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Abstract

This paper introduces the dynamic modelling of a single-link flexible manipulator with two cables. The end-effector is attached
at the distal end of the flexible link and tensed cables are used to suppress vibration. The flexible link is considered as E uler-
Bernoulli beam and the cable as a massless spring. By applying the Hamilton’s principle, a set of nonlinear equations of motion
are derived with two boundary constraints. A calculation method is proposed to determine the natural frequency of the single-
link flexible manipulator with cables. Simulation experiments are performed to validate the effectiveness of the proposed method.
Three non-dimensional parameters are introduced to investigate the effect on the natural frequency of the flexible system. An
experimental verification is implemented and the actual frequencies are found to be in good agreement with both the ones based
on the proposed dynamic model and obtained in simulations. The results show that the vibration is greatly suppressed by utilizing
cables in the flexible-link manipulator, which demonstrates that a light-weight flexible system with cables has the potential to be
employed in the fields of fast lightweight industrial manipulators, robotic arms for remote manipulation in space and bio -inspired
engineering.

Keywords: Single-link Flexible Manipulator; Dynamic Modelling; Cable; Vibration Suppression; Hamilton’s Principle

Nomenclature

Jm Moment of inertia of the motor

0 Angular displacement of the motor

T Torque applied by the motor

El Bending stiffness of the flexible link

L Length of the flexible link

0 Density per unit length

m Link mass

me Cable mass

Mp Payload mass

Jp Moment of inertia of the payload

D Length of the rigid link

0 — Xy Global inertial frame

o—x'y Tangential coordinate system (relative frame)

T4 Rigid displacement vector of a curvilinear point on the flexible link in the global inertia frame
S Location of a curvilinear point on the flexible link

v(s,t) Transversal deflection of a curvilinear point s on the flexible link
R, Transversal deflection vector in the relative frame
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Rra Rigid displacement vector of a curvilinear point on the flexible link in the relative frame
T Rotation matrix from the relative frame to the inertial frame

Vi, Ve Potential energy of the flexible Euler-Bernoulli beam and the cable

A = 1/L

k Spring constant of cables

AL Change in the cable length

V(s,t) Total potential energy of the single-link flexible manipulator with two cables
T Tp Kinetic energy of the flexible link and the tip mass payload

T Total Kkinetic energy of the single-link flexible manipulator with cables

Sw Virtual work exerted by the rotational motor torque

Y(s) Expression only related to the location of the curvilinear points s

wi_cable' wi_nocable

X

i"" natural frequency of the flexible link with cables and without cables

_ Wi cable—Wi nocable

Wi nocable

Relative distance between the location of the tip payload and the ideal location with cables and wit
hout cables

drtp' drtp/c

K Three non-dimensional parameters to illustrate the dynamic features of the flexible system

1. Introduction

Serial robotics with a set of rigid links have been widely employed in industrial application. However, the links of serial robots are gen-
erally relatively heavy and bulky in order to maintain high repeatability during motion. The dynamical motion of these robots is thus per-
formed with a limited working speed due to large mass and inertia of bulky links. With the development of new materials and manufacturing
technologies, flexible manipulators have attracted the interest of many researchers for the advantages of fast motions, large-scale manipula-
tions and low manufacturing costs [1-6]. The compliance of flexible links can save energy, simplify the mechanical design and improve
performance during a material manipulation. Except for fast lightweight industrial manipulators [7,8], potential applications of flexible ma-
nipulators include large space arms [9, 10] and bio-inspired systems with cables/soft appendages [11, 12].

The issue of developing accurate dynamic modelling of flexible link manipulators with rotational actuators had been studied by researchers
over last 20 years [13-18], notably since the performance of model-based controllers highly depends on the accuracy of the dynamic modeling
[19]. The flexible nature of a thin and slender link is considered by allowing a transversal deformation away from the predefined undeformed
point as illustrated in Fig. 1. Regarding the flexible linkage modelling, there are two well-known approaches, namely Timoshenko beam
theory [20] and Euler-Bernoulli beam theory [13,15,18,21,22]. In general, Euler-Bernoulli beam theory is broadly utilized under the assump-
tion of neglecting both the shear deformation and rotary mass moment of inertia of the beam. Moreover, the governing equations of motion
of a flexible link with tip mass is modeled with six methods in [23]. Besides, Lagrange equations [23], Newton-Euler equations [24, 25] and
Hamilton’s principle [13,16,18,26] were applied for developing a continuous dynamic model of a flexible link with tip mass. Rakhsha ad-
dressed the dynamic modelling of a single-link flexible robot with tip mass using Newton-Euler formulation, where natural frequencies and
mode shapes were obtained by a simulation example in agreement with other literature [24]. The continuous dynamic model of the flexible
link is obtained as Partial Differential Equations (PDEs) with several boundary conditions. The closed-form characteristic equation is de-
duced with PDEs of flexible links, which can be applied to study the relationships between design parameters and vibrations [15]. For
flexible-link discrete models, the Finite Element Method (FEM) is employed to transform PDEs into Ordinary Differential Equations (ODES)
to investigate the characteristics of a flexible system in time and frequency domains [26, 27]. Besides, another method is the Assumed Mode
Method (AMM) [28, 29] which consists in replacing the accurate mode shapes with several mode shapes of classical flexible beams (e.g.
clamped-free flexible beams). In general, FEM with more degrees of freedom yields more precise results than AMM but requires more
computation time. Therefore, AMM is preferable to FEM for real-time control purposes.



