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Computing Phylo-k-mers

Nikolai Romashchenko, Benjamin Linard, Eric Rivals and Fabio Pardi

Abstract—Finding the correct position of new sequences within an established phylogenetic tree is an increasingly relevant problem in
evolutionary bioinformatics and metagenomics. Recently, alignment-free approaches for this task have been proposed. One such
approach is based on the concept of phylogenetically-informative k-mers or phylo-k-mers for short. In practice, phylo-k-mers are
inferred from a set of related reference sequences and are equipped with scores expressing the probability of their appearance in
different locations within the input reference phylogeny. Computing phylo-k-mers, however, represents a computational bottleneck to
their applicability in real-world problems such as the phylogenetic analysis of metabarcoding reads and the detection of novel

recombinant viruses.

Here we consider the problem of phylo-k-mer computation: how can we efficiently find all k-mers whose probability lies above a given
threshold for a given tree node? We describe and analyze algorithms for this problem, relying on branch-and-bound and
divide-and-conquer techniques. We exploit the redundancy of adjacent windows of the alignment to save on computation. Besides
computational complexity analyses, we provide an empirical evaluation of the relative performance of their implementations on
simulated and real-world data. The divide-and-conquer algorithms are found to surpass the branch-and-bound approach, especially

when many phylo-k-mers are found.

Index Terms—phylogenetic placement, k-mers, enumeration algorithms, empirical runtimes, phylogeny

1 INTRODUCTION

LIGNMENT-FREE approaches in bioinformatics are mo-
Ativated by the fact that sequence alignment is a com-
plex task requiring the use of memory and time-consuming
algorithms. Moreover, alignments are potentially inaccurate,
sensitive to sequencing errors, and difficult to apply to
genomes with permuted structures [I]. Many alignment-
free methods for solving various problems in bioinformatics
(e.g., de novo assembly, genome comparison, read correction,
read clustering) rely on the decomposition of a sequence
into its constituent k-mers, that is, its overlapping substrings
of length k.

Recently, we and other authors proposed a probabilistic
extension of the notion of k-mers [2], [3]. In this devel-
opment, many more k-mers are inferred from a set of
reference sequences beyond the ones that are actually within
those sequences. This inference aims at predicting k-mers
that may be present in relatives of the reference sequences
(e.g., within their ancestors or within “cousin” sequences).
Moreover, for any given location in the phylogeny of the
reference sequences, one can estimate the probability of
observing any given k-mer, meaning that probability scores
can be assigned to the inferred k-mers. Key to this inference
are probabilistic models of sequence evolution, which rely
on a phylogenetic tree describing the evolutionary history of
the reference sequences. The inferred k-mers are intended
to be informative about the phylogenetic origin of newly-
observed sequences containing them. For these reasons,
they are called phylo-k-mers.
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Every phylo-k-mer w is associated with scores describ-
ing how probable w is to appear at a predefined set of nodes
in the reference phylogeny (more detail in the
fies). These scores can be used to determine the likely phy-
logenetic origin of any given query sequence while avoiding
the need to align the query to the reference sequences.
This task is also known as phylogenetic placement, which is
an increasingly relevant problem in phylogenetic analysis
and metagenomics [4]. While phylo-k-mers were initially
developed for the phylogenetic placement of metabarcod-
ing reads [2], they were also applied to the detection and
analysis of virus recombinants composed of fragments from
different viral types of the same species [3].

The main bottleneck of this technique lies in the very
large number of phylo-k-mers, which comes from the fact
that we need to consider up to 4¢ k-mers for DNA and
20* for protein sequences. Although we can reduce this
number by only considering phylo-k-mers with probability
scores above a certain threshold, the thresholds that have
been used in practical applications are typically low. Thus,
finding phylo-k-mers remains computationally challenging.
While previous works only considered the accuracy and
speed of sequence classification based on already computed
phylo-k-mers [2], [3], here we focus on algorithms for com-
puting phylo-k-mers.

