX
JINCTHLEB CTAHOBUTCA CJIYYAMHOU BEININHOMN.

11.4.4. [JoxaxuTe, 9TO MATEMATUIECCKOE OXUIAHUE DTOU CIyIaNHOU
BEIMYUHEBL (CpeqHee Mo BCEM MOPALKAM IPOCMOTPOB) mis Jo6oro AND-
OR-mepeBa BEICOTHL 2n (¢ 4" BepIIMHAME) HE IPEBOCXOIUT 3™.

Pemenme. Paccmorpum cHavasa caydad n = 1, TO eCTb gepeBo IIyOu-
unl 2. [Iycts ero xopeus apugeTca AND-sepumaon. Eciu B KopHE HAXO IUT-
ca 0, To Ha mepBoM yposue 0,0 wim 0, 1. B mepBoM caydae HaM TOCTATOYHO
OPOCMOTPETH [BE BEPIIMHEI (HAUIA MEPBHIM HYJb, MBI HE WIIEM BTODPON).
Bo BrOopom ciydae ¢ BepoaTHOCTBIO 1/2 HAM XBATUT ABYX, & C BEPOATHO-
cToio 1/2 monanoburcsa Tpu win dernipe. Ecau ke B AND-kopae Haxogut-
ca 1, To B o6enx OR-BeprmHax mepBoro ypoBHA HAXOAUTCA €IUHULA, U HA
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KaXIyl0 U3 HUX HYXXHO B CpegHeM He Ooablue 3/2 mpoCMOTPOB JUCTHEB
(c BepoATHOCTBHIO He MeHee 1/2 MBI cpa3dy momagaeM B JUCT C eQUHUALEN
U BTOPOU JUCT HE CMOTPUM ).

[Manoueniiee paccykIeHUE JErko MPOUCXOAUT TO WHAyKuuu. IlycTh
cpemHee 3HAMEHVE YNCIA 3aMPAllINBAEMbIX JUCTHEB 1 TI0O60r0 AepeBa IiIy-
6unn 2k He nperocxouT 3F. Paccmorpum gepero ruy6unir 2k 4+ 2 ¢ puk-
CHPOBAHHBIMU 3HAYEHUSIMU B JUCTBAX. [/ KaXA0ro BeIOOPA MOPSALKA HA
[IEPBBIX ABYX YPOBHSIX M3BECTHO, KAKUE U3 Y€THIPEX BEPIINH BBICOTHI 2 Oy-
IyT paccMoTpeHsl. 1o npeanonokeHnio cpegHee IUCI0 UCIOIB30BAHHBIX JIM-
CTBEB MIPU PACCMOTPEHUY KAYK JOU BEPIIMHEL BEICOTH 2 (yCPEIHEHNE 10 BCEM
nopagkam 06xo1a) e Gombie 3¢, TomomHITeTEHO YepegHAM TI0 TOPA IKAM
HA IBYX IEPBLIX YPOBHIX U 3aMEYaeM, UYTO B CPEJHEM PACCMATPUBACTCS HE
OO0MBINEe TPEX BEPIIUH BLICOTHL 2. O

11.4.5. IloayuuTe Gojee TOUHYIO OLEHKY [JIA HUCAA TPOCMOTPEHHBIX
JUCTBEB B IpenblAyIien 3anade. [Ykaszauue. Vcnonb3ynre pasHble OLEHKN
B 3aBUCHMOCTH OT 3HAYEHUA B KOPHE; STO IO3BOIAT 3AMEHUTE \/3 B OICHKe

Ha menpmee wucao (1 + 1/33)/4.] O

11.4.6. IloxaxwuTe, 9TO M1 JH060r0 HabOpa 3HadeHud B ucThbax AND-
OR-zepesa cymecTByeT TaKOU MOPSA 0K IPOCMOTPA CHIHOBEH, IPU KOTOPOM
moTpedyeTcs MpPOCMOTPETh He Hosee 2™ IUCTLeB. O

11.5. PeTpocnekTuBHbIN aHanus

CyIIecTBEHHO U OMUCAHHOE B TIPOILIOM pa3fese yIydlieHre aaropuT-
Ma, (mepexon 0T MOJIHOro mepebopa K a-f-npouenype)? C oqHOU CTOPOHEL,
ga: B HameMm npumepe nepexon or 4" k 3" mgaér Bomrpein B (4/3)" pas,
a (4/3)™ skcnomenumaabHO pacTéT ¢ poctoMm n. C APYrol CTOPOHHI, BKC-
MOHEHTA OCTAETCA DKCIOHEHTOHU, MAXKE CIU €€ MOKA3ATeIb yMEHBIIACTCA
¢ 4 mo 3, mo>TOMY HAEX Al TOJHOCTHIO TPOAHAMN3NPOBATE TaXKe He OUeHb
CIOKHYIO U JOITYI0 TPy TAKAM CITOCOOOM MOYTH HET.

IMosToMy Ha MpakTUKe OOLIYHO BHIOUPAIOT HEKOTOPYIO OUEHKY NO3U-
YUY — JErKO BEMUCIUMYIO (PYHKIWIO, KOTOPaA IO MHEHHIO MPAKTUKOB
KAaK-TO OTPaXKaeT MPEUMyIIECTBO TOIO WM MHOI'O UIPOKA (CKaxKeM, MarTe-
PUAJBHLIN MIEPEBEC B MAXMATAX). 3aTEM BMECTO HACTOAIIEN WPl PACCMA-
TPUBAIOT OTPAHUYIEHHYIO UTPY, B KOTOPOU NEJAETCA CPABHUTEILHO HEOOMb-
moe Yucao k XOmoB, a 3aTeM pe3yJbTATOM UTPHI CINTAETCA OIEHKA, TOIY-
YEeHHOU MO3ULNH, U B TON UI'PE BLINOJIHAIOT nepe6op (mpumeHss a-[3-onru-
musanuo). KoHedno, 370 HUYero He rapaHTUPYET B HACTOSALIEU UTDE, HO
YTO MMOAENACIID.
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BriBator, ogHaKo, u cuTyaIum, KOrga yIaércs ONpeqenuThb HeHy TaHHOU
MO3UIAU TOYHO. JTO yAAETCA CHEMATH A MIAXMATHBIX SHIIIMAICH C He-
OOMBIIIM YHUCJIOM (DUTYD — HAIPUMED, MOXKHO PACCINTATD, 33 KAKOe MU-
HUMAJIBHOE YUCJIO XOMOB MOXHO TOCTABUTHL MAT KOPOJEM, CTOHOM W KOHEM
MPOTUB OQUHOKOI'O KOPOJsA B 33JAHHBIX HAYATHHBIX YCIOBUAX. 3AMETUM,
YTO TIPU DTOM UUCIO XOJOB MOXKET U3MEPATHCA QeCATKAMU, 8 KAXKIBIA XOI
UMeeT JeCATKYM BAPUAHTOB, IOITOMY O HMOJHOM Hepebope (Win gaxke O He-
CKOJIBKO COKDAIIEHHOM) He MOXET UATY U Dedi.

11.5.1. TlpugymanTe Ipyrou MOAXOI, UCIOML3YIOIUA OTPAHTIEHHOCTD
OOIIEr0 YMCaa, BO3MOXKHBIX TO3UIUA (CKAXKEM, IIA YeTHIPEX YIOMAHYTHIX
duryp Ha maxMaTHOR gocKe 3T0 64* =224 = 16 «reramosunmin; ¢ yaéTom
04YepEIHOCTH X04a OygeT 32 Meramo3uINy; MaCCUB TAKOI'O pa3Mepa MoMe-
[IAETCA B HAMATH COBPEMEHHBIX KOMIIBIOTEPOB 6€3 TPyAa).

Pemenne. 3areném MaccuB, OTBEIA AYCUKY MAA Kaxkgou mosuiuu. [Ipo-
CMOTPUM €r0 OJUH Pa3 U OTMETUM BCE MATOBHIE MO3UIUU (3AMUCAB TYIa
qucao 0 B 3HAK TOrO, YTO MO3ULUS IPOUTPAHA U GOMBINE XOAUTH HEIb3A).
3aTeM IpoCMOTPUM MACCUB €IIE Pa3 U IOMETUM KAK BHIUTDHILIHLIE BCE II0-
BULIY, U3 KOTOPBIX MOXKHO [MOUTHU B MATOBLIE (HAUIIEM TaM 1 B 3HAK TOTO,
YTO MOXKHO BEIUTPATH 3a 1 X01). 3aTeM oTMeTuM Bee (eIIé He OTMEICHHBIE)
MOBUIWN, 3 KOTOPHIX BCE XOAHI BEIYT B MO3UIMKA C METKOU 1, HATIMCAB
TaM —2; OHU MPOUTPHIBAIOTCA B [BA XOIa. 3aTEM — MO3UIUN, U3 KOTOPBLIX
€CTb XO[ B IO3ULUK C METKOU —2 (Hamucas TaM 3), HOCJIe TOr0 — HO3ULNH,
U3 KOTOPBIX BCE XOALI BeAyT B 1- win 3-nosunuu (Hanwucas Tam —4) u T. I
Tax OymeM IelaTh N0 TEX TOP, MOKA OYyAYT MOABIATHCA HOBHIE TIOMETKH.
Kak TOTbKO 3TO KOHUATCA, I KAXKIOU TO3UIUU OyAeT U3BECTHO, MOKHO
JU B HEU BLIUIPATH U CKOJIBKO XOMOB [JIA 3TOCO HYKHO. O

daxTrdecku sTa IpoIenypa MOBTOPSIET T0KA3ATEIbCTBO TeopeMsl Llep-
MeJ10 (HO TOIOJIHUTEILHO MBI HOLYIaeM UHMOPMALUIO O TOM, CKOJIBKO XOJI0B
[0 BBIMTPHIIIA, WX TTPOUTPLINIA, TP HAUIY IIIed UTPE).

11.5.2. MoryT 1 npu 3TOM OCTATLCSI HEOTMEUYEHHBIE TO3UIUN U IeMY
OHM COOTBETCTBYIOT?

OTBeT. JTO MO3UIUY, B KOTOPBEIX 004 UI'POKA MOT'YT CapaHTUPOBATH
CKOJb YIMOMHO IIWHHYIO UTpPYy 0e3 mpourpeima. Bmpoduem, mpaBumiao Tpo-
€KPATHOI'O0 TOBTOPEHMA MO3UIINM B MIaXMaTaX B 3TOM CIydae MO3BOIAET
cunTarh maptuo Hudennou. (Ha camom meme y49éT »TOro mpasumia CyIe-
CTBEHHO OCJOXHAET CUTYalNIO, IOCKOIbKY Tellephb B MOHATHUE IIO3UIAN Ha-
[0 BKJIOYATh MHMOPMAINIO O TOM, Kakue KOHUurypauuu puryp Ha JOCKe
y¥K€e BCTPEIAINCh. ) O
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A.JL. Bpyaso 3amMeTwI, 9TO €CTh CATYallds, B KOTOPOU TAKOU «PETPO-
CIEKTUBHLINY aHAIN3 TPeOyeT coBceM HEeOOBIINX PECYPCOB U MOXKET OLITH
pPeaTn30BaH HA OYEHb HEOOBIION TAMATH, XOTSA I 9€JI0BEKA COOTBETCTBY-
I0ITaA 334a9a He IPOCTA: MyCTh OeIble IMEI0T KOPOIA Ha Tose ¢3, KOTOPOro
UM 3ampemeHo IBUraTh, u Gep3sa (Ha KAKOM-TO IPYTrOM MOJe) U XOTAT I0-
CTABUTHL MAT OQUHOKOMY YEpHOMY KOpoio. Orpanudenue (HEmoIBIKHOCTh
KOpOJIf), 3aTPY JHAIOIIEE JKU3HD IeI0BEKY-IIAXMATUCTY, OOJIerdaeT aHaIn3
(yMeHbBIIAs KOIMYECTBO MO3UIMK HOYTU 4TO B 64 pasa 3a caér TOro, 4to
He HaJO0 PAcCMaTPUBATL PA3HBIE MOJOXKEHUA KOPOous!)

Ucnonb3oBanue TaOAUIBI OMUCAHHOTO THUIA MOXKHO CIUTATL MpPUMEHe-
HUEM METOIA TUHAMUYECKOT'O IIPOrPAMMUPOBAHUA (MBI HE BLIYUC/AEM LIEHY
UCPHL 17 OTHOU W TOU K€ MO3UIUU CHOBA U CHOBA, OOXOMA TEPEBO, a 3a-
noHsgeM TabIUIy UEeH CUCTEMATHIECKN ).



12. ONTNUMANBHOE
KOAMPOBAHUE

12.1. Kogabl

Nmess 2™ cuUMBOJIOB, MBI MOXKEM KOIUPOBATHL KaXKIBIM U3 HUX 1 OUTa-
MU, TTOCKOIBKY CyIIeCTByeT 2" koMOuHauuu us n 6utos. Hampumep, MOx-
"o 3axogmporath 4 = 22 cummsona A, T, T, II (ucmomssyemele mpu 3armmm-
cu reHoMoB) AByxOuToBbiMU KoMOuHammsaMu 00, 01, 10 u 11. [Ipyrou npu-
Mep: IOCIeIOBATEIBHOCTAMY U3 8 OUTOB (6anTaMm) MOXKHO 3aKOAUDPOBATH
256 cuMBOMOB (M 3TOrO XBATAET HA JATUHCKUE U PYCCKUE OYKBbI, 3HAKH
TIPEMUHAHUA U 1P.).

Bonee ¢popmanbuo: mycTh HAM 1aH a4gaéum, TO €CTh KOHEYHOE MHO-
JKECTBO, DIEMEHTHI KOTOPOI'O HA3BIBAIOTCA CUME0AAMYU WIN OYKEaMU DTOTO
angasura. Kodom pia anpasura A HaseiBaeTcsa GyHKuus (Tabauna) o, KO-
TOpas A1 KaxkJIOrO CUMBOJA @ U3 A yKasblBaeT JBOUYHOE CJIOBO «(a), Ha-
3BIBAEMOE K0J0BbIM CA0B0M, WIA IPOCTO K00oM 3TOrO cuMBoa. (/IBoudnoe
CJOBO — KOHEYHAs MOCJIEI0BATEILHOCTE Hyaen u equnui.) He Tpebyercs,
4TOOBI KOABL BCEX CHMBOJIOB MMEJIU PABHBIE JJIUHEIL.

Msur gomyckaem, 9TOOBI pa3HBIE CUMBOJIBL UMEIU OAUHAKOBEIE KOnbl. Co-
TJIACHO HAIIIEMY OIPENeIeHUI0, PA3PEeIIaeTCs Bce OyKBBI apaBUTa 3aKOIU-
poBaTh cioBoM 0 (M TaKe MyCTHIM CJIOBOM ) — HO, KOHEUHO, TAKOU KO Oy 1eT
6ecrionesed. XOpOoMmui KO JOMKEH MO3BOMATE IEKOAUPOBAHUE (BOCCTAHO-
BJCHUE TOCJICOBATEILHOCTU CUMBOJIOB 10 €€ KOIY).

dopmanbro 3TO ompeneaserca Tak. [lycrs gpuxkcuposan andasur A u
KO « s roro anpasura. [Jas kaxgoro ciosa P B andasure A (To ecthb
U1 TEOOOU KOHEIHOU MOCAeI0BATEILHOCTH OYKB andasuta A) paccMoTpum
aBordHOE C10BO ((P), KOTOpOe MOMYYIaeTCs, eClu 3aMuCaTh MOAPAT KOIbI
Bcex Oyks u3 P (6e3 kaxux-mm60 pasgeaurenenn). Kon o Ha3BBaeTCA 0010~
3HAUHBIM, €CJU KOAbL PA3JIMIHBIX CJI0B pas3aundssl: a(P) # a(P’) upu P# P’.

12.1.1. Paccmorpum TpéxGyksenus andgasut {a,b,c} u xon ala) =0,
a(b) =01 u a(c) =00. Byzer mu 5TOT KO OIHO3HAYHBIM?
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Pemenue. HeT, mockonbKy CI0Ba aa U ¢ KOTUPYIOTCA OIMHAKOBO. O

12.1.2. nsa Toro xke andasura paccmorpuMm xox «(a) =0, a(b) =10
u ac) = 11. Byger au 5TOT KO OQHO3HAMHBIM?

Pemtenne. Byger. YTo6b1 q0Ka3aTh TO, JOCTATOYHO OOBACHUTH, KaK
MOYKHO BOCCTAHOBUTH CioBO P 1o ero xony a(P). Eciu o P) naunnaerca
C HyJs, TO fACHO, 4TO c10BO P mauunaercs ¢ a. Eciu a(P) mauumaercs
C eIWHUIIEL, TO CA0BO P HadmuaeTca ¢ b wim ¢ ¢ — 9ITOOLI Y3HATD, C I€r0
UMEHHO, TOCTATOYHO IIOCMOTPETh Ha BTOpou 6uT caosa aP). Boccranosus
nepBy OyKBY c1oBa P, MBI 3a0LIBa€M O HEM U O €€ KOfe, U TPOJOTKAEM
BCE CHAYATA. (|

Bepuo u 6osee obmee yreepxkaenune. HazoséM kon npegdukcubim, ecan
KOAbl OyKB He SABIAIOTCA HAadaJaMu APYD Apyra (caoBo a(p) He sBIseTCA
HAYATOM CJI0Ba, (q), eciu OYKBBI P U ¢ PA3IUYIHEI).

12.1.3. [loxaxuTe, 9YTO JOOOU MPEPUKCHLI KOI ABIACTCA OJIHO3HAY-
HBIM.

Pemenne. [lexonupoBanue MOXKHO BECTH CJaeBa Hampaso. IlepBas Oyksa
BOCCTAHABINBAETCA ONHOZHAMHO: €CJAU A ABYX OYKB p U ¢ cioBa a(p)
1 «(q) ABIAIOTCA HAYATAMY KOJA, TO OMHO U3 0B «(p) u a(q) ABIgeTCA Ha-
9aJI0M IPYTOr0, 9TO HEBO3MOXKHO N MpeduKcHOro kKoga. U Tax namee. [

12.1.4. IlpuBeaure mpuMep OJHO3HAYMHOI'O KOIA, HE ABJIAIOMIETOC Ipe-
(PUKCHBIM.

[Ykazauue. IIycts a(a) =0, a(b) = 01, a(c) = 11. DToT Kox ABIAETCA
«Cy(OUKCHBIMY , HO HE TIPeDUKCHBIM. | O

12.1.5. Haumgure Tabmumy mas azbyxu Mopse. O6bacauTe, mouemy eé
MOKHO MCIOIB30BATE HA MPAKTHAKE, XOTA OHA HE ABIASTCA HU IPE(pUKCHBIM,
HU [aXe OJHO3HAYHBLIM KOIOM. a

12.2. HepaseHcTBo KpadpTa—Makmunnana

3adeM BOOOIIE HYXKHBI KOJLI C Pa3HOU MIIMHOU KOAOBEIX caoB? [emo B
TOM, YTO HA, MPAKTUKE PA3HBIE CUMBOJILI aM(haBUTa, BCTPEUAIOTCA C PA3HON
YACTOTOU, M BHITOJHO 3aKOAUPOBATHL YACTHIC CUMBOJIBI KOPOTKUMU CJIOBA-
Mu. (DTO COOOpaKeHWEe, KCTATH, YIATHLIBAJIOCH MPU COCTABICHUUN a30yKu
Mopse.)

IIycre ama xaxmon Oykeel a aadasura A Quxcupopama e€ wacmoma
p(a) — moNOKWTEIBHOE YUCIO, IPUIEM CYMMBI 9aCTOT BCEX OYKB PABHBL
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equauIe. Torga ojs JoO0ro KO4a (@ MOXKHO ONPENEIUThb CPeonioln Oauny
BTOr0 KOJa KaK CyMMY

E=Yp(a)a(a)l

no BceM GykBaM a € A, rae |a(a)| — pamHa KomoBoro cioBa «(a) GYKBHI a.
(CwmpIca >TOro onpefgeseHus: ecau B cioBe muuHbl N GyKBa @ BCTPEIAeTCA
¢ qacroron p(a), To Takux Oyks Oyger Np(a) u HA UX KOOUPOBAHUE YUIET
Np(a)|a(a)| 6utos; obman mmua koga 6ynet Y Np(a)|a(a)| u B cpennem
HA KOJIMPOBAHUE KAKION OYKBEI yUIET F GUTOB.)

Temepb BO3HUKAET 3a1a4a: A JaHHBIX YACTOT MOCTPOUTH ONHO3HAY-
HBIU KOJ MUHUMAJILHOU CPeqHen IIUHBL. TeopeTruieckn 5T0 MOXKHO CIeIaTh
epe6opoM (ecau B KOJE eCTh XOTs OB OJJHO OYeHb IJIMHHOE KOJIOBOE CJIOBO,
TO €ro CPeqHAA IIUHA BEJUKA, TOITOMY TAKUE KOIBI MOXKHO HE PACCMATPH-
BaThb; OCTABTCA KOHEYHOE 4Mca0 BapuaHToB). Ho MoxHO obouTuch um Ge3
mepe6opa, 1 B DTOM Pa3eie MBI HAYIUMCA DTO Ne1aTh.

[lna Hagasa mOUMEM, 9TO MEIIAET HaM BHIOMPATH KOLOBBIE CIOBA, KOPOT-
kuvu. OKa3sLIBAETCA, ITO €CTh POBHO OTHO MPENATCTBAE: MJIWHLL N1, .. ., N
KOJOBBLIX CJIOB TOKHBI YIOBIETBOPATE HEPABEHCTBY

27M 427 27

Ha3BIBAEMOMY B TEOPUU KOIUPOBAHUA Hepasewcmsom Kpagpma— Maxmua-
AGHA.

12.2.1. IIpoBepbTe, UTO OHO BHIMOTHEHO IS PACCMOTDPEHHBLIX BBIIIE
TIPUMEPOB OTHO3HAYHBLIX KOJIOB. ([

12.2.2. [ToxkaxwuTe, 9TO I BCAKOT'O MPEPUKCHOO KOAA BBIIOIHAECTCS
uepasencTro Kpapra—Makvuiiana.

Pemenme. OTpesox [0, 1] moxHO pa3burhs Ha ABe mOAOBUHBLL. Hazosém
neByio Iy, a mpaByio I;. Kaxayio u3 Hux pasobbém momomam: oTpe3ok Iy
pas3menuTcsa Ha JeBY TOJoBUHY [gy u mpaBywo [g1, aHazoruvuo Iy gerut-
ca Ha I19p n I1;. I Tak nanee: moOOMYy IBOMYHOMY CIOBY & COOTBETCTBYET
orpesok I,. Jmama »roro orpeska ects 211, rae |z| — mmmua crosa 2.
Eciu croBo x sBaslercs HadamoMm ciaoBa Yy, TO OTPe3ok I, comepxut oTpe-
30K I,; ecmm HM OJHO U3 CIOB & U y He SABIAETCA HATAJIOM JPYroro, TO
orpesku I, u I, He mepeKpHIBAIOTCA (HA TOM 3HAKe, I'le T U Y BIEPBLIE
pacxogarcs, I, u I, DIONAJAIOT B pa3HBLIE MOJOBUHLI).

PaccmoTpum Teneps oTpesku, COOTBETCTBYIOLIME CIOBAM MPEMUKCHO-
ro xkoga. OHU He MEPEKPHIBAIOTCA. A 3HAYUT, CyMMa WX [IUH HE GOJbIIE
eqUHUILI, 9TO 1 naéT HepaBeHcTBO Kpadra—Makmuiriana. (I
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12.2.3. IlycTb gaHbl k EILIX MOJMOKATEALHBIX YUCET N, . . . , N, YIOBIE-
TBOpsatomue HepapeHCTBY Kpadra—Makmumtana. [JokaxuTe, ITO MOXKHO
MOCTPOUTH MPEMUKCHBIN KO Ais k-OyKBEHHOTO anpaBUTA C NIUHAMUA KO-
IOBBIX CJIOB 101, . - . , Th-

Pemrenne. U 31ech mMOME3HO UCMOMBL30BATH COOTBETCTBUE MEXKIY CJIOBA-
MU ¥ OTPE3KAMU U TPEACTABIATEH cebe Oea0 Tak: y HAC €CTh e€IUHUIHBIN
orpesox [0, 1], 1 MBI BBLZEJIsIEM €r0 YACTH MOIB30BATENAM II0 TPEGOBAHUIO.
Ecau nmonp3oBaTens OpuxoauT C 9UCIOM Nj, TO DTO 3HAYUAT, 9TO €My HAIO
BEIJATH B TMOML30BAHUE OJAWH U3 OTPE3KOB MIJUHOU 2~ " COOTBETCTBYIO-
[IUX KONOBLIM CIOBaM IIuHLI n;. (TeM caMbIM rOgATCA He JHOOBIE OTPE3KA
TAKOU [JIUHLI, & JHIIb (IPABUILHO PACHOIOKEHHBIe».) Kon momxen OvIThH
IpePUKCHBIM, DTO 3HAYUT, 9TO OTPE3KN PA3HBLIX MOIL30BATEJNEN HE JOIK-
HBI IEPEKPBIBATLCA. HaM TaHO, 4TO cyMMapHas JJIWHA BCEX TPEOOBAHUN HE
6ombirte equaunkl. Kak nx ygosreTBoputh? MOXHO OTBOIUTL MECTO Cle-
Ba HAMPABO, TIPU DTOM PACCMATPUBATL TPEOOBAHUA B MOPAIKE YOLIBAHUS
v (Torga 601ee KOPOTKUAE OTPE3KU Oy YT MPABUILHO PACIONOKEHEI [T0-
CJIe TIpensIaymux Oonee JINHHBIX ). g

12.2.4. TloxaxwuTe, 9TO BBIAEJIATH KOJOBHIE OB (MECTO HA OTPE3KE)
MOYKHO U B MTOPAIKE MOCTYILICHAA TPeOOBAHUN (KAK MHOT LA TOBOPAT, B «Pe-
xume on-liney): MOIBL30BATENL TPUXOMUT C TIUCAOM 7; U YXOAUT C TIPABUILHO
PACIIOIOXKEHHBIM OTPE3KOM AJIUHBL 2~ ", IPpUIEM €CIU BBIIOJHEHO HEPaBEH-
crBo Kpadra—Maxmuiiana, To HUKTO He yHAET OOUKEHHBIM (BCEM XBATUT
MeCTa, U NePepacHpPeeIaATh ero He IPUIETCA).

[Ykazauue. HyxkHo monaep:kuBaTh CBOGOIHOE MPOCTPAHCTBO KaK 00b-
€INHEHNE MPAaBUIBHO PACIOJIOXKEHHBIX OTPE3KOB MOMapHO PAa3JIUYIHBIX IJIUH,
BBELICIAA KaXK TOMY ITOJIBb30BATENI0 KyCOK U3 KpaTqaﬁmero IO aAXOOAIIErO OT-
pe3ka u nopa3buBas OCTATOK.] g

12.2.5. Ilokaxute, ¥uTo HepaBeHCTBO KpadTa—MakMumrtana BEITOIH-
eTCA He TOJTBKO I JI0O60T0 TpedUKCHOTO KOIa, HO W BOOOIIE A J060T0
oguosHauHoro kona. (Mmenno sro mokasan Makmwian; Kpadr gokasan
HEPABEHCTBO 1Js NPEePUKCHBIX KOLOB.)

Pemenne. EcTh pasubie CmocOOBI PENIUTH 3Ty 3aMa9y; MBI TPUBEIEM
TIPOCTOE U KPACUBOE, XOTSI U HECKOMBKO 3aragotuHoe, perenne. [IycTs nme-
eTCA OMHO3HAYHBIA KO ¢ k komoBbiMu cioBamu Py, ..., P,. Ham Hago mqoka-
3aTh, YTO UX AIUHHL n; = |P;| ygosaersopsior nepaseactBy Kpadra—Maxk-
vunaga. [IpegcraBuM cebe, 9TO BMECTO HYJEM U €UHUI] UCIOIL3YIOTCA
cuMBOJBL @ U b (Kakas pasHUna, U3 9ero COCTABIATH KOABL?). 3amuilieMm
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¢GopMaTBLHO CYMMY BCEX KOTOBBIX CJOB KaK aJrebpaniecKoe BEIPAKEHUe
P+P+ ...+ F

(MHOTOYIEH OT @ # b, B KOTOPOM OJHO'WIEHBI 3AIUCAHBI KAK [IPOU3BEJE-
HUA [EePEMEHHBIX a U b, 0e3 BO3BefeHUsA B creneHb). Tenepn (emé Gomee
CTPAHHOE HA MEPBHIM B3MVIAL AEUCTBUE) BO3BEAEM 3TO BLIDAXKEHUE B CTe-
nenb N (OpOU3BOIBLHOE HATYPATBHOE UUCJIO) U PACKPOEM CKOOKHU, COXPAHAA
HOPAIOK [epeMeHHLIX (He coOupas BMECTE OQUHAKOBHIE IEPEMEHHBIE) B OI-
HOYWICHAX:

(PL+Py+...+ Pk)N = CyMMa OJHOYJICHOB.

Hanpumep, m1a xona co ciosamu 0,10, 11 (koTOpEIe Tenepb 3aUCHIBAIOTCA
Kak a,ba,bb) u nna N = 2 noaygaem

(a + ba + bb)? = (a + ba + bb)(a + ba + bb) =
= aa + aba + abb + baa + baba + babb + bba + bbba + bbbb.

B 5ToM mpumepe Bce OIHOWICHB B TPABOU IACTH PA3IAYHEL (€CJIU HE Iepe-
CTABIATH MEPEMEHHLIE), I DTO He CIy9alHO: Tak OyJeT Ias Jo60ro OgHO-
3HAYHOTO KOAa. B caMoM [eme, Mo OMpeneNeHur0 OJHO3HATHOCTY HUKAKOE
CJIOBO HE MOXKET OLITH MOTYIEHO IBYMA CIOCOGAMY MPHU COCIMHEHWH KOILO-
BBLIX CJIOB.

Teneps nmogcrasum a = b = 1/2 B Hame paBeHCTBO (€CIU OHO BEPHO IS
OYKB, TO OHO BEPHO U [JIA JIOOBIX UX IUCJIOBHIX 3HadeHul ). CiieBa momyIuTcs

(27 4272 4 27N

(B ckOOKe KaK pa3 BHIpAXKEHWE U3 HepaBeHCTBa Kpadra—MakMuiiana).
[TpaByio JacTh MBI OIIEHUM CBEpPXY, CCPYIIUPOBAB CJAOBA MO TJIUHAM: UMe-
erca me Gomee 2! craraeMbx mIMHBL [, Kaxgoe M3 KOTOPBIX paBHO 2,
U TOTOMY CJAraeMble JAHHOU [JIMHLI B CyMMe He MPEBOCXOIAT eIUHUIIBI,
a mpaBas 9acTh HE TPEBOCXOIUT MAKCAMAILHOU [IJIUHBL (IATAEMBIX, TO €CTh
N max n;. Utak, norydaem, 9To

(27™ 4272 4 4+ 27N < Nmaxn,,

u 5T0 BepHO npu T06oM N. Eciu 0cCHOBaHUE CTEMEHY B JIEBOU YaCTU GOIBIIE
eIUHULEBL, TO TP 60abUIX N 5TO HEPABEHCTBO HAPYIIUTCA (IIOKA3ATEIbHASL
¢yHxuma pactér OvicTpee aunenHon). [lodTOMYy IIA OTHO3ZHAMHOIO KOAA
BBLIMIOJIHAETCA HepaBeHCTBO KpadTa—MaxMmumiiana. (I
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12.3. Koa XadpcpmaHa

Tenepsb 3a1a4a 0 KOJe MUHUMATILHOU CPEIHEN IJUHBI TPUOOPETAET Ta-
Ky10 (DOPMY: IJIsA JAHHBIX MOJOKUTENBHBIX P, . - . , Pk, PABHBIX B CYMMe€ €U~
HUIE, HAUTHU [EIbIE TOJIOXKUTEILHBIE Ny, ... ,Nf, IIA KOTOPLIX BBITOJIHEHO
HepaBeHcTBO KpadTa—MakMmuiana, a cymma

k
mei
i=1

ABJAETCS MUHUMAJIBHO BO3MOXKHOU (Cpeau HaGOPOB N, ..., N, YAOBIETBO-
PAIOIINX HEPABEHCTBY). 3agada 12.2.5 moka3bBaeT MOKA3LIBAET, YTO CPel-
HAA IJIWHA OJHO3HAYHOI'O KO3 HE MEHbBIIE TOr0 MUHUMYMa, a 3aaa4da 12.2.3
TOBOPUT, YTO STOT MUHUMYM TOCTUTACTCA, IPUIEM TaxKe MJIT MPEeGUKCHOTO
koga. Kak xe HAUTU 9UCTA Ny, - - . , N, JOCTABIAIOIINAE 3TOT MUHUMYM !