Deformed flexible link

4

Undeformed flexible link
Fig 1. Bending effect of a flexible link.

The schematic of a single-link flexible manipulator with a gripper studied in the paper is shown in Fig. 2. A rotational motor is directly
connected to the hub and a flexible link is clamped to the hub. A gripper, carrying a tip payload, is attached at the distal end of the link. Three
types of manipulators, namely a single flexible-link flexible-joint manipulator, a single flexible-link rigid-joint manipulator and a single
rigid-link flexible-joint manipulator, have been discussed by performing mode analysis in [16]. As for the flexible-link flexible-joint manip-
ulator, the shaft connecting the motor and the hub is regarded as an ideal torsional spring. To study the influence of the stiffness of the flexible
joint, a sensitivity index is proposed based on the closed-form characteristic equation of the system. The results showed that the joint flexi-
bility has an important effect on the system frequencies [15]. For the sake of brevity, the effect of torsional shaft is neglected in the dynamic
modelling of the single-link flexible manipulator studied in the present paper.

Rotational axis

Rotational
Motor

"~ Gripper

Fig 2. Schematic of a single -link flexible manipulator.

In the modelling of a flexible link, the curvilinear points on the flexible link are generally defined in relative coordinate systems. In
kinematic analysis, two types of coordinate systems are referred to as Tangential Coordinate System (TCS) and Virtual Link Coordinate
System (VLCS). Other coordinate systems are also discussed in [14] as pseudo-clamped, pseudo-pinned and pseudo-pinned-pinned systems,
where pseudo-clamped reference frame is equivalent to TCS and pseudo-pinned-pinned to VLCS. The largest transversal deformation occurs
at the distal end of flexible link in TCS, while it occurs near the middle of the link in VLCS. Additionally, the deformation of the flexible
link at the distal end in VLCS is constrained at zero. In comparison, TCS is more intuitive and eases the modelling of the transversal deflection
with constraint boundary conditions. Thus, TCS is adopted in this paper to facilitate the modeling of the single-link flexible manipulator
under study.

Because of the flexibility of its slender links, a flexible single-link manipulator is hardly capable of displacing a payload within a good
accuracy. With the aim to implement a light-weight manipulator, cables can be utilized to control the motion of the end-effector. In [9,10],
ultra-long wings attached to satellites are considered as ultra-long spatial flexible structure, where vibrations along the flexible wings signif-
icantly influence the operation of the satellites. Cables are used to actively suppress the vibration of the flexible structure in the experiments.
This type of cable actuated mechanism is defined as a Cable-driven Parallel Manipulator (CDPM). Among various studies related to CDPMs,
e.g. [30, 31], a number of previous works dealt with the vibration analysis and suppression of CDPMs [32-39]. The dynamic stiffness matrix
method is proposed in [33] to perform vibration analysis of CDPMs, which includes the dynamic characteristics of cables considering their
masses. Cuvillon et al presented an active vibration damping method for CDPMs in frequency domain [34, 35]. Position control method is
applied on winches to achieve dynamic control of a CDPM with elastic cables in [37]. Vibration control is investigated for redundant planar
CDPM s in multi-axis reaction system for suppressing out-of-the-plane oscillations in [38]. Referring to [39], a cable is modelled as a massless
linear axial spring for vibration analysis of CDPMs. However, all the aforementioned methods for vibration suppression focus on the rigid
end-effectors without including the bending flexibility of the single-link manipulator. A feasible design to reduce the oscillations and enhance
the stiffness of a flexible-link manipulator is to add cables between the flexible link and the hub [40]. Sun et al proposed in [9] a fuzzy PID
control method with the aim of suppressing the vibrations of a flexible mechanism by means of four cables. The experiments show that the
period of oscillation of the tip point is shorten quickly and the variation of the cable tensions is constrained in a predefined range. Besides,
in [10], the dynamic model of a satellite with ultra-long wings and cables is presented on a basis of a flat-plate bending element with 12
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degrees of freedom. Moreover, it is worth noting that in [9, 10] cables are also modelled as massless linear springs to analyze the dynamic
response of spatial flexible structure to controllable force.