In the following, we consider a number of algorithms
for this problem. While one of these algorithms has already
been described to some degree in the literature (e.g., [2], [5,
[€], [7]), the others are novel. We analyze the complexities
of all the presented algorithms and compare their running
times over simulated and real-world datasets. Both theo-
retical analyses and empirical evaluations show that the
new algorithms can be significant improvements over the
existing one, especially when a large number of phylo-k-
mers must be output.



IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 2

Related works

A problem similar to phylo-k-mer computation arises in
the context of sequence motifs, precisely of Position-Specific
Scoring Matrices (PSSMs), also known as Position Weight
Matrices (PWMs) or weighted patterns. PSSMs represent
DNA and protein sequence motifs (e.g., transcription factor
binding sites) as a matrix of probabilities for each nu-
cleotide, or amino acid, at each position in the motif. An
important problem is to find significant matches of such
weighted patterns in collections of genome-sized sequences.
In existing algorithmic solutions to this problem, one of
the preliminary steps is to enumerate all possible motif
instances that reach a threshold score for a given PSSM. This
step is similar to the problem of phylo-k-mer computation,
with some important differences that we discuss below.
Previous literature showed that the tree of all prefixes of
motifs with high-enough scores could be efficiently explored
in a depth-first [7], [5] and breadth-first manner [8], [6].

However, in the context of phylo-k-mers, the computa-
tion is more challenging: the PSSM-based approaches only
involve a single execution per profile, and the number of
profiles to process is usually in the hundreds [9], [10]; on
the other hand, computing phylo-k-mers may well require
processing millions of matrices, as it must process each of
the k-wide sub-matrices of several input matrices originat-
ing from different parts of the reference phylogeny. Another
difference is that, for phylo-k-mers, score threshold values
are typically much lower than for PSSM matching, meaning
that a larger fraction of the possible k-mers can reach
the threshold. Finally, phylo-k-mer computation assumes
processing matrices related to each other, both because k-
wide sub-matrices overlap and because of the phylogenetic
relatedness of the input matrices. We exploit the overlap
between sub-matrices to improve the running time of phylo-
k-mer computation.

2 PRELIMINARIES
2.1

Let 3 be a finite ordered alphabet of cardinality o. We
consider strings (or sequences) over alphabet X. Let k be a
positive integer. Let ©* denote the set of all possible strings
of length k over X. Given a string s, the length of s is
denoted by |s|. For any two integers 1 < i < j < |s|, s;
denotes the i'" character of s, and the substring of s starting
in position 4 and ending at position j is denoted by s; ... 5.
A substring s; ... s; is a prefix of s if ¢ = 1, and a suffix of s
if j = |s|. For a set X, | X| denotes the number of elements
in X.

We consider matrices whose rows are indexed by char-
acters of ¥ and whose columns are indexed as the positions
of a multiple alignment. A column stores the probability
of occurrences of each possible character at that position.
Hence, we term such matrices probability matrices since the
values of a column sum to one. For a ¢ x m probability
matrix P, P, ; denotes the element on row « (with a € )
and column j of P (with 1 < j < m); the same element is
denoted by P;; if « is the i-th element of 3. For two integers
i,j such that 1 < i < j < m, P[i : j] denotes the matrix P
restricted to columns from 4 to j included.

Notation

vI. a b Vg Uy c Uy
Fig. 1: A toy reference tree (solid lines) with three leaves
a, b, ¢ (filled squares), which correspond to the (observed)
reference sequences, for which a multiple alignment is
given as input. To this reference tree, we add the nodes
in V' = {uy,us,us,uq,v1,v2,v3,v4} (filled circles), repre-
senting unobserved relatives of a, b, c. Some of these nodes
represent ancestral sequences (ui,us,us,us4), while some
others represent “cousin” sequences (vi,vs, Vs, v4) related
to the reference tree via newly added edges (dashed lines).
For each of these nodes, we can obtain probability matrices
{P%},{P"}, on the basis of the input alignment and of the
reference tree. These matrices are the input of the phylo-k-
mer computation problem.