12.3.1. [lokaxwuTe, 9TO LIS ABYX OYKB ONTHMAIBLHBII KOI COCTOUT U3
) AJIA ABYX Oy s
IBYX CJOB IAWHBI 1, HE3ABUCUMO OT HaCTOT OYKB. (|

Y06k permuTh 3a1ady B OOIIEM CIydae, HAMHEM ¢ HECKOJBKUX MPOCTHIX
3aMEYAHUN.

12.3.2. IlycTh, 49acTOTHI PACHOJOXKEHBI B yOLIBAIOIIEM MOPAIKE: Pp >
> ps > ... > pg. Jokaxure, 9TO TOrJa MJIMHBI CJIOB ONTUMAIBLHOI'O KOIA
AIYT B HEyOBIBAIOIIEM MOPAAKE: N < Ny < ... < Ng.

Pemrenne. Ecnu 651 601€e penkas OykBa umena 661 60aee KOPOTKOe KO0~
BOE CJOBO, TO, OOMEHAB KOJOBLIE CJIOBA, MBI COKPATUIN ObI CPEIHION IJIUHY
KOJa. O

12.3.3. Ocramerca qu yTBepXKIeHUE TPEABIIYIIEN 3aaMU B CAIE, €CIU
9aCTOTHI PACIOJIOXKEHBI B HEBO3PACTAIOLIEM HOPSAKe (BO3MOXKHBLI DABHbIE)?

Pemenue. Het: ectu, ckaxkeM, IMeOTCA TpU GYKBH ¢ YacToTon 1/3, To
ONTUMATLHBEIN KO OyIeT UMETh IJIUHBL cI0B 1,2,2 (ecau OB IBA KOLOBBIX
CJIOBa, UMEIU IJAVHY 1, TO Ha TPEThE yKe HE OCTAIOCH OBl MECTA), U OHU
MOT'YT UATU B JIOOOM HOPSIKE. g

3aMeTuM, OJHAKO, UTO TPH TMOWCKE ONTUMAIBHOIO Koga (111 HeBO3-
paCTaIMX YaCTOT) MBI BIPAaBE OIMPAHNYUBATHLCS JUIIL KOJAMU, B KOTO-
PBIX JUIMHEBL KOLOBBIX CJIOB HEyOBIBAIOT ([IOCKOIBKY KOZOBEIE CJIOBA 1A OyKB
OIMHAKOBBIX IACTOT MOXKHO HEPECTABIATH 063 M3MEHEHUA CPEJHEeU [IMHBL
KOZa).
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12.3.4. Ilycths 9aCcTOTHI PACIONOXKEHLI B HEBO3PACTAIOIIEM IIOPAIKE
(p1 2 p2>... 2Dk, & JIVHBL CJIOB B ONTUMAJIBLHOM KOJE PACIIOJIOXKEHBL B HE-
yOBIBAIOIIEM TMOPAAKE Ny < No < ... < ng. Jokaxure, 9TO ng_1 = Ny (Hpn
k>2).

Pemtenne. [Ipeamomoxum, 9To 5TO HE TaK, U ITO €CTh €IUHCTBEHHOE Ca-
MO€e IIUHHOE KOTOBOE CJIOBO IJUHEI ny. Tormga mepapencTBo Kpadpra—Mak-
MIUIAHA HE MOXET OOPAIIATHCS B PABEHCTBO, MOCKOJABLKY BCE ClIaraeMble,
KPOMe HauMeHbIIero ([OCAeIHEer0), KPATHLL Y ABOCHHOMY MOCIENHEMY CJIa-
raeMoMy. SHAYUT, B DTOM HEPABEHCTBE €CTb 3aIac, MPUIEM HE MEHBIINN
MOCJAETHErO CAaraeMoro. A TOrga MOXHO YMEHBIUATL 71, HA eIUHUILY, HE
HapYyIIas HEPABEHCTBA, YTO MPOTUBOPEYUT TIPEATOIOKEHNIO 00 ONTUMATb-
HOCTHU UCXOTHOTO KOIA. (]

OTa 3aJa49a MOKA3BIBAET, YTO MPU MOUCKE ONTUMAIBLHOTO KOMA MOXKHO
paccMaTpUBATh JIUIIb KOILI, B KOTOPHEIX ABE CaMble penkue GYKBBEI MMEIOT
KOIBbI OJMHAKOBOU [JIVHEI.

12.3.5. Kak cBecTu 3a1a49y OTHLICKAHUA IJIMH KOTOBBIX CJIOB OMTHMAJIb-
HOT'O KO IJsA k 9acTOT

P1LZ2P2 2. 2 Pp—2 2 Dk—1 2= Pk

K 3aga4e IMOUCKa AIUH ONTUMAJBbHOI'O KOOa. I k — 1 gacTor

D1,D2;s -+ Pk—2,Pk—1 + Dk
(9acTOTHI OBYX CAMBIX PEIKUX OYKB OOBEIUHEHBI)?

Pemenme. Mbr yxxe 3HaeM, 9TO MOXHO PAaCCMATPUBATHL JIUIIL KOIHI C
ng_1 = ny. HepaBerctro Kpadra—Makvmuiiana Torga 3amumeTcs Kak
27 272 4 4 272 L QTR 4 9T —

=27M 427 4272 4 2T,
€CIIN MONOXKUTEL Nj_1 = N = n + 1. Takum obpaszom, ducaa ni,...,Ng—2,n

OOJKHEI YIOBIETBOPATHL HepaBeHcTBY Kpadra—Makmmmnana mis k — 1
6ykB. Cpequsas QIUHBL DTUX ABYX KOLOB OYyAYyT CBA3AHBL:

pint + ...+ Pr—2Ng—2 + Pp—1Ng—1 + PNk =
=piny + ...+ Pr—2nk—2 + (Pr—1 + Pe)n + [Pr—1 + Pr)-

Mocaenuee craraemoe (KBaIpaTHas CKOOKA) HE 3ABUCAT OT BLIOUPAEMOTrO
KOa, TTO3TOMY MUHUMU3UPOBATHL HALO OCTATLHOE, TO €CTh KaK pa3 Cpel-
HIOIO [IWHY KOAA C IIXHAMHI CJIOB N, ...,Nj_2,N OIS GaCTOT Pi, P2, ...

.y Pk—2,Pk—1 + pr. Ilocae >TOro Ha O MOJOKUTE Ng_1 =N =N + 1, 1 dTO
JAaCT ONTUMAIBLHBLIM KOJ IS MCXOTHOU 3aJadH. O



236 12. Onmumaavroe Ko0uposanue

Ucnoawsys Ty 3ama4dy, HECIOXKHO COCTABUTH PEKYPCUBHYIO IPOrPAMMY
U OTBICKAHUA [IVH KOMOBBIX CJI0B. C KaXIBIM BBEI3OBOM YHUCIO OyKB Oy-
IeT YMEHBIIATHCS, MIOKA MBI HE CBEAEM 3a4a4y K CAydalo ABYX OYKB, KOTAa
ONTUMATLHLIA KOI cocTouT u3 ¢ioB 0 u 1. 3aTeM MOXHO HAUTH U CAMEA
KOIOBHIE C10Ba (cormacHo 3anade 12.2.3). Ho mpore 06bequHATE 5TU 1el-
CTBUSA U CPa3y UCKATH KOJOBHIE CJIOBA: BEIb 3AMEHA YUUCTA, 7l HA [BA, TUCIA
n + 1 cooTBeTCTBYeT 3aMeHe KOIoBOro ciosa P wa mgBa cmosa PO u Pl Ha
efuHULY OOsbIIen NIUHBL (X DTa MOCAELHAA 3aMeHa COXPAH’AeT IpeduKc-
HOCTBb KOZA).

Kom, mOCTpOeHHBI TAKUM METOIOM, HA3bIBACTCA kodom XagpPmana.
Mur mokazaau, 9TO OH UMEET MUHUMAILHYIO CPENHIOK [IIWHY CPEIU BCEX
KOZOB (s JaHHBIX 9acTOT OykB). B cregyiomen 3agade oneHUBaeTCA Iu-
CJIO ollepaiuy, HeOOXOAUMBIX [IJIA MOCTPOeHuA Kona XadgdMaHa.

12.3.6. Tlokaxute, YTO MOXHO 0OpabOTaATh YACTOTHI Pi, ..., Pk, CIE-
naB O(klog k) omepanuir, mocie 9ero i-e KOLOBOe CIOBO MOXKHO YKa3aTh 3a
BpeMsI, IPOIOPHIUOHAILHOE €ro IJNHE.

[Ykazauue. 3aMeTuM, UTO OLEHKA BPEMEHU NOBOJLHO CUIBHAS: TOMb-
KO Ha cOpTUpOBKY umcen p; yxke yxonut O(klogk) meunctsun. Iosromy,
OPUMEHSA TPEILIIYILYIO 3a0ady, HyKHO UCIOIL30BATh PE3YILTATH COPTH-
POBKHM k 9MCEN MPU COPTUPOBKE MEHBINETO KOIMIECTBA, TUCET. DTO MOKHO
CAETaTH C MOMOMIBIO OYePEIN C MPUOPUTETAMY, BLIHUMASA TBA MUHUMAIL-
HBIX 4ducia U goOaenas ux cymmy 3a O(logk) mercrBui. DTO mO3BOLAET
OTNIpEeNeNNTh, KAKAEe JBe OyKBBEI HALO COEIUHATHL B OJHY HA KaXkKIOM IIAare.
IMapamxmensHo ¢ coenuHeHneM GYKB MOXKHO CTPOUTH TEPEBO KOMOB, MPOBOISI
pébpa (momeuenusre 0 u 1) or coeanHEHHON OYKBBI K KaxKIOU U3 €& Io-
aouHOK. IIpu sTom Tpebyerca O(1) mencrBum Ha kKaxgom mare. Iocre
3aBEPIIEHUA TOCTPOEHNE MPOCIEKUBATEL KO JIOO0M OYKBEI MOXKHO CAMBOJ
34 CHMBOJIOM. ] O

12.4. Kopg WleHHoHna —daHo

Mui Bugenu, Kak MOXKHO MOCTPOUTH ONTUMATLHBIN KO (AMEIOUIMN MU-
HUMAIBHYIO CPEJHION IIWHY) I JaHHOrO Habopa dactor. OgHAKO >Ta
KOHCTPYKIUA He 1aéT HUKAKOU OLUEHKH /IS CPEeIHeN IJIMHBLI ONTUMAJILHOO
kKoga (kak GyHKuuM OT 9acTor p;). Caeayiomue 3a1a491u yKa3bLIBAET TAKYIO
o1eHKy (C abCOMIOTHOU MOTPENHOCTRIO He Gomee 1).

12.4.1. TlokaxuTe, 9TO MJIA JIOOBIX MOJOXKUATEALHBIX IACTOT P1, - . ., Pk
(B cymMMe DaBHBIX eIUHWIE) CYIIECTBYeT KOJ CPeJHed IJIMHOU He Oomee
H(py,...,pr) + 1, rae dyuxuua H (uasweiBaemas awmponuet; lennona)
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ompenesaeTca (popmyIon

H(p1,...,pn) =p1(—logap1) + ... + pr(—log, pr)

Pemenne. Eciu 9acTOTH p; MpencTaBiaoT co60u Heibie (0TpUIaTeIb-
HBIE) CTENEeHU IBOUKM, TO DTO yTBEPKAEHUE MOYTH O4UeBUAHO. Ilomokum
n; = —logp; (3mecy u ganee Bce Jorapudmel gBomdHbe). Torga 27" = p;
¥ TIOTOMY MJIsi IUCEN M; BBIIOJIHEHO HepaBeHCTBO Kpadra-—Makmumiana.
Mo 3amade 12.2.3 MOXHO MOCTPOUTEL MPEPUKCHBIA KO C ATUHAMU KOJOBBIX
CJOB 71, ..., Nk, U CPEIHAA IIUHA >TOr0 Kona Oyner pasHa H(pi,...,pg)
(n maxe eguHULy NOOABIATH HE HALD).

OTa eINHULA NPUTOAUTCS, ecau log p; He mensie. B »ToM caydae HATO
B3SITh HAUMEHBIIEe Nn;, Ipu KOTopoM 2~ < p;. s Takux n; BHIIOIHAETCS
mepaBeHcTBO Kpadra—Makvumwiana, u ouu 6oabie — log p; He Goaee dem
Ha eAuHUIy (DOTOMY U TOCIE yCpemHeHWUs yXyaueHue OyaeT He 6oree dem
Ha, eJVHUILY ). O

ITocTpoennusr Ha OCHOBE DTOU 3a4a4K KO HasbBaeTcsa xodom Ilenmno-
na— Panol. DTO MOCTPOEHNE JTEIKO M3BICKACTCA U3 PEIeHn 3atadu 12.2.3:
paccMmaTpuBas uucaa n; = —|logp;| (HauMeHbImE HenBIe YMCTA, I KO-
Topeix 27" < p;) B mopAnke yOLIBAHUA, MBI OTBOAUM [JIA KAXKIOTO U3
HUX KOJOBOE CJIOBO M COOTBETCTBYIOWINK y4acToOK orpeska [0, 1] creBa Ha-
IpaBo.

IIpu 5TOM MBI IPOUrPEIBAEM B AJAMHE KO (IO CPABHEHUIO C ONTHMAIb-
HBIM KOJOM) He GoJee eIVHULLI: KaK Mbl CeMYaC YBUAUM, CPENHss IJIMHA
J060r0 (B TOM YMCIE U ONTUMATLHONO) Kona He MeHbine H(py,..., ).

12.4.2. ([lna 3HAKOMBEIX C MATEMATUYIECKUM aHaTu30M) [lokaxkuTe, 9TO
(Ipy JAHHBIX TIOMOKUTEILHBIX YACTOTAX, B CyMMe JAIOIIUX €IVHUILY) CPel-
HAA JuHA 1060ro (0IHO3HAIHOro) Koga He Menbine H (py,...,Dk).

Pemenne. Nmesn B Buny nepaserncTBo Kpadra—Makvuniana, MbI 10J-
JKHEI TOKA3aTh TAKOU (paxT: ecau

27m 4 271

)

TO
ping + ...+ peng = H(pr, ..., pr)-

1XoTa 3T0 Ha3BaHUE ¥ YIOTPeOUTEILHO, OHO He BIOJHE OPABMIBHO C UCTOPUUECKON
To4KM 3peHusa. OnucanHoe nocTpoenue 66110 Tpenaoxeno [Mlernorom; PaHO TIPeLIOK I
NPYTrOU METO[ TOCTPOEHUA KON, B KOTOPOM OYKBBI YIOPATOIUBAIOTCA O yOLIBAHUIO
9acTOT U pa3bWBAIOTCA HA ABE I'PYIILI B TAKOM MECTE, YTOOBI CYMMBI 9aCTOT B I'PYMIax
OBLIM KAK MOXKHO OJau¥kKe NpPYr K Apyry. BYKBBI MepBOU TPYMIBI KOAUPYIOTCA KOTAMH,
HAYWHAIOMIUMUCA C HyJIsd, & BTOPOU — KOJZAMW, HAIMHAIOIMAMUCA C eAUHUNBI. lIpomecc
MOBTOPAETCA PEKYPCUBHO IS KAXKOU T'PYIIIILL.
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OTO BEPHO IJIA JIOOLIX N;, HE 00A3aTEIbHO HENLIX. Y JOOHO IEPEUTH OT N;
K BelnuuHAM ¢; = 27 ; MHTEepecyollee HAC YTBEPXKICHNE TOrAa IVIACUT,
9TO €CIAA Pi,...,Pk U (1,...,(r — [OBa HAOOPA MOJOKUTENILHBIX THCE,
7 CyMMa, YUCET B KaXKIOM PaBHA €IUHUIIE, TO

pi(—logqi) + ...+ pr(—logqr) = pi(—logpi) + ... + pr(—logpy).

[Ipyruvu croBaMu, BEIpaXKEHUE

pi(=logqi) + ...+ pr(—logqr)

(paccMaTpuBaemoe npu GUKCUPOBAHHEIX P; KaK (DYHKIHAA HA MHOXKECTBE
BCEX MOJOKUTEMLHEIX (1, - - -, (), B CYMME PABHBIX €IUHUIE) JOCTUTACT MU-
HUMyMa Tipn g; = p;. O61aCTh onpeneneHns >Ton GyHKIUA eCTh BHYTPEH-
HOCTb CUMILIEKCA, (TPEYyroMbHUKa pu 1 = 3, TeTpasapa npu n =4 u T. 1.)
U IpY OpUOIMKEHAN K TPAHNIE OTHO U3 ¢; CTAHOBUTCS MAJBLIM, a €0 MUHYC
JA0TapudM yXOAUT B GECKOHEIHOCTD. SHAMAT, MUHUMYM (PYHKIMN TOCTHATA-
ercsa BHyTpu obnactu. B Touke munumyma rpaguent (—p1/q1, ... —Pn/qn)
TOMXKEH OBITh MEPNEHAWKYJIAPEH TIOCKOCTU, HA KOTOPOU (GYHKIMSA OTpe-
neneHa (MHAYE COBUT BJIOJbL DTOU MIOCKOCTU YMEHBIIAT Obl (DYHKIAIO), TO
ecTb Bce p;/q; paBubL [lockombky > p; =Y ¢; = 1, To 5TO 0O3HAYaeT, ITO
bi =4q;-

Opyroe o6baAcHeHENE: PYHKIUA 10g BEITYKIA BBEPX, HOITOMY IJIA JHOOBIX
HEOTPUIATENLHLIX KOXPPUINEHTOB (;, B CYMMe PABHBLIX COUHUIE, W IJII
JMIOOBIX TOYEK T; W3 OOJACTU OMPEIeTeHNs JOrapudgMa BEITOTHACTCA HEPa-

BEHCTBO
log (Z aixi) > Z a;log z;.

OcTagres mONTOKUTL O = P;, T; = (;/Pi; B JeBOI YacTu OyAeT Jorapudm
eQVHUIE, TO €CTb Hy’b, a » p;log(q;/p;) ecTh Kak pas pasHOCTbL MEXIY
JIEBOU U TIPABOU YACTAMU JOKAZKIBAEMOT0 HEPABEHCTRA. O

Benuka sin 5KOHOMUS OT MCIIOIBL30BAHIS KONOB, OMICAHHBIX B DTOM pa3-
nene? IJTO, KOHEYHO, 3ABUCAT OT YaCTOT OYyKB: €CIM OHU BCE ONUHAKO-
BBIE, TO HUKAKOU DKOHOMUU He Oyner. JIerko 3aMeTUTbh, 9TO B PYCCKOM
S3BIKE Pa3HBIe OyKBBI UMEIOT PA3HYI JacToTy. Fciaum, ckaxeMm, B TeKCTax
(TEX-dainax) >TON KHIKKA (HA MOMEHT BKCIEPUMEHTA) OCTABATL TOJIb-
KO 33 CTPOYHBIE PYCCKUE OYKBBI OT «@» OO «I», & BCE OCTAJbHBIE CUMBOJEBI
He YIUTHIBATHL, TO CAMOU 4acTou OykBou OyneT Oyksa «o» (dactora 0,105),
a camon pegkoun — TBépabn 3Hak (wacrora 0,00019). 3Hadenue sHTpONUM
Mlennona npu sTom Gymer pasuo 4,454 (cpaBHuTe C 5 GuTamu, HEOGXO-
OUMBIMU 1 KoqupoBauusa 32 Oyks). Bemrpeun me Ttax Bemuk. O Oyzer
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GOJIbIIe, eCIM yIATHIBATH TAKXKE U IPYTHEe CHMBOJBL (IPONUCHBIE OyKBEI,
3HAKU IPENVHAHWA U AD.), KOTOPBIE BCTPEIAIOTCA B TEKCTE TOPA3A0 PexKe.
Hakomen, MoxHO KOZUpPOBATE HE OYKBEL, & ABYXOYKBEHHBIE KOMOVHALINY M/
emté 9To-HUOYy Ib. IMEHHO Tak MOCTYIAT MOMY IAPHEIE TPOrPAMMEL CKATHA
uadopManuu (Tuna zip), KOTOPHIE MO3BOIAIT COKPATUTHL MHOTME TEKCTHI
B MOITOPa-ABa pa3a (& HEKOTOpHIe Apyrue Ganibl JAHHBIX — U B GOMIbIIEe
YUCI0 pas).

12.4.3. Kommauus M. yTBepxmaeT, 9TO €€ HOBasg IPOrPAMMa CyIep-
CXKATUA (PANTOB TO3BOIAET CKATH H060U pann gmuHou Goasire 100 000 6an-
ToB o Kpanuen Mepe Ha 10% 6e3 norepu undopmanuu (MOXKHO BOCCTAHO-
BUTHL UCXOQHBIM (DAl MO €ro CKaTOMy BapuaHTy). JloKaxuTe, 9TO OHA
BpET. (I



13. TPEACTABJIEHUE
MHO>XECTB.
XELWLNPOBAHWE

13.1. XewmnpoBaHue C OTKPbLITON aapecalmeit

B rmaBe 6 6BLTO YKA3aHO HECKOIBKO MPEICTABICHUN [ MHOXKECTB, DJe-
MEHTAMU KOTOPBIX ABIAIOTCA HEIBIE YACIA TPOU3BOAbLHON BemuauHbl. O qHa-
KO B II0O0OM 13 HUX XOTsA ObI OHA U3 OMEPAIUYA IPOBEPKY TPUHA LIEKHOCTH,
DOOABJIEHUA U yAAJEHUA DIEMEHTa TPeOOoBala KOIMYeCTBA AEUCTBUU, TIPO-
MOPIMOHATLHOTO YUCIY DIEMEHTOB MHOxecTBa. Ha mpakTuke 5>To ObIBaeT
cauimkoM MHOrOo. CyIecTBYIOT CIOCOOKI, MO3BOIONINE TOIYIUTh I BCEX
Tpéx ynoMsaHyThiX onepanun onenky C'logn. Oquu u3 Takux cnoco60B MBI
paccMOTpUM B CIeylomen riase. B aTon riase Mel pa3bepém criocod, KoTo-
pbie XO0TA 1 TpuBOAUT K C'n NEUCTBUAM B XyAIIEM CIy9Iae, HO 3ATO «B CPEl-
HeM» TpeOyeT 3HAYUTENLHO MeHbIero ux ducaa. (Mbr me 6ygeM yTOYHATH
CJIOB (B CPEIHEM», XOTA 3TO U MOXKHO CIEIATh.) DTOT CHOCOO HABLIBACTCA
TEUUP 08 GHUEM.

[IycTts HaM HEOOXOAUMO MPEICTABIATH MHOXKECTBA DJIEMEHTOB THHa T,
OpUYEM 49MCJIO DIEMEHTOB B HUX 3aBEIOMO MeHbIe n. Beibepem HEKOTO-
pyoo dyHKIuO h, ompeseréHHY0 HA 3HAYEHUAX TUNA T U OIPUHUMAIOIIYIO
suadeHusd O...n-1. Beiao 661 XOpoIo, YTOOB! 5Ta MYHKIUA TPUHAMATA Ha,
aJIeMeHTax Oyaylero MHOXKECTBa IO BO3MOXKHOCTH 0oaee Pa3HOOOpa3HBIE
suadenus. (XyQumy ciydayl — 5TO KOrJa €€ 3HAYEHUsA Ha BCEX DJIEMEH-
Tax XPaHUMOIO MHOXKECTBA OJUHAKOBBL) DTy (PyHKUUIO OyneM HA3BHIBATH
rew-Pynryuet, WIn, KaK eme roBOpAT, PynKyuetd paccmanosri.

Brenmém mBa maccuBa

val: array [0..n-1] of T;
used: array [0..n-1] of boolean;

(MBI O3BOAsIEM ceOe mucaTh n-1 B KAYECTBE PAHUILL B ONPEIEICHUN THIA,
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XOTs B MACKaJe 5TO He paspemaercs). B sTux mMaccuBax OyayT XpaHUTHCA
SJIEMEHTHI MHOXKECTBA: OHO PABHO MHOXeCTBY Bcex val [i] mas Tex i, mia
xoTopuiX used [i], mpu4aém Bce »Tm val [i] pasauunsl. [Io BozaMOxHOCTH
MBI OyZeM XPaHUTL dJeMeHT t Ha MecTe h(t), cuMTas 5TO MECTO «UCKOH-
HBIM» 171 2aeMeHTa, t. O IHAKO MOXKET CIYIUTHCA TaK, YTO HOBBIA DIEMEHT,
KOTODBLIM MBI XOTUM NOOABUTH, IPETEHAYET Ha, YK€ 3aHATOEe MecTO (i
KOTOporo used ucTuHHO). B 5TOM ciydae MBI oThIEeM OauKaliiee Crpasa
CBOGOAHOE MeCTO U 3amuiieM daeMeHT TyAa. («Copasay 3HAYUT «B CTOPO-
Hy YBEIUYEHUs WHIEKCOBY; NOUAA 0 KPas, MBI IEPECKAKUBAEM B HAYAJO.)
ITo mpennmonoxeHMO, TUCTO DIEMEHTOB BCETIa MEHBIIE N, TAK UTO MYCTHIE
MecTa 3aBegoMO Oy Iy T.

dopmMaIbHO rOBOPs, B JTI0O0M MOMEHT JOJKHO COOMOAATHCA TAKOe TPe-
6oBaHUe: 1 JI000r0 dIEMEHTa MHOXKECTBA YIACTOK CIPAaBA OT €ro UCKOH-
HOI'0 MeCTa 10 ero (pakTUIeCKOI'0 MeCTa MIOTHOCTHIO 3aIl0THEH.

Braronapsa sToMy mpoBepka NPUHALTEXKHOCTU 33JaHHOTO dJIEMeHTa t
OCYIIECTBIAETCA JEMKO: BCTaB Ha h(t), IBUrNaeMcs HampaBo, TIOKA HE ITOU-
IéM IO TMYyCTOT'O0 MeCTa Wi Mo »aeMeHTa t. B mepBoM ciaydae nireMeHT t
OTCYyTCTBYe€T B MHOXKECTBE, BO BTOPOM — mpucyrcrByer. Ecau siemenT
OTCYTCTBYET, TO er0 MOXHO TOOABUTHL HA HAUIEHHOE mMycToe MecTo. Ecin
OPUCYTCTBYET, TO MOXKHO €ro yIamuTh (monoxus used = false).

13.1.1. B mpegwigymmem absate ecTsb oumbka. Hangure e€ u ucnpasbTe.

Pemenwme. /[en0 B TOM, YTO NpU yIATCHUN TPEOGYEMOE CBOMCTBO «OTCYT-
CTBUA MyCTOT» MOXKET HApymuThCA. [losTomy Gygem meaars Tak. Co3zmas
OBIPpY, OyoeM OBUraThCS HAMPABO, MOKA HE HATOMKHEMCS HA DJEMEHT, CTO-
AIIU HE HA UCKOHHOM MECTe, WIN Ha eI OIHO MycToe MecTo. Bo BTOpoM
CIydae Ha 3TOM MOXHO YCIOKOUTHCA. B mepBOM ciaydae MOCMOTPUM, He
HYXHO JI HAUJCHHBLIN 3JIEMEHT TOCTABUTH HA MECTO IBIpHL. Eciu mer, To
IPOJOMKAEM IONCK, €CIM [Oa, TO 3aThIKaeM uM crapyio awipy. [Ipm sTom
o0pasyeTcs HOBas IBIPa, C KOTOPOU [eaaeM BCE TO JKe CaMOe. (I

13.1.2. HamummmTe mporpaMMbl MIPOBEPKU MTPUHAIICKHOCTH, T0OABIE-
HUA U yIaJTCHUS.

Pemrenne.

function mpunagmexur (t: T): boolean;
| var i: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
| i := (1 + 1) mod n;

end; {not used [i] or (val [i] = t)}
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| npunanmexut := used [i] and (val [i] = t);
end;

procedure mo6aBute (t: T);
| var i: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
| i := (1 + 1) mod n;

end; {not used [i] or (val [i] = t)}
if not used [i] then begin

used [i] := true;
val [i] := t;
end;

end;

procedure mckmouuts (t: T);
| var i, gap: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
| i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}
if used [i] and (val [i] = t) then begin
used [i] := false;
gap := i;
i := (1 + 1) mod n;
{gap - mmpa, KoTopad MOXeT B3aKpHTLCA OEHMM M3 i,i+l,...}
while used [i] do begin
if i = h (val[i]) then begin
| {Ha cBoéM MecTe, HMYEro He HelaTh}
end else if dist(h(val[il),i) < dist(gap,i) then begin
| {gap...h(vall[il)...i, Hu4ero He memaTh}
end else begin
used [gap] := true;
val [gap] := val [i];
used [i] := false;
gap := i;
end;
i := (i + 1) mod n;

end;
end;
end;

3nece dist (a,b) — U3MepeHHOE 0 YaCOBOU CTPeake (CJIeBa HAIPABO)
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paccTosHue OT a 40 b, TO eCTh
dist (a,b) = (b-a+n) modn.

(Mbr npubasuin n, Tak Kak GYHKINA mod MPAaBUILHO Pab0TaeT MPH MOJO0-
KUTEIBHOM [ETUMOM. ) O

13.1.3. CymecTByeT MHOI'O BApUAHTOB XemupoBauusa. O quH 13 HUX Ta-
KOB: OOHAPYKUB, 9TO UCKOHHOE MecTO (0603HAMUM €ro i) 3aHATO, Oy IeM UC-
KaTh cBOOGOAHOE He cpequ i + 1,7 + 2,..., acpexur(i), r(r(i)),r(r(r(i))),. ..,
rge r — Hekoropoe orobpaxenue {0,...,n — 1} B ce6sa. Kakue npu sTom
O6yAyT TpyAHOCTU?

Orser. (1) He rapauTupyeTcs, 9YTO €CAM IyCTHIE MECTA €CThb, TO MBI
ux vauaém. (2) Ipu yaarenun HeACHO, Kak 3amoaHATh nwipel. (Ha npaxTu-
K€ BO MHOTHUX CIy9Yadx yJaJeHue He HyKHO, TAK 9TO TAKOW CIOCOO TaKke
npumenseTca. CauTaeTcsa, 9TO yIadIHBIM MOAOOP (PYHKIME I MOXKET IIpe-
JIOTBPATATL OGPA3OBAHNE (CKOILICHUN) 3AHATHIX ATEEK.) O

13.1.4. IlycTts mia XpaHeHWsS MHOXKECTBA BCEX MPABUIBLHBIX PYCCKUAX
CTOB B TpOrpaMMe TpOBepKu opdorpadunt UCHOIL3YETCA XEITUPOBAHUE.
YTo HYyXHO AOGABUTH, YTOOR K TOMY € YMETb HAXOMUTL AHTVIUUCKUN
TIEPEBO TI0OO0T0 MPABIILHOTO CJIOBA?

Pemrenne. [Tomumo maccuBa val, sJeMeHTH KOTOPOT'O ABIAIOTCSI PYCCKU-
MU CJIOBAMU, HYXKEH MAPANLIEJbHBIT MACCUB UX AHTVIMUCKUX MEPEBOAOB. [

13.2. XewmporaHue CO CnMCKaMu

Ha xem-¢gpyuxumio ¢ k 3HAMEHUAMYN MOXHO CMOTPETh KaK Ha, CIocob cBe-
CTH BOIIPOC O XPaHEHUU OTHOT'O OOJBIION0O MHOXKECTBA K BOIIPOCY O XpaHe-
HUU HECKOJbKUX MEHBbIUX. IMEHHO, €CIu ¥ HAC €CTh XeIl-(PyHKI ¢ k 3Ha-
YEeHUAMU, TO JI000Ee MHOXKECTBO pa3buBaeTca Ha k mMOAMHOXKECTB (BO3MOXK-
HO, MYCTHIX), COOTBETCTBYIOIIAX BO3MOXKHBIM 3HAYEHUAM XeII-(DYHKIVU.
Bompoc o mpoBepke nprHa 11€KHOCTY, JOOABICHUN WK Y JAJEHUN /I OOIb-
IIIOI'0 MHOXKECTBA CBOAMTCA K TAKOMY K€ BOIPOCY AJIA OJHOT'O U3 MEHBIIINX
(4TO6HI y3HATD, /11 KAKOTO, HALO0 MTOCMOTPETh HA, 3HAYECHUE XeII-(DYHKIUN ).

OTHU MEHBININE MHOXKECTBA, YIOOHO XPAHUTE C MMOMOIIBIO CCHLIOK; UX CYyM-
MAPHBLII Pa3Mep PABEH UUCIY DIEMEHTOB XemupyeMoro Muoxecrsa. Caeny-
omag 3alada IpefiaraeT pealrn3oBaTh 3TOT ILIAH.

13.2.1. Ilycre xem-(pyHKIus npuHuMaeT 3HadeHus 1...k. [aa kaxmgo-
0 3HAYEHUs Xem-(PYHKIUK PACCMOTPUM CIIMCOK BCEX DJIEMEHTOB MHOXKe-
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CTBa C JAHHBIM 3HadeHueM xeul-pyHKuu. Bygem XpaHuTh 5Ty k CIUCKOB
C IIOMOIIIBIO IIePEMEHHBIX

Comepxanme: array [1..n] of T;
Crenywumu: array [1..n] of 1..n;
MepCBo6: 1..n;

Bepumna: array [1..k] of 1..n;

TaK XK€, KAK MBI DTO [IeJAIA 1JA K CTEKOB OMPAHUYEHHOU CYyMMAapPHOU [JIV-
uel. Hamummre coOTBETCTBYOMME TPOrpaMMbL. (Y IajJeHue mo CpaBHEHUIO
C OTKPBLITOU apeCaluen yIpoIaeTcs.)