The main contribution of this paper is the dynamic modelling of a single-link flexible manipulator stiffened with cables, obtained by
applying Hamilton’s principle. The proposed dynamic model of single-link flexible manipulator with cables plays a crucial role in accurate
motion control. Compared with finite element methods in [9,10,40], the presented dynamic modelling is systematic and results in a set of
partial equations of motions and several boundary constraints. Compared to previous works on the dynamic modelling of a single-link
flexible manipulator, the stiffening action of cables is accounted for in the dynamic model. Two testing experiments are setup to simulate a
flexible manipulator made either of steel, aluminum, or copper, and both with and without cables. The resulting frequencies obtained from
the simulations in two commercial softwares ANSYS and ADAMS are in good agreement with those based on the proposed modelling.
Furthermore, the valuable effect of cables on vibration suppression of single-link manipulators is validated by comparing of relative distance
of the link distal end point. The experimental verification of the dynamic model of the single-link flexible manipulator is also performed.
Two types of flexible links made of steel or copper are tested with and without the action of cables. The resulting natural frequencies are
obtained and compared with both the simulation results and the values obtained with the proposed model, in order to assess the effectiveness
of the proposed dynamic modelling of a single-link flexible manipulator with cables.

The rest of this paper is organized as follows. The governing equations of motion are obtained as PDEs by the Hamilton’s principle in
Sect. 2. Natural frequency analysis is performed on the basis of this dynamic modelling in Sect. 3. Simulation experiments of the flexible-
link manipulator are implemented both with and without cables, and the results are discussed in Sect. 4. Sensitivity analysis of natural
frequency on three non-dimensional parameters is carried out in Sect. 5. The testhed is setup and experimental verification is implemented
in Sect. 6 while Sect.7 concludes the paper.

2. Dynamic modelling

As illustrated in Fig. 3, the flexible manipulator is composed of a rotational motor, a flexible link, a rigid link, a payload and two cables.
Let Jm, @and 7 denote the moment of inertia of the motor, the angular displacement of the motor and the torque applied by the motor. The
shaft of rotational motor is fixed on the middle of the rigid link. The flexible link has bending stiffness El, a length L with density per unit
length p and uniform cross-section. The payload of mass myand moment of inertia J, is attached to the distal end of the flexible link. The
motion of the link is constrained in the horizontal plane. Moreover, its weight is ignored because the deformation due to the gravity is much
smaller than the bending deformation of the flexible link. Cables are connected to the payload and the distal ends of the rigid link whose
length is denoted 2D. o — xy frame denotes the global inertial frame of the single-link flexible manipulator. The relative frame o — x'y’
is a tangential coordinate system with the axis x’ along the neutral axis of the undeformed link. Let 6 denote the angular displacement of
the flexible link with respect to the inertial frame.

Rigid Link

Flexible Link
—AAAA Cable

Tip Payload

y

V'

Fig. 3. Kinematic modelling of a single-link flexible manipulator with two cables.

The location of each curvilinear point on the flexible link is composed of a rigid location, corresponding to the undeformed link, and a
transversal deflection due to the bending flexibility. The rigid displacement vector of a curvilinear point on the flexible link is expressed
as 1. The transversal deflection vector in the relative reference frame is denoted as ® r. = [0, v(s, t)]T, which depends on the location of
the curvilinear point s along the link and on time. Therefore, the location of the point on the link in the relative reference frame is obtained
as
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Bra = f*ry + Fre )

Let the original location of a curvilinear point of the flexible link in the inertial frame be denoted as (s, 0). The rotation matrix from the
relative frame to the inertial frame is expressed as

__[cosB —sinf
T_[sine cos@ I’ @)

Using Egs. (1) and (2), the position vector in the inertial frame is given by

ra=[2% oy 1[0+ Lo o)) ©

The potential energy of the system includes the potential energy of the flexible Euler-Bernoulli beam V;, due to bending, and the potential
energy due to the extension of the cables. Under the assumption that the transversal deformation v is small, the potential energy of the link
is given as

EIB (1[3%v\
[

where 1 =1/L,s =1L, { € [0,1].
Moreover, following e.g. [10, 39], considering that each cable is a massless spring with spring constant k£ and assuming that only one
cable is elongated at a given instant of time, the potential energy of the extended cable is

k

=~ Al
Ve = 717, 5)

where AL denotes the change in the cable length and is equal to |/(v|s=, + D) + L2 — VD% + L2|. Since the transversal deformation
v issmall, Eq. (5) is approximated as

Vem D, (©6)
2(D? +1?)
Hence, the entire potential energy of the single-link flexible manipulator system with cables is expressed as
V(s t) =V, + V. (7
The kinetic energy of the flexible link is given as
T
n= ) (5 (G« ®

Considering s = (L, the following formulation is obtained from Eq. (3) as

n=2 [ (&) e @ () +(30) . ©)

Furthermore, the kinetic energy of the tip mass payload is formulated as

m, (0rq]  \' /0Ty I, (d8 9%v 2
w2 ) ) .
P= 2 Vot l,,) \atl,, o\ @ Y osor - (10)
2
where % Lmeans the angular acceleration due the transversal oscillation of the tip payload. Therefore, the total kinetic energy of the
Ss=
system is deduced as
1 (doy?
T=E]m(a) + Ty, + Tp. (11)