2.2 Phylo-k-mers at a glance

Consider a multiple alignment of reference sequences and
a phylogenetic tree T' = (V, E)) describing the evolutionary
history leading up to the reference sequences. We add to T'
a set of nodes V’, representing sequences that are unknown
relatives of the reference sequences. (See for an
example.) Let m be the number of columns (sites) in the
alignment. For each node u € V’, we compute a 0 X m
probability matrix P" describing the probability at v of any
character in ¥, at any site in the alignment, conditional to the
sequences observed at the leaves of T (i.e., the aligned refer-
ence sequences). P* can be derived from the tree likelihood
conditional to the character at u by applying Bayes’ theorem,
which is standard in phylogenetics (see, e.g., section 4.4.2.1
in [11]]). Then, the complexity of computing all matrices P*
is equal to that of computing conditional tree likelihoods
across all tree nodes, which for a constant-size alphabet
can be done in O(|V U V| - m) time [12] with Felsenstein’s
algorithm [13].

Given P", we can then define a probability score S*(w)
associated to any given k-mer w and to the node u. See
below for a definition of S*(w) (where the
superscript is dropped for simplicity). Informally, S*(w)
approximates the probability of w to appear in a sequence
positioned at node u, based on the chosen model of se-
quence evolution and on the sequences at the leaves of T
We call the pair (w, S*(w)) a phylo-k-mer.

The interest of phylo-k-mers is that finding the nodes u
that maximize the product of S“(w) over all k-mers in a
query sequence provides a good estimate of the evolution-
ary origin of the query [2], [3]. Moreover, this can be com-
puted without aligning the query to the reference sequences,
making this approach very scalable to large numbers of
queries. For a detailed treatment of phylo-k-mers, see [14].
While the matrix P* and score function S* are relative to
a particular node w, in the following, we assume that node
u is fixed and therefore omit this dependency. We simply
write P and S.
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2.3 The problem of phylo-k-mer computation

Here, we study the problem of enumerating k-mers and
their scores relative to a probability matrix P and a thresh-
old score value ¢ € [0,1). P contains probabilities P, ;
of observing different characters a@ € X at every site j
of the multiple alignment. Starting from an alignment site
j, or position j, we can calculate the score of a k-mer
w = wiws...wy for this position by taking the product
of corresponding probabilities: S(w, j) = Puy, ;j + Pus,j+1 -

- Py, j+k—1. We say that w obtains the score of S(w, j) at
position j. We only consider k-mers that obtain scores greater
than ¢ for at least one position. For such a k-mer w, we say
that w reaches the threshold at position j if S(w,j) > e. The
final score S(w) is the maximum of S(w, j) obtained among

all positions. formalizes this problem.

Definition 1 (Phylo-k-mer Computation).

Input: An integer k > 1; a 0 X m probability matrix P; a
threshold value € € [0,1).

Output: All pairs {(w, S(w)) | w € £F : S(w) > e}, where

3 ALGORITHMS

Phylo-k-mer computation has been implemented in RAP-
PAS [2] but has not been described explicitly. Here, we
describe an algorithm similar (but not equivalent) to the
one of RAPPAS and present new algorithms for this prob-
lem. Unless otherwise stated, all described algorithms ap-
proach the problem window-by-window: given a window
W = P[j : j+ k — 1] of k consecutive columns in P, we
list all k-mers that reach the threshold for the window, as
well as their scores. Let Z be the set of such k-mers for the
window W.If w € Z, we call w alive in the window, and we
call it dead otherwise. Then, we can obtain the solution for
P by simply taking the union of sets Z for every window
and setting the score of each k-mer to the maximum score
obtained across all windows.