Pemrenne. Ilepen nadanom paboTer HALO TOIOKUTEL Bepumua[i] = 0 muas
Bcex 1 =1...k, u cBA3aTh BCE MECTa B CIIUCOK CBOOOTHOIO MPOCTPAHCTBA,
nosoxus [lepeCeo6 = 1 u Crnemywmmu[i] = i+1 mua i = 1...n-1, a Takxke
Crenywumiu[n] = 0.

function mpumammexut (t: T): boolean;
| var i: integer;
begin
i := Bepumumal[h(t)];
{ocramoces uckaTp B cmucke, HaumHasg c i}
while (i <> 0) and (Comepxamme[i] <> t) do begin

| i := Cmemywoumu[i];
end; {(i=0) or (Comepxamme [i] = t)}
npunannexut := (i<>0) and (Comepxamme[i]=t);

end;

procedure nmo6asute (t: T);
var i: integer;

begin

if not mpurammexutT(t) then begin
i := IepBCBOG;
{llepeCBO6 <> 0 - cuuTaeM, YTO He MEPEIONHAETCA}
lepeCBo6 := Cmenywoumu [llepeCB06]
Comepxanme [i] :=t;
Cnenywoumiu[i] : =Bepumua [h(t)];
Bepumra [h(t)]:=1;

end;

end;

procedure mckmouuts (t: T);

| var i, pred: integer;

begin

| i := Bepumral[h(t)]; pred := 0;
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{ocTamocer uckares B cnucke, HaumHag ¢ i; pred -
IpemHIyWME, eCIX OH ecTh, u 0, ecmum HeT}
while (i <> 0) and (Comepxamme[il <> t) do begin
| pred := i; i := Cmemywoumu[i];
end; {(i=0) or (Comepxamme [i] = t)}
if i <> 0 then begin
{Comepxanue [i]=t, >meMeHT ecTh, HaLoO yHAIUTL}
if pred = O then begin
{>meMenT okaszamca mepBHEM B cmucke}

Bepumua[h(t)] := Cmemywoumu[i];

end else begin

| Cnemywoumwit[pred] := Cmemymoumir[il

end;

{ocramock BepHyTEH i B CIMCOK CBOGONHHX}

Cnenyoumit[i] := IlepeCBo6;

llepeCBO6:=1i;

end;
end; O

13.2.2. ([Ina 3HAKOMBIX ¢ Teopuen BepoaTHOCTen.) IlycTh xem-gpyHK-
A ¢ k 3HAYECHUAMU UCTIOIB3YETCA IJA XPAHEHUA MHOXKECTBA, B KOTOPOM
B JaHHBIX MOMEHT 7l DJEMEHTOB. [[OKaKUTE, YTO MATEMATUICCKOE OXKUIa-
HUe 9UCIa JercTBUU B Ipeabaymen 3agade He npesocxoqut C(1 + n/k),
ecau 106aBaAeMbIN (yoanAeMblll, ICKOMBIN) BJIEMEHT ¢ BHIODAH CJLy9ayHo,
npuaéM Bee 3HadeHus h(t) UMeoT paBHbIe BeposATHOCTH (paBHble 1/k).

Pemenwe. Ecmu (i) — namHa comcka, COOTBETCTBYIOMIETO Xell-3HATE-
HUWO i, TO uucao oneparuu He npesocxoqut C(1 + I(h(t))); yepemusas, mo-
JydaeM HCKOMEIM OTBET, Tak Kak y . [(i) =n. O

DTa OIUEHKA OCHOBAHA HA IPEIMOJOKEHIN O PABHEIX BepoaTHOCTAX. O1-
HAKO B KOHKPETHOHU CUTYAIUN BCE MOXKET OLITh COBCEM HE TaK, W 3HAYCHUA
Xe-(pyHKIIAM MOTYT «CKYIABATHCAY: IJIA KAk IOM KOHKPETHON Xem-(phyHK-
UM €CTh (HEeyJAIHBEIE)Y CATYaIlWd, KOTJA 9UCAO MEeNCTBUN OKA3BIBACTCSA
6onbimuM. [Ipuém, HABLIBAGMBIA YHUGEP CAAbHBIM LEULUPOBAHUEM, TTO3BOISI-
eT oboutu »>Ty mpobiaemy. Maes cocrour B TOM, 4TO GEPETCA CEMEUCTBO
Xem-(pyHKIUA, IPUIEM J00asd CATYaIa OKA3bIBACTCA HEeY JaTHOU JNAIIb I/
HEOOMBINON IACTYU STOCO CEMENCTBA.

IMMycts H — ceMencTBO (BYHKIUN, KaxXIasd U3 KOTOPHIX OTOOPaXKaeT
MHOX)ECTBO T B MHOXKECTBO u3 k smemenToB (Hampuwmep, 0...k — 1). Toso-
par, ato H — ynusepcaavnoe cemeticmso rew-@ynkyut, ecam nisa JHOOLIX
OBYX DA3JIMIHBEIX 3HAYMCHUN S U t M3 MHOXKECTBA 1 BEPOATHOCTHL COOLITHSA
h(s) = h(t) pua cayvanson pyuxuuu h us cemencrsa H pasua 1/k. (Opy-
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ruvmu caoBamu, Te Gyuxknuu u3 H, nas xoropex h(s) = h(t), cocrasusaior
1/k-10 wacrs Bcex Gpynkuuu B H.)

3amedqanue. Bosee cunibaoe TpeGoanue K ceMencTBy H Moo OB CO-
CTOATH B TOM, YTOOBI [JA JHOOBIX IBYX PA3JUIHEIX DJIEMEHTOB § U { MHO-
xecrBa T 3Havenus h(s) m h(t) cryganHon dyHKIuM h ABIAIOTCA He3a-
BUCUMBIMU CIYIAUHLIMYA BEIMIUHAMUA, DABHOMEDHO DACIPEICICHHBIMUA Ha,

0...k—1.

13.2.3. Ilycts ty,...,t, — OIPOU3BOIBHAA IOCACIOBATEILHOCTD PA3IMAI-
HBIX DJEMEHTOB MHOXecTBa 1. PaccMOTpuM KOMMYECTBO TEUCTBUU, TPOUC-
XOMAIINX TIPU TOMEIIEHUN DJIEMEHTOB 1, . .., 1, B MHOXECTBO, XEIINPYEMOE
¢ MOMOINBI0 (PYHKIMY h U3 YHUBEPCATLHOTO cemencTBa H. [loxaxure, 9TO
CpefiHee KOMMIecTBO neucteun (ycpenuenue — 1o BceM h u3 H) ue npesoc-
xogut Cn(1 + n/k).

Pemrerne. O603HaUM 9I€pE3 M; KOAMIECTBO SJIEMEHTOB MTOCIEI0BATE b
HOCTH, I KOTODHIX Xem-pyHKuus pasHa i. (Hucma mo,...,mg_1 3aBu-
CAT, KOHEIHO, OT BEIOOpa Xer-pyHkuuu.) KoaudecTBo NEUCTBUU, KOTO-
pO€ MBI XOTUM OIECHUTH, C TOYHOCTBHIO IO MOCTOAHHOT'O MHOXKUTENA DAB-
HO mg +mi + ...+ mj_,. (Ecim s umcen momanaioT B OAHY Xell-AvenKy,
TO 0as BTOro Tpedyerca mpumepHo 1 + 2 + ...+ s gercTBun.) ITy XKe
CYMMy KBaJDPATOB MOXKHO 3AIMCATH KAK YUCJAO map (P, q), OJA KOTOPBIX
h(t,) = h(ty). Hocaeanee paBeHCTBO, €CAM €r0 PACCMATPUBATH KaK COOBLI-
Tre Ipy GUKCUPOBAHHLIX P U ¢, UMeeT BepOATHOCTD 1/k mpu p # ¢, mosToMy
CpefHee 3HaYeHNe COOTBETCTBYIONIErO YIeHA CYMMBI paBHO 1/k, a nis Bcen
CYMMEI TIOTy9aeM oneHKy mopsgka n’/k, a Toaree n + n?/k, ecin yIecTs
YIEHBI C P = (. O

JTa 3a1a4a MOKA3LIBAET, 9TO HA KAaXKILIA NOOABIAEMBIN DJEMEHT IIPU-
xogurcs B cpegaeM C(1 + n/k) onepammit. B ston onenxe 1po6s n/k nmeer
CMBICTT «KO3(PPUITIEHTA, 3ATTOJTHEHUSY XeIT-TaOIUITHI.

13.2.4. [loxaxXuTe aHAJOTUYIHOE YTBEDKICHUE IJIA TPOU3BOILHOU TIO-
CJIEIOBATEILHOCTH ONEpAIAi JOOABICHNUA, TOUCKA U YIAJICHAA (& HE TOJIBKO
Ui [OOABJEHUA, KAK B MPEILIAYIIEH 3a1a49e).

[Ykazanue. Bygem mpencraBaars cebe, 9TO B XOfe MOUCKA, AOGABIE-
HUA U YAAJEHUS DJEMEHT TPOTAIKUBAETCS MO CIUCKY CBOUX KOJIET C TEM
XK€ XeI-3HAYEHNeM, TTOKa, He HAUAET CBOErO ABOUHUKA WM HE AOUIET 10
KOHIIa CHUCKa. ByaeM Ha3bIBATH ¢-j-CTOMKHOBEHUEM CTOJKHOBEHUE i; C t;.
(Omo 6o mpoumsougér, aubo HeT — B 3aBucumocTu OoT h.) Obmee uu-
CJI0 IEACTBUM MPUMEPHO PABHO YUCIYy BCEX MPOUCIIEAIINX CTOJKHOBEHUN
ILUTIOC “HCJIO daeMeHTOB. IIpu ¢; # t; BEpOATHOCTS 4-j-CTOIKHOBEHUA He IIpe-
BocxoautT 1/k. OcTanocs mpocaeiuTh 33 CTOIKHOBEHUAMY MEXK Y DABHBIMU



13.2. Xewuposanue co cnuckamu 247

anemenTamu. PuUKCHpPyeM HEKOTOPOe 3HAYEHUE T U3 MHOX)ecTBa T’ u mocmo-
TPUM Ha CBA3aHHBIE ¢ HUM onepanuu. OHM UAYT O MUKIY: 10OABIEHTE —
IPOBEPKK — yaajJeHue — nobaBieHue — MOPOBEPKU — yIAJeHue — ...
CTOTKHOBEHUS TPOUCXOMAT MEXKAY TOOABIAEMBIM DJIEMEHTOM U CJEIYIOIIN-
MU 38 HUM MPOBEPKAMU ([0 yIATEHUA BKIUATEIBHO), MOITOMY O0IIee Ux
YUCAO0 HE MPEBOCXOAUT HUCIA DIEMEHTOB, PABHBIX .| (I

Tenepb nMpuBenéM MPUMEPHI YHUBEPCATLHEX ceMenucTB. OYeBUIHO, 11
JMIOOBIX KOHEYHBIX MHOXKECTB A u B cemencTBo BCex (DYHKIIUU, 0TOOPAXKA-
ouwx A B B, aBasercsa yuusepcaababiM. OIHAKO DTOT mpUMeEp ¢ IPAKTU-
YeCKOU TOYKHU 3PEHUA OECIIONIe3eH: I 3alOMUHAHUA CIyIalnHOU (PYHKIINN
U3 DTOT0 CEMEUCTBA, HYKEH MACCUB, YACIO DIEMEHTOB B KOTOPOM PABHO M-
C1y >TeMeHTOB B MHOXecTBe A. (A ecnm MBI MOXeM cebe MO3BOMNTL TAKON
MACCHUB, TO HUKAKOTO XEIIUPOBAHUA HE TpebyeTca!)

Bonee mpaxTudHble TPUMEPHI YHUBEPCAIBHBIX CEMEUCTB MOTYT OBITH
MIOCTPOEHBI € MOMOIIBI0 HECJHOKHBIX AIreOpandecKux KOHCTPyKumu. ‘le-
pe3 Z, Mbl 0603HaYaeM MHOXKECTBO BBLIYETOB II0 IPOCTOMY MOIYJIIO P, T. €.
{0,1,...,p — 1}; apudmeTnveckue omepanuyu B >TOM MHOXKECTBE BHIIOJ-
HAIOTCA 10 MOAYJIIO p. YHUBEPCATLHOE CEMEMCTBO OOPa3yHT BCE JUHEU-
Hble (DYHKIMOHAIBL Ha Z, €O 3HadeHuAMHA B Zj,. Boree nogpo6HO, mycTs
ai,...,Q, — IPOU3BOJBHLIE DIEMEHTHL Zy; PACCMOTPUM OTOOpaXkKeHNe

hi{zy...zp) — a2 + ... + apty.

Mer nomyuaem cemeuncTeo u3 p" orobpaxenuu Z, — Z, NapaMeTPU30BaH-
HOoe HaGopamu (aj .. .ay).

13.2.5. [ToxaxuTe, 9TO 3TO CEMEHCTBO ABIAETCA YHUBEDCAILHLIM.

[Ykazauue. IlycTs 1 y — pasaudHbie TOYKA IPOCTPAHCTBA Z, . Kaxosa
BEPOATHOCTDH TOT'O, UTO CAYYAUHBIN (DYHKIIMOHAT TPUHUMAET HA HUX O[U-
HaKOBBIE 3HAUeHUsA! [[pyruMu cioBaMu, KAKOBA BEPOATHOCTDH TOT'O, YTO OH
paBeH HyJIO HA uX pasHocTu T — y? OTBeT MaéTCsS TAKUM yTBEDKIEHUEM:
MyCThb 1 — HEHYJIEBOW BEKTOP; TOTA BCE 3HAYCHUS CIYIAUHOTO (PYHKIINO-
HAJIA HA HEM PABHOBEDOATHHL. | O

B crenytommen 3agade maoxecteo B = {0, 1} paccMarpuBaeTcs Kak MHO-
KEeCTBO BBIYIETOB II0 MOIYJIIO 2.

13.2.6. Cemencrtso Bcex auHeNHLIX oToOpakenuu u3 B B B™ asisercs
VHUBEPCATLHBIM. (I

PoncTBeHHBIE XEMMPOBAHKIO UIEH HEOXKUIAHHO OKA3LIBAIOTCS MTOIE3HEI-
Mu B cregyomen curyanuu (pacckasan J[I. Bapcanogwes). Ilycts Mbr x0-
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TUM HAIKCATH IPOrPaMMYy, KOTOPas OOHAPYKUBATIA (OOMBIIMHCTRO) ONeYda-
TOK B TEKCTE, HO HE XOTUM XPAHUTH CIUCOK BCEX MPABUIBHBIX CJIOBO(DOPM.
[Ipempmaraercs moCTYynuTh Tak: BHIOpaTh HEKOTOpoe N U HAOOP (PYHKIUN
fi,---, fr, orobpaxaromux pycckue ciosa B 1,..., N. B maccuse uz N 6u-
TOB MOJOKUM BCE OUTHI PABHBIMU HYJII0, KPOME TEX, KOTOPHIE ABIAIOTCS 3HA~
YEHUEM KAKOU-TO (PYHKIINU HAOOPA Ha KAKOU-TO MPABUILHOU CIOBO(OPME.
Tenepb npuOIMKEHHBIN TECT HA TPABAIBHOCTE CIOBOMOPMBI TAKOB: TPOBE-
pPUTh, YTO 3HAYEHUS BCeX PYHKIMKN HAGOpaA HA DTOU CIOBOPOPME MOMA AT
HA MeCTa, 3aHATHIE eqUuHUNAMA. (DTOT TECT MOXKET HE 3aMETUTh HEKOTO-
PBIX OIOOK, HO BCE MPABUILHEIE CIOBOMOPMEI Oy YT ONOOPEHHI.)



14. NMPEACTABJIEHUE
MHO>XECTB. IEPEBbBA.
CBANAHCMPOBAHHbLIE
ONEPEBbBA

14.1. TlpenacTaBneHne MHOXECTB
C MOMOLLbIO AepeBbEB

MNonHoe asounuHoe mepeso. T-pepeesbs

Hapucyem Touxy. U3 Heé npoBeném ase cTpeiku (BJIEBO BBEPX U BIPa-
BO BBEDX) B ABE Apyrue TOYKU. W3 KaxKIOU U3 3TUX TOYEK MPOBEIEM MO
IBe CTPeMKN m Tak gatee. [lomyuennyio KapTuEKy (B n-M cioe Gyger 271
TOYEK) HABLIBAIOT NOAHbIM 060UuHbIM depesom. HUKHIOW TOUKY HA3BIBa-
0T Kophem. Y KaiKIOU BEPIIVHBL €CTh ABA Cbika (IBe BEPIIMHEBI, B KOTOPLIE
UIYT CTPEIKN) — A€Bbli U NPasbii. Y BCAKOW BEPIIUHLI, KPOME KOPHS, eCTh
€IUHCTBEHHBII 0Mel.

[IycTs BLIOpaHO HEKOTOPOE KOHETHOE MHOXKECTBO BEPIINH TOJHOTO IBO-
UYIHOTO EepPeBa, COMEPKAIIEe BMECTE C KAXKIOU BEPIIMHOU U BCEX €€ Mpej-
koB. [IycTh Ha KaX IO BEPIIUHE STOI0 MHOXKECTBA HAMUCAHO 3HAYEHNE (PUK-
cupoBanHoro tuna I' (To ecTb 3a4aH0 OTOOPAXKEHUE MHOXKECTBA BEpIIUH
B MHO)ecTBO 3Hadenurt tuna T'). To, 4To noayuurcs, Oyaem HasbBaTh 1'-de-
pesom. MHOKecTBO Beex T-nepesben o603uaxmm Tree(T).

PexypcuBHoe onpegenenme. Besakoe memycToe T-1epeBo pa3dbuBaeTcs Ha,
TPHU YaCTU: KOpeHb (Hecymmu noMeTKy u3 1), JeBoe U MPaBoe MO IePeBbs
(koTOpBIE MOI'YT OBITH MYCTHIME). DTO Pa30UEHNe YCTAHABIUBAET B3AUM-
HO OJHO3HAYHOE COOTBETCTBUE MEXKIy MHOXKECTBOM HEMyCTHIX 1-nepeBbeB
u mpoussenerueM T x Tree(T) x Tree(T). O6031a4uB Uepes empty mycToe
IepeBo, MOXKHO HAMICATH

Tree(T') = {empty} + T x Tree(T) x Tree(T).
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MNopnpneperbs. BeicoTa

dukcupyem mexkoropoe T-nepeso. /11 KaxXIou ero BepIIMHLI I OIpe-
neneHo eé sesoe noddepeso (JTEBBHIU CHIH BEPIIUHLI L U BCE €r0 TOTOMKH),
npasoe noddepeso (TIPABLI CHIH BEPUIMHEL L U BCE €TI0 MOTOMKY) U nodde-
peso ¢ Koprem 6 x (BEpIIUHA T U BCE €€ TOTOMKH).

JeBoe npaBoe

KODEHb

JleBoe u TIpaBoOe MOMIEPEBbA BEPUIMHBLI & MOTYT OBITH MYCTHIMU, & HOIe-
PEBO C KODHEM B I BCErJa HemyCTO (CONEepXKUT MO KpauHed mepe z). Bui-
comot mogaepeBa 6y1eM CUUTATh MAKCUMATIbHYIO IIWHY HENU Y . . .Y, €ro
BEpIIUH, B KOTOPOR ¥;+1 — CBIH ¥; 0 Beex 4. (Beicora mepesa u3 ogHOro
KODHA PaBHA €IUHUIIE, BEICOTA IyCTOrO I€PEBa — HYJIIO.)

Ynopsno4enusie T-aepesbs

ITycts ma MHOXKECTRE 3HadeHun Tuna 1 pukcupoBad nopanok. Hazosém
T-nepeBo ynopadoueHnbiM, €CIU BBITIOJIHEHO TAKOe CBOUCTBO: [Js 000U
BEPIINHBI £ BCE IOMETKH B €€ JIEBOM IO/ [€PEBE MEHbIIIE IOMETKH B T, a BCE
MOMETKM B €€ MPaBOM MO IepeBe GOMbIIe MOMETKA B .

14.1.1. [oxkaxkure, ITO B YHOPATOYECHHOM [IEPEBE BCE MOMETKHU pPa3-
JIMHHL.

[Ykazauue. MHAYKIMA O BLICOTE AepeBa.] (|

I'Ipe,QCTaBneHwe MHOXECTB C NOMOLLbLIO AEPEBLEB

Kaxmoe mepeBo OyiaemM CYUTATH HpENCTABICHUEM MHOXKECTBA BCEX ITO-
METOK Ha ero BepmmHax. [Ipy 3ToM OIHO U TO XK€ MHOXKECTBO MOXKET UMETh
pa3nuvIHbIE TIPEeaCTABICHU.
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Ecnu mepeBo ynmopsagodeHo, TO KaxkKIBIA SJIEMEHT MOXKET JErKO «HAUTH
CBO€ MECTO» B JepeBe: MPULA B KAKyI0-TO BEPIIVHY U CPABHUB ceOs C TeM,
KTO TaM HaXOQUTCA, AJIEMEHT PellaeT, UATHA eMy HaJeBO WIN HAIpaBo.

i

y

Hauas ¢ KOpHA U OBUraschb MO 3TOMY MIPABUIY, OH JUOO OOHADYKUT, ITO
TAKOU JEMEHT YK€ €CThb, Ju00 HalAET MECTO, B KOTOPOM OH JOJIKEH OLITh.

Bcerony mamee MBI mpemmonaraeM, YTO Ha 3HAYEHUAX TUNa 1 3amaH MO-
PAIOK, U PACCMATPUBAEM TOJLKO YIIOPATOUYEHHLIE TePEBb.

XpaHeHue nepeeses B Nporpamme

MoxHO 6BLIO OBI COMOCTABUTHL BEPIIMHBLI MOTHOTO ABOMYHOIO IepeBa
c aucaamu 1,2,3, ... (cauras, 9To0 AeBbl ChIH k ecTh 2k, mpaBbi CBIH k €CTh
2k + 1) n xpanurs nomerku B Maccuse val[l..n]. Ograxo sTor cmocoG
HEDKOHOMEH, MOCKOJIBKY TPATUTCA MECTO HA XPAHEHUE MyCTHIX BAKAHCUU
B ITOJTHOM [BOWYIHOM JA€peBe.

Bonee sxonomen Takou crmoco6. Beeaém Tpu Maccusa

val: array [1..n] of T;
left, right: array [1..n] of 0..n;

(n — MakcmMaabHOE BO3MOXKHOE YUCIO BEPIIVH [NEPEBA) U TEPEMEHHYIHO
root:0..n. Kaxgas sepmuna xpanumoro T-nepesa 6y1eT uMeTb HOMEP —
qucao ot 1 g0 n. Pasursie Bepuinuer 6yayT uMmeTs pasueie HoMepa. [lomeTka
B Bepumue ¢ HOMepoM X pasHa val[x]. Kopens mmeer momep root. Ec-
JI1 BEPINUHA C HOMEPOM i MMeeT CHLIHOBEW, TO WX HOMepa paBHBl left[i]
u right[i]. OTCyTCTByIOUIIM CHLIHOBBAM COOTBETCTBYeT |uCIO 0. AHAmo-
TUYHBIM 00Pa3oM 3HadeHre root=0 COOTBETCTBYET IIyCTOMY IEPEBY.

[l XpaHeHusI nepeBa UCIOJIb3YeTCs JUIb YaCTh MACCHABA; AJA TeX i,
KOTOpEIe CBOGOAHBL (HE SBJAIOTCSA HOMEDAMU BEpIIUH), 3HadeHus vall[il
6espasauunsl. Ham 6ymeT yno6HO, ITOOLI BCce CBOOOTHBIE YUCAA OBLIN «CBA-
3aHBI B CIIMCOK»: TIEPBOE XPAHUTCA B CHEMUATLHON epeMenHon free:0. .n,
a crenyroriee 3a i cBob6ogHOE yncao xpanurca B left[i], Tak uTo cBo60I-
HBI IHCJIA

free, left[free], left[left[freell, ...
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[lna mocrenuero ceobomHoro uuciaa i 3madenme left[i] pasuo 0. Pasen-
cTBO free=0 o3Ha4YaeT, YTO CBOOOMAHBIX UKUCEN OOJBIIE HET.

3aMedanue. Mbr ucnonb3oBaIyn sl CBA3BIBAHUA CBOOONHBIX BEPIINH B
CIUCOK MaccuB left, HO, KOHEUHO, C TEM XK€ YCIEeXOM MOXKHO OBLIO MCIOIb-
30BaTh MAcCCUB right.

Bumecto 3nadenus 0 (0603HAMAIOMIETO OTCY TCTBUE BEPIIUHBL) MOXKHO OBI-
JIO OBI BOCIIONB30BATHCA JIOOBIM IPYIUM YUCIOM BHE 1. .n. UTOOLI O 1IepK-
HYTBb 2T0, OyzeMm BMecTO 0 MCIOJB30BaTh KOHCTAHTY null=0.

14.1.2. CocraBbTe TPOrpaMMy, ONPEIEJAIOIIYIO, COMEPKUTC JU HJe-
MEHT t:T B yIOpAIOYCHHOM AepeBe (XPAHUMOM TaK, KAK TOMLKO YTO OIU-
CaHo).

Pemmenne.

if root = null then begin
| . .He TpUHAIIEeXUT
end else begin
X := root;
{uuBapuanT: ocTaéTcA MpoBepUTH HamuuMe t B HEIyCTOM
IonmepeBe C KOPHEM X}
while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin {left [x] <> null}
| x := left [x];
end else begin {t > val [x], right [x] <> null}
| x := right [x];
end;
end;
{mu6o t = val [x], mubo t oTcyrcTByeT B mepemel}
..otBeT = (t = val [x])
end; [l

14.1.3. YmpocTuTe perieHue, UCIOIL3Y CIeIYIOMNT TPIOK. Paciumpum
006IaCTh OMPEIEIeHS MACCUBA val, T06ABUB AYCUKY ¢ HOMepOoM null u mo-
goxum val [null]=t.

Pemenne.

val [null] := t;
X := root;
while t <> val [x] do begin
if t < val [x] then begin
x := left [x];
end else begin
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| x := right [x];
end;
end;
..orBeT: (x <> null). O

14.1.4. CocraBbTe mporpamMmy MOOABIEHUsA DIEMEHTa t B MHOXKECTBO,
IPENCTABICHHOE YIOPATOUCHHBIM 1€PEBOM (€CIU DIEMEHT t yiKe eCTh, HU-
9ero neraTh He HAo).

Pemerme. Onpenemum mpouenypy get free (var i:integer), maro-
Iy CBOOOMHOE (HE ABJIAIICECA HOMEPOM) YMCIO i U COOTBETCTBYIOIMAM
06pa3oM KOPPEKTUPYIOUIYIO CIIUCOK CBOGOMHBIX IUCET.

procedure get_free (var i: integer);

begin

{free <> null}

i := free;

free := left [freel;
end;

C eé ucmonb3oBaHMEM MPOTPAMMa, TPUOOPETACT TAKOW BUL:

if root = null then begin

get_free (root);

left [root] := null; right [root] := null;

val [root] := t;

end else begin

X := root;

{uHBapuaHT: ocTamoch HO6aBUTEH t K HEIYCTOMy IOLLEPEBY C

KOpHEM B X}

while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin

if t < val [x] then begin

| x := left [x];

end else begin {t > val [x]}

| x := right [x];

end;

end;

if t <> val [x] then begin {t mer B mepeme}

get_free (i);

left [i] := null; right [i] := null;

val [i] := t;

if t < val [x] then begin

| left [x] := i;

end else begin {t > val [x]}
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| right [x] := i;
end;
end;
end; O

14.1.5. CocraBbTe mpOrpamMMmy yIAJICHUS DIEMEHTA t U3 MHOXECTBA,
NPEICTABICHHOTO YIOPATOIYEHHBIM I€PEBOM (€CaM ero TaM HET, HUYEro [e-
JIATH He HAJ0).

Pertenne.

if root = null then begin
| {mepeBo mycTo, HmMYero memaTh He HaLo}

end else begin

X := root;

{ocramock ymamuTe t M3 moLmepeBa C KODHEM B X; IIOCKOIBKY
3TO MOXeT NOTpe60oBaTH M3MEHEHMM B OTIE X, BBeLSM
nepemennue father: 1..n u direction: (1, r);
HoILepXUBaeM TaKoM UHBapMaHT: eCIM X He KOpeHb, To father
- ero orem, a direction paBHO 1 MIM r B 3aBUCHMOCTH OT
TOTO, JEeBHM WIM NPaBHM CHHOM ABIAETCA X}

while ((t < val [x]) and (left [x] <> null)) or

((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin

father := x; direction := 1;

x := left [x];

end else begin {t > val [x]}

father := x; direction := r;
x := right [x];
end;

end;

{t = val [x] umu t HeT B mepeme}

if t = val [x] then begin

. .yOalleHNe BepuMHH X c oTuoM father u
HampaBneHuMeM direction

end;
end;

Y naneHue BEPIIMHLI UCTOIL3YET MPOLEayPy

procedure make_free (i: integer);
begin

left [i] := free;

free := i;
end;
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Omna BkamovyaeT duciao i B cnucok cBoGomubix. [Ipu yaanenuu pasaudarorcs

4 ciydas B 3aBUCUMOCTY OT HAJIMYUA WX OTCY TCTBUA CHIHOBEU Y yIAIAEMOU
BEPIINHEI.

if (left [x] = null) and (right [x] = null) then begin
{x - mHMcT, T.e. He UMeeT CHHOBeN}

make_free (x);

if x = root then begin

| root := null;

end else if direction = 1 then begin

| left [father] := null;

end else begin {direction = r}

| right [father] := null;

end;

end else if (left[x]=null) and (right[x] <> null) then begin
{x ymamaerca, a right [x] 3anuMaer mMecTo x}
make_free (x);

if x = root then begin

| root := right [x];

end else if direction = 1 then begin

| left [father] := right [x];

end else begin {direction = r}

| right [father] := right [x];

end;

end else if (left[x] <> null) and (right[x]=null) then begin
| . . CHMMe TPUYHO

end else begin {left [x] <> null, right [x] <> null}

| . .yEAIUTE BEPUIMHY C OBYMA CHHOBBLAMHU
end;

Y mameHue BepIIVHEL C IBYMS CHIHOBBAMU HENB3s CAEMATH MIPOCTO TaK, HO €€
MOXHO MPEABAPUTENBLHO TOMEHATDH ¢ BEPIIXHON, IOMETKA Ha KOTOPOU ABJIA-

€TCs HEIOCPEACTBEHHO CJIeAYIOIUM (B IOPSIKE BO3PACTAHUS) DIEMEHTOM 38
IIOMETKO! Ha X.

y := right [x];

father := x; direction := r;

{renepr father m direction oTHocATca Kk BepumHe y}
while left [y] <> null do begin

father := y; direction := 1;
y := left [yl;
end;

{val [y] - vunuManbHas u3 moMeTok, Gombumx val [x],
y He MMeeT IeBOTO CHHa}
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val [x] := val [yl;
..ynanuThk BepumHy y (XaK ymamATh BepuMHY, y KOTOpPOM HeET
IeBOT0 CHHa, MH yXe 3HaeM) O

14.1.6. YupocTuTe 5Ty nporpaMMmy, 3aMETUB, IYTO HEKOTODHIE CIydan
(Hampumep, IepBbIe ABA U3 YETHIPEX) MOKHO OOBEIUHUTS. g

14.1.7. Wcnonb3yure yHOPALOYEHHBIE AEPEBbA A TPEICTABICHUSI
dyuKIIUU, 06JACTH ONPENENeHNs KOTOPHIX — KOHEUYHLIE MHOXKECTBA, 3HAME-
Huu Tuna T, a 3HAYEHUA UMEeIT HeKOTOophn Tul U. Omnepanuu: BEIMUCIEHTE
3HAYEHU HA JAHHOM APTYMEHTE, U3MEHEHUE 3HAYEHUS HA TAHHOM apryMeH-
Te, moonpeaenenne (pyHKIUYA Ha, TAaHHOM apTyMEHTE, UCKIICHNE DIEMEHTA,
3 06JACTU OTIpeeneHus (hyHKIUN.