The virtual work exerted by the rotational motor torque is 8W = t86, which is the only work due to non-conservative generalized forces
-5-



for the single flexible link manipulator since the cables are modeled as springs.
In the following, the extended Hamilton’s principle is applied to the single-link flexible manipulator as

t2
(6T — 8V + 6W)dt = 0. (12)

ty

Using the principle of variation, the variation of the kinetic energy Eq. (11) can be written as follows
dze
OT = | == | 660 + 8T, + 6Tp. (13)

The last two terms in Eq. (13) are calculated as
ST, = Lfl (@ +v21 (L) 56 + v (%2 av)se L 6217 56 + |aL + d9)2+ | PR 14
e N B VT (d)(at e ¢ dt2 ”(E a2 )| 0% (14
(d9> 56 +m (Bv) 5 (Bv) L (d0)6 (617)
ot dt ot ot/ Mo\ ot/
N d?6 - dG d9%v 6d9 5 0%v s
Mot \qez )= e Gt asa_ )\Oar t 0 asarl ) ()

Subsequently, the variation of the potential energy in Eq. (7) is expressed as

2 2 dze av
0Tp = mp(L° + v7|5=;) e 80 + mpv|s-,, (—)

All terms in Eq. (16) are formulated as
a2v\ _ o[~
')
6(2 a{ ¢=0

V5= 8V |s=y- (18)

8V, = —EIN®

LY 194y
<a(3>6 162 wavdcl (17)
2

Ve =z 1)

After several mathematical manipulations, the dynamic model is developed in combination with Egs. (12) - (18) as follows

tz tz a tz
f A 59dt+f f A 6vd(dt+f A 5(6 ) dt+f A, 8], dt
t t L t

1 1 s= 1

t2 %y o a3v
+ft (EI (ﬁ) 3205(£> _ (653) s:OD dt = 0. (19)

1
The terms A; in Eq. (19) are given by
A= d29++ a0 + (L2+|)dze+f1 L262Ud+ 0
1= e\ Gz )T\ 6sat2 mpL+ Vi \ gz ) ) P\ G | K T el \ G
(@
L\dt)’

[ () <5 (@)
) <6t2>]

ov
s=0

s=L

4

o L|{L
e [( (dﬂ) (a

A= EI 0%v N d29+ d3v
T \es? )|, Jo\arz * 3

A, = EI23

)l
s=L



kD?

mﬂs:u (20)

d?e 0%v d2%v
A4=mpL F +mp F —EI @ +
s=L s=L
The last term of Eq. (19) is always equal to zero due to the boundary conditions mentioned in Eq. (25) at s = 0. By taking into ac-
count that 66, 6v,48 (2—:) and 6v|,—, areindependent variations, the expressions of A;,A4,, A5, and A, are equal to zeros on
s=L

the basis of Eq. (19). Therefore, the dynamical model of a single-link flexible manipulator with cables is developed as

d?6 crt d29+ d23v (2 42l d?6 fl 2 8217 4+ d2%v
Jm acz) Tt Jo dt? * dsot?|_ Mp Vils=)\ g2 pe ¢+ mpl a2

=L s=L
o[ o () (22) ot ()], ()0 2
pLY { mpvs L at oL dt - Y% ( )
B2 oo (£0) (d6> (28] =0 22
ast P IP\aez) TV \ar acz )|~ @2)
El d29 =0 23
ds? 656t2 ) (23)
N 0%v 2%v N kD? I, =0 2
mplL dtz o\ 3¢z 0s% )| _, Dz 4 12) =L = @4

with the boundary conditions at s= 0

ls=o =0 ov =0 25
vs:O_ ’ aS S=0_ . ( )

3. Natural Frequency Analysis

The dynamic characteristics of a single-link flexible manipulator include the natural frequency of the system in frequency domain and the
dynamic response in time domain. Due to the small oscillation in free vibration, the lateral deformation v (s, t) is assumed to be separable
in space and time, which is given as below

v(s,t) = ¥P(s) sin(wt) (26)

where W(s) denotes an expression only related to the location s of the curvilinear points. By substituting of Eg. (26) into Eq. (22), the
following equation is obtained

4

El
ds*

sin(wt) — p¥(s)w? sin(wt) = 0, 27)

where % is equal to zero when the motor stops rotating. Considering the generalized case, Eq. (27) leads to
0*¥(s)

os*
Let B* = w?p/EI, then Eq. (28) can be written as

El

—w?p¥(s) = 0. (28)

4lP(s)

—Br(s) = 29)

where the solution of this differential equation is given by W(s) = Asin(Bs) + Bcos(fBs) + Csinh(Bs) + Dcosh(fBs). (30)