Pemenne. [leraem kax paHbiine, 100ABUB €IIE OMUH MACCUB
func_val: array [1..n] of U;

ecmu val[x] = t, func_val[x] = u, To 3HaUEHUE XPAHUMOU (PYHKIUM HA t
PaBHO U. O

14.1.8. IIpeamonoxuM, 9T0 HEOOXOAMMO YMETh TAKXKe OTBICKUBATEL k-1
DIEMEHT MHOXKECTBA (B MOPAJKE BO3PACTAHUA), IPUIEM KOIUIECTBO IEH-
CTBUU MOKHO OBITH He Gomee C - (BeICOTA nepesa). Kakyo TOMOJHATETb-
HYy10 WH(MOPMAIINIO HALO0 XPAHUTHL B BEPIIUHAX NepeBa’

Pemenne. B xax gon sepmnue OyqeM XpaHUTL IUCIO BCEX €€ TOTOMKOB.
JlobapieHne 1 UCKIIOYEHNE BEPIIUHLL TPeOyeT KOPPEKINN JUIIL Ha Iy TH OT
KOPHsA K TOU BepimHe. B mporecce moncka k- BEPIIAHLL 101 IEPKUBACTC
TaKOW MHBAPUAHT: MCKOMAas BEPIINHA ABIACTCA S-U BEPIIMHOU IO JAEPEBa
C KOpHEM B X (3[eCb S U X — MEPEMEHHBIE). |

OueHka KonM4YecTBa AEUCTBUN

st Kaxk fou w3 omepanuil (IPOBEPKHU, JOOABIEHUA U UCKIIOICHNA) KOIU-
yecTBO neuctBun He npesocxonut C' - (BbicoTa gepesa). s «pOBHO TOI-
CTPIKEHHOTO» AepeBa (KOra BCE JUCThA Ha OJHOU BEICOTE) BLICOTA TIO
MOPAAKY BEJUUMHEBL PaBHA JorapudMy ducia sepimua. OqHAKO 111 KPUBO-
OOKOTO JepeBa BCE MOXKET OBITH rOpa3jo XyKe: B HAUXYAIIeM CAydae BCe
BEPIIMHLI OOPA3yIOT IIENb U BBICOTA PABHA YMUCIY BepimuH. Tak CryduT-
CA, €CIU DIEMEHTHl MHOXECTBA JOOABIAIOTCA B BO3PACTAIOIIEM W YOBI-
BaoleM mopanke. MOXHO NOKa3aTh, OQHAKO, YTO TPU TOOABICHUU DIe-
MEHTOB «B CIyIAUHOM TIOPALKE» CPEIHAA BLICOTA IepeBa OyIeT He GOJbIIe
C'log(aucao Bepumn). Ecau 5TOl OueHKEU «B CpeiHeM» MAJIO, HEOOXOIMMBL
IOMOMHUTEIBHBIE JEUCTBUA MO MO AEPKAHNAIO «COATAHCUPOBAHHOCTH) IEpe-
Ba. O6 5TOM CM. B CJIEYIOMIEM MYHKTE.
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14.2. CbHbanaHCMpOBaHHbIE [EpPeBbs

HepeBo nasbiBaercs cOasancuposannvin (wm ABJI-gepeBom B decTb
m3obperarenen »>Toro merona I'. M. A neascona-Bensckoro u E. M. Jlangu-
ca), ecau A1 JI0OOU ero BePIIMHEBL BEICOTHL JIEBOI'O U IIPABOrO MO/ ED EBLER
DTOU BEPIIMHEI OTJIMYAIOTCA He Gonee yeM Ha 1. (B wacTHOCTH, KOrma O-
HOT'O U3 CBIHOBEU HET, APYTOU — €CJU OH €CTh — O0A3aH ObITH JUCTOM. )

14.2.1. Hamoure MUHMMAJIBLHOE M MAKCAMAILHOE BO3MOXKHOE KOJMITC-
CTBO BEPIIH B COAJTAHCUPOBAHHOM [IEPEBE BLICOTHI M.

Pemrenme. Makcumanbuoe ucao BeprmuH pasHo 2" — 1. Ecan m,, — mu-
HUMAaJTbHOE YHUCJIO BEPIINH, TO, KaK JeI'KO BUIETh, Myt2 = 1 + My + Mpy1,
oTKyaa my = Ppio — 1 (P, — m-e yucmo Pubonauun, &1 =1, &5 =1,
(Pn_;,_g - @n + (Pn—‘,-l)- |:|

14.2.2. ToxkaxwuTe, 4TO COATAHCUPOBAHHOE IEPEBO C N BEPIIUHAMYI UME-
et BoicOTy He 6obine C'logn mas HekoTOopon KoHCTaHTHI C, HE 3aBUCAIIEN
oT n.

Pemrenme. Nugykumen mo n jgerko nokasarb, 4ro Pp,i0 > a”, rae

a — OOJBIINE KOPEHb KBAIPATHOrO ypaBHeHH:a a’> =1+ a, TO ecTb a =
= (v/5 + 1)/2. Ocraércs BOCIOIB30BATHCA IPEILIIYIICH 3a,[axeH. O
Bpawenus

MEbI XOTUM BOCCTAHABINBATL COATAHCUPOBAHHOCTE IEPEBa, MMOCTIE BKIIO-
YEeHUSA U YAATCHUSI DIeMeHTOB. [ 5TOro HeOOXOIUMEI KaKue-TO mpeobpa-
30BAHUA I€peBa, He MEHAOIINE MHOXKECTBA MIOMETOK Ha €r0o BepIINHAX U He
HAPYIIAONIAE YIOPATOYCHHOCTH, HO CIOCOOCTBYIOIINE JydInen COATAHCU-
poBanuocTu. OmuIeM HECKOMBKO TAKUX TPE0Opa3OBaHUM.

[Iycts Bepmmua a uMmeer mpaBoro ceiga b. O6o3naduM yepes P aeBoe mo-
IepeBo BEPIINHEL @, Yepe3 () u R — JeBoe u MpaBoe MO I 1ePeBbs BEPIIUHEI b.
YnopsagoueHHOCTD gepesa Tpebyer, 9Tobsl P < a < @ < b < R (Tounee cie-
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JTOBAJIO OBI CKa3aTh «II00asd IIOMETKA Ha P MEHBIIIE IIOMETKH! Ha a», «<IIOMETKa
Ha @ MEHBLIIe JI0ON MOMeTKN Ha (J» U T. 1., HO MBI IIO3BOIUM Ce0e DTOoro
He geqarhb). ToIHO TOro ke TpeGyeT ylopsAn0IeHHOCTD IepPeBa C KOPHEM b,
€ro JIeBEIM CHLIHOM @, B KOTOpoM P u () — /meBoe u mpaBoe MO IepeBba a,
R — mpasoe nomaepeso b. IlosTomy mepBoe mIepeBO MOXKHO Mpeobpaso-
BaTh BO BTOpOE, HE Hapylias ymopsagodeHHoctu. Takoe mpeoOpaszoBaHue
HA30BEM MaablM NPasbim epaujenuem (IPABBIM — MOCKOIBKY CYIIECTBYET
CUMMETPUIHOE, JeBOe, MATLIM — MOCKOJIBKY €CTh U OOJIBIIOEe, KOTOPOE MbI
Cemvac OIUIIEM).

Ilycts b — mpaBbIu CHIH @, ¢ — JEBLIA CHIH b, P — JieBoe moaaepeso a,
(Q v R — neBoe u mpaBoOe MOAAEpPEBbA ¢, S — mpaBoe mogaepeso b. Torza,
P<a<@Q<c<R<b<S.

Taxou ke MOPAIOK COOTBETCTBYET AEPEBY C KOPHEM €, UMEIOIIUM JEBOrO
CBHIHA @ U MPABOrO CHIHA b, 0711 KOTOpOoro P u () — 1o 1epeBbs BEPIINHE a,
a Ru S — mognepesbs Bepmuubl b. CooTBETCTBYIOIIEE MPEOOPA3OBAHME
OyeM HA3LIBATD 004bUWUM NPA6bIM 6pawenuem. (AHAIOIMYIHO ONpeenIeT-
€Sl CUMMETPUYIHOE eMy 604bU0€ AE680€ 8PAUEHUE. )

14.2.3. [lano mepeBo, cOATAHCUPOBAHHOE BCIOAY, KPOME KODHS, B KO-
TOPOM DPa3HULA BLICOT paBHA 2 (T.e. JeBOe U HPaBOe MOAAEPEBbA KODHI
COATAHCUPOBAHBL U UX BBICOTHI OTIMIAOTCA Ha 2). [Jokaxure, 9TO OHO MO-
)KeT OBITH IIPEBPAIIEHO B COATAHCUPOBAHHOE OJHAM U3 € THIPEX OMUCAHHBIX
MpPeoOPA3OBAHUN, TPUIEM BHICOTA, €T'0 OCTAHETCA TTPEKHEN UIN YMEHbBITT-
caua l.

Pemenne. [lycTs 601e€ HU3KUM SBAAETCA, HATIPUMED, JTEBOE MO IEPERO,
u ero BeicoTa paBHa k. Torma BbICOTA mpaBoro mogaepeBa paBHA k + 2.
O603HaYMM KOPEHb 4Yepe3 a, a ero mpaBoro ChiHa (OH 00A3aTENLHO €CTh)
gepes b. PaccMoTpuMm JeBoe u nmpaBoe o aepesbs BepiiuHbl b. O 10O u3 HUX
obs3aTenpHO UMeeT BeICOTY k + 1, a Apyroe MOXeT MMETh BBICOTY k win
k + 1 (menbuie k ObITH HE MOXKET, TaK KaK IIOLJEPEBbsA COAIAHCUPOBAHEI).
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Ecau BoIcOTA MIeBOrO mogmepena paBHa k + 1, a mpasoro — k, To moTpeby-
eTcs GOJBINOE TPABOE BPAIIEHUE; B OCTAIBHBIX CIyYadX MOMOTAET MAJOE.
Bor kak BEIDIAZAT TPpU Caydas GATAHCUPOBKHU IepeBa:

14.2.4. B cbhanmaHcHpOBAaHHOE AEPEBO MOOABWIM WIM U3 HErO yIAJAIN
auct. JJoKaxKuTe, ITO MOXKHO BOCCTAHOBATH COAJAHCUPOBAHHOCTDL C IIOMO-
b0 HECKOJBKUX BPAIEHUN, MTPUIEM UX IUCJIO HE OOMBIIE BHICOTHI IEPEBa.

Pemenwme. Bynem nokasniBaTh 6omee oOmmu dhaxT:

Jlemma. Eciu B cbanancupoBaHHOM gepeBe X OMHO M3 €ro MOfIepe-
BbEeB Y 3aMEHWIUN Ha COATAHCUPOBAHHOE NEPEeBO 7, MPUYUEM BBLICOTA / OT-
JXYIAETCs OT BLICOTEL Y He GoJee 4eM Ha 1, TO [MOJy9IeHHOe TaKOU «IIPUBUB-
KOID» IEPEBO MOXKHO MPEBPATUTHL B COATAHCUPOBAHHOE BPAIICHUAME ([IPU-
9EM KOJTUYIECTBO BPALICHUN HE TTPEBOCXOIUT BLICOTHI, HA KOTOPOU NEIACTCA
NPUBUBKA).

YacTHBIM CIyvaeM TPUBUBKU SABAACTCSA 3aMEHA MYCTOTO TIOAIepeBa Ha
JUCT WIX HAOOOPOT, TAK YTO JOCTATOIHO NOKA3ATH DTY JEMMY.

JlokazaTelbCTBO JeMMEL. MHIYKIMA [0 BLICOTE, Ha KOTOPOHU AEIAeTCA
npuBuBKa. ECIu OHA MPOUCXOAUT B KOPHE (3aMEHAETCS BCE NEPEBO LEIU-
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KOM), TO BCE 049eBUIHO («IpUBOI» cOATAHCUPOBaH 10 ycaoBuio). IlycTs 3a-
MEHAETCA HEKOTOPOe MO AePeBO, HAIPUMED, JeBOe MOAAEPEeBO HEKOTOPOH
BepHIMHEL . BO3MOXKHBI IBa, CIydas.

1) Hocne mpuBUBKYA COATAHCUPOBAHHOCTL B BEPIIMHE I HE HAPYIIMIACH
(XOTA, BO3MOXKHO, HAPYIILIACH COAJAHCUPOBAHHOCTH B MPEIKAX I:
BBICOTA IOAAEPEBA C KOPHEM B I MOIVIA U3MEHUTHCA). Torga MOKHO
COCJIATHCA Ha IPEANONOKeHNe NHIYKINY, CINTasA, ITO MBI IPIBUBAJIN
LEeJUKOM TIOLTePEBO C KOPHEM B .

C6anaHCUpOBAaHHOCTEL B & HAPYIIMAIACH. IIpu >TOM pa3HUIIA BBICOT
paBHa 2 (6osble OHA OBITH HE MOXKET, TAK KAK BBICOTA Z OTINIAETCA
ot BEICOTHL Y He Gosee 4eMm Ha 1). Pazbepém nsa Bapuanta.

2)

Z

Brime npasoe (He 3aMeHsABIIeeCs) HOLAepeBo BepuHsl . [IycTs
BBICOTA J1eBOrO (T.e. Z) paBHa k, mpaBoro — k + 2. Bricora cra-
poro JeBoro noaaepesa sepumust x (T.e. Y) Oblia pasHa k + 1.
IMoxnepeBo ¢ KOpHEM T UMENO B UCXOTHOM IepeBe BHICOTY k + 3,
1 3Ta BBICOTa HE M3MEHWJIACH IIOCJIE IIPDUBUBKU.

ITo mpenwigyImen 3agade BpallleHHe MPeoOpasyeT MO IepeBo C
KODHEM B I B COQJIAHCUPOBAHHOE MO IEPEBO BLICOTHL k + 2 min
k + 3. To ects BBICOTA TIOAIEPEBA C KOPHEM T — B CPABHEHUU
C ero Hpe}KHefI BBICOTOﬁ — HE U3MEHWIaCb WIN YMEHbIIWJIaChb
Ha 1, U MBI MOXE€M BOCHOOJB30BATHCA MPEANOJOXKEHUEM WHIYK-
IUAN.

Bemme sesoe mopmepeBo BepmmHBET x. IyCTh BBICOTA JEBOTO
(t.e. Z) pasua k + 2, mpasoro — k. BricoTa cTaporo Jesoro
nogzaepesa (T.e. V) 6buia pasua k + 1. Iloggepeso ¢ kopueMm x
B HCXOMHOM AepeBe X MMENO BEICOTY k + 2, OC/Ie IPUBUBKHA OHA,
crana pasHa k + 3. Ilocae monxoasmero spamesus (CM. TIPeIbi-
IOYIIYIO 3a1a4y) MOLAEPEBO C KOPHEM B L CTAHET COATAHCUPO-
BAHHBLIM, €0 BBICOTA OyneT paBHa k + 2 wiu k + 3, Tak 4TO
M3MEHEHUE BLICOTEI IT0 CPABHEHUIO C BLICOTOHU MO AEPEBa C KOP-
HeM T B nepeBe X He NMPEBOCXOANT 1 M MOXKHO COCIATHCA HA
OPENIONOKEHNE UH Ty KIWH. O
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14.2.5. CocraBbTe IpOrpaMMbl JOOABICHUS U Y IAJCHUSA DIEMEHTOB, CO-
XPAHAIIE COATAHCUPOBAHHOCTE. UUCIO JEUCTBUM HE JOMKHO MIPEBOCXO-
muth C - (BeIcOTA HepeBa). Paspemaerca XpaHuTh B BEPIIMHAX JEPEBA J10-
TIOMHUTETBHY0 THMOPMAIINIO, HEOOXOTUMYIO TP OATAHCUPOBKE.

Pemenwe. Bynem XpauuTh [ KaxIOU BEPIIVHBI PA3HUILY MEXIY BbI-
COTOU €6 MPABOr'0 U JIEBOT'O MO I€PEBLEB:

diff [i] = (BbicoTa mpaBoOro mMOAAEPEBa BEPIIVHBL i) —

— (BBICOTA JIEBOTO MO JEPEBA BEPIIMHEL 1).

Hawm nmoTpebyioTcesa deThipe Iponeayphl, COOTBETCTBYIOMINE OONBIINM U Ma-
JBIM [IPABBIM U JEBLIM BpameHusamu. Ho BHagane nsa 3amedanus. (1) Ham
HYKHO, IYTOOLI DU BPAIIEHWN IOJAePeBa HOMED ero KOPHA He MEHICA.
(B mpoTuBHOM ciydae mOTPEOGOBANOCH OBl KOPPEKTUPOBATH MHMDOPMALIO
B OTIE KODHA, YTO HEXKEIATEIbHO.) DTOrO MOXKHO JOCTUYL, TAK KaK HO-
Mepa BEpIIUH [epeBa MOXKHO BLIOMpATL He3aBUCHMO OT ux sHadenun. (Ha
KapTUHKAX HOMEP YKa3aH COOKY OT BEPIIVHLI, 8 3HAYCHUE — BHYTPH. )

N
AP

]

| S

(2) Tlocae npeo6pa3OBAHUY MBI JOKHEI TAKKE U3MEHUTEH COOTBETCTBEHHO
suadenus B Mmaccuse diff. /Ias 5TOro 10CTATOYHO 3HATH BHICOTHL IEPEBHEB
P,(Q,... c TOYHOCTBIO 10 KOHCTAHTEI, [IODTOMY MOXKHO IPEANOIaraThb, YTO
OHA W3 BBICOT PAaBHA HYJIO.
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Bot npouenypnl Bpaiienni:

procedure SR (a:integer); {mamoe mpaBoe BpameHme c KOopHeM a}
| var b: 1..n; val_a,val_b: T; h_P,h_Q,h_R: integer;

begin

b := right [al; {b <> null}

val_a := val [a]; val_b := val [b];

h_Q := 0; h_R := diff[b]l; h_P := (max(h_Q,h_R)+1)-diff[a];
val [a] := val_b; val [b] := val_a;

right [al := right [b] {mozmmepeso R}

right [b] left [b] {mommepermo Q}

left [b] left [a] {mommepemo P}

left [a] := b;

diff [b] := h_Q - h_P;

diff [al h_R - (max (h_P, h_Q) + 1);

end;

procedure BR(a:integer) ;{6ombumoe mpaBoe BpalleHme C KopHeM a}
var b,c: 1..n; val_a,val_b,val_c: T;
h_P,h_Q,h_R,h_S: integer;
begin
b := right [al; c := left [bl; {b,c <> null}
val_a := val [al; val_b := val [b]l; val_c := val [c];
h_Q := 0; h.R := diff[c]; h_S := (max(h_Q,h_R)+1)+diff[b];
h P := 1 + max (h_S, h_S-diff[b]) - diff [al;
val [a] := val_c; val [c] := val_a;
left [b] := right [c] {mommepemo R}
right [c] := left [c] {mommepemo Q}

left [c] := left [a] {mommepeso P}

left [a] := c;

diff [b] := h_S - h_R;

diff [c¢] := h_Q - h_P;

diff [a] := max (h_S, h_R) - max (h_P, h_Q);
end;

JleBbie Bpamenus (6OIBIIOE ¥ MATOE) 3AMUCBIBAIOTCA CUMMETPUIHO.

IIpouenypsr qobaBreHus U yIATEHUS SJIEMEHTOB MUIIYTCA KAK PAHBIIE,
HO TOJBKO HOGABJEHUE W yIAJEHUE NOIKHO COMPOBOXKIATHCA KOPPEKIIMEn
maccuBa diff u BoccTaHoBaeHuEM COATAHCUPOBAHHOCTH.

ITpu >TOM UCTIOMBL3YETCA TPOIEAYPA C TAKAMU CBOUCTBAMMU:

JAaHO: JEBOE W MPABOE MO AEPEBbsS BEPIIMHLI C HOMEPOM a
cOATaHCUPOBAHLI, B CAMOU BEPIIMHE PA3HUIA BLICOT He OO/Ib-
me 2, B moAxepeBe ¢ kKOpHeM a MaccuB diff 3amomnen npa-
BUJIBHO;
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HaJo: IOI IePEBO ¢ KOPHEM a cHamancupoBano u maccus diff
COOTBETCTBEHHO U3MEHEH, d — U3MEHEHUE ero BEICOTHL (DAaBHO 0
i —-1); B OCTAIBHON 9aCTU BCE OCTAIOCH KAK OBLIO — B 9aCT-
HOCTHU, 3Ha4YeHusa diff.

procedure balance (a: integer; var d: integer);
begin {-2 <= diff[a] <= 2}

if diff [a] = 2 then begin

b := right [al;

if diff [b] = -1 then begin

| BR (a); d := -1;

end else if diff [b] = O then begin
| SR (a); d := 0;

end else begin {diff [b] = 1}

| SR (a); d := - 1;

end;

end else if diff [a] = -2 then begin
b := left [al;

if diff [b] = 1 then begin

| BL (a); d := -1;

end else if diff [b] = O then begin
| SL (a); d := 0;

end else begin {diff [b] = -1}

| SL (a); d := - 1;

end;

end else begin {-2 < diff [a] < 2, Huvero gmemaTbp He Hamo}
| d := 0;

end;

end;

Boccranosienne cHamancupoBaHHOCTH TPeOyeT ABUXKEHUS OT JUCTHEB
K KODHIO, TOATOMY OyZeM XpaHUTH B CTeKe IIyThb OT KOPHA IepeBa K pac-
CMATPUBAEMON B TAHHLIN MOMEHT BEPIITIMHE. DIEMEHTAMY CTEKa, Oy IyT Maphl
(BeplvHA, HANIPABJICHUE JBUXKEHUA U3 HEE), T.e€. 3HAYCeHUsA TUMA

record

vert: 1..n; {Bepumua}

direction : (1, r); {1 - meBoe, r - mpasoe}
end;

IIporpamma goOaBIeHUS >IEMEHTA t Tenepb BBIVIAAUT TAK:

if root = null then begin
get_free (root);
left[root] := null; right[root] := null; diff[root] := 0;
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| val[root] := t;
end else begin
X := root;
. .CHelaTh CTEK IIyCTHM
{uHBapmaHT: ocTamock HO6aBMTE t K HENyCTOMy IOLLEPEBY C
KOpPHEM B X; CTeK COLEpXAT IyTh K X}
while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin
. .006aBUTE B CTeK mapy <x, 1>
x := left [x];
end else begin {t > val [x]}
. .006aBUTH B CTeK mapy <x, r>
x := right [x];
end;
end;
if t <> val [x] then begin {t HeT B mepeme}
get_free (i); val [i] := t;
left [i] := null; right [i] := null; diff [i] := O;
if t < val [x] then begin
..0o6aBUTE B CcTek mapy <x, 1>
left [x] := i;
end else begin {t > val [x]}
..0o6aBUTE B CTeK mapy <x, r>
right [x] := i;
end;
d :=1;
{uHBapMaHT: CTeK CONEPXUT IyTH K N3MEHUBUIEMYCA

TMOLNepeBy, BHCOTA KOTOPOrO YBEIMYMIACEH IO CPaBHEHUI
C BHCOTOM B MCXOIHOM IepeBe Ha d (=0 wmu 1); >To
monmepeBo cbamaHcupoBaHo; 3HadeHua diff mma ero
BepUIMH NIPaBUIbHH; B OCTAJIbHOM JepeBe BCE OCTalOCh
KaK OO — B YaCTHOCTM, 3HaveHusa diff}

while (d <> 0) and ..crtex HemycT do begin {d = 1}
..B34Th M3 cTeka mapy B <v, direct>

if direct = 1 then begin

if diff [v] = 1 then begin

| c := 0;

end else begin
| c :=1;

end;

diff [v] := diff [v]l - 1;
end else begin
| {direct = r}
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if diff [v] = -1 then begin

| c := 0;

end else begin

| c := 1;

end;

diff [v] := diff [v] + 1;

end;

{c = u3MeHeHUe BHCOTH IOLZepeBa C KOPHEM B V IO
CpaBHEHMO C MCXONHEM HNepeBoM; MaccuB diff
COIEpXUT NIpaBUNbHHE 3HAYEHUA [OIA DTOrO INOLLEepeBa;
BO3MOXHO HapylleHHe COaaHCUPOBAHHOCTUA B V}

balance (v, d1); d := c + d1;

end;

end;

end;

Jlerko npoBepuTh, 9TO 3HaYeHue d MOKET OLITh PABHO TOMLKO O mwiu 1 (HO
He -1): ecau ¢=0, To diff[v]=0 u GaraHCUPOBKA HE IPOU3BOIUTCA.

IMporpamma ygaseHus CTPOUTCS AHAJOIUYIHO. K€ OCHOBHOU (parMeHT
TAKOB:

{uHBapmaHT: CTek COLEpPXUT IyTh K U3MEHUBUEMYCA MOLLEPEBY,
BHCOTa KOTOPOL'O M3MEeHHMIAach [0 CPaBHEHWW C BHCOTOM B
ucxomsoM HepeBe Ha d (=0 mmm -1); >To mommepeBo
cbamancupoBaHo; 3Ha4veHuA diff mma ero BepumMH NMpaBUIBLHH;
B OCTalLHOM IepeBe BCE OCTANOCh KaK OHIO -

B YaCTHOCTH, 3HadeHuma diff}

while (d <> 0) and ..crex HemycT do begin

{d = -1}

..B3ATH U3 cTeka mapy B <v, direct>

if direct = 1 then begin

if diff [v] = -1 then begin

| c := -1;

end else begin
| c := 0;

end;

diff [v] := diff [v] + 1;
end else begin {direct = r}
if diff [v] = 1 then begin

| c := -1;

end else begin
| c := 0;

end;

diff [v] := diff [v] - 1;
end;
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{c = u3sMeHeHUe BHCOTH IOLepeBa C KOPHEM B V IO
CpaBHEHNW C MCXONHHM HepeBoM; MaccuB diff comepxutT
TMpaBUIbHHE 3HAYeHUA IJIA >TOro TMOINepeBa;

BO3MOXHO HapylleHHe COalaHCUPOBAHHOCTUA B V}

balance (v, di);

d := c + di;

end;

Jlerxo npoBeputs, 9T0 3HadeHEe d MOXKET ObITH PABHO TOJIBLKO O mwim -1 (HO

He -2): ecmu c=-1, 70 diff[v]=0 u GanaHCUPOBKA HE MPOU3BOIUTCA.
OTMeTrM TakXke, YTO HAMAYME CTEKd TEJAET UIIUIIHUMU MEPEMEHHBIE

father u direction (UX pOJb Temepb UCPAET BEPIIUHA CTEKA). 0

14.2.6. [Toxaxure, 9TO IpU TOOABICHUU DIEMEHTA,

(a) BTOpOU M3 TPEX CIydaeB GATAHCUPOBKM (CM. DUCYHOK Ha c. 259)
HEBO3MOXKEH;

(6) monmas GamaHCUpOBKa TpebyeT He 6olee OMHOrO BpalleHus (mocie
4ero BCE MEPEBO CTAHOBAUTCA COATAHCUPOBAHHLIM), B TO BPEMA KAK OPU
YIATCHAN 2JEMEHTa MOXKET ITOHAJOOUTHCA MHOTO BPAILICHUH. O

3ameqanue. MBI CTApaIUCh 3AMKMCATH TPOrPAMMBI [OOABICHUS U yiIa-
JIEHUSI TaK, YTOOBI OHM OBLIM KaK MOXKHO 0o0see MOXOXKUMU APYT Ha ApPyTa.
Ncmonbsysa cnenudpuKy KaxKIOU U3 HUX, MOXKHO MHOI'OE YIPOCTUTL.

CymecTByoT U Apyrue CHoCOObI IPENCTABICHA MHOXKECTB, DapaHTH-
pyIollIfe YUCIO AeMCTBUY MOpAAKa logn Ha Kaxaywo omepanumio. Omuiem
onvH u3 HUX (HaswBaeMel B-depesvamu).

Mo crx mop KaxkAas BEPIIMHA COLEPIKANA OIUH MIEMEHT XPAHIMOIO MHO-
KECTBA. DTOT HJIEMEHT CJIyKWI DPAHMLIEN MEXKIY JEBLIM U IPABLIM MO 16~
pesoM. Bygem Temepes xpamuTh B BepmmHe k > 1 BIeMEHTOB MHOXKECTBA
(aucno k MOXKET MEHATHCA OT BEPUIVHEI K BEPIIMHE, a Takke IpU 106aBIe-
HUU ¥ yJaleHNW HOBBIX DIEMEHTOB, CM. fajee). DTU k DIeMEHTOB CIyKaT
pasnemuTensMu 1 k + 1 mogaepesben. IlycTh (DUKCHPOBAHO HEKOTOpOE
auco t > 1. Bynem pacecmarpusaTh gepeBbs, 0618, JAI0MIE TAKIMY CBOUCT-
BaMU:

1) Kaxpas Bepumua conepxut oT ¢ 0 2t >1eMeHTOB (33 MCK/IIOYEHU-
eM KOPHA, KOTOPHIN MOXET CONEpPKAThH J060e IUCI0 3MeMEHTOB OT ()
1o 2t).

2) Bepmuna ¢ k saemenTavu 6o umeer k + 1 coiHOBen, Ju60 HE UMEET
CBIHOBE! BOOOIIE (ABIACTCA AUCTIOM).

3) Bce aucTbsa HAXOAATCA HA OJHOU U TOU XKe BBICOTE.
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ob6aBrenue 21eMeHTa TPOUCXOAUT TaK. ECau JucT, B KOTOPLIU OH TIO-
ALaeT, HemoIoH (T.e. COEPKUT MeHee 2t BIEMEHTOB), TO HET IPOOIEM.
Ecau on nomon, To 2t 4+ 1 sneMenT (Bce 21eMEHTHI JUCTA U HOBBIU DJIEMEHT )
pa3buBaeM Ha OBA JUCTA MO ¢ DIEMEHTOB U PAa3ACIAININA UX CepeIuHHBIA
DIEMEHT. DTOT CepEeIUHHBIN AIEMEHT Ha A0 JOOABUTHL B BEPINUHY TPEIBIIY-
IIIer0 YPOBHA. DTO BO3MOXKHO, €CU B HEU MeHee 2t aneMenToB. Ecmu n oHa
MOJHA, TO €€ PAa3OUBAIOT HA [BE, BLIIEIAIOT CEPEINHHBLIN DIEMEHT U T. 1. Kc-
JII B KOHIIE KOHIIOB MBI 3aXOTUM NOGABUTH HJIEMEHT B KOPEHb, & OH OKAXKET-
€A TIOJMHBIM, TO KOPEHb PACIIEILUIACTCA Ha [BE BEPIIMHLI, 4 BEICOTA IepeBa
yBeIUnuInBaeTCA Ha, 1.

YnamneHue smeMeHTa, HAXOIAIIETOCA HE B JUCTE, CBOAUTCA K YIATCHUIO
HEMOCPEACTBEHHO CIEIVIOIIErO 33 HUM, KOTOPBIU HAXOAUTCA B JucTe. [lo-
DTOMY AOCTATOYHO HAYYUTHCA YAAIATH AIEMEHT u3 JucTa. Ecim auct npu
DTOM CTAHOBUTCA CJAUIIKOM MATEHLKUM, TO €r0 MOXKHO MOMOJHUTH 33 CIET
COCEIHErO JUCTA, — €CAU TONLKO U OH HE UMEET MUHUMAILHO BO3MOXKHLIN
pasmep t. Ecau e 06a mucTa UMeOT pasMep t, TO Ha HUX BMecTe 2t die-
MEHTOB, BMecTe ¢ pasgenutenreM — 2t + 1. [locre ymanenus omHOTO HJI€-
MEHTa OCTaéTCsA 2t BIEMEHTOB — KaK pa3 Ha OAUH JUCT. FKciau mpu 3ToM
BEPIIMHA TPEILIAYIIEr0 YPOBHSA CTAHOBUTCA MEHBIIE HOPMEI, IPOIECC MO-
BTOPAETCA U T. II.

14.2.7. Peanusyure OMUCAHHYIO CXEMY XDAHEHWUs MHOXKECTB, yOeIuB-
[IKCh, 9TO OHA TaKke Mo3BoaseT oboutuck C'logn TencTBuu 1y omepanun
BKJIIOYEHNA, UCKTIOYeHNA U IPOBEPKU IPUHALIEKHOCTH. O

14.2.8. MoxHO onpeneaaTs cOATAHCUPOBAHHOCTE AePeBa MHAYE: TPeOo-
BATh, YTOOBI I Ka¥XKIOU BEPIIUHET €€ JEBOE U MPABOE MO EPEBb UMEIN
HE CJAUIIKOM CAJBLHO OTIXIAIMIUEcA KoaudecTsa Bepiud. ([IpenmymecTso
TAKOrO OMPEAETeHUS COCTOUT B TOM, UTO IPU BPAIIECHUAX HE HAPYIIACTCA
COAIAHCUPOBAHHOCTD B BEPIIUHAX, HAXOALMXCA HUXKE TOIKY BDAILECHUI. )
Peamusyure Ha OCHOBE 3>TOU MAEM CIOCOO XPAHEHUA MHOXKECTB, MapaHTH-
pytommu onenky B C logn QeNCTBUN 1A BKIIOYEHUS, YIAJCHUA U TPOBEPKA
TIPUHA [ICKHOCTH.