Based on Eq. (30), Egs. (23) to (25) are rewritten as



[—psin(BL) — J,B3cos(BL)|A + [J,B3sin(BL) — pcos(BL)|B + [psinh(BL) — J,B*cosh(BL)|C

+ [pcosh(BL) — J,B3sinh(BL)|D = 0. (31)
kD? kD?
—mpw?sin(BL) + EIB3cos(BL) + msin(ﬁL)] A+ [—mpwzcos(ﬁL) — EIB3sin(BL) + ———< YD) cos(BL)|B
2
+ [—mpwzsinh(ﬂL) — EIB3cosh(BL) + (DfTLZ)sinh(ﬁL)] C
, kD?
+ [—mpa) cosh(BL) — EIB3sinh(BL) + ———< YD) cosh(BL)| D (32)
B+D =0, (33)
A+C=0. (34)

Subsequently, since §6 = 0, the first term of Eq. (19) is equal to zero and therefore Eq. (21) does not need to be considered.
By using Egs. (31) to (35), the coefficients A, B, C and D need to satisfy

I1

X
Hi Hyp  Hys  Hyg|[A] [0
Hyy  Hy; Hps  Hyy| Bl _ |0
0 1 0 1{|c| |of’ o
1 0 1 0l1LD 0
where
Hy, = —psin(BL) — J,B3cos(BL), Hy, = J,B3sin(BL) — pcos(BL),
H,3 = psinh(BL) — JpB*cosh(BL), Hy, = pcosh(BL) — J,B*sinh(BL),
2
Hy, = —myw?®sin(BL) + EIB3cos(BL) + (Df+ B sin(BL),
2
H,, = —myw?cos(BL) — EIB3sin(BL) + (Df R cos(BL),
2
Hy3 = —myw?sinh(BL) — E1p*cosh(BL) + msmh(ﬁw'
2
H,, = —mpa)zcosh(ﬁL) — EIB3sinh(BL) + %cosh(/ﬂ).

For a non-trivial solution of vector x in Eq. (35), the determinant of matrix IT must be equal to zero. Thus, a nonlinear equation involving
B is obtained by setting the determinant of matrix IT to be zero. In this paper, fzero function in Matlab is utilized to determine the resulting
parameter 8 in the nonlinear equation. Once the parameter S calculated, the natural frequency w can be determined according with g* =
w?p/EI. For the purpose of illustration, values of the physical parameters of the single-link flexible manipulator are selected as shown in
Tab. 1.

Table 1 Physical parameters of a flexible-link manipulator with Nylon cables (with the flexible link made of steel).

Item Parameter Value
Mass density (kg/m) p 0.164
Link bending stiffness (N - m?) El 0.1775
Link length (m) L 0.6
Link mass (kg) m; 0.1
Motor moment of inertia (kg - m?) Im 1x107*
Rigid link length (m) D 0.1
Spring constant of cables (N/m) k 3700
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Cable mass (kg) Mme 0.0005
Payload moment of inertia (kg * m?) Ip 3.537x107°
Payload mass (kg) m, 0.01

To validate the proposed method, firstly the single-link flexible system without cables is considered by setting the cable spring constant
k to zero. Consequently, the fundamental natural frequency of the single-link flexible manipulator without cables is obtained as 1.045 Hz
by means of the proposed method. Referring to [24], an empirical formula for a flexible link with tip mass is utilized and the resultant
fundamental natural frequency is calculated as

3EI
()

Subsequently, a finite element simulation model of the flexible-link manipulator without cables is developed in ANSYS software. The
frequency analysis is proceeded and the fundamental frequency is obtained as 1.033 Hz, which is very close to the result based on the
proposed method with a relative error 1.16 %. In comparison, the relative error of the obtained fundamental frequency based on the empirical
formulain Eq. (36) to that from ANSY S software is 32.8 %, which is much larger than the one obtained with the proposed method. Therefore,
the results demonstrate that the proposed method for the flexible-link manipulator without cables is feasible and applicable. In addition, it
provides the evidence that flexible link systems have a low natural frequency and are prone to vibrate due to external forces/moments. More
importantly, the fundamental natural frequency of the single-link flexible manipulator with cables is determined as 2.724 Hz via the proposed
method, which is nearly two times higher than that without cables. It means that cables can indeed be utilized as a structure element to
increase the stiffness of a single-link flexible manipulator. In order to emphasize the effect of cables on this single-link flexible manipulator,
the variations of the natural frequencies of the system with and without cables are listed in Tab. 2. As for the first two orders of natural
frequencies of the single-link flexible manipulator, cables play an important role in improving the stiffness of the flexible system. However,
it is also noted that the effect of cables on the higher order natural frequency decreases sharply as the order increases.

= 8.26 rad/s =1.372 Hz (36)

Table 2 Natural frequencies of flexible-link steel manipulator using the proposed method (Unit: Hz).

Order Without cables With cables
1t 1.045 2.724
2nd 3.124 6.935
3 13.11 14.38
4t 32.17 32.54
5t 60.13 60.29

To further investigate the influence of the link materials on the dynamic characteristics, two other commonly used materials (i.e., copper
and aluminum) are analyzed. The Elastic Modulus of steel, copper and aluminum are listed in Tab. 3.

Table 3 Elastic Modulus of steel, copper and aluminum (Unit: GPa).
Material Plain Carbon Steel Copper Aluminum (1060 Alloy)
Elastic Modulus 207 110 69

The natural frequencies of the single-link flexible manipulator with both copper and aluminum are calculated and listed in Tab. 4. In com-
parison with the results in Tab. 2, the influence of materials on the natural frequencies of the single-link flexible manipulator is presented in
Fig. 4.

Table 4 Natural frequencies of flexible-link manipulator with copper and aluminum (Unit: Hz).

Order Without cables With cables
Copper Aluminum Copper Aluminum
1 0.762 0.603 2.001 1.592
2n 2.278 1.804 6.130 5.349
3¢ 9.557 7.569 1151 10.18
4 23.45 18.57 23.99 19.31
5t 43.84 34.72 44.05 35.00
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Fig. 4. Comparison of natural frequency of a single-link flexible manipulator made of steel/copper/aluminum with cables and without cables.

The calculation results show that the effect of cable decreases in high modes as shown in Fig. 4. Moreover, it validates the preceding
remark that the cables have the ability to increase the stiffness of the flexible single-link manipulator with three commonly used metallic
materials. In order to investigate the influence of cables on the dynamic characteristics of a flexible manipulator with different materials
guantitatively, a non-dimensional index is defined as follows

__ Wi_cable — Wi _nocable

, (37)

Wi nocable

where w; cqpe denotes the calculated i natural frequency using cablesand w; nocanie IS the calculated it natural frequency without cables.
Based on the values listed in Tabs. 3 and 4, the index values shown in Fig. 5 are obtained.

- \ —#%— Steel
\ —— Copper
=-=-Aluminum

l] 1 1
1 2 3 4 5

Order of Natural Frequency
Fig. 5. Index values with three different material in the first five orders of natural frequency.
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As represented in Fig. 5, the index is larger than zero throughout the first five orders of natural frequencies due to the improved stiffness
of cables. The most significant influence of cables on the natural frequency occurs in the first and the second modes for all three materials.
Moreover, cables exert more prominent effect on more flexible link and, therefore the values corresponding to aluminum are always higher
than the values for the other two materials.

4, Simulation verification

Next, the effectiveness of the developed method for the steel single-link flexible manipulator with cables is investigated and verified by
means of a simulation model developed in combination with ADAMS and ANSYS software as depicted in Fig. 6. The flexible link is
discretized into 60 identical elements in two layers using ANSY'S. A neutral file containing the features of the flexible link is obtained and
transferred to ADAMS View. The reason for this process is that ADAMS View has a cable module to simulate the dynamics of cables in
real environment. However, the modelling of the single link in ADAMS View is difficult to be created as a flexible structure. On the other
hand, the flexible link model in ANSY'S can be readily utilized to form the neutral file. Finally, the simulation of the single-link flexible
manipulator with two cables can be achieved in combination with accurate cable model and flexibility of the single link. Moreover, the
flexible link is mounted on the ground with a revolute joint. In practical application, the parallel cable configuration mentioned in [41-43] is
capable of avoiding the torsion of the flexible link during transportation as shown in the right subfigure of Fig. 6.

Cables are modelled by employing the cable module in ADAMS View, where the diameter of the cables is set to 1 mm and the elastic
modulus of the cables made of Nylon is 2.83 GPa. Referring to [40], the axial stiffness of an elastic cable with the constant cross-section and
the same material is deduced as

EA
kapams_cable = 7" 3704.5 N/m, (38)

which is approximately equal to the cable spring constant k in the proposed method. Furthermore, it is worth noting that both cables have
zero tension in static condition where each cable has its free length.

e
Cables —

Parallél Cables

Tip Payload ——

Fig. 6. Simulation model of flexible link with cables in ADAMS (left) and parallel cable configuration in practical engineering (right).