[Ykazauue. Ou Takxke UCHOAB3yeT GOIBLIME W MaJuble BpameHusa. 1lo-
apobrocTu cM. B Kuure Pennronnaa, Husepreasra u [leo «KoMmbuaaTopHLe
AJICOPUTMBD. | O



15. KOHTEKCTHO-CBOBO/AHbLIE
[PAMMATNKH

15.1. Obwun anropuTm paszbopa

ITO6BL ONPEIEIUTL TO, ITO HA3BIBAIOT KOWMEKCMHO-c60600K0t epam-
mamuroti (KC-rpaMmmarukon), Hago:

® YKa3aTh KOHETHOE MHOXKECTBO A, HA3BIBAEMOE 0.4asumom; ero sie-
MEHTEI HA3BIBAIOT CUMB0AGMU; KOHEIHBIE MOCJAEL0BATEILHOCTA CHM-
BOJIOB HA3BIBAIOT CA408aMU (B JAHHOM ajpaBuTe);

® Da3IeINThb BCE CUMBOJEL aldaBuTa A Ha IBE TPYIIBL MEPMUHAALHBLE
(¢COKOHUYATENBHBIEY) U HemepMukaibhble ((IPOMEKYTOIHBIE) );

e BHIOPATH CPEIW HETEPMUHAILHEIX CUMBOJIOB OIUH, HA3LIBAGMBIA Ha-
YAADHDIM;

® YKa3aTh KOHEYHOE YUCJIO NPA6Us TPAMMATUKY, KAXKIOE U3 KOTOPBIX
nomxuo uMmeTsb Bug K — X, rge K — HEKOTOPLIM HETE€PMUHAILHBIN
cuMBOI, 8 X — CJOBO (B HEMO MOI'YT BXOAUTL U TEPMUHAILHEIE, U HE-
TEPMUHATLHLIE CUMBOJIHL).

Mycts pukcuposana KC-rpamvaTuka (Mbl 9acTO OyIeM OMyCKATh IPe-
dukc «KC-», Tak Kak Ipyrux CpaMMAaTHUK y Hac He 6yaeT). Beigodom B sTOU
rpaMMaTHUKe HA3BIBAETCA MOCJAEIOBATEILHOCTEL CIOB Xg, X1,..., X,, B KO-
Topon Xy COCTOUT U3 OJHOIO CHMBOJIA, M DTOT CAMBOJI — HAYaJbHEBIN,
a X, monyvaercsa w3 X; 3aMEHOUM HEKOTODPOI'O0 HETEPMUHAIBLHOTO CHUM-
Boma K ma cmoro X mo ogHOoMy u3 mpasun rpammaruku. CIoBo, cOCTa-
BIEHHOE U3 TEPMUHATLHBEIX CUMBOJIOB, HA3BIBAETCS 6b16 00UMbLM, ECIU CYIIe-
CTBYET BBIBOJ, KOTOPHIU UM KOHYIAeTCs. MHOXKECTBO BCEX BHIBOAUMEIX CJIOB
(43 TEPMUHAIBHBIX CUMBOJIOB) HA3BIBAETCA A3bIKOM, NOPOHCOGEMbIM JAHHOT
2pamMmamurot.
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B sTon u craegyiomen ruape Hac OygeT MHTEPECOBATL TAKOM BOIPOC:
nana KC-rpaMMaruka; OCTPOUTEH AJTMOPUTM, KOTOPBIU O JIOOOMY CJIOBY
IPOBEPAET, BLIBOIMMO JU OHO B 3TOUW IPAMMATHKE.

Mpumep 1. Andarur:

()[LIE

(dYeThIpe TEPMUHAILHLIX CUMBOJIA U OIUH HeTepMUHATbHE cumeon E). Ha-
vanbHbin cuMBoT: E. [lpasuna:

E — [E]
E — EE

E—

(B mOCJIEIHEM TIPABUIE CIPABA CTOUT IIYCTOE CJIOBO).
IIpumeps! BEIBOAMMEBIX CIOB:

(mycToe c0BO)
O
(LhH
O D]
(OL100]1]

[TpumepsbT HEBEIBOTUMEBIX CJIOB:

(

) (
a
(D]

DTa rpaMMaThKa BCTpedanach B pasgeae 6.1 (rae BLIBOAUMOCTD B HEU po-
BEPAIACH C TIOMOIIBIO CTEKA).
IIpumep 2. [pyras rpaMMaTHKa, TOPOXK JAIOIMIAA TOT XKe A3BIK:
Andasur: () [ 1 TE
IIpaBuna:

E—

E—TE
T — (E)
T — [E]
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HavaabHBIM CHMBOJIOM BO BCEX MPUBOAUMEIX ajee mpuMepax OyaeM Cau-
TaTh CUMBOJ, CTOALIMA B JEBOU YaCTH IIEPBOO MpaBWwia (B JAHHOM CIydae
570 cuMBOI E), HE oroBapusas 3Toro oco6o.

[l KaXX [OT'0 HETEPMUHAIBLHOIO CUMBOJIA MOXHO PACCMOTPETH MHOXKE-
CTBO BCEX CJIOB U3 TEPMUHAILHBIX CUMBOJOB, KOTOPBIE U3 HET'O BHLIBOIATCSA
(aHATOrUYHO TOMY, KAK 3TO CIETAHO 1A HAYATLHOIO CUMBOJA, B OMpenee-
HUZ BBIBOAUMOCTH B IpamMaTuke). Kaxnoe npaBmio rpaMMaTuKu MOXKHO
PACCMATPUBATEL KAK CBOUCTBO 3TUX MHOXKECTB. [loKaxeMm 3TO Ha IpuMepe
TOMLKO 4TO mpubenéauon rpaMmmaruku. [lycte T u E — MHOXeCTBa CJIOB
(13 ckOOOK), BLIBOAUMBIX U3 HeTepMuHaaos T u E coorseTcTBenno. Toraa
MPABUIAM TMPAMMATUKU COOTBETCTBYIOT TaKUe CBOUCTBA!

E— FE comepxuT mycroe CJIoBO

E—TE ecnu cioso A mpunagrexur T,
a caoBo B mpunamgnexut F, To
cioso AB npunagiexur E

T— [E] ecaun A npunagiexur E, To cioBO
[A] npunamgiexur T

T— (E) ecm A npunagmexut E, TO CI0BO
(A) mpunagrexur T

Cdopmyauposanusie cBoncTBa MEOXKeCTB E, T He OmpenersaoT 5T MHO-
XKECTBA, OJHO3HAYHO (HAIPUMED, OHU OCTAITCA BEPHBIMU, €CIU B Kade-
ctBe E u T B3aThb MHOXECTBO BCeX CI0B). OIHAKO MOXHO JOKA3ATb, YTO
MHOXKECTBA, 33,aBaeMble TPAMMATUKOM, ABIAIOTCA MUHUMAILHBIMUA CPEeIN
Y IOBJIETBOPAIONINX STUM YCJIOBIAM.

15.1.1. CdopMyaupyuTe TOTHO U JOKAKUTE DTO YTBEPK JEHUE [JIA TIPO-
U3BOJBLHON KOHTEKCTHO-CBOOOIHON IPAMMATUKMA. a

15.1.2. IlocTrponTe rpaMMaTUKy, B KOTOPOU BEIBOAUMEL CIOBA,
(a) 00..0011..11 (YMCIO HyJIEM PABHO YUCIY €IUHUAL);
(6) 00..0011. .11 (yucao HyIeH BABOE GOJBIIE YUCTA CIHUIL);
(8) 00..0011. .11 (yrcao HyJIeW GOMBIIE YUCTA €IUHMUIL);
(1 TOMBKO OHM). O

15.1.3. [loxaxure, uTo He cymecTByeT KC-rpaMMaTuku, B KOTOPOU
O6bL1u GBI BRIBOAMMEI caoBa Buaa 00..0011..1122..22, B KOTOPBIX YUCJIA
HyJIeU, €[UHUI] U JBOEK PABHBI, U TOJBKO OHHU.

[Ykazanue. Jokaxure caeayioumyio aemmy o mpousBoibHoun KC-rpam-
MAaTHKe: I JI000r0 OCTATOYHO IMHHOTO CI0BA F, BEIBOUMOIO B DTOU
rpaMMaTHKe, CYIIeCTBYeT Takoe ero npencrasierue B suge ABCDE, aro
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ao6oe ciaoso Buga AB...BCD...DE, rae B u D noBTOpEHLI OMHAKOBOE
YUCI0 Pa3, TakkKe BBIBOAUMO B DTOU rpaMMaTuke. (DTO MOXKHO yCTaHO-
BUTH, HAUAA HETEPMUHAALHBEIA CUMBOJI, OKA3LIBAIOIIUKICA CBOUM COOCTBEH-
HBEIM (HACAEIHUKOM» B IIPOIECCE BHIBOAA. )] O

HeTepMuHaAIBLHEIN CUMBOT MOXKHO PACCMATPUBATL KAK «POMOBOE MM
I BEIBOAVMEIX M3 HErO CJIOB. B clemyomem mpuMepe Iis HAMIATIHOCTH
B KAYECTBE HETEPMUHAILHLIX CAMBOJOB MCIOML30BAHEI (DPATMEHTEI PYyC-
CKUX CJIOB, 3AKIIOUEHHBIE B yIVIOBEIE CKOOKH. (C TOYKHU 3peHus rpaMMaTuKY
KaXK B TAKOU (PPArMEHT — OIWH CUMBOJ!)

IMpumep 3. Andarur:

TepMuHATBEL:  + *x () X
HeTEpPMUHAJLL:  (BBEIp) (OCTBBIP) (caar) (ocTciar) (MHOK)

[MpaBuna:

(MaOX) — ( (BHID) )

CoryiacHO 5TOU T'DAMMATHUKE, BHIPAXKEHWE (BHID) — DTO MOCTEIO0BATEIb-
HOCTB CIaraeMbIX (CIar), pa3IeléHHBIX ILT0CAMY, CIaraeMoe — DTO MOCIe-
JIOBaTEIBHOCTb MHOXUTENEN (MHOX), DAa3/IeTEHHBIX 3BE310UKaMN (3HAKAMNI
YMHOXKEHU), 8 MHOXKUTEIb — 3TO J1OO OyKBa X, JMOO BBIPAXKEHUE B CKOO-
Kax.

15.1.4. TlpuseguTe mpuMmep APYrOW TCPAMMATUKU, 3aIAI0IMIEN TOT ¥Ke
SA3BIK.

Oreer. BoT 01nH 13 BapuaHTOB:
(otp) — {pe1p) + (51D)
(otp) — {pe1p) * {ep)
(BHID) — X
(BbIp) — ( (BHID) ) O

ODTa rpaMMATUAKA XOTb U MPOIIE, HO B HEKOTOPLIX OTHOIIEHUAX XYXKe,
0 1éM MBI emé 6yaeM rOBOPUTh.
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15.1.5. [lama npoumssoibuas KC-rpammaruka. IlocTpoure amropurm
OPOBEPKM MPWHALIEKHOCTH 3aTABAEMOMY €M S3LIKY, Pa0OTAIOIMHA MOJIH-
HOMMAJIBbHOE BpeMs (T.e. YUCI0 AUCTBAN He MPEBOCXOAUT IOJMHOMA OT
[UJIVHBL IPOBEPAEMOr0 CIOBA; MOTUHOM MOXKET 3aBUCETH OT TPAMMATHUKNA).

Pemenue. 3amernm, 4TO TPeOGOBAHUE MOIMHOMUAIBHOCTU HCKIOUAET
BO3MOXKHOCTb DeIleHNs, OCHOBAHHOM Ha Tepe6ope BCEX BO3MOXKHEIX BhI-
BogOB. TeM He MeHee MOMMHOMUAIBLHBEIN AIrOPUTM CyIIecTByeT. IlocKkoab-
Ky TNPaKTUYECKOrO 3HAYEHUs OH He MMeeT (MCHIOMb3yeMble Ha MPaKTHUKe
KC-rpaMMaTrky 00Jaal0T JOIOTHUTEILHEIME CBOMCTBAMY, IO3BOIAIOIN-
MU CTPOUTH Gosee >PPEeKTUBHBIE AJIOPUTMEL), MBI H3I0KUM JHIIb OOLILY0
CXeMy DEIIeHN.

(1) OycTs B rpammaTuKe eCTh HeTepMuHAIH K1, . .., K. locTponM HO-
BYIO CPaMMATHKY ¢ HeTepMuHatamu K, ..., K| Tak, YTOGH BHINOTHAIOCH
TaKoe CBOMCTBO: u3 K| BEIBOATCS (B HOBOU MpAMMATUKE) T€ JKe CJI0Ba, ITO
u3 K; B cTapon, 3a MCKIIOYEHNEM IyCTOrO CJIOBA, KOTOPOE HEe BEIBOIUTCA.

IT06B BEINOJIHUTEL TaKoe IPeoOpa30BaHUE I'DAMMATUKU, HATO BLLAC-
HUTH, U3 KAKUX HETEPMUHAIOB MCXOIHON MPAMMATHUKM BBIBOIUTCA MYCTOE
CJIOBO, & 3aTeM KaXI0€e MPABIIO 3aMEHUTDb Ha COBOKYIHOCTH MPABWT, TIOJIY-
JAIOIINXCS, ECTU B MIPABOM YACTHU OMyCTUThH KAKNe-IN00 U3 HETEPMUHAIOB,
U3 KOTOPHBIX BEIBOAUTCS IIyCTOE CJIOBO, & ¥ OCTAIBHBIX IOCTABUTH IITPIXI.
Hanpuwmep, eciu B HCXOIHON MPaMMATHKE OBLIO IPABIIO

K—LMN,

npu<iéM u3 L u N BBIBOIUTCS IIyCTOE CIOBO, a U3 M HeT, TO 5TO MPABUIO HAIO
3aMEHUTH Ha IIPABUIA

K — L'MN
K — M'N
K —L'M
K/ N M/
(2) Urak, MBI cBEMN 160 K TPAMMATHUKE, M€ HU U3 OMHOrO HeTEPMUHAIA,
HE BBIBO,E[I/ITC}I nyCToe CJIOBO. Tenepb yCTpaHI/IM C«ITUKJIBIDY BI/I,Z[&
K—L
L—M
M—N
N—K
(B mpaBOM YACTH KaXKAOrO IPABUJIA OUH CUMBOJ, M DTU CUMBOJILL 00pa-

3YIOT IUKJI HpOHBBOJIBHOﬁ ,Z[JII/IHBI)C 9TO JE'KO ClOeJaTb, OTOXIECTBUB BCE
BXOOANIIVE B TUKJI HETEPMUHAJBL.



15.1. O6wuii asz2opumm pazbopa 273

(3) Temeps mpoBepKa NPUHALIEKHOCTHA KAKOI'O-TUOO CJIOBA A3BIKY, I10-
POXK IEHHOMY TPAMMATUKOU, MOXKET BBLIMOMHATHLCA TaK: MJIA KAXKIOTO MOM-
CJIOBA IPOBEPSEMOr0 CJIOBA U AJs KAXK OO HETEPMUHAIA BBIACHIEM, TIOPO-
K TAETCS JU DTO MOACIOBO STUM HeTepMuHaIoOM. [Ipu 5ToM moacaoBa mpose-
PAOTCA B IOPSIKE BO3PACTAHUA IJIVH, 3 HETEPMUHAIBI — B TaKOM MOPSIKE,
4TO6bI mpu Haawduu npasuiaa K — L #HerepMuHan L TpPOBEPSICS PaHbIIIE
HerepMuHaaa K. (DTO BOBMOXHO B CWIy OTCYTCTBUA UUMKJIOB.) [loscHum
STOT NMPOLECC HA IPUMEPE.

IIycTes B rpaMmaTuke ecTh IpaBUIA

K—L
K—MNL

U IPYTUX TPABWI, coaepx)aiux K B JeBou dacTu, HeT. MBI XOTUM y3HATH,
BRIBOUTCA JIU JAHHOE CI0BO A u3 HeTepMmuHana K. 1o 6yaeT Tak B OqHOM
3 CIy4aeB:

e eciu A BoiBoguTCA M3 L;

e e A MOXHO pa3buTh Ha HemycTwie cioBa B, C', D, maa KOTOPBIX
B Busonurcsa u3 M, C BemBogurca us N, a D BoiBogurcs u3 L.

Bca sta undopmanus yxe ects (caosa B, C, D kopoue A, a L paccMoTpen
10 K).

Jlerko BUAETL, YTO YUCIO TEUCTBUEN STOCO AITOPUTMA MOTUHOMUATBHO.
Cremnens MOMMHOMA 3aBUCUT OT YUCJIA HETEPMUHAJIOB B TPABBIX YaCTAX IPa-
B ¥ MOXKET OBITH IMOHMKEHA, €CIM MPAMMATUKY Ipeobpa3oBaTh K (popMe,
B KOTOPOU IPaBas IaCThb KAXK OO MpaBuia He (ojee 2 HeTepMUHAIOB (2TO
JIETKO CIeNaTh, BBOLA HOBBIE HETEPMUHANLI: HanpuMmep, npasuiao K — LMK
MOXKHO 3aMeHuTh Ha K — LNu N — MK, rge N — HoBBIZ HeTepMuHam). [

15.1.6. PaccmoTpum rpaMMaTHKy C €IUHCTBEHHBLIM HETEPMUHAIOM K,
"HeTepMuHantamu 0, 1, 2, 3 u npaBmIaMu

K—0
K—1K
K—2 K K
K—3 KKK

Kak npoBepuTh BEIBOAUMOCTE CJIOBA B TOU IPAMMATHUKE, IATAA CAOBO CJIe-
Ba Hanpaso? (Yucio gencTBull Ipyu IPOYTEHUA OQHOU GYKBBI JOKHO OBITH
OIDAHUIEHO. )
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Pemrenne. Xpauurcs nemas mepeMeHHAs N, NHBAPUAHT: CJIOBO BBIBOJIU-
MO < HEIPOYUTAHHAS IACThb NPEICTaBIAET COOOM KOHKATeHAauuio (coenu-
HEHUE) N BBIBOIUMBIX CJIOB. g

15.1.7. Tor xe BOIpOC oI IPAMMATUKI

K—0

K—K 1

K—KK 2

K—K KK 3 O

15.2. MeTopn peKkypcUBHOIro crycka

B ormmuume or amropurMa OpeBIAyLIErO pasdgena (IpPeCTaBIAIOLIE-
[0 YUCTO TEOPETUYECKUU UHTEPEC), AIrOPUTMELI Ha OCHOBE PEKYDCUBHOIO
CITyCKa, 9aCTO UCIONB3YITCA HA, MPAKTUKE. DTOT METO ] IPUMEHUM, OTHAKO,
IaJeKo He KO BCeM rpaMMaTuKaM. Mbl 06cyauM He0OX0 TUMbBIE OTDAHUYIEHUS
o3 IHEe.

W ges meTona peKkypCUBHOrO CIIyCKa TAKOBAa. [/ KaxK OO HETEPMUHA-
aa K mber crpoum npouenypy ReadK, xkoTopas — B mpuUMeHEHUHU K JIOOOMY
BXOJHOMY CIOBY T — [IeNaeT IBE BEIu:

® HAXOIUT HauOOJbIIEe HAYAIO Z CIOBA T, KOTOPOE MOXKET OBIThH Hada-
JIOM BBEIBOIUMOIO u3 K CI0Ba;

e COO0WIAeT, ABIAETCA JU HAlJeHHOE CJIOBO 2 BBEIBOAUMEIM 13 K.

IIpexae wem onuceBaTH >TOT MeTOn Oomee mOAPOOHO, TOTOBOPUMCS
0 TOM, KaK MPOIEIYPHI TOTYIAIT CBEIEHUSI O BXOTHOM CIOBE U KaK CO00-
IIAIOT O PE3yIbTATaX CBOeN paboThl. MEI mpeqnoaraeM, 9To OyKBLI BXO/I-
HOT'O CJOBA MOCTYMAIT K HUM MO OTHOU, T.€. UMEETCA TPAHUIA, OTIENA-
IOIIAs (IPOYUTAHHYIO» YACTh OT (HEMPOYUTAHHOW». BylIeM cIuTarhb, ITO
ecTb pyHkuus (6e3 mapaMeTpos)

Next: Symbol

IAOIIAS TEPBBIM HEITPOUMTAHHBIN CUMBOJ. Fé 3HAYeHUAMEI MOT'Y T OLITH Tep-
MUHATLHBIE CUMBOJBL, & Takxke crenuanbuasi cumbox EQI (End Of Input —
KOHEIl BXOJa), O3HAYAIONUIUN, ITO BCE CJIOBO yKE MPOYUTAHO. BBI30OB TOU
(byHKIMU, pa3zyMeeTCs, He COBUTAET T'PAHUILI MEXKIY MPOYMTAHHOU U He-
MPOYUTAHHOUN YACTBI0O — [JIS DTOT0 €CTh mpoueaypa Move, KOTopas CIBU-
raer rpanuiy Ha ogus cuMBol. (OHa npumenuma, eciu Next<>EQI.) Ilycrs,
HAKOHEI, UMeeTCs OyIeBCKas mepeMeHHas b.
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Teneps MBI MOXeM C(HOPMYIUPOBATH HAIM TPEOOBAHUA K IIPOIEIYPe
ReadK. OHm cOCTOAT B CIEAYIOMIEM:

e ReadK mpOYMTHLIBAET M3 OCTABIIEHCA YACTU CIOBA MAKCUMAILHOE Ha-
qano A, ABIAIOIIEECA HAYAIOM HEKOTOPOrO CJIOBA, BRIBOAUMOrO u3 K;

® 3HAYEHUE b CTAHOBUTCA UCTHHHBIM WIKM JOXKHEIM B 3aBUCHMOCTH OT
TOro0, ABIACTCA U A BEIBOAVMMBIM W3 K WV JIMIIb HEBHIBOAMMEIM HA-
yasoM BeiBOAUMOro (u3 K) ciosa.

[z ynobcTBa BBEIEM TAKYIO TEPMUHOJOIXIO: BHIBOAUMOE 13 K cJI0BO 6y-
[IeM Ha3bIBAThb K-CJI0BOM, a TI0060e Hadaso J00ro BEIBoguMOoro u3 K ciosa —
K-maganom. /[Ba chpopMyIupPOBAHHBEIX TPEOOBAHUA BMECTE OyIeM BHIPAXKATD
caoBaMu «ReadK xkoppekTHa I K».

Hauuém ¢ npumepa. Ilycts mpasmio
K—LM

ABIAETCA €IUHCTBEHHBIM MPABUJIOM T'DAMMATHUKM, cofepxkamuMm K B JaeBon
gacTu, nycth L, M — merepmunanel u Readl, ReadM — xoppekTHbIe (s
HUX) TPOLETyPHL.

PaccmoTpum Taxyio mpouenypy:

procedure ReadK;
begin
ReadL;
if b then begin
ReadM;
end;
end;

15.2.1. IIpuBenure mpumep, KOT4a 3Ta IPOLeLypa Oy IeT HEKOPPEKTHON
s K.

OtBer. IlycTs u3 L BuiBoguTCA Ji060e ¢aoBo Buga 00. .00, a u3 M BRIBO-
auTcsa auib caoBo 01. Torga us K BeiBOAMTCA caoBo 00001, HO mpomeaypa
ReadK »>ToOr0o HE 3aMETUT. ([l

YkaxxeM TOCTATOYHBLIE YCAOBUA KOPPEKTHOCTHU Tiponenypsl ReadK. [lms
DTOr'0 HAM MOHAAOOSATCA HEKOTOpble obOo3HavYeHws. 1lycTb (GuKCHpPOBAaHBI
KC-rpammaruka u mekoTopsin HeTepMunai N sTou rpammaTuku. Paccmo-
TpuM N-ci0Bo A, KOTOpOe mMeeT COOCTBEHHOe Hadaao B, Takxke ABIIIO-
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meecs N-caoBoM (ecau Takue ects). s mobon mapel Takux cioB A u B
PacCMOTPUM TEPMUHAJLHBEIM CUMBOJ, UAyuid B A HemocpeacrseHHo 3a B.
MuoxectBo Beex Takux TepmuHanoB obosuauuM [oca(N). (Eciun mukaxoe
N-CI0BO He SABAAETCA COGCTBEHHBIM HAYAIOM APYroro N-ClIoBa, TO MHOXKe-
ctso Ioca(N) mycro.)

15.2.2. Yxaxwure (a) Hoca(E) mas mpumepa 1 (c. 269); (6) Hocxa(E) u
Moca(T) mas npumepa 2 (c. 269); () Hoca({crar)) u Hoca((MHOXK)) K15
npumepa 3 (c. 271);

Otser. (a) Hoca(E) = {[, (}. (6) Moca(E) = {[, (}; Moca(T) mycro (uu-
kakoe T-CTOBO He sBAgeTCA HadanoMm Apyroro). (B) Hoca({cmar)) = {*};
Moca((MuOXk)) mycTo. O

Kpowme Toro, mia kaxgoro merepmunana N o6osuadum depes Haua(N)
MHOXKECTBO BCE€X TEPMUHAIOB, ABIAIOIMXCA IEPBEIMU OGYKBAMU HEILyCTBIX
N-caoB. IT0 0603HAYEHNE — BMECTE C MPEILIAYIIUM — MO3BOJIAT IaTh
IOCTATOYHOE YCIOBUE KOPPEKTHOCTU Mpouenypsl ReadK B OMUCAHHON BHIIIE
CUTYyalluu.

15.2.3. [okaxure, uro ecau [oca(L) me nepecexaercsa ¢ Hawa(M) u muaO-
XKecTBO Bcex M-croB HenmycTo, TO ReadK xoppekTHa.

Pemenne. PaccmoTpum mBa caywas.

(1) Hycts mocne Readl 3HaveHMe mepeMeHHOU b J0XkHO. B sTOoM ciy-
qae Readl umTaeT co BXOJa MakcCUMajibHOe L-Hadaao A, He saBigomeecs
L-croBoM. OHo sBasercsa K-HadamoM (34ech BaXKHO, 9TO MHOXKECTBO M-CJI0B
HermycTo.). Byger mu oHO MakcuManbHBIM K-HAYaIOM Cpegu Hadal BXOAa?
Ecm met, To A sBrgerca HadaaoMm ciaosa BC, rae B ects L-cioso, C' ecThb
M-mauano u BC' — 6Gosee qmuuHOE HAYAT0 BX0a, veM A. Ecau B naunnee A,
TO A — He MAKCUMATLHOE HAYAJIO BXOAA, ABIAIIECECS L-HATamIoM, ITO IPO-
TuopednT KoppekTHocTtu Readl. Ecmu B = A, to A 6bumo 661 L-ciioBoM,
a »To He Tak. 3HauuT, B kopoue A, C' HemycTo u nepBLu cuMBOJ 0B C'
caenyet B A 3a mocieqHuM cuMBoJIoM cioBa B, T.e. Moca(L) nepecekaerca
¢ Haua(M). Iporusopeune. Urax, A makcumanbuo. U3 ckazaHHOTO cremy-
er Takxke, 9To A He apagerca K-crosom. KoppexkTHocTs mpoueaypsl ReadkK
B DTOM CJIy4ae MPOBEPEHa.

(2) IIycts nocae ReadL 3uavenue nepemennon b ucrunso. Torga npoun-
TaHHOoe npormenypou ReadK madano sxoma umeer sug AB, roe A ects L-cio-
BO, a B ectb M-nauamno. Tem cameiM AB ects K-nagamno. [Iposepum ero max-
cuManbHOCTh. Ilyets C' ecth Gonbiree K-uadamo. Torga mu6o C' ects L-Ha-
a0 (4TO HEBO3MOXKHO, TaK Kak A OBLIO MAKCUMATBLHBIM L-HAIAI0M ), J1OO
C=AB',rne A’ — L-cmoso, B — M-maxano. Ecim A’ kopoue A, To B’ ne-
OyCTO ¥ HAYMHAETCA C CUMBOJa, npuHamgiexamero u Haa(M), u Ioca(L),
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4TO HeBO3MOXHO. Ecin A’ nnmuanee A, To A — He MakCHMMaIbHOE L-HAdAaIO.
Nrak, A’ = A. Ho B aToM caydae B’ ects npogomkenne B, 910 npoTusope-
gt KoppekTHocTu ReadM. Takum ob6pasom, AB — makcumaiabHOe K-Hadga-
710. OcTaéTesa mpoBEpUTh MPABIILHOCTHL BHEIAABAEMOrO Tpolenypor ReadK
3HaueHUs mepemenHou b. Ecim oHO ucTunHHO, TO 5TO O4YeBUAHO. Ecau oHO
JOXHO, TO B He ecTh M-cOBO, U HAJ0 TPOBEPUTH, YTO AB — He K-CJI0BO.
B camowm gene, eciu 651 Bemomaatocs AB = A’B’, rge A’ — L-caoBo, B’ —
M-cioBo, To A’ He moxer ObTh giuaHee A (Readl uuTaeT MaKCUMAJIBLHOE
ciaoBo), A’ me mMoxer 6mTL paBuo A (Torga B’ pasmo B u me apasercs
M-cioBom) u A’ He MoxkeT ObITH Kopoue A (Torga mepsel cCUMBOI B’ mpu-
Hagnexxut u Haa(M), u Toca(L)). 3agada pemena. O

IMepengém Teneps Kk ApyroMmy dactaoMy ciaydaio. [lycrs B KC-rpamma-
TUKe €CTb MPABUIA,

K— L
K—M
K—N
U IpYTHUX MPABWII C JEBOU YacThIo K HeT.

15.2.4. Cuwmras, uyro Readl, ReadM u ReadN xoppekTubr (aasa L, M u N)
n uro MHOxkecTBa Hau(L), Hawa(M) u Haw(N) He mepecekaroTcs, Hanmummre
npouenypy, Koppektayo aist K.

Pemenue. Cxema mpormenypsl TakoBa:

procedure ReadK;

begin
if (Next mpumapmmexut Hau(L)) then begin
| ReadL;
end else if (Next mpumagmexur Hau(M)) then begin
| ReadM;
end else if (Next mpumagmexur Hau(N)) then begin
| ReadlV;
end else begin
b := true unu false B 3aBUCUMOCTH OT TOTO,
BHBOLUMO IM NyCTOe CIOBO U3 K wmm Her
end;
end;

Mokaxem, 1o ReadK koppekTHO peanusyet K. Ecau Next He mpunamiexxur
uu ogaoMy u3 MHOKecTB Haw(L), Haa(M), Hau(N), To mycroe c1oBo aBiseTcs
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HAOOJIBIIINM HAYAJIOM BXONA, ABLAommMca K-aagamom. Ecin Next npunai-
JEXUT OHOMY (U, CJIEIOBATEIBLHO, TOIBKO OQHOMY) U3 DTUX MHOXKECTB, TO
MaKCHMaJbHOE Ha1aJIO BXO o4, ABJIAIOIICECT K-Ha‘IaJIOM, HEIIYCTO 1 IUTaeTCA
COOTBETCTBYIOIIEN TIPOIEIYPOU. O

15.2.5. HUcmonb3ys cka3aHHOE, COCTABBTE IMPOIEAYPY PACIO3HABAHUA
BLIDAXKEHUN [ rpammaTuku (mpumep 3, ¢. 271):

(cnar) (oCTBBHIp)
+ (BHID)

(BBID
(ocTBBID
(ocTBBIP

(cmar
(ocTemar) — * (caar)
(ocrenar) —

(MHOXK) — X

)
)
)
)
)
)
)
)

-
-
-
— (MHOX) (OCTCHAr)
-
-

( (BoIp) )

(MHOXK

Pemrenne. JTa rpaMMaTrKa HE MOJHOCTBIO TOANALAET HOL PACCMOTPEH-
HBIE YACTHBIE CIYIaU: B TPABBIX YaCTAX €CTh KOMOMHAIINY TEPMUHATIOB U He-
TEepMUHATIOB

+ (BBID)

U CPYTIH U3 TPEX CUMBOJOB
( (BmID) )

B rpamMaTuke ecTh Takke HECKOIBKO IMPABUI C OJHOU JEBOU YACTBIO U C
[IPaBBIMU YaCTAMU PA3HOT'O POa, HAIIpUMeED

(ocTBHIP) — + (BHID)

(ocTBBIP) —

OTHU OrPAHUYEHUS HE ABMAITCA MPUHIUANUAAILHBEIMEA. Tak, MPaBUIO TUIA
K— L M N MOXHO OBLIO OBI 3aMeHUTH Ha ABa npaBuaa K—L Qu Q — M N,
TEPMUHAIbHBIE CUMBOJLI B IPABOM YACTA — HA HETEPMUHAIBLL (C eIuH-
CTBEHHBIM IPABWIOM 3aMEHBI HA COOTBETCTBYIOUME TepMuHas). Heckomns-
KO IIPABUJ C OJHOU JEBOU YACTHIO U PA3HOPOTHBIMY MPABBIMU TAKKE MOKHO
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CBECTH K yKe PasOOpaHHOMY CIydalo: HAIIpUMED,

K—LMN
K—P Q

K—
MOXHO 3aMEHHUTHh Ha IIPaBUJIA

K — Ky

K — Ky

K —Ks
Ki—LMN
Ko —P Q

K3—>

Ho mb1 He 6yxeMm 5TOro geiats — a Cpasy kKe 3aMUIIEM TO, YTO IOy IUTCSH,
€C/IN IOJCTABUTh OIKUCAHUA IPOLEAYD 1A HOBBEIX TEPMUHATIBHBIX CHMBOJIOB
B MECTa UX UCIONb30BaHUA. Hampumep, nasa mpaBuia

K—LMN

ATO [aET TPOLUEaypPy

procedure ReadK;
begin

ReadL;

if b then begin
| ReadM;

end;

if b then begin
| Readl;

end;

end;

s eé xoppekTHOCTU Ha®O, 4ToOHl IToca(L) me mepecekamocs ¢ Haua(MN)
(xoropoe paBuo Haw(M), eciu u3 M He BBIBOAUTCA IMyCTOE CJIOBO, M PABHO
ob6bequuenuio Haw(M) u Haua(N), ecau BeiBoguTes), a Takke 4To6wt [Toca(M)
He mepecekanock ¢ Haw(N).

AnanorunaubiM 06pa3oM mpaBUIa

K—LMN
K—P Q

K—
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IIPUBOJAAT K IpoLeaype

procedure ReadK;

begin

if (Next mpumapgmexut Hau(LMN)) then begin
ReadL;
if b then begin ReadM; end;
if b then begin ReadN; end;

end else if (Next npumammexur Hau(PQ)) then begin
ReadP;
if b then begin ReadQ; end;

end else begin

| b := true;

end;

end;

KOPPEKTHOCTb KOTOpou Tpebyer, urober Hada(LMN) He mepecexkanoch ¢
Hau(PQ).

Yuraa mpuBeqEéHHYO Nastee MPOrpaMMy, TMOJE3HO MMETh B BUIY COOT-
BETCTBUE MEXIY PYCCKAMU U AHDIUACKUMU CIOBAMMU:

BBIP AKEHUE EXPRESSION

OCTAaToKk BBIPA>KEHUA REST orF EXPRESSION
CJIATAEMOE ADDITIVE TERM
OCTaTok CJATaAEMoro REST orF ADDITIVE TERM
MHOKUTEIL FACTor

procedure ReadSymb (c: Symbol);
b := (Next = c);
if b then begin
| Move;
end;
end;

procedure ReadExpr;

ReadAdd;

if b then begin ReadRestExpr; end;
end;

procedure ReadRestExpr;

if Next = ’+’ then begin
ReadSymb (’+’);
if b then begin ReadExpr; end;
end else begin
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| b := true;

end;
end;

procedure ReadAdd;

ReadFact;

if b then begin ReadRestAdd; end;
end;

procedure ReadRestAdd;

if Next = ’*’ then begin
ReadSymb (’*’);
if b then begin ReadAdd; end;
end else begin
| b := true;

end;
end;

procedure ReadFact;
if Next = ’x’ then begin
ReadSymb (’x’);
end else if Next = ’(’ then begin
ReadSymb (°(’);
if b then begin ReadExpr; end;
if b then begin ReadSymb (’)’); end;
end else begin
b := false;
end;
end;

procedure ReadK;
begin

ReadK;

if b then begin

281

Ocramnocsk 06CcyauTL TPOOIEMBI, CBA3AHHBIE C B3AUMHOU PEKYPCUBHOCTHIO
sTux mpouexyp (ogHa mCmOAB3yeT APyryioo u HaobGopor). B mackame »ro
IOIyCKAETCs, TOMLKO TpebyeTcs aTh NpeIBapUTETbHOE OMUCAHUE MIPOIlle-
ayp (dorward»). Kak Bcerga njs peKypCUBHBIX IIPOLENYP, TOMUMO JOKA3a-
TeIbCTBA TOT0, YTO KaXKAas IPOLeIypa paboTaeT IPABUILHO B MIPEIIONO-
JKEHUU, ITO UCIOIb3YEeMbIE B HEU BLI3OBHI IPOLEAYD paGOTAIOT MPABUILHO,
HANO JOKA3aThb OTJIEIbHO, 49TO pabora 3aBepuiaerca. (JTO He OYEBUIHO:
ecau B rpaMmMaTtuke ecTb npaBuio K — KK, To u3 K Hu9ero He BHIBOAUTCA,
Mocn(K) u Hau(K) mycTel, HO HAMICAHHAS MO HAIINM KAHOHAM MPOLENypa
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| ReadK;
end;
end;

He 3aKaHINBaeT PaGOTHI.)

B pamsOM ciaydae mponenypel ReadRestExpr, ReadRestAdd, ReadFact
au60 3aBEPUIAIOTCSA, TUO0 YMEHBIIAIOT IJIUHY HEIPOIATAHHOU JACTHU BXOAA.
IMockonbKy M1060U MUK BEI3OBOB BKIIOYAET OJHY U3 HUX, TO 3AIUKIABAHNE
HEBO3MOYKHO. 0

15.2.6. IlycTob B rpaMMaTuKe UMEIOTCA IBA MIPABWIA ¢ HETepMUHAIOM K
B JIEBOU YACTU, UMEIOIIAX BU

K—LK

K—

0 KOTOPEIM K-CTOBO MpencTaBifaeT OG0 KOHEIHYIO MOCIEIOBATEILHOCTD
L-cios, mpuuéMm muOkecTBa Ilocn(L) u Haw(K) (B mamHOM ciydae pas-
moe Hau(L)) me mepecexarorca. Mcnoasdys KOppekTHyo i L mporeny-
py ReadL, manumute KoppekTHYIO miada K nmpouenypy ReadK, He ucnonb3ys
pexypcun.

Pemenne. [lo mamuM mpaBuiaM caegoBanao ObI HAMCATH

procedure ReadK;
begin
if (Next mpumapgmexut Hau(L)) then begin
ReadL;
if b then begin ReadK; end;
end else begin
| b := true;
end;
end;

3aBepirenne paboThl TAPAHTUPYETCA TEM, UTO Tepe] PEKYPCUBHBIM BBI30-
BOM [INHA HEMPOYUTAHHOU YACTU YMEHBITALTCA.
DTa peKypPCUBHAA MPOUELYPa SKBUBAIEHTHA HEPEKYPCUBHOU:

procedure ReadK;
begin
b := true;
while b and (Next mnpmmammexut Hau(L)) do begin
ReadL;
end;
end;
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DopMaIbHO MOXKHO IIPOBEPUTE STy SKBUBAJIEHTHOCTD TaK. 3aBEPIIAEMOCTD
B 000UX CIydasx scHa. [JoCTaTOYHO IPOBEPUTEL IOITOMY, YTO TEJIO PEKyp-
CUBHOU IPOLENyPhl SKBUBAJICHTHO HEPEKYPCUBHOU B IIPEIIOJIOKEHUHN, ITO
€€ PEeKYPCUBHLIN BLI30B DKBUBANCHTEH BEI3OBY HEPEKYPCUBHOU MPOIETYPHI.
IMoxcrasum:

if (Next mpumammexut Hau(L)) then begin
ReadL;
if b then begin
b := true;
while b and (Next mnpuuammexut Hau(L)) do begin
| ReadL;
end;
end;
end else begin
| b := true;

end;

IlepByio KoMaHIy b:=true MOXHO BLIKHHYTH (B ®TOM MECT€ U TaK b uc-
TUHHO). BTOPYI0O KOMaHIy MOXHO IEPEHECTU B HAIAJO:

b := true;
if (Next mpumagmexut Hau(L) then begin
ReadL;

if b then begin
while b and (Next mpumamgmexur Hau(L)) do begin
ReadL;
end;
end;
end;

Tenepsb BHyTpeHHUN if MOXKHO BHLIKAHYTH (€Cau b J0XKHO, uk1 while BCE
DABHO HE BBINOJHAETCHA) U AOOABUTL B yCJIOBUe BHemHero if ycaoBue b
(koTOpOE BCE PABHO MCTUHHO).

b := true;

if b and (Next npumammexut Hau(L)) then begin
ReadL;
while b and (Next mnpumammexut Hau(L)) do begin
| ReadL;
end;

end;

YTO DKBUBAJEHTHO [IPUBEISHHON BHILIE HEPEKYPCUBHOU mpouenype (13 Ko-
TOPOU BLIHECEHA MEePBas UTEPALU LIUKIA). O
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15.2.7. [lokaxnuTe KOPPEKTHOCTL MPUBEIEHHON BEHIIIE HEPEKYPCUBHOU
[POrPpaMMBI HEIIOCPEICTBEHHO, 63 CChLUIOK HA PEKYPCUBHYIO.

Pemenne. PaccMoTpuM HambosbIIee HAYAIO BXOdA, ABIAIOIICECA K-Ha-
gamoMm. OHO IpPeICTABIAETCA B BUJE KOHKATEHAIWHU (IOCIEIOBATEIBHOIO
NPUNUCHIBAHUA) HECKOIBKUX HEMYCTHIX L-CJIOB U, BO3MOXKHO, OJHOI'O HEILy-
croro L-Havana, He ABIAIOMErocs L-cmoBoM. HBApUAHT IIUKIA: TPOIUTAHO
HECKOJIbKO U3 HUX; b & (HOCJIe;[Hee IPOYUTAHHOE ABIACTCA L—CJIOBOM).

CoxpaHeHre UHBAPUAHTA: €CIN OCTAIOCH MOCIETHEE CIOBO, DTO OUEBUI-
HO; €CJM OCTAJI0Ch HECKOIBKO, TO 33 MEPBBIM L-CI0BOM (K3 IMCIa OCTABIINX-
ca) ngér cumsoa u3 Hau(L), 1 moToMy 5TO CI0BO — MaKCHMAIbHOE HATAIO
BXOJa, ABIIONICECT L-HATamIOM. O

Ha npaxTrke npu 3anucu rpaMMaTUKU UCIOJAL3YIOT COKparnenus. Fcan
IpaBUIA A1 KaKOr'O-TO HeTepMuHata K uMerT BuU

K—LK

K—

(T.e. K-cli0Ba, — BTO MOCICNOBATEIBLHOCTH L-CJOB), TO DTUX MPABUI HE M-
myT, a BMecTo K muimy T L B purypHBIX ckoOkax. Heckoabko npasmt ¢ oquon
JIEBOU YACTHIO W PA3HBIMU MPABLIMU 3AIUCHIBAIOT KAK OHO MPABUIO, Pa3-
Iesid ATbTEePHATUBHBIE IPABBIE YACTU BEPTUKAILHOU YEPTOU.

Hanpumep, paccMOTpeHHas BbIIlle FPAMMATUKA 141 (BBIP) MOXKET ObITH
3anucaHa TakK:

(BRIp) — (cmar) { + (cmar) }
(cmar) — (MHOX) { * (MHOXK) }

(muOX) — % | ( (BBHID) )

15.2.8. Hamumwre npouenypy, KOPPEKTHYIO Aid (BHIP), CJAEAYS DTOU
IPAMMATUKE U UCIOMB3Ys IUKI BMECTO PEKYPCUHU, TIe MOXKHO.

Pemenmne.

procedure ReadSymb (c: Symbol);
b := (Next = c¢);
if b then begin Move; end;
end;

procedure ReadExpr;
begin
ReadAdd;
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while b and (Next = ’+’) do begin
Move; ReadAdd;
end;
end;

procedure ReadAdd;
begin
ReadFact;
while b and (Next = ’#’) do begin
Move; ReadFact;
end;
end;

procedure ReadFact;

begin
if Next = ’x’ do begin
| Move; b := true;
end else if Next = ’(’ then begin

Move; ReadExpr;
if b then begin ReadSymb (’)’); end;
end else begin
| b := false;
end;
end; O

15.2.9. B mocrenmen mpouenype KOMaHay b:=true MOXKHO OIyCTUTD.
IMouemy?

Pemenme. MoxHO mpeanosararb, 9T0 BCE MPOUEIYPEL BEI3LIBAIOTCA IIPU
b=true. O

15.3. AnropuTm pas6opa ans LL(1)-rpammaTuk

B sToMm pasgene MBI pacCCMOTPUM €II€ OAUH METO MTPOBEPKU BLIBO TUMO-
ctu B KC-rpamMmaruxe, Hasbiaembin no tpagunuu LL(1)-paz6opom. Bor
ero uies B OGHOU ¢pase: MOXKHO CIMTATh, ITO B MPOILECCE BHIBOLA MBI
BCEra 3aMeHsAeM CAMBIN JIEBLIM HETEPMUHAI U HYXKHO JIUIIb BEIGPATH OMHO
U3 MPABWT; €CIU HAM TIOBE3ET C MPAMMATUKOU, TO BHIOPATH MPABUIO MOXK-
HO, TVIALA HA MEPBLIM CUMBOJ BEIBOAUMOTO U3 DTOT0 HETEPMUHAIA CIOBA.
T'oBops Gomee popMaIbHO, TaaUM TAKOE

Ompepenenne. Jleabim 6b16000m (CJI0Ba B IPAMMATHUKE) HA3BIBACTCA BhI-
BOJ, B KOTOPOM Ha KAXKIOM IIare 3aMeHe MOABEPraeTCsa CAMBIA JEBBIM U3
HETEPMUHAJOB.
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15.3.1. [I;1a Kax I0r0 BEIBOAUMOTO CJIOBA (43 TEPMUHAJIOB) CYIIECTBYET
€ro JIEBBIM BEIBOJ.

Pemrenwne. Pasnuvnbie HeTEepMUHAIEI 3AMEHSIOTCS HE3ABUCHMO; €CIU B
MIPOIIECCe BBIBOIA MOABUIOCH CIOBO ... K ... L ..., roe K, L — HerepMuHa-
Jabl, TO 3aMeHbl K u [ MOXHO TpPOM3BOAUTEL B JM060M mopsanke. [TooTomy
MOXKHO TIEPECTPOUTH BEIBOJ TaK, YTOOLI CTOAIIUN JeBee HETEPMUHAT 3aMe-
ascsa padbiie. (PopManbHO rOBOPS, HALO JOKA3LIBATH WHIYKIUEN [0 1JIU-
HE BBIBOJA TaKOU (PaKT: €M U3 HEKOTOPOro HerepMuHaia K BuIBOAUTCS
HeKoTOpoe cI0B0 A, To cymecrByer aeBbilt BeiBog A u3 K.) a

15.3.2. B rpammaruke ¢ 4 npasmiaMu

(1) E—

(2) E—TE
(3) T— (®
(4) T— [E]

Hanute geBbin BEIBOI cioBa A= [() ([1)] u moxaxuTe, 9TO OH IUHCTBEH.
Pemenue. Ha mepBoM mare MOXKHO MPUMEHUTE TOJBKO MPABUIO (2):
E—TE

Yro 6ymer maapme ¢ T? Tak xax ciosBo A madummaercs Ha [, TO Moxker
OPUMEHUTHCA TOMIBKO IpaBuio (4):

E —- TE — [E]E

Ileproe E momxHO 3aMeHUTHLCA Ha TE (HHaqe BTOPBLIM CUMBOJIOM OBbLIa, OBI
ckobka 1):
E— TE — [E]E — [TE]E

u T JOMKHO 3aMEHATHCA 110 (3):
E — TE — [E]E — [TE]JE — [(E)E]E

Hanee nepBoe E TODKHO 3aMEHUTHCSA HA IyCTOE CJIOBO (MHATE TPETHEU OyK-
Bou cioBa OygeT ( mam [ — TOTBKO Ha DTU CUMBOJBI MOXKET HAYMHATHCA
CJI0BO, BHIBOAUMOE U3 T):

u maiee

.— [OTE]E — [ (E)E]JE — [ (TE)EJE — [() ([E]E)E]E —
— [O(IE)EIE— [O(IDEIE— [ODIE— [OUD] U



15.3. Aseopumm pasbopa das LL(1)-epammamux 287

Yro TpebyeTca OT rPAMMATHKHA, 9TOOBI TAKOU METO[ IOMCKA JEBOI'O
BEIBOJA ObLT mpuMenuMm? IlycTb, HampuMep, Ha OYEPEIHOM IMIAre CAMBIM
JIEBEIM HETEPMMHAJIOM OKA3AJICA HeTepMMHAJI K, T.e. MBI IMeeM CJIOBO BH-
na AKU, rone A — CJIOBO U3 TepMUHAIOB, a U — CIOBO U3 TEPMUHAIOB
U HETEPMUHAJIOB. [lyCThH B rpaMMaTHUKE €CTh TTPABUIA,

K —LMN
K — PQ
K—R

Ham mamo BeIGpaTh O1HO U3 HUX. MBI 6y 1eM THITATHCA CAEIATH DTOT BRIOOD,
DVIAMSA HA MEPBLIM CUMBOJ TOU IACTU BXOTHOTO CJIOBA, KOTOPAA BLIBOJAUTCA
u3 KU.

Pacemorpum muoxectso Haa(LM N) Tex TepMUHAIOB, ¢ KOTOPBIX Ha-
YMHAIOTCA HEMyCTHE CI0BA, BRIBOAUMEE U3 LM N. (DTO MHOXKECTBO PABHO
Hawu(L), o6bequnénnomy ¢ Hau(M), ecim 3 L BBIBOAUTCS TyCTOE CIOBO,
a takxke ¢ Hau(N), ecinu w3 L u w3 M BEIBOZUTCA MyCTOE CJIOBO.) TO-
Obl ONUCAHHBIN MeTO[ OBLT IpuMeHuM, Hano, 9Tobsl Haa(LM N), Haa(PQ)
n Hau(R) me nmepecekamucs. Ho sToro mano. Benp moxer ObITH Tak, Ha-
npumep, uTo u3 LM N 6yaeT BBIBeIEHO MyCTOE CJIOBO, a u3 ciaoBa U OymeT
BLIBEIICHO CJIOBO, HaYMHAIeeca Ha OykBy us Hau(PQ). Cregyromue ompe-
IETEHUA YIATHIBAIOT 3Ty IPOOIeMY.

HanomawmM, aTo onpenenenne perBognmoctu B KC-rpamMvarnke 6110 1a-
HO TOJBKO [JI CJI0BA U3 TepMuHAIOB. OHO OYeBUIHBIM 00pa3oM 0600maeTcsa
HA CIy9al CJIOB U3 TEPMUHAIOB M HETEPMHUHATOB. MOXHO Tak:Ke rOBOPUTH
0 BHIBOJMMOCTHU OJHOT'O CJIOBA, (COMEPKAIIErO TEPMUHATLL U HETEPMUHAJIET)
u3 gpyroro. (Eciu roBopuTcsa 0 BHIBOAMMOCTH CIOBA 6€3 YKA3aHUA TOTO,
OTKyZIa OHO BEIBOJUTCS, TO BCETIA MOAPA3YMEBAETCA BEIBOIUMOCTE B IPAM-
MaTHUKe, T.€. BEIBOAUMOCTD 13 HAYAJIBHOIO HETEPMUHAA. )

[as xaxgoro croa X u3 TepMuHATIOB U HeTepMUHATIOB depe3 Hau(X)
0603HAYAEM MHOXKECTBO BCEX TEPMUHAJIOB, C KOTOPHIX HAYMHAIOTCA HEy-
CThIE CJIOBA, U3 TEPMUHAIOB, BEIBoAUMEE w3 X . (B caydae, ecau u3 106010
HETEPMUHAJIA, BEIBOJUTCA XOTh OTHO CJIOBO U3 TEPMUHAJIOB, HE UTPAET POIH,
paccmarpuBaeM Ju Mbl npu onpegeaernu Haua(X) cioBa Toabko u3 Tepmu-
HAJIOB WX JIO0LIE C1oBa. MBI 6y 1eM MpeanosaraTs Jaaee, ITO 3TO yCJIOBAE
BLITIOJIHEHO. )

s kax goro werepmunana K uepes Hocaen(K ) 0603Ha9uM MHOKECTBO
TEPMUHAJIOB, KOTOPHIE BCTPEUAIOTCA B BHIBOAUMEIX (B TPAMMATHUKE) CIOBAX
cpasy xe 3a K. (He cmemmBars ¢ Iloca(K) npeapiaymero paszgeaal) Kpome
roro, B [locnex(K) Bkmouaercsa cumpor EOL, ecau CymecTByeT BBIBOAUMOE
CJI0OBO, OKaHuuBatomeecs Ha K.
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[I1s1 KaxK I0r0 IPABUIA

K-V

(rme K — merepmuHan, V — CJI0BO, COAEpIKAIICEe TEPMUHAILI U HETEPMU-
HAJBI) OTIPENEIUM MHOXKECTBO HANPaASAMOUUT MEPMURAA0E, ODOZHATAEMOE
Hanp(K — V). Ilo onpegenenuto ouno pasuo Haua(V'), k koropomy gobasie-
uo ocaen(K), ecin u3 V' BBIBOAUTCA IMyCTOE CJIOBO.

Ompepgenenne. ['pamvaruxa vaswiBaercs LL(1)-epammamuroi, ecmn nus
ao6eix npaBui K —V u K — W ¢ 0auHAKOBBIME JIEBBIMEA aCTAMU MHO-
xecrea Hanp(K — V) u Hanp(K — W) ne nepecexatorcs.

15.3.3. fBasercs au rpammaTuka

K—K #

K—
(BBIBOAMMBIMEU CJOBAMHU ABJAIOTCA TOCaegoBarTeabHocTu ame3os) LL(1)-
rpaMMaTUKON?

Pemrenwe. Her: cumvBOn # mpuHAIIEXUAT MHOXKECTBAM HANPABISIOIIIX
CUMBOJIOB [1Jis1 O60UX MpaBWI ([ BTOPOrO — IIOCKOABKY # NPUHAIEKAT

Mocaen(K)). O
15.3.4. Hamumwre LL(1)-rpaMMaTuky 1js TOro ke S3bIKA.
Peirenne.
K—# K
K— ]

Kax roBopAT, «1eBOpEKYypPCUBHOE» MPABUIO 3aMEHEHO HA «IIPABOPEKYP-
CHBHOE».

Crenyromas 3amada mokasbiBaeT, 9ro gia LL(1)-rpaMvaruxu cyme-
CTByeT He OoJsiee OTHOI'O BO3MOXKHOI'O IIPOTOIKEHUA JEBOI'O BBIBOA.

15.3.5. Iycrs gano BeiBogumoe B LL(1)-rpammaruxe ciaoBo X, B KO-
TOpPOM BHIJeJaeH cambin JeBbin HerepMunan K: X = AKS, rne A — cioso
13 TEpMUHAIOB, S — CJIOBO 3 TEPMUHAIOB U HETEpMUHAIOB. [IyCcTh Cyme-
CTBYIOT IBA PA3MUIHLIX MTPABMIA TPAMMATHUKHA C HeTepMUHAIOM K B JTeBOK
9aCTW, W MBI MPUMEHWIN WX K BRIAEICHHOMY B X HeTepMmmHATy K, 3aTem
OPONOIKAIA BLIBO M B KOHIIE KOHIIOB ITOIY WA ABA CIOBA U3 TEPMUHAIOB,
maaumHatomuxcsa Ha A. [okaxuTe, 9TO B 3TUX CIOBAX 3a HaIamoM A mmyT
pasuble OYyKBHL. (31ech K ducty 6yks Mbl oTHOCHM EOI.)
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Pemrerme. JTu OyKBBI MPUHALICKAT HAMPABIAIOIIAM MHOXECTBAM Pa3-
JIMIHBIX MTPABUIL. (I

15.3.6. [lokaxkwure, 9T0 ecau caoBo BeiBoguMo B LL(1)-rpammaruxe, To
€ro JeBBLIU BLIBO €IMHCTBEH.

Pemenne. [Ipenprayman 3amada MoKa3eBAET, ITO HA KAXKAOM IIare Je-
BBLIM BBEIBOJ IIPOJOJIKAETCA OTHO3ZHAIHO. O

15.3.7. I'paMMaTHKAa HABLIBAETCA 4€80PEKYPCUBHOU, €CIU U3 HEKOTOPO-
ro HeTepMuHAna K BEIBOUTCA CJIOBO, HauwHamIneecsa ¢ K, HO He coBmaga-
foree ¢ HuM. [[OKaXuTe, 9TO JeBOPEKYPCUBHAA TPAMMATHUKA, B KOTOPOU 13
KaXJOI'0 HeTepMUHAIA BEIBOAUTCA XOTA OBl OTHO HEMYCTOE CIOBO M3 Tep-
MUHAJIOB ¥ [IJIs KAXOI'0 HETEPMUHAIA CYIIECTBYET BLIBOJ (HAYUHAIOMINN-
Cs ¢ HAYATBHOI'O HETEePMUHAJA), B KOTOPOM OH BCTPEYAETCs, HE ABIACTCA
LL(1)-rpammarukon.

Pemenwe. [Iyctes u3 K BeiBogurcsa KU, rpe K — merepmunan, a U —
HEMmyCTOoe CI0BO. MOXKHO CUATATD, YTO DTO JEBLIU BLIBOJ (Ipyrue HETEpMU-
HAJBI MOXKHO HE 3aMEHATH). PaccMOTpUM BBIBOT

K~ KU ~~ KUU ~ ...

(3HAK ~~ 0DO3HAYAET HECKOJBKO IIArCOB BBIBOAA) U JEBHIM BEHIBOL K ~ A,
roe A — memycToe ci0BO M3 TepMuHAMOB. Ha KakoM-TO Imare BTOPOU BhI-
BOJ OTKJIOHAETCSA OT MEPBOTO, & MEX Iy TeM M0 000MM HyTAM MOXKeT OBIThb
MOy YeHO CJOBO, HaunHawIeeca Ha A (B IepBOM CIydae 5TO BO3MOXKHO, TAK
KaK COXpaHAeTcsa HeTepMuHaI K, KOTOPLIM MOXKET BIOCJAECTBAN OLITL 3a-
MeHEH Ha A). DTO NPOTUBOPEYUT BO3MOKHOCTHU OJZHO3HAIHOTO OMpEIese-
HUA TIPABWIA, IPUMEHAEMOr'0 Ha OYepeIHOM ITare MOUCKa JEeBOTO BBIBOJIA.
(OIHO3HAMHOCTE BHINOMHACTCA A BHIBOJOB U3 HAYAILHOIO HETEPMUHA-
JIa, ¥ HaJO BOCHOJB30BATHCA TeM, UTO K TO MPEeAnonoXKeHNI0 BCTPEIaeTC
B TaKOM BBIBOJE.) O

Takum 06pa3oM, K JeBOPEKYPCUBHBIM MpaMMaTuKaM (KPOME TPUBUATL-
ueix caydaes) LL(1)-meron mempumenum. WX mpuxoquTca mpeoOpasoOBbI-
BaTh B dkpuBaneHTHHE LL(1)-rpaMMaTuKn — WM TOIB30BATHCA APYTAME
METOJAMH PACIO3HABAHUA.

15.3.8. Hcnoabsys CkasaHHOE, IOCTPOUTE AJCOPUTM IIPOBEPKU BBIBO-
guMocTu c1oBa u3 repmubHatos B LL(1)-rpammaruke.

Pemenwe. Mur ciiegyeM OmucanHOMY BEHIIE METOAY [OMCKA JEBOI'O BBI-
BOJA, XPaHA JUIIb YaCTh (JOBA, HAXONANIYIOCA MPABEe yKe MPOIATAHHOU
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YacTU BXOAHOI'O CJOBA. [pyrumu caoBamu, MBI XPAHUM CJIOBO S U3 TepMU-
HAJOB ¥ HETEPMUHAJIOB, OOJIALAIONIEE TAKIMU CBOUCTBAMU (IIPOIUTAHHYIO
9acTh BXOAa 0003HAUaeM depes A):

1) coBO AS BEIBOAMMO B IDAMMATUKE;
2) m1060U JEBBIN BLIBOJ BXOIHOTO CJIOBA TPOXOLUT Uepe3 CTamuio AS

dTu cBoucTBa BMecTe Oyem obosuadars «(U)».

Bragame A mycTo, a S COCTOUT U3 €IUHCTBEHHO'O CHMBOJIA — HAYAIb-
HOT'O HEeTEepMUHAIA.

Ecniu B HEKOTOPHIN MOMEHT S HAUMHAETCA HA TepMuHAI t u t = Next,
TO MOXKHO BBITTOJHUTHL KOMAHIy Move W yIAIUTL CAMBOJ t, ABJIAIOIIANCS
HAYaJIbHBIM B S, MIOCKOJBKY IIpU 3TOM AS He MeHAeTCA.

Ecnu S madunaerca nma tepMuHan t u t # Next, TO BXOAHOE CIOBO He-
BBEIBOAMMO — KO0 MO YCIOBUIO JIOOOU €r0 BBEIBOJ NOIKEH MPOXOAUTDH Iepe3
AS. (910 *ke cupasenmuBo u B caydae Next = EQL.)

Ecau S mycro, To u3 ycnosua (W) ciegyer, 9To BXOAHOE CIOBO BEIBOJUMO
TOr'Ja U TOJBKO Torjga, korga Next = EOI.

Ocraéresa cayvan, korga S HAYUHAETCA ¢ HEKOTOPOro HeTepMuHAIa K.
ITo mokasaHHOMY BEIIE BCE JIEBHIE BBIBOABI M3 S CJIOB, HAYMHAOUINXCS HA
cuMBOI Next, HAUMHAIOTCA C IPUMEHEHUA K S OJHOT'O U TOr'O XKe MPAaBMIa —
TOr0, I KOTOPOro Next mpuHa IIeKUT HAIPABAAIONIEMY MHOX)ecTBY. Ecau
TaKUX TPAaBUI HET, TO BXOMHOE CIOBO HEBLIBOAUMO. Kciu Takoe mpaBmMIo
eCTb, TO HyKHO IIPUMEHHUTH €ro K IIePBOMY CHUMBOJIY CJIOBA S — IIPHU DTOM
ceorctBo (M) me mapyumres. IIpuxogum K TakoMy airopurmy:

S := IyCTOe CIIOBO;
error := false;
{error => BxogmHOe cIOBO HEeBHBOIUMO;}
{not error => (M)}
while (not error) and not ((Next=EOI) and (S mycTo))
do begin
if (S mauumaeTca Ha TepMuHam, paBHuKM Next) then begin
| Move; ymanuwTh u3 S IepBHM CHMBOI;
end else if (S HauMHaeTcA Ha TepMMHam, He paBHEM Next)

then begin
error := true;
end else if (S mycTto) and (Next <> EOI) then begin
| error := true;

end else if (S mHauunHaeTcsa Ha HeTepMuHan u Next BXomuT B
HalpaBlAkllee MHOXECTBO ONHOTO M3 IPaBUI IJA 3TOTO
HeTepMuHanma) then begin

IOPUMEHUTE 3TO IIPaBUIIO
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end else if (S maumnHaeTcs Ha HeTepMuHan u Next He BXOZUT
B HaIpaBjApllee MHOXECTBO HM OIHOIO W3 NPaBWI LIA DTOLO
HeTepMuHanma) then begin
error := true;

end else begin

| {rax me 6muBaer}

end;

end;

{BxomHoe cmoBo BHBOZMMO <=> not error}

AnroputMm 3akaHumBaeT pabOTy, TOCKOMBLKY TIPU MOABJICHUU TEPMUHAIA,
B HavaJse CJIOBA S MPOUCXOIUT UTEHNE CO BXOJA WIX OCTAHOBKA, 8 O€CKOHE-
HBIU UK CMEHAIIUX APYT APYyra HETEPMUHAIOB B Hadasie S O3HAYAT OBI,
YTO IPAMMATHUKA JEBOPEKYPCUBHA. (A MBI MOXKEM TPEANONATATh, COTVIACHO
TMpEeIBIAYIIEN 3a0a4Ye, YTO 3TO He TaK: HeTEPMUHAMLI, HE BCTPEYAIOIINECS
B BBRIBOJIAX, & TaKKe HETEPMUHAIBI, 13 KOTOPHIX HE BLIBOAUTCA HEIIYCTOI'O
CJIOBA, HECIOXKHO yAAIATH U3 MPAMMATUKHA. ) O

3aMedaHug.

[IpuBeIEHHEIN AMTOPATM UCHOMB3YET S KaK CTeK (BCE NeUCTBUA MPO-
U3BOJATCS C JIEBOrO KOHIA).

[encTBua ABYX MOCICIHUX BAPUAHTOB BHYTPHU IUK/IA HE IPUBOIAT
K YTEHUIO OYePeIHOr0 CHMBOJA CO BXOMA, MOXTOMY MX MOXKHO 3apa-
Hee MPeIBLIYUCIUTD A KAXKI0r0 HETEPMUHAIA W KAXKIOTO CUMBOJIA
Next. Ilocse 5TOro Ha KaxKIOM HIare MUKIA OYIET YUTATHCA OUepe.-
HOH CHMBOJ BXOJAa.

[Ipr mpakTUYecKOn peanm3anuu yIOOHO COCTABATHL TAOAMILYy, B KO-
TOPOU 3ANMUCAHLI BAPUAHTHI JEUCTBUU B 3aBUCUMOCTU OT BXOIHOTO
CUMBOJIA, U TIEPBOTO CUMBOJIA S, U HEOOMBIIYIO TPOrPAMMY, BHITOTHA-
IOIIYI0 NEeACTBUA B COOTBETCTBUU C dTOU Tab/IUIEN.

15.3.9. IIpu nmposepke TOro, OTHOCUTCA JU TAHHAA MPAMMATHUKA K TUITY

LL(1

), Heo6xoaumo Beraucauthb [locnexn(T) u Hau(T) pua Bcex HeTepMuna-

aoB T. Kax »To cnemats?