In the simulation experiment, the typical manipulation motion of the single-link flexible manipulator is divided into two sub-motions
executed in sequence as illustrated in Fig. 7. In the first sub-motion, the manipulator rotates around the revolute joint from 0 to 90 degree in
one second. Then, the revolute joint stops and the flexible manipulator is held in free vibration after time ¢ = 1 s. The relative distance d.,
between the simulated location of the tip payload and the ideal location of the tip payload in static condition is recorded during free vibration
as shown in Fig. 8. Oscillations of the distal end of the flexible link can be clearly observed. Moreover, the relative distance d,, decays
under the effect of the damping of both the cables and the flexible link, where the damping is added to the link and cable model in ADAMS.
In free vibration of the steel flexible link with cables, the magnitude between crest and trough is measured as 0.297 mm for the first oscillation
while it is 0.038 mm at the fifth oscillation. By taking the advantage of Fast Fourier Transform, the relative distance in time domain is
transferred into the value in frequency domain as depicted in Fig. 9. Consequently, the fundamental frequency of the steel flexible-link
manipulator with cables is identified as 2.715 Hz, which is very close to the value of 2.724 Hz calculated with the proposed dynamic model.
The relative error between the simulation result and the calculated result on the fundamental frequency is 0.33 %. The main reason for the
discrepancy is the simplified cable model considered in Section 2 (a spring with constant spring coefficient working only in extension).
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Fig. 7. Motion definition of simulation experiment. Fig. 8. Relative distance d,., in free vibration. Fig. 9. Fast Fourier Transform of relative distance d..,.

Furthermore, the dynamic characteristics of the single-link flexible manipulator without cables are investigated by disabling the cable
module in ADAMS. By completing the same motion of the revolute joint, the single-link flexible manipulator without cables vibrates freely.
The relative distance d,.,,. between the simulated and ideal (static conditions) locations of the tip payload is also measured in ANSY'S as
illustrated in Fig. 10. Compared to the relative distance d., in Fig. 8, the amplitude of oscillations in free vibration of the flexible system
without cables is much higher than that of the system with cables. Therefore, it confirms that the cables are capable of improving the stiffness
of the flexible system and lowering the vibrations amplitude. Besides, the basic frequencies of the vibrations of flexible link made of
steel/copper/aluminum are calculated as 1.057 Hz/ 0.756 Hz/ 0.625 Hz, which are in a good agreement with the calculated results.

0.4
—— Steel
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Fig. 10. Relative distance d,,,. in free vibration of the flexible manipulator without cables for three different materials.

In addition, the tensions in the two cables are also obtained from ADAMS and illustrated in Fig. 11. The dynamic features of this tension
distribution along the defined motion are the following.

(1) During the simulation experiment, only one cable is maintained in tension and the other one is slack with tension equal to zero. For
example, during the period | of the motion, only cable one is kept in tension (the dashed line in Fig. 11) and the tension of cable two remains
zero (the solid line in Fig. 11), while during the period 11, before the free vibration begins, only cable two is in tension and cable one stays
slack. This feature is fully considered in the dynamic modelling of the flexible-link manipulator with only one cable having potential energy.
During the period I11 of free vibrations, cables one and two are alternately tensed.

(2) Due to the effect of acceleration and deceleration during the revolute joint motion, the maximum tensions in cables one and two occur
in period I and I, respectively. When the revolute joint stops rotating, the single-link flexible manipulator is experiencing the free vibration
and the maximum magnitudes of the tensions in the two cables become smaller.

(3) During the free vibration, the tensile forces in each cable reduce over time. This feature is in agreement with the change of the relative
distance d,, because of the spring model. Moreover, the cable tension acting on the flexible link is prone to be larger at the beginning of
the exchange of working cable and decreases before next exchange of cable in action.
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5. Sensitivity Study

In order to investigate the dynamic characteristics especially in the frequency domain, sensitivity study is performed in this section. There
are three main parameters having a crucial influence on the natural frequency of the flexible manipulator made of steel. Recalling the primary
task of this flexible-link manipulator, the mass of the tip payload m, and the moment of inertia of the tip payload /,, are two main factors
leading to different dynamic features of the system. Moreover, cables are utilized as a spring module with spring coefficient k to increase
the stiffness of the flexible system and the simulation results show its capability in suppressing vibrations. Therefore, three parameters
including {mp, Jo» k} are taken into account in the sensitivity study presented in this section.

Referring to [15], three non-dimensional parameters are defined in the following and adopted to illustrate the dynamic features of the
flexible system.

_my I _kL3

M, = ==, K=—.
PpL’ P pI3’ El

(39)

Accordingly, the changes of the first three orders of natural frequencies are depicted with respect to three non-dimensional parameters
{M,, I, K} in Fig. 12. The natural frequencies decrease as {M,,I;,} becomes larger. In contrast, the natural frequencies increase as K
increases. More importantly, the results show that the fundamental natural frequency of the flexible system is highly related to the parameter
I,, while the second and the third natural frequencies mainly depends on the two parameters {Mp, K } Furthermore, the first natural fre-

quency is more sensitive to the parameter I, in the range of [0, 1] and the third natural frequency to the parameter M,, in the range of [0,
1].
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Fig. 12. Relationship of natural frequency and three non-dimensional parameters {Mp, I, K }
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6. Experimental Verification