Pemenne. IlycTh, HampuMep, B rpaMMaTuKe ecTh mpaButo K — L M N.
Torma

Hau (L) C Hau (K),
Hau (M) C Hau (K), ecan w3 L BEIBOIUMO IyCTOE CJIOBO,

Hau (N) C Hau (K), ecau w3 L u M BEIBOZUMO IIyCTOE CIOBO,
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Hocnex (K) C Hocuex (N),
Mocnen (K) C Mocnen (M), ecan n3 N BHIBOZUMO MYCTOE CJIOBO,
ocnen (K) C Mocnen (L), ecan w3 M u N BHIBOAUMO IIyCTOE CIOBO,
Hax (N) C Tlocren (M),
Haw (M) C Hocren (L),
Haw (N) C Tlocren (L), ecau u3 M BBIBOZUMO IIyCTOE CJIOBO.

Mono6HbIe MpaBWIa TO3BOIAIT IMIAT 34 IMATOM TOPOXKIATH MHOKECTBA
Hau(T), a sarem u Iocaen(T), msa BceX TEPMUHAIOB U HETepMUHAIOB T .
Ilpu 5TOM HAYAMOM CIyKUAT

EOI € Hocaexn (K)
VI HA9AILHOTO HeTepmuHana K u
z € Hau (2)

nasa moboro tepMmuHata z. llopoxkieHue 3aKaHYIMBAETCA, KOJA IIPHUMe-
HeHVe MpaBUI TepecTaéT naBaTh HOBHIE diaeMeHTH MHoxkecTs Hau(T)
u Hocrex(T). O



16. CUHTAKCUYECKUW PA3EOP
CJIEBA HATIPABO (LR)

Cenvac MBI PACCMOTPHUM €mIé OQWH METOI CHHTAKCHIEeCKOro pasbopa,
uaseBaeMbin LR(1)-pazbopom, a Takxke HEKOTOpBIE yIPOIIEHHBLIE €rO Ba-
PUAHTHL

16.1. LR-npoueccsl

[ea oramaua LR(1)-pas6opa ot LL(1)-pazbopa: BO-EpBLIX, CTPOUTCA
HE JEeBLIM BHIBOM, 4 MPABLIN, BO-BTOPHIX, OH CTPOUTCA HE C HAYATA, & C
kouna. (Buiox B KC-rpaMmMaTuke Ha3BIBACTCA NPABbIM, CIA HA KAXKIOM
mare 3aMeHe IIOJBEPraeTCs CAMBIM IPABLIA HETEPMUHAL. )

16.1.1. ToxaxuTe, UTO €CAU CJIOBO, COCTOAIIEE U3 TEPMUHAIOB, BBHIBO-
IUMO, TO OHO UMEET TPABLIN BEIBO[. (I

Hawm Gyget ygo6HO cMOTPETH Ha IPABBIM BHIBOA «3a10M Hanepém. Ompe-
neaum mouarue LR-npouyecca nwad caosom A. B sTom mpouecce, momumo A,
OyIeT y9acTBOBATH U IPYTOE CJAOBO S, KOTOPOE MOXKET CONEPKATL KAK TeP-
MUHAJBI, TaK 1 HeTepMuHaIL. Buagane cioBo S mycro. B xoxe LR-mporecca
paspelleHsl 1Ba BULA, JEUCTBUN:

(1) MoxHO mepeHecTH TEPBLIA CUMBOI CTOBa, A (€ro HA3BIBAIOT 0uepedHbIM
cuMBOJIOM U 0Go3HavaoT Next) B KoHer caoBa S, ygaaus ero u3 A
(3TO meucTBUE HA3LIBAIOT CIBU2OM);

(2) ecnm mpaBas 9acTh OQHOTO M3 MPABUI MPAMMATUKA OKA3aMaCh KOHIIOM
coBa, S, TO pa3pelIaeTcs 3aMeHUTh €€ Ha, HeTePMUHA, CTOALIUNA B Jie-
BOU YaCTU DTOTO TPABUIA; TIPA 3TOM CI0BO A He MeHseTca. (DTo nen-
CTBUE HA3LIBAIOT C6EPMKOL, WA NPUSeEIenueM.)

Ormerum, uro LR-mponece He ABIAETCSA TeTEePMUHUPOBAHHBIM: B O THOU
U TOU e CUTYAIUU MOT'YT OBITH PA3PENIeHBI PA3HBIE [EUCTBU.
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losopst, aro LR-mponecc Ha cioBe A yenewno 3aseputaemcs, eCau cio-
BO A CTAHOBUTCA MyCTHIM, a B CJIOBE S OCTAETCsA €IUHCTBEHHBIN HETEPMU-
HAJ — HAYAJIbHBIM HETEPMUHAI IPAMMATUKHY.

16.1.2. [okaxwuTe, 9TO M4 10600 cioBa A (U3 TEPMUHAIOB) yCIIEI-
HO 3aBepraroumuncsa LR-mporece cymecTayeT Torgqa u ToIbKO TOCIa, KOTIa,
c10BO A BHIBOAUMO B rpaMMaTuke. B Xone 10Kka3aTenbcTBa yCTAHOBUTE B3a-
MMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY MPABBIMU BLIBOJAMU U YCIIEITHO
3aBepmaromumucsa LR-npoueccamu.

Pemenne. Ilpu casure cioBo SA He MEHAETCS, IPU CBEPTKE CIOBO SA
MOABEPTaeTCA MPEOOPA3OBAHUIO, OOPATHOMY MIATY BHIBOA. JTOT BBIBOI
OymeT mpaBbIM, TaK KAK CBOpaduBaeTcs KoHen S, a B A Bce cuMBOIBI —
TepMuHanbHBIe. Takum ob6pasom, kaxigomy LR-mpomeccy coorBercTByeT
mpaBbeii BeiBOA. OGpaTHOE COOTBETCTBHUE: MyCTh AaH NpaBbIi BLIBOL. [Ipea-
cTaBuM cebe, 9TO 34 TMOCTICIHAM HETEPMUHAIOM B CJOBE CTOUT TEPErOpo -
ka. [IpuMeHUB K 3TOMY HETEPMUHATY MPABUIO CPAMMATUKHU, MBI JOTKHEI
CABUHYTH MEPErOPOAKY BIEBO (€CAM MpaBasd YaCTh MPABUIA KOHIACTCA Ha,
TepMuHAT). Pa3buBas 5TOT CABUC HA OTAEMbHBIE IIATH, IOLYIMM IIPOLECC,
B TouHoCTU o6parueir LR-mpormeccy. g

IMockonbky B x0me LR-mporecca Bce uaMeHeHus B CI0BE S MPOUCXOIAT
C IIPABOr'0 KOHIIA, CJOBO S HaswIBaOT cmexom LR-mporecca.

3aJajva MOCTPOEHNA IPABOro BLIBOAA A JAHHOI'O CJIOBA CBOIUTCA, Ta-
kuM 00pa3oM, K HPaBWIBHOMY BHIOOPY ouepeanoro mara LR-mpomecca.
Ham myxHO permmrb, OyaeM Ju MBI OeJIaTh CIBUC WINX CBEPTKY, W €CJIU
CBEPTKY, TO IO KAKOMY MIPABUIY — BeIb MOAXOIANINX TPABUT MOXKET OBITH
Heckonbko. B LR(1)-anropuTme 5TO peleHune MpUHAMAETCA HA OCHOBE S
U TEepPBOrO CUMBOJA CJIOBa A; ecim MCIOMB3yeTCsas TOMBKO S, TO TCOBOPSAT
o LR(0)-anxropurme. (Tounbie ompeneneHns cM. HIKE. )

IIycrs ¢pukcupoBana rpaMMaTUKa, B KOTOPOU U3 JIOOOr0 HETEPMUHAIA,
MOXKHO BBIBECTU KaKOe-TnO0 CIOBO U3 TEPMUHAJIOB. (STO OTrpaHUYIECHUE MbI
OyeT BCerga MpearoaaraTh BLITOIHEHHBIM. )

Mycts K — U — oauo u3 npasun rpaMmmaTuku (K — HerepMuuan, U —
CJIOBO M3 TEPMUHAJIOB U HeTepMuHaaoB). Ompeneanm MHOXKECTBO CJI0B (U3
TEPMUHAIOB 1 HETEPMUHAJIOB), HA3LIBAEMOE /E68blM KONMEKCMOM TIPABILIA,
K — U. (O6osuauenue: JlesKout(K — U).) Ilo ompenenenuio B HEro BXOIAT
BCE CJIOBA, KOTOPHIE ABMAOTCS CONEPKIUMBIM CTEKA HEOCPEeICTBEHHO Tepes
ceéprkon U B K B X0OIe HEKOTOPOTO YCIEMHO 3amepmiatornerocsa LR-mpo-
mecca.

16.1.3. IlepedopMmymupyuTe 3TO ONpEneIeHIe HA A3LIKE [MPABLIX BLIBO-
IOB.
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Pemenune. PaccMoTpum Bee mpaBbie BEIBOIBI BHIA
(HavaIbHBIN HeTepMuHAL) ~> XKA — XUA,

rae A — CIOBO M3 TEPMUHAIOB, X — CJOBO U3 TEPMUHAIOB U HETEPMUHAIOB.
Bce BosHUKaoIme mpu 5ToM ¢10Ba XU 1 06pPa3yIOT JEBEIN KOHTEKCT TTPABU-
aa K — U. Yrobwr yOeguThCs B 3TOM, CJAeqyeT BCIOMHUTL, YTO MBI IPEIII0-
JaraeM, 4To u3 J60ro HeTePMUHAJIA MOXKHO BBEIBECTH KAaKOE-TO CJIOBO U3
TEePMUHAJIOB, TAK 9TO MPABLEIA BLIBOJ CI0BA XUA MOXET OLITHL IIPOMO/IKEH
IO TIPABOT'0O BHIBOJA KAKOI'O-TO CIOBA M3 TEPMUHAJOB. ([

16.1.4. Bce caosa u3 JlesKout (K — U) konvarorcs, ouesugso, ua U. [o-
KaXNTe, 9TO €CIM y BCEX HUX DTOT KOHeH U OTOPOCHUTH, TO MOTYyICHHOE
MHOXKECTBO CJIOB He 3aBUCUT OT TOT'0, KAKOe 13 MIpaBII 1A HeTepMuHaIa K
BHIOpaHO. (DT0 MHOXKeCcTBO obo3HadaeTcs Jles(K).)

Pemenme. U3 npeasiaymen 3agaqu scuo, ato Jles(K) — sTo BCE, 4TO
MOXKET MOABUTHLCA B MPABLIX BEIBOLAX JIEBEE CAMOIO MPABOrO HETEPMUHA-
n1a K. (I

16.1.5. [loxaxwuTe, 9TO B MPEILIAYIIEN (PPas3e MOKHO OTOPOCUTEH CIOBA
«camoro mpasoroy: JIes(K) — 3T0 BCE TO, 9TO MOKET TOABAATHCA B MIPABHIX
BBLIBOJAX JeBee J000r0 BXOXK IeHUsA HeTepMuHaia K.

Pemenwe. IIpogomKuB mOCTPOEHNE TPABOTO BEIBOJA, BCE HETEPMUHAIEL
copasa 0T K MOXHO 3aMEHUTH HA TEPMUHAHL (& c1eBa 0T K Ipu 3TOM HIIEro
HE U3MEHUTCH). O

16.1.6. IlocTpouTe rpaMMaTHKy, COAEPKAILYI0 MIIA KaxKIOIO HeTep-
muHata K nexogHon rpaMmaruku HeTepmuHaua (JleeK), mpuuém caegyio-
Iee CBOMCTBO TOJIKHO BBIIOMHATHCA /I M060T0 HeTepMuHata K ncxoqHon
rpaMMATHUKN: B HOBOW rpamMmaruke u3 (JIeBK) BEIBOAUMEI BCE DIEMEHTHI
JleB(K) u Tombko ouu. (IIpum »TOM TepMUHAJIBI U HETEPMUHAJBL HCXOTHON
rPaMMATHKHY ABIAIOTCA TEPMUHATAMY HOBOU.)

Pemenme. IlycTte P — HaYalbHLIM HETEPMMHAJ CpaMMaTUKU. lorga B
HOBOU I'paMMaTUKe OyIeT MpPaBIIO

(JIeBP) — (mycroe ci0BO)
[l1a KaxX IOr0 MpaBMIa UCXOMIHOU IPAMMATUKN, HAIPUMED, [IPABUIA

K— LtMN (L, M, N — "eTepMUHAILL, t — TEPMUHAIT),
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B HOBYIO 'DAMMATUKY MBI JOOABUM IPABUIA

(JIeBL) — (JIeBK)
(JlerM) — (JIeBK) Lt
(JIeBN) — (JIeBK) Lt M

U AHAJIOTWYHO TOCTYNUM C ApyruMu npaBuaaMu. CMBICA HOBBIX MPABUI
TAKOB: IIyCTOe CIOBO MOXKET IOABUTHCA CJIeBa OT P; ecam ciaoBo X MoxeT
MOABUTHLCA CIeBa OT K, To X MOXeT NoABUTHCA clIeBa OT L, XLt MoxeT 1mo-
ABUTHCA caeBa oT M, XLtM — caeBa or N. Mugykuuen mo AJUHE TPABOTO
BBIBOA JIETKO TPOBEPUTH, UTO BCE, ITO MOXKET TOABUTHLCA CAEBA OT KAKO-
[O-TO HETEPMUHAJIA, MOABISIETCA B COOTBETCTBUY C STUMH NpaBmiaMu. [

16.1.7. Tlouemy B mpeIBIAYILIEN 3a1a49e BAXKHO, UYTO MBI PACCMATPUBAECM
TONBKO TIPABLIE BHIBOIKI!

OtBet. B nporuBHOM ciaydae ciegoBano OBl yIATHIBATL IPEOOPA30OBa-
HUA, IPOUCXOIAIINE BHYTPHU CJIOBa, CTOAIIErO caeBa oT K. g

16.1.8. [I1a maHHOW TPAMMATUKU TOCTPOUTE AITOPUTM, KOTOPHIA IO
JH000MY CIOBY BEIACHAET, KAKUM U3 MHOXKeCTB Jles(K) OHO mpuHa IIeKUT.

(3amevanue nias 3HaTOKOB. CylIeCTBOBAHME TAKOTO AIIOPUTMA — U Ja-
JKe KOHEYHOT'0 aBTOMAaTa, TO €CTh WHAYKTUBHOI'O PACIINPEHUA C KOHETHBIM
YUCAOM 3HAYEHUM, CM. paszfea 1.3, — BEITEKAET M3 TPEIBIAYIIEN 3aJadu,
TaK KaK MOCTPOEHHAA B HEM TPAMMATUKA, UMEET CHEIUATbLHLIN BUL: B TTPa-
BBIX YaCTSAX BCEr'O OJUH HETEPMUHAJ, IPUIEM OH CTOUT Y JEBOr'O Kpas. Tem
He MEeHee MBI IIPUBEIEM SABHOE MOCTPOEHHUE. )

Pemenue. Bynem Has3bBaThL cumyayuet, TaHHON TPAMMATUKY OJHO U3 €&
OpPaBWI, B IPABOU YACTU KOTOPOrO OTMEUEHA OHA W3 MO3UIUA (10 MepBOu
OyKBbI, MEXIy [EPBOM U BTOPOU OYyKBOW, ... , MOCIE MOCJAEIHEN OYKBBHI).
Hampumep, mpasuio

K — LtMN

(K, L, M, N — HeTepMuHAJBL, t — TEPMUHAI) HOPOXKAAET IATH CUTYALUN
K— _LtMN K—L_tMN K—Lt_MN K—LtM_N K—LtMN_

(MOBUIMA YKABEIBAETCA 3HAKOM TOTIEPKUBAHUA).

BymeMm rosopurs, 9To €10BO S cozaacosano ¢ curyamuen K — U _V, ecan
S xkorgaetca Ha U, To ectb S = TU npu HekoTopom T, u, kpome Toro, T mpu-
uagrexuT Jles(K). (CMBICI HTOrO OmpeeseHns IPUMEPHO TaKOB: B CTEKE S
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noAroToBIeHa JacTb U nuas Gyaymen ceéprku UV B K.) B sTux Tepmunax
JleeBKout(K — X) — 5T0O MHOXECTBO BCEX CJIOB, CONIACOBAHHBIX C CUTYallAeN
K — X _, aJleB(K) — 5TO MHOXKECTBO BCEX CJIOB, COIVIACOBAHHBIX C CUTYalluen
K— _X (rge K — X — mr060e TpaBuwio 1A HeTepMuHana K).

OKBUBAJIEHTHOE onpenenenue B repmuuax LR-npomecca: S cormacosano
¢ curyanuen K — U _V, ecoim cymecTByeT yemenabin LR-mporece, B KoTopom
COOBITUS PA3BUBAIOTCS TaK:

e B XO[e IpOIecca B CTEKe MOABIAETCA CJIOBO S, U OHO OKAHYMBAETCA
Ha U;

e HEKOTOPOE BpeMs S He 3aTParmBaeTCs, a CIPaBa OT HErO MOABIIET-
caV;

e UV cBopauuBaeTcsa B K;

® IIPOLIECC IPOJOIKAECTCA U YCIEIIHO 3aBEPIIASTC.

16.1.9. [oxaxkuTe SKBUBAJIEHTHOCTL DTUX OIPEIEICHIN.

[Ykazauue. Ecin S = TU u T npunagrexxut Jles(K), To MOXHO HOMy9INTH
B cTeke cHadasga T, morom U, moTroMm V, moTroM cBepHYTh UV B K u 3arem
YCIELHO 3aBepunTh npouecc. (Ml ucnonb3yem HeCKOIBKO pa3 TOT (akT,
9TO U3 JI0OOr0o HeTePMUHAIA ITO-TO I3 BBEIBOAUTCA: OIarogaps STOMY MEI
MOXeM TOOABUTH B CTEK J00E CIOBO. )] O

Hama menrs — moCTpoeHWe anropuTMa, PACHO3HAIOMIErO TPUHALIEK-
HOCTB npousBoibHOro caosa K Jles(K). Paccmorpum dyukumio, conocra-
BJIOILYIO C KAXKIBIM CIOBOM S (M3 T€DMUHAJOB U HETEPMUHAJIOB) MHOXKE-
CTBO BCEX COMTACOBAHHLIX C HUM CUTYAIUU. DTO MHOXKECTBO HA30BEM CO-
cmoanuem, coomeememeyrowum caoey S. Bymzem o6osradars ero Coct(S).
HMocrarouno mokaszarb, uro dyukimua Coct(S) MHIYKTUBHA, TO €CTh YTO
suadenue Coct(SJ), rae J — TepMUHAT WM HETEPMUHAT, MOXKET OBITH BbI-
uucieno, ecau uzpectHo Cocr(S) u cumsoa J. (Mbr Bugenn padee, Kak npu-
HaIIeXKHOCTD K JleB(K) BrIpaxkaeTcsa B TEPMUHAX STOU (DYHKIWA. ) SHATCHIE
Coctr(SJ) BEIMUCAAETCA MO TAKUM MIPABUIAM:

(1) Ecim caoBo S cormacoBaro ¢ curyaunmen K — U_V, mpuaém
caoBo V HadyumuaeTcsa Ha 6ykBy J, To ectb V= JW, To SJ corna-
coBaHo ¢ curyanuen K — UJ _W.
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OTO MPABWIO MOJHOCTHIO ONPEIEJIAET BCE CUTYALUU C HEIyCTOU JEBOU
HOJOBUHOU (TO €CTh He HAYMHAIOIIMECS C IOIIEPKUBAHNUA), COTVIACOBAHHBIE
¢ 8J. Ocranock onpenenuTs, Lia Kakux HeTepMuHAIOB K cioBo SJ npunai-
aexutT Jles(K). DTO IemaeTcsa mo IByM MpABUIAM:

(2) Ecam curyanusa L — U _V cormacosasa ¢ SJ (coruacHo npasu-
ay (1)), a V Hauunaercsa Ha HeTepMuHal K, To SJ mpuHALIEKUAT

Jles(K).

(3) Ecau SJ Bxogut B Jle(L) gua mekoroporo L, mpuaém L —
— V — npaBuio rpaMMaTuku u V HaunHAeTCA Ha HeTepMuHaI K,
To SJ mpunanrexut Jes(K).

3ameTum, 9TO IpaBuiIo (3) MOXKHO PACCMATPUBATH KAK AHAJIOT MPABUIA
(2): B ykasanueix B (3) mpeamonokenusx curyaunus L — _V coracoBaHa
¢ SJ, a V HaunHaeTca HA HeTepMuHAT K.

KOppeKkTHOCTE 3TUX MpPaBUI B OOLIEM-TO OYEBUIHA, €CIU XOPOUIEHb-
KO moayMaTh. EIuHCTBEHHOE, YTO TPEOyeT HEKOTOPHIX TOACHEHUN — DTO
TO, oYeMy C noMmoupio npasui (2) u (3) obHapyx)aTcsa Bce TepMuHaib K,
s koropsix SJ npunamiexut Jles(K). Homerraemces »To 06bacauTs. Pac-
CMOTPHUM TIPABLIN BBIBOA, B KOTOpoM SJ crouT ciaeBa oT K. OTkyma mor
B3ATLCA B HEM HeTepMmuHanl K? Ecau mpasmio, kKoTopoe ero mopoauio, mo-
POOWIO TakXKe U KOHel caosa SJ, To mpuHamiexuocTs SJ k Jles(K) Gyxer
obuapyxkena 1o npasuiy (2). Ecau xe K 6b110 iepou GyKBOU CJI0Ba, IOPO-
XKIEHHONO KAKUM-TO APYTUM HETEPMUHAIOM L, TO — 6Jaaromaps mpaBmry
(3) — mocTaTouHO ycTaHOBUTH npuHaniexkHOCTb SJ k Jle(L). Ocramocs
NPUMEHUTD T€ XK€ PACCyXKIeHus K L u Tak mauee.

B Tepmunax LR-mporecca To x)e camoe MOXHO ckasarh Tak. CHavamIa
HeTepMuHAI K MOXKET y4aCTBOBATHL B HECKOJIBKUX CBEPTKAX, HE 3aTParu-
Batomux SJ (OHM COOTBETCTBYIOT IPUMEHEHUIO IpaBuia (3) ), HO 3aTeM OH
00s13aH MOJBEPIHYTHCA CBEPTKe, 3arparuBaiomen SJ (4TO cOOTBETCTBYET
IpUMEHeHno npasuia (2) ).

OcTanoch BHIACHATD, KAKAE CUTYAIMU COMVIACOBAHBI C MYCTHIM CJIOBOM,
TO €CTb A KAaKuX HeTepMuHaaoB K mycroe cioso mpunapmexut Jles(K).
OTO ONPEAETACTCSA TO CIAEAYIONIAM ITPABILIAM:

(1) HaYaIBHBI HETEPMUHAI TAKOB;

(2) ecim K TakoB u K — V — mpaBmio rpaMMaTHKM, OPUIEM
ca0BO V HaUMHAeTCda ¢ HeTepMuHaia L, To u L Takos. O
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16.1.10. IIpogesanTe ONMCAHHLIM AHAJIN3 [ CPAMMATUKA

E—E+T
E—T
T—>TxF
T—F
F—x

F— (E)

(3agaromen TOT xe A3BIK, 9TO U IPAMMATUKa npuMepa 3, ¢. 271).

Pemenue. Muoxkectsa CocT(S) 1/ pasInaHeX S NIpuBeIeHHl B TabIuIe
ua c. 300. 3HaK paBEHCTBA O3HAYALT, YTO MHOKECTBA CUTYAIUN, SBIAIOIIA-
ecs s3HadeHuamMu GyHkimu CocT(S) HA CI0BaX, CTOALMX CIEBA U CIPABa OT
3HAKA DABEHCTBA, OIUHAKOBHL.

IIpasmio onpenenerus Cocr(SJ), ecan uasecrrsr Cocr(S) u J (3xecs S —
CJIOBO W3 TEPMUHAJIOB U HETEPMWHAIOB, J — TepMUHAI WIN HeTepMUHAT),
TaKOBO:

uano Hautu Coct(S) B mpaBoOll KOJIOHKE, B3ATH COOTBETCTBYIO-
mee eMy ca0BO T B JIEBOU KOJOHKE, IPUMUCATE K HEMY J U B3ATH
MHOXECTBO, CToAlmee HanpoTus ciaosa TJ (ecau caoBo TJ B Ta-
6aune orcyrcreyer, To Cocr(8J) mycro). O

16.2. LR(0)-rpammaTukm

HanmomuuM, 9TO Hallla OCHOBHAA IETh — DTO MOUCK BHIBOAA 3aJAHHOTO
CJI0BA, WX, IPYTUMU CJAOBAMU, TOUCK ycremHoro LR-npomecca nag aum. Bo
BCEX PACCMaTPUBAEMBIX HaMu IpammaTukax ycnemssil LR-nponece (man
JAHHBIM CJIOBOM) €IMHCTBEeH. MCKAThb 3TOT €MHCTBEHHBIN YCIIEUIHbIN IPO-
[ECC MBI OyIeM IIOCTENEHHO: B KAXK LI MOMEHT MbI CMOTPHUM, KAKOH IIar
BO3MOXKEH CAeAVIONM. /[ 5TOro Ha IPAMMATHUKY HAIO HATOXKUTHL NOMOJ-
HUTENTbHLIE TPEOOBAHUA, U CEUYAC MBI PACCMOTPUM MPOCTEUIINNA CIyIan
rax HasbiBaeMbIx LR(0)-rpammaruk. Mu yixe 3HaeMm:

(1) B ycmemmmom LR-mponecce Bo3MOXHA CBEPTKA IO IPABUILY
K — U opu cogepxuMoM cTeKa S TOrga U TOJBKO TOrga, KOr'ga
S npunagiexut JlesKour(K — U) uiu, gpyruMu cioBamu, KOrga
CJI0BO S commacoBaHo ¢ curyarnmen K — U_.
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Cmoso S | Cocr(S)

IIyCcToe E— _E+T E—_T T— _T*F
T—-F F—_x F— _(E)

E E—E_+T

T E—-T. T—T*F

F T—F._

X F—x_

( F—(E) E—_E+T E— T
T— _T«F T—_F F— _x F—_(E)

E+ E—E+T T— _TxF T—_F
F—-_x F—_(E

T* T—>T*.F F—_x F—_(E)

(E F—(E.)) E—EAT

(T =T

(F =F

(x =x

(( = (

E+T E—E+T. T — T_xF

E+F =F

E+x =x

E+( =(

T*F T — TxF_

Txx =x

T*( =(

(E) F— (E)_

(E+ =E+

E+Tx* = Tx*

K sagade 16.1.10
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Ananorudnoe yTBepxK IeHUE PO CABUT TVIACUT:

(2) B ycnemmom LR-mpomecce mpu cOmepKuMOM CTEKa S BO3-
MOXEH CABUT C OYE€pPEIHBIM CMMBOJOM a TOT'Ja M TOJBKO TOr'a,
Korga S COMTacoBaHO C HEKOTOpou cutyamuen K — U_aV.

16.2.1. ToxaxuTe 3TO.

[Ykazauue. Ilycrs npousomeén casur u K cTeky S gobaBuiach OyKBa a.
PaccMoTpuTe mepByio CBEPTKY, 3aTPAarnBAOIILYIO OTY OYKBY. (]

PaccMoTpuM HEKOTOPYIO MPAMMATHKY U TIPOM3BOIBHOE CJIOBO S U3 Tep-
MUHATOB U HeTepMuHAIOB. Eciun muoxecto CocT(S) COAEPKUT CuTyaIuIo,
B KOTOPOU CNpPaBa OT MONIYEPKUBAHUA CTOUT TEPMUHAT, TO TOBOPAT, UTO
das caosa S eozmoncen cdsue. Eciu B Coct(S) ecTh cuTyauus, B KOTOPOU
CIpaBa OT MOAYEPKUBAHUA HUYETO HET, TO TOBOPAT, UTO 044 CA08a S 6803-
MOKHCHA c8EpMEKa (IO COOTBETCTBYIOIIEMY NPABIILY). [ OBOPAT, 9TO 4Js CIO-
Ba S BO3HUKAET Kon@aukm muna cdeuz/ceépmra, eCi BOSMOKHEL 1 CIBUT,
u cBépTKa. [OBOPAT, 9TO M CIOBA S BO3HUKAET KOHPAUKM MUNG C8EPM-
Ka/c68Epmea, eCu eCTh HECKOIBKO TIPABILI, IO KOTOPHIM BO3MOKHA, CBEPTKA.

I'pammaruka masweBaercsa LR(0)-epammamuroti, ecin B HEN HET KOH-
MK TOB TUNA CABUr/CBEPTKA U CBEPTKA/CBEPTKA HU [IJIA OLHOTO CJIOBA S.

16.2.2. fsusercsa au npuBenéuHas Boime rpammaruka LR(0)-rpamma-
7
TUKOU !

Pemenwe. Her, ne asaserca. [as cioB T u E+T uMeOTCA KOH(IMKTHI
THna caBur/cBépTKA. O

16.2.3. feasrorca mu LR(0)-rpammaTuxamu Takue:

(a) T—0 (6) T—O0
T—T1 T—1T
T — TT2 T — 2TT
T — TTT3 T — 3TTT

Pemtenwe. fIsnsmrorcs, cM. Tabmuie Ha . 302 - 303 (kordaukTos Her). [J

Ira 3agava nokaswiBaer, 4To LR (0)-rpamMmmaruku MOryT GBITH Kak Jie-
BOPEKYPCUBHEIMU, TaK U IPABOPEKYDPCUBHBIMU.

16.2.4. Iycrs gana LR(0)-rpammaruxa. [Joxaxure, 9T0 y J060r0 CIO-
Ba CyIIECTBYeT He 0oJee OTHOTO MpaBOro BEIBOAA. I[OCTPOUTE aIrOpuTM
nposepku BeiBogumocTu B LR(0)-rpammaTuxe.
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Caoso S | Coct(S)
IIycToe T—0 T—_T1 T— _TT2 T— _TTT3

0 T—0_
T T—-T1 T—T.T2 T-—T.TT3
T—- 0 T—_T1 T— _TT2 T — _TTT3
T1 T—T1_
TT T—-TT2 T—TT.T3

T—T1 T—T.T2 T—T.TT3

T—0 T—_T1 T— _TT2 T— _TTT3
TT2 T — TT2_

TTT T—TTT3 T—TT.2 T— TT_T3
T—T1 T—T.T2 T—T.TT3

T—0 T—_T1 T— _TT2 T— _TTT3

TTO =0

TTT3 T — TTT3.
TTT2 =TT2
TTTT =TTT
TTTO =0

Cmoeo S | Cocr(S)
IIyCcTOe T—-0 T—_1T T— 2TT T — _3TTT
0 T—0_
1 T—1.T

T— 0 T—_1T T— 2TT T — _3TTT
2 T— 2_TT

T— 0 T—_1T T— 2TT T — _3TTT
3 T — 3_TTT

T—0 T—_1T T— 2TT T — _3TTT

(6), magamo

K samave 16.2.3.
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Cmoeo S | Cocr(S)

1T T— 1T.

10 =0

11 =

12 =

13 =3

2T T — 2T_T
T— 0 T— _1T T— 2TT T — _3TTT

20 =0

21 =1

22 =2

23 =3

3T T — 3T_TT
T—- 0 T—_1IT T— 2TT T — _3TTT

30 =0

31 =1

32 =2

33 =3

2TT T — 2TT_

2TO0 =0

2T1 =1

2T2 =2

2T3 =3

3TT T — 3TT_T
T—- 0 T—_1IT T— 2TT T — _3TTT

3TO =0

3T1 =1

3T2 =2

3T3 =3

3TTT T — 3TTT_

3TTO =0

3TT1 =1

3TT2 =2

3TT3 =3

(6), okonuaHuUe

303
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Pemrenwe. I[Iycte pmamo npowuspoasuoe cioBo. Bymxem crpours LR-mpo-
mecc HaJq HUM IO ImaraMm. IlycTs Tekymee cocrosnme creka LR-mpomecca
pasuo S. Ham mano pemmwts, gesars cABur win CBEPTKY (1 ecaum CBEPT-
Ky, To mo kakomy mpasuiay). Corumacuo ompegeneruio LR(0)-rpammaru-
KU, B HAlleM COCTOSHUU S BO3MOXKEH Ju0OO0 TOJBKO CABUL, JUOO TOTb-
KO CBEPTKa (MpUYEM JWIIb MO OJHOMY MpaBuiy). Takum 06pa3oM, MOMCK
BO3MOXKHBIX Nponokennu LR-mporecca mpoucxomquT QeTepMUHUPOBAHHO
(Ha KaXKIOM IIare MOXKHO OIPEIEIUTb, KAKOE AEMCTBUE TOJIBKO M BO3-
MOXKHO). O

16.2.5. Yro npousongéT, ecau aHAIM3UPYEMOE CJIOBO HE MMEET BLIBOLA
B JAQHHOU T'PaMMaTUKe?

OrBer. JIub60 Ha HEKOTOPOM Iare He OyAeT BO3MOXKEH HU CIBUT, HU
CBEPTKA, JUOO BCE BO3MOXKHEIE COBUTM OyAeT UMEThL HEMOIXOMAIINN OUe-
PEqHON CUMBOJI. a

3ameqanus. 1. [Ipu peamusanuu >TOro aIropuTMa HET HEOOXOIUMOCTH
KaXIBIM Pa3 3aHOBO BEIMUCIATH MHOXKecTBO Cocr(S) s Tekyiero suade-
HUA S. DTU MHOXKECTBA MOXKHO TAKXKE XPAHUTH B CTEKe (B KAXK AL MOMEHT
xpanarca muoxectsa Coct(T) mas Becex Havan T TEKyIIEro CIoBa S).