In order to validate the proposed dynamic modelling, a testbed has been built. The layout of this experimental setup is shown in Fig. 13.
It consists of a flexible link made of steel or copper connecting a servo motor via a hub, a payload attached at the tip of the flexible link, two
cables connecting the payload and the hub, and a laser sensor fixed on the frame at one side of the link. The laser sensor is used to measure
the distance of the tip end of the flexible link in the global frame during the vibrations. The physical parameters of the single-link flexible
manipulator with two cables are given in Tab. 1 and Tab. 3. The experimental verification is implemented in two stages. Firstly, the free
vibrations of the single-link flexible manipulators, made of steel or copper and without cables, are recorded as illustrated in Fig. 14. The
corresponding fundamental natural frequencies are determined as 1.28 Hz (steel)/0.87 Hz (copper), which can be compared to the calculated
theoretical values of 1.045 Hz (steel)/ 0.76 Hz (copper) obtained with the proposed dynamical model. The relative errors of the fundamental
natural frequencies from the proposed model and the experimental results are 18.4% (steel)/ 12.6 % (copper), which demonstrates the effec-
tiveness of the proposed dynamic modelling.
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Fig. 13. Experimental setup of a single-link flexible manipulator with two cables.
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Fig. 14. Free vibration of the tip end of the single-link flexible manipulators made of steel/copper without cables.

Next, two cables are attached at the distal end of the flexible link. Following the same experimental procedure, the vibration of the distal
end of the flexible link made of steel or copper are measured and recorded as shown in Fig. 15.
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Fig. 15. Free vibration of the tip end of the single-link flexible manipulators made of steel/copper with cables.

Via Fast Fourier Transform, as presented in Fig. 16, the first two orders of natural frequencies of the link made of steel are identified as
2.42 Hz / 8.60 Hz while the theoretical values based on the proposed model are 2.72 Hz / 6.94 Hz as presented in Fig. 16. Regarding the
copper link, the first two orders of natural frequencies are obtained as 1.71 Hz / 6.06 Hz while the theoretical values are calculated as 2 Hz/
6.13 Hz. Overall, the natural frequencies of the same manipulators with cables are significantly higher than those without cables. It verifies
that the cables exert a significant influence in improving the stiffness of the flexible link. It is also worth noticing that the vibration of the
flexible manipulators with cables will be suppressed more quickly than that without cables, which are in accordance with the simulation
results. Moreover, the differences between the actual frequencies and the values calculated with the proposed model may be caused by two
aspects. During our experiments, it is found that the tensions in the cables directly influence the determination of the natural frequencies of
the flexible link system. Thus, pre-tension in cables will lead to a higher frequency compared with the value from the proposed dynamic
model. In addition, the cable tensions are not easy to measure accurately. Besides, the differences between experimental and theoretical
values may be due to several assumptions made in the modelling. For example, the tip payload is considered to be attached in the middle of
the tip of the flexible link in the proposed modeling, while the location of mass of the tip payload in the actual experiments did not fully meet
this condition. In addition, there is a hub between the flexible link and the shaft of a servo motor, which may produce torsional flexibility
into the dynamic model.
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Fig. 16. Vibrations in frequency domain via Fast Fourier Transform.

7. Conclusions

In this paper, the dynamic modelling of a single-link flexible manipulator with two cables is presented, where the flexible link is modelled
as Euler- Bernoulli beam and the cables as massless linear springs. The governing equations of motion are derived by utilizing Hamilton’s
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Principle, which yield a set of partial differential equations with corresponding boundary conditions. The natural frequencies of the single-
link flexible manipulator with cables should satisfy the condition that the determinant of a defined matrix is equal to zero. The obtained
fundamental natural frequency of the single-link flexible manipulator system without cables (obtained by setting the spring coefficient to
zero) is validated by both the empirical equation and a finite element model in ANSYS. When considering the effect of cables on the flexible
system, the resulting natural frequencies are higher than that of the system without cables, demonstrating that cables have the capability of
enhancing the stiffness of the single-link flexible manipulator. Next, a combined simulation is setup to verify the effectiveness of the proposed
dynamic model of the single-link flexible system with cables. The flexible link is developed into several elements in ANSYS, which is
transferred to ADAMS. Cable module of ADAMS is employed to complete the simulation model. Then, a simulation of a basic motion is
used to make the flexible link freely vibrate after one second. The simulation results show that the natural frequency with the proposed
calculation method is very close to the value of the simulation experiment. The stiffening effect of the cables is verified by investigating the
amplitudes of the oscillations in free vibration of the single-link flexible manipulator with and without cables. A sensitivity analysis is also
made to investigate the effect of three dimensionless parameters on the natural frequencies of the flexible manipulator with two cables.
Moreover, an experimental setup of a flexible link with cables has been built. The results in the experimental verification shows a relatively
good agreement with the simulation and the values from the proposed dynamic model. This research is performed on a single-link flexible
manipulator and lays the foundation of investigating the dynamic model of multiple-link flexible manipulator with cables. Moreover, further
refinement of the proposed dynamic modelling and more precise cable tension measurements may be needed in order to more accurately
predict the practical values of the natural frequencies.
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