2. Ha camom gene camoO CIOBO S MOXKHO HE XPAHUTb — AOCTATOTHO
xpanuth MHOXecTBa curyauuin Coct(T) gat Bcex ero Hadan T (Bkaoodas
caMmo S).

B aaropurme mposepku BoiBogumoctu B LR(0)-rpammaruke mbr uc-
NoMb3yeM He BCI UHQPOPMAIUIO, KOTOPYKH Morau Owl. B »Tom amroput-
Me I KaXKIOr0 COCTOAHWA W3BECTHO 3apaHee, 9TO B HEM BO3MOMKEH TO-
JBKO CIOBAI WX TOJBKO CBEPTKA (HpUIEM B MOCIENHEM CIydae U3BECT-
HO, [0 KakoMy MpaBuiy). Bosee M30WIPEHHBIN airopuT™m Mor Obl IpU-
HUMATHL PEIIeHWe O BEIOOPE MEXKIYy CABATOM U CBEPTKOU, MOCMOTPEB
Ha oduepenuon cumbon (Next). Imams Ha coCTOAHME, MOXKHO CKa3aTh,
Opu KakuX 3HAYeHUAX Next BO3MOXKEH COBUT (PTO T€ TEPMUHAIEI, KO-
TOPBIE B CATYAIUAX JTON'O COCTOAHUA CTOAT HEMOCPENCTBEHHO 33 TOJ-
yépkuBanueMm). CloxHEe BOCIOIB30BATHCA MHMDOpMauuen o cumposie Next
IJIA PEmIeHus BOOPOCA O TOM, BO3MOXKHA Ju CBEPTKa. [las »TOro ecrob
YIPOIIEHHBIN METOA (FpaMMaTUKU, K KOTOPBIM OH MPUMEHUM, HA3BIBA-
ior SLR(1)-rpammarukamn [cokpamenue ot Simple LR(1)]) u nomabm
meTon (6onee CAOKHBIM, HO UCIONL3YIOUMU BCHO BO3MOXKHYK WH(DOPMA-
OUI0; IPAMMATHUKU, K KOTOPHIM OH HOpuMeHuM, HazweBaioT LR(1)-rpam-
mMaTukamu). ECTh X IPOMEXKYTOUHBIN KJIACC I'PAMMATHUK, HA3BIBAEMBIN

LALR(1).
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16.3. SLR(1)-rpammaTuku

Hanmomuum, uTo mma awo6oro merepMmuHana K mer onpegensnu (c. 287)
muOoXkecTBO [locaen(K) Tex TepMUHAJIOB, KOTOPHIE MOI'YT CTOATH HEIOCPE-
CTBEHHO 32 K B BBIBOAMMOM (13 HAYAIBHOI'O HETEPMUHAIA) CIOBE; B DTO MHO-
KeCcTBO M00aBIAIOT Takxke cuMBos EQI, ectun HeTepMuHAT K MOXKET CTOATH
B KOHIIE BBIBOJIVMOI'O CJIOBA.

16.3.1. [Toxaxure, uTO ecau B JaHHLIU MoMeHT LR-mpomecca mocaen-
HUU CUMBOJ CTeKa S paBeH K, IprIéM mpoIece 3TOT MOXKET B JaTbHEHTIeM
YCIEIIHO 3aBepmmThes, TO Next npunamaexut [Hocren(K).

Pemerme. DToT QAT ABIACTCA HEMOCPEICTBEHHBIM CJEICTBUEM OIpPe-
neseHus (BCIOMHAM COOTBETCTBHUE MEX Iy IpaBbiMu BeiBogamu u LR-mpo-
eccaMu). O

PaccMoTprM HEKOTOPYIO PPAMMATHUKY, TPOU3BOILHOE CIOBO S 3 TEpMU-
HAJIOB U HETEePMUHAIOB U TepMuHat x. Ecau muoxectso Coct(S) cogepxut
CUTyaIuo, B KOTOPOU CIpaBa OT MOTYEPKUBAHUA CTOUT TEPMUHAT X, TO
COBODAT, 9TO das napwi (S,x) sozmoxncen cdsue. Ecim B Cocr(S) ectsb cu-
ryanus K — U_, npuaém x npunagrexut [Hocren(K), To rosopsar, 9to das
napwvt (S,x) SLR(1)-603m00cna ceépmia (o npasmry K — U). Tosopat, 410
/st mapst (S, x) BosHukaeT SLR(1)-kondauxm muna cdsue/ceépmra, ecin
BO3MOXHBI U CIBUT, U CBEPTKA. ['OBOPAT, YTO i Maphl (S,X) BO3BHUKAET
SLR(1)-xongauxm muna ceéépmxa/ceépmia, ecim eCTh HECKOJIBKO IIPABUI,
O KOTOPBEIM BO3MOXKHA, CBEPTKA.

I'pamvaruka nasweBaerca SLR(1)-epammamuxod, eciu B HEW HeT
SLR(1)-koupukToB THma CABUr/CBEPTKA U CBEPTKA/CBEPTKA HU I/ Of-
HOI mapHI (S, ).

16.3.2. Ilycres mama SLR(1)-rpammaruka. [Joxkaxure, 9TO y JHOOOTO
CJIOBa CYIIECTBYET He 60JIee OMHOTO MPABOr0 BLIBOAA. IIOCTPOATE AIrOpUTM
nposepku BeiBogumocTu B SLR(1)-rpammaruke.

Pemenme. Ananoruaso caygaio LR(0)-rpaMmMaTuk, TOIbKO Ipu BEIGOPE
MEeX Ty CIBATCOM W CBEPTKOU yuuThIBaeTCA odepenuon cumson (Next). O

16.3.3. IIpoBepbTe, ABAACTCA U MPUBEIEHHAA BHIIIE HA C. 299 rpaMMa-
tuka (c Herepmunanamu E, T u F) SLR(1)-rpammaTuxon.

Pemenne. /Ja, AB1geTcsa, Tak Kak 06a KOHMINKTA, MEIIAIOIIAE el OBITh
LR(0)-rpaMMaTuKON, pa3peIaroTcsa ¢ yI6TOM OYePEIHOr0 CUMBOIA: U JJIs
ciaoBa T, u na ciaoBa E+T caBUr BO3MOXKEH TOJABKO Opu Next = *, a CHUMBOT *
ue npunagaexut uu Hocren(E) = {EOL, +,) }, uu [locaen(T) = {EOL, +, *,) },
u mosTomy npu Next = * CBEPTKA HEBO3MOXKHA. O
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16.4. LR(1)-rpammaTtukn, LALR(1)-rpammaTuku

Omnucannem Bome SLR(1)-moaxon ucnonb3yoT He BCIO BO3MOXKHYO UH-
dopMannio Tpu BEISICHEHUK TOrO, BO3MOXKHA Ju CcBEPpTKA. VMeHHO, OH OT-
IEeIBbHO IIPOBEPSIeT, BO3MOXKHA JI CBEPTKA [P TAHHOM COCTOSHUAU CTEKa S
U OTJIETHHO — BO3MOXHA JU CBEPTKA MO JAHHOMY MPABUIY MPU TAHHOM
cumBose Next. Mexay TeM 5T TPOBEPKU HE SABAAIOTCA HE3ABUCUMBIMU:
06e MOT'YyT IaTh TOJOXUTEILHEIN OTBET, HO TEM HE MEHee CBEPTKA Mpu
creke S u ouepennom cumsose Next meosmoxkua. B LR(1)-mogxome sror
HEJIOCTATOK yCTPAHIETCA.

LR(1)-noaxox cocTouT BOT B 46M: BCE HAILIY ONPEIENCHU U YTBEPXK 16~
HUS MOAUDUIUPYIOTCA TaK, ITOOBI yIECTb, KAKOU CUMBOJ CTOUT CIIPABA
OT Pa3BOPAYMBAEMOrO HeTEpMUHALA, (IPYTUMHU CIOBAMU, YeMy paseH Next
npu CBEPTKE).

IIycte K — U — 04HO 13 OpaBWI CPaAMMAaTUKK, a t — HEKOTOPBIM Tep-
MUHaJ mwim coencumBoa E0IL (KOTopmfx’I MBI ITOMBICIUBAaEM B KOHIIE BXOI-
HOro cioBa). Ompenennm muOX)ecTBO JleBKonT(K — U,t) Kak MHOXKECTBO
BCEX CJOB, KOTOPHIE SBIAIOTCA CONEPKUMEIM CTeKa HEIOCPEICTBEHHO IIe-
pen ceéptrou U B K B xo1e ycmemsoro LR-miporiecca, mpu yemosuu Next = t
(B MOMEHT CBEPTKHU).

Ecau orbpocurs y Becex caos u3 JlesBKout(K — U) ux konern U, TO mouy-
YUTCA MHOXKECTBO BCEX CJIOB, KOTOPBIE MOT'YT MOABUTHCS B TPABBIX BHIBOAX
nepen HeTepMuHaIOM K, 38 KOTOPEIM CTOUT CUMBOJI t. DTO MHOXKECTBO (HE
3ABUCAIIEE OT TOrO, Kakoe u3 mpasut K — U 114 HeTepMuHana K BLIOPAHO)
MBI Oy geM 0603HadaTh Jle(K, t).

16.4.1. Hamumwre rpaMMaTuKy s DOpOXAeHUs MHOKecTB JleB(K, t).

Pemenue. Eé merepmunanamu 6yayT cumpoast (JlesK t) mas kaxgoro
meTepMuHata K u mua kaxgoro tepmuHana t (a Takxe mag t = E0I). Eé
npaBuIa TAKOBHL IIycTh P — HaYaTbLHBIM HETEPMUHAT MCXOTHOU TpaMMa-
tuxu. Torga B HOBOM TpaMMaTuKe OyIeT OPABUIO

(JlesP EOI) — (mycroe c10BO).

Kax noe mpaBmio ncxo [HOU MPAMMATUAKHI MTOPOXK JA€T HECKOTIBKO MTPABUI HO-
pou. Hampumep, 1ja npasmia

K— LuMN

(L, M, N — HeTepMUHAJBL, U — TEPMUHAI) B HOBYIO [PAMMAaTHUKy MBI 4O0a-
BUM IIPABUIA
(JleBL u) — (JleBK x)
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(&1 BCeX TEPMUHAJIOB X);
(TleBM s8) — (JleBK y) Lu

(m1a Bcex s, KOTOpBLIE MOT'YT HAYUHATH CJAOBA, BEIBOAUMLIC w3 N, u 1ia
BCEX ¥, & TAKXKe [JA BCEX Map S =y, ecau u3 N BHIBOAUMO IyCTOE CJIOBO);

(lleBN s) — (JleBK s) LuM

(m1a BCEX TEPMUHAJIOB S). O
16.4.2. Kax meHseTcs ompeeseHre CUTYaIuu?

Pemenme. Curyammen HA3BIBACTCA TTapa
[chyauHﬂ B CTapOM CMBICJIE, TEPMUHAI UINA EOI] (I

16.4.3. Kax uameHUTCA ONpeneneHne COrmacoBAHHOCTH !

Pemenne. C0BO S 13 TEPMWHAIOB U HETEPMUHAIOB COTVIACOBAHO C CH-
ryaumen [K — UV, t] (3zece t — Tepmmuan win EOI), eciu S KOHYaeTCsa
Ha U, To ecTb S = TU, u, kpome Toro, T npunanmexut Jes(K,t). O

16.4.4. KakoBwl mpaBmaa IJA WHIYKTUBHOTO BBIUUCACHUS MHOXKECTBA
Coct(8) cuTyanuit, CONMACOBAHHEIX ¢ JAHHBIM CJIOBOM S7

OTBer.

(1) Ecim cioso S coruacosano ¢ curyauuen [K — UV, t], npuuém
croBo V HaumHaeTca Ha OykBy J, To ectb V = JW, TO ci1oBO SJ
cormacoBaHo ¢ curyamuen [K — UJW, t].

OTO MPABWIO MOJHOCTHIO OMPEIEJNIET BCE CUTYAIUU C HEIyCTOU JEBOU
MOJIOBUHOU (TO €CTh HE HAYMHAIOIINECA C NOTIEPKUBAHNA), COMVIACOBAHHLIE
¢ 8J. Ocranoch onpenenuTs, Iisd KAKAX HETEPMUHAIOB K U TepMUHAJIOB t
caoBo SJ npunagrexut Jles(K,t). ITo mesaeTca mo OBYM MpaBUIAM:

(2) Ecau curyamus [L — U_V, t] cornacosana ¢ SJ (coryiacHo mpasu-
ay (1)), a V mauunaerca Ha HerepMuHan K, To SJ npuHAIIEKUAT
Jle(K, s) m1a4 BCEX TEPMUHAJOB S, KOTOPHIE MOIYT HAYAHATD
cJ0Ba, BeiBoAuMBIe u3 caoBa V \ K (caoBo V 6e3 nepson Gykser K),
a Takke 41 s = t, ecam u3 V \ K BBIBOAUTCSA MyCTOE CJIOBO.

(3) Eciz 8J Bxomur B JleB(L,t) mia HexkoTOpwIX L u t, mpuuém
L — V — mpaBuio rpamMMaTuka u V HAUMHAETCA HA HETEPMU-
uax K, To SJ npunamgaexut Jle(K,s) A1 BceX TEPMUHAIOB S,
KOTOpbIE MOI'yT HAYMHATDL CJIOBa, BeiBoguMble u3 V \ K, a Takxke
it s =t, eci u3 V \ K BBIBOAUTCA IIyCTOE CJAOBO. (I
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16.4.5. Hanre onpegenenne LR(1)-xordarkToB THIA cABUr/CBEPTKA I
cBéprKa/cBEpTKA.

Pemenne. Ilycts nana mexkoTopas rpaMMmaTuka. IIycTs S — IPOU3BOJIBL-
HOE CJIOBO U3 TepMUHAJIOB U HeTepMmuHaaoB. Eciu muoxecreo Cocr(S) co-
IEPKUT CUTYAlUIo, B KOTOPOU CIPABa OT MOIYEPKUBAHUA CTOUT TEPMU-
HAJI t, TO TOBOPAT, 9TO J7IA MapHl (S, t) Bo3aMoxeH cABUT. (DTO ONpegeneHne
He U3MEHMIOCH 1o cpapHeHmio ¢ SLR(1)-cryuaeM — BTOpBIE KOMIOHEHTHI
nap u3 Coct(S) He yIUTHIBAIOTCA.)

Ecau 8 Cocr(S) ecTh cuTyauus, B KOTOPOU CIPaBa OT MOLIEPKUBAHUA
HUYEro HET, 4 BTOPLIM WIEHOM Taphbl ABIACTCA TEPMUHAI t, TO TOBODAT,
yto ans maphl (S,t) LR(1)-603moscna ceépmra (o COOTBETCTBYOIEMY
npasuiy). loBopsar, aro mus mapst (S, t) BosaukaeT LR(1)-kondiuxm muna
cdsuz/ceépmera, €CIM BOBMOXKHEL U CIBUT, 1 CBEpTKA. [oBOPAT, 9TO M1a ma-
pet (S,t) Bosaukaer LR(1)-xoudaurm muna ceépmia/ceépmia, eciu ectsb
HECKOJBKO MPABUI, TI0 KOTOPLIM BO3MOXKHA CBEPTKA. O

I'pamvaTuxa HaswBaercsa LR(1)-epammamurot, ecm B menn et LR(1)-
KOH(DINKTOB TUIA CABUC/CBEPTKA U CBEPTKA/CBEPTKA HU [JIS1 OJHOU TapHI
(8,t).

16.4.6. TlocTpouTe aaropuT™M MPOBEPKY BHIBOAUMOCTH C10Ba B LR(1)-
rpaMMaTHKe.

Pemrenwe. Kak u paubme, Ha xaxgom mare LR-npoecca moxuO 0gHO-
3HAYHO OMPENEIUTDb, KAKOU IIAT TOJIBKO U MOXKET OBITH CJIEIYIOIAM. |

Moaesno (B wactroctu, aua LALR(1)-pasbopa, cM. HUXKE) MOHATH, KAk
cesasansl noHaTua LR(0) u LR(1)-cormacosanuocTn.

16.4.7. ChopMyaupynTe u JOKaXKUTE COOTBETCTBYIOIICE YTREPK ICHUE.

Otser. IIycts dukcupoana HekoTopas rpamMmaruka. Croso S u3 Tep-
MUHAIOB U HeTepMuUHAIOB ABigeTca LR(0)-cormacoBamHBIM C cHTyanuen
K — UV Ttorga u Tompko Torga, xkorga oo LR(1)-cormacosano ¢ mapon
[K — U_V, t] gua mexkoToporo TepMubana t (wm gus t = E0I). To xe camoe
apyrumu ciaosamu: Jles(K) ects oobexunenue Jle(K,t) no Bcem t. B mo-
cregHen GOpMe DTO COBCEM SCHO. O

3ameganue. Takum obpaszom, Gyukuua Cocr(S) B LR(1)-cmbicae aBis-
erca pacrmaperneM ¢yakimu Coct(S) B LR(0)-cmprcne: Cocty g o) (S) momy-
gaerca u3 CocTrr(1)(S), ecam Bo BCex mapax BHIGPOCHTH BTOPHIC “ICHEL.

Teneps mer Moxem aarh onpexerenue LALR(1)-rpammaruku. Ilycrs
(ukcupoBaHa HEKOTOPaA 'PAMMATHKA, S — CJIOBO U3 HETEPMUHAJIOB U Tep-
MUHAJIOB, t — HeKoTopbin Tepmunai (wiu E0I). Byxem rosoputs, 4To pis
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napsr (S,t) LALR(1)-803moscna ceépmra no nexomopomy npasuay, eciu
cymecTByetr apyroe cioso S ¢ CocTrr(o)(So) = CocTrr(0)(S1), mpuaénm mra
mapet (Sq,t) LR(1)-BoamoxkHA CBEpTKA IO paccMaTPUBAEMOMY MPABUILY.
Manee ompeneraoTca KOHGIUKTH (€CTECTBEHHBEIM 06pa3oM), U IPAMMATH-
ka HasweiBaeTca LALR(1)-epammamurot, ecim KOHDIUKTOB HET.

16.4.8. Mokaxkure, uTo ar06aa SLR(1)-rpaMmaTuka ABIAETCA TAKXKE U
LALR(1)-rpammarukon, a mobas LALR(1)-rpaMmaTuka ABIAETCS TaKKe
n LR(1)-rpammaTuxon.

[Ykasanue. 9T0 — mpOCTOE CAEICTBUE ONPEIEICHUI. O

16.4.9. ITocrpoure amropurm nposepkm seiBogumocTu B LALR(1)-
rpaMMAaTHKe, KOTOPLI XPAHAT B CTEKE MEHbIIEe MHMOPMAIAM, YeM COOT-
Bercreyommi LR(1)-arropurm.

[Ykazanue. [locTaTouso XpaHUTH B cTeke MHOkecTBa CocTig(g)(S),
MOCKOIBKY coryacHo ompegeneHnmoo LALR(1)-Bo3MOXHOCTL CBEPTKM UMM
onpezensercsa. (Tak uro cam anropurm HudeMm He oriamvaercs ot SLR(1)-
CJIydas, KpoMe Tabaulbl BO3MOXHBEIX CBEPTOK. )] O

16.4.10. Ipuseaure npumep LALR(1)-rpaMmaTuxu, KOTOpas HE ABJIA-
ercsa SLR(1)-rpaMmaTukon. O

16.4.11. THpuseaure npumep LR(1)-rpamMmmaTuku, KOTOpas He ABIACTCA
LALR(1)-rpaMMaTuKon. O

16.5. O6uwme 3amevaHmnsi o0 pa3Hbix MeTodax pa3bopa

[Ipumenenue >TUX METOLOB HA TPAKTUKE UMEET CBOU XUTPOCTU U TOH-
KOCTH, KOTOPHIX MBI He Kacamuch. (Hampumep, Tabauusl caegyeT XpaHUTb
MO BO3MOXKHOCTH DKOHOMHO.) acTO OKa3BIBAETCA TAaKXKe, YTO A HEKO-
TOPOr'0 BXOTHOI'O A3LIKA, HAnbOIee eCTEeCTBEHHAA MPAMMATIKA He SBIAETCS
LL(1)-rpammarukon, Ho sasmsercs LR(1)-rpammaTuxon, a Takxke MOXeT
6niTh 3ameHena Ha LL(1)-rpaMmvaruxy 6e3 m3MeHeHUs A3blka. Kakou u3
STUX BAPUAHTOB BHIOPATH, HE BCEr[a ACHO. [uaeTaHTCKUM coBeT: eciau Ber
CaMu MPOEKTUPYETE BXOTHOU S3LIK, TO HE CJAEAYET BBIIEHIPUBATHCI U YIIO-
TPeOIATL OMHU U TE K€ CUMBOJIBL [/ PA3HLIX eJeN — U TOr'[a OOBIYHO He-
ca0xkHO HamucaTh LL(1)-rpaMMaTuKy nim pexypCUBHBIN aHATu3aTop. Ecau
e BXOJHOU A3BIK 3a4aH 3apanee ¢ nomombio LR(1)-rpaMvaruku, He AB-
fomencs LL(1)-rpammaruxon, To aydme eé He TPOraTh, a Pa3sbUpaTh Kak
ectb. [Ipu 5TOM MOTYyT OKa3aThCA MOJE3HBIE CPEICTBA ABTOMATUIECKOTO
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HOPOXKIEHUA AHATA3ATOPOB, HAUOOIEE M3BECTHBIMY U3 KOTOPHIX ABIAKTCA
yacc (UNIX) u bison (GNU).

Bonpmoe Komm4ecTBO MOME3HOM W XOPOWO WM3I0KEHHOU WHQOPMAINN
0 TEOpWHU W TPAKTUKE CUHTAKCHIECKOrO pa3bopa mMmeeTcs B KHuTe Axo,
Cetu n YapMana (CM. CIIUCOK KHUT I 9TEHU).
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JlesKont(K — U) 294
JlesKout(K — U, t) 306

JIEBBIA KOHTEKCT mpaBmia 294

Makkpenra aaxropurM 198, 202
MaKCHMaJbHOE napocodyeranue 172,
174-176

MaKCUMATBHBIN TOTOK 163, 168

Maccus 23

— ¢ MAHUMAQJIBHLIM dIeMeHTOM 115

— cyddukcos 207

MaTpul npoussegerue 149

Marpuia med 149

MaTpHULBL, TOPATOK YMHOXKeHud 138

MenuaHa, nouck 88, 133

MeTO[ IIOTEeHIAIoB 151

MUHUMAJBHBEIN pa3pes 163, 169

MUHAMYM, mOUCK 84

MHOT'OYTOJbHUKA TPUAHTYJIAUSI 57

MHOI'OWIeH, 3HadeHue 26

—, npou3sBogHas 27

—, ymHOXKeHue 27, 28

MHOXKeCTBO, npeacrasmerue 240,
243

— — nmepesom 249

—, peanusanusa B OUTOBOM MAaCCHUBE
111

— — mepeunem 112

— peryaapuoe 193

—, Tun gaHHbIX 111

MHOXUTENb 271

MOIEIUPOBAHUE, OUE€PEh COOLITUN
116

MOHOTOHHBIX TOCIENOBATEILHOCTEN
nepeuunciaenue 47

Mopae azbyxa 230

HAMOOMBIY O0IMK geauTens 11

HauMMeHbITlee obIiee KpaTHoe 13

Hamp(K — V') 288

Hau(X) 276, 287

Hadamuo croBa 179

HEACCOIUATUBHOE TTPOU3BEICHUE
139

HeJIeTEePMUHUPOBAHHEIN KOHEIHLIN
aBromar 194

HEOpUEeHTUPOBAHHBIN rpad 130

HepaBeHcTBO Kpadra—
Maxmvmriana 230-233
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HeTepMuHAT 268

HUXKHUE OLIEHKU YUCIA CPABHEHUN
84

HuM, urpa 210

HOI 11

HOK 13

OoOMeH 3HavMeHu:n 8

obpaser, nouck 177

oOpaTHaA MepecTaHoBKA 35

— moJbCcKas 3anuch 144

obxonx mepea 60, 219

— — pexkypcuBHbIn 127

o0uwmi >1eMeHT (B yHODSLOIEHHBIX
maccuBax) 31

omevaTku, mouck 248

opuenTUpoBaHHBI Tpad 106

opdorpadus, mposepka 248

ocTaTovYHAA ceTh 164

ocrarounsin rpad 164, 169

OTKpBITasA anpecanusa 241

ouepens 103

— m3 AByX cTekoB 104

— npuoputeTHasa 115

—, peanmsanusa B Maccuse 103

—, ccpuiouHasa peanusanua 108

oumbKa: MHAEKC 33 rpaHumen 29,

34, 35, 73, 75

mapocoueTanue 172-176

macKaab, A3bIK 4, 29

ITackana Tpeyroneauk 57, 136

nepe6op ¢ Bo3BpaTamu 60

—, cokpaienue 222

IEPECEYUEHUE PErYIAPHBIX
MHOX)ecTB 196

— YIOOPAIOUEHHBIX MaCCUBOB 31

mmepecTaHOBKA oOpaTHad 39, 53

— dacTen mMaccusa 25

—, Y€THOCTD 35

[IEPECTAHOBOK Iepeduncienue 44,
52, 124

mepuoj JecATuIHOu apodu 20

noxaepeso 250

MOAMHOXKEeCTB nepeuncienue 44, 45

[IOANOCJIEI0BATENBHOCTD
MaKCUMaJIbHAA Bo3pacTaromast 41

— obmas 40

—, nposepka 40

moacoBo 179

—, mouck 181, 184, 185, 187

no3unuu B cyddukcuoM aepere 199

— IPOUTPLIMIHLIE U BHIUTPHIMIHLIE
211

mouck A*-anroputm 151

— k-ro mmo nopsaaky 88, 133, 256

— B rybuny 153

— B mmpuny 114, 152

— IBOWYHBIN 33

— kparyanmero myTtu 146

— mMuHEMyMa 84

— obpasma 185, 187, 189

— oxuaoro u3 caoB 190

— moxcmosa 177, 181, 184, 185, 187

— TPeACTABUTENSI OOTBITUHCTBA 88

IMoca(X) 276

Mocren(X) 287

MOC/IEIOBATEIBHOCTU MOHOTOHHEIE,
nepevuciaeHue 125

MOC/IEIOBATEIBHOCTD, COIEPIKAIIAA
BCe caoBa MaUHLL 1 108

nocTdukcHas 3anuch 144

nmorernuaia 151

moTok 157-159

— dyepe3 paspes 161

MTOTOMOK BepIUHLI 121

mpaBa aBTopckue 4

npexinoTox 163

npusenenue 293

IpUOpPUTETHAA odepenb 115
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IPOrpamMMa CXKaTUsA NHMOPMAIUA
239

[IPOrPAMMUPOBAHIE [AHAMUYIECKOE
135, 137, 272

IPOUTPHIIHEIE To3utmu 211

MIPOU3BEIEHNE MHOT'OWICHOB 27

— HeaccoruatusHoe 56, 139

IPOIyCKHAasA CIOCOOGHOCTH 158

— — paspe3a 163-166

MpOCThIe MHOXUTETN 15

myTen qucao 150

Pabuna anropurm 187

pa3sOueHn HA, CAAraeMbIe
nepevucrenue 48, 126

— — gucao 57

pas6op LL(1) 285

— LR(1) 293

—, o6 KC-anropurm 272

—, PEKYPCUBHLIN CIyCcK 274

pa3IoXKeHne Ha MHOXUTEan 15

pasmMerieHus ¢ moBTopeHuamu 43,
123

paspes 157, 158, 161

paccraHoBku (yHKIUA 240

pacumpenue nHIYKTUBHOE 39

pe6po rpada 130

peryiapHoe BeIpaxKkeHue 192

— MHOXKecTBO 193

— —, pomnoauenue 196

— —, nepecedenue 196

peKypcuBHasa mporpamma 117

PEKYDPCUBHELIN CITyCK 274

pexypcus 117

—, ycTpanenue 135

PETPOCIEKTUBHLIN AHAJIU3 UTPHI
226

prok3axk, zamonuenue 70, 140

cBépTKa 293

CBA3HAS KOMIIOHEHTA,
HeOpreHTUPOBAaHHOTO rpada 130

— — OPUEHTUPOBAHHOI'O r'papda
113, 131, 152

cesa3ubm Tpad 106

caBur 293

cers 157, 158, 161

cxkarue nH@OpManuu 239

cxkaroe cyhdukcHoe gepeo 198

cuMBoa 229

—, ko1 229

— HavaIbHLII 268

— HEeTEePMUHAILHBIN 268

— TepMUHAILHBIN 268

cuTyanusa rpamMmMaTuku 296

CKOOKM, TPAaBUIHLHOCTEL 98, 269

ck0OOK pacCcTaHOBKa 56

craraemoe 271

CIUSHUE YIOPSIOYEHHBIX MaCCUBOB
30

cmoso 179

— BBRIBOAUMOE 268

coprupoeka nlogn 73

— gepesoMm 75, 115

— KBagpaTUIHAsg 72

—, HIDKHSAA OIEHKA, CAOXKHOCTH 82

— causaueMm 73, 80

— Tononoruyieckas 128, 155

— Xoapa (6ercrpas) 80, 132

— — HepekypcuBHas 143

— mudponasa 83

—, 9UCI0 CpaBHeHUN 82

Cocr(S) 297

COCTABHBIE CUMBOJLI, 3aMeHa 90

coueranun qucao 57, 136

ceuLiku cyddukcasie 200

crek 96

—, 1Ba B maccuse 100

— OTJIOXKEHHBIX 3agaHmn 141

—, peaausanus B maccuse 97

—, cceuiovuHaa peanusanua 100
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CTEKOBBIN KaJIbKyaaTop 144

CTemneHb, OLICTPOE BRIYUCTICHUE 9

—, BEIYUCIeHUE 9

—, pexkypcuBHasa nporpamma, 118

ctok 159

cTpaterus B urpe 213

— nosunmorHas 213

CyMMAapHAs BEINYWHA TOTOKA
161-164, 166

CYMMUPOBAaHNUE MAaCCHBA
pekypcusHoe 120

cyddpukc 198

cyddukcaoe nepeso 196, 198

cyddukcusre ccoriku 200

cyppuxcunim maccus 207

CYACTIUBBLIE OUIETHI, YUCIO HE

teopema Kéunura 176

— dopaa—DPamkepcona 163

— Xoana o mpeacraBuTensax 176

— Ilepmeno 213

TepMuHAT 268

— ganpap/sonmn 288

TOHOJIOrTYIeCKas COPTUPOBKA 128,
155

Tpeyroabauk [lackamns 136

TPUAHTYIALUSI MHOMOYTONBHIKA

57, 137
ymopsgoueHHoe mepero 250

daxTopuar 11

—, pekypcuBHasA mporpamma, 117

depaen paccranoska 60

DuboHATIN TOCIEJOBATETHLHOCTE
11, 137, 257

— —, bwicTpoe Bbraucaenue 11

Daonga amropur™ 147, 196

Popua—Bewvana amropurm 146

GyHKIUA NHAYKTUBHAA 38

— paccranoBku 240

XAHOUCKUE OAITHY, HEPEKYPCUBHAA
nporpamma, 140

— —, PeKypCUBHAasA MPOrPAMMa,
119

Xadpdmana kox 234-236

xen-pyHknna 240

—, YHUBEPCATLHOE CeMENCTRO 245,
247

xemuposanue 240

—, OLIEHKA YUCIa gedcTeun 245

— ¢ OTKpBITON ajapecaruen 241

— co ciuckamu 243

— YHUBepcaabHOe 245

Xoapa coptuposka 80, 132

— — HepekypcuBHas 143

XOPIBL OKPYXKHOCTH 57

Leable TOYKH B Kpyre 18

neHa urper 211, 213

— —, BEIUucaeHue 219

IIepmero Teopema 213

UK 3UaepoB (1o BceM pébpam
rpada) 106

nupkywsmust 171

qacToTa OyKBHI 230
YETHOCTH IEPECTAHOBKU 39
qucao Karamana 55, 59, 137
— 00X »IeMEeHTOB 28

— pasbuenun 57

— coueTaHun 57

— CYACTJIUBLIX OMIETOB H8

IlMennona— Pano xkon 236238
surponus llennona 236

A3BIK KOHTEKCTHO-CBOOOTHEIN 268
— He KOHTEKCTHO-CBOOOIHEIN 270
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