In the analysis of the algorithms, we adopt the word-
RAM model of computation. It assumes operating on words
of size b and performing arithmetic and bitwise operations
in constant time [15]. Also, we assume that the alphabet
size o is constant. Finally, we assume that any k-mer can
be represented with a constant number of machine words,
implying b = ©O(logo*). Those assumptions imply that
we can operate on binary representations of k-mers (e.g.,
writing a k-mer to memory) in constant time.

3.1 Branch-and-bound

Given a window W, a naive algorithm, implemented in
RAPPAS, iterates over possible prefixes in a depth-first man-
ner. For a prefix p = w; ... w; with a score H;:l ij > &
it expands p by one character and checks whether the score
of the expanded prefix also reaches the threshold. As soon
as a prefix obtains a score < ¢, it is rejected.

This algorithm can be naturally improved with the
lookahead bound technique (introduced in [16], also used
in [17], [18], [5]). Consider a lookahead bound array L of

Fig. 2: Depth-first branch-and-bound algorithm

1: procedure BRANCHANDBOUND(%, j, p,s) > Considers
extending prefix p of score s by the i-th character of the
alphabet

2: p2Mogaly 4
representation of p and its score

> Update the binary

3: s s-Wyy;

4: if s < E/Lj then > Lookahead score bound
5: return

6: end if

7: if 7 = k then

8: Add (p,s)to Z

9: else

10: foralli/ < 1...0do

11: BRANCHANDBOUND(?,j + 1, p, s)
12: end for

13: end if

14: end procedure

15:

16: Z < empty list;

17: L + Hl:j+1 maxgex Wy forall j=1...k—1
18: foralli <« 1...0 do

19: BRANCHANDBOUND(z, 1, 0, 1);

20: end for

21: return Z

elements L; = H’Z: j+1 MaXgex Wa,n giving maximum pos-
sible scores achieved in W by suffixes of different lengths.
Then, a prefix p = wy ... w; of length [ can be rejected if
Hi-:l W, ,j < €/Li. By analogy with k-mers, we call p alive
if its score reaches ¢/L;, and dead otherwise. Note that a
prefix is alive if and only if it is the prefix of an alive k-mer,
i.e., an element of Z.

Figure 2| gives the pseudocode of the recursive depth-
first branch-and-bound algorithm. Similar algorithms were
described for preprocessing PSSMs in depth-first [7], [5]
and breadth-first [8], [6] manners. In some cases (e.g., [5]),
the columns of the PSSM were ordered by conservation
to facilitate early rejection of prefixes. This idea can easily
be adapted for phylo-k-mer computation by ordering the
columns in each window by the entropy of the probability
distribution that they define. However, in practice, we did
not find this to be worth the computational overhead it

involves (see in Appendix).

Theorem 1. Depth-first branch-and-bound runs in O(k - | Z])
time for one window of k columns.

Proof. Let us consider the call tree of the algorithm where
every tree node of depth j corresponds to considering a
prefix of length j. We call a node alive if it corresponds
to an alive prefix, and dead otherwise. Let £/, and &7, be
the numbers of visited nodes of depth j that are alive and
dead, respectively. Trivially, £% = | Z|. Note that every alive
prefix of length j — 1 is extended into at least one alive
prefix of length j, implying that fi};l < ¢&,. Therefore,
G <<t <l and Y5, € < kR = 2]

Now, let us count dead nodes: £}, < 05[74_1, and since

It < g, then €], < €. Therefore, Zﬁzlg{) <
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ijl ot =a Z?:l €%, < ok|Z|. Finally, the total number
of visited nodes is Z?ﬂ(ffq + &) < k|Z] + ok|Z| =
(0 + 1)k|Z] = O(k|Z]), assuming that o is a constant. We
visit every node in constant time by virtue of the word-RAM

model. Besides that, it takes ©(ck) to precompute L. Then,
the total time complexity is O(ck + k|Z|) = O(k|Z|). O

shows the worst-case complexity of the

branch-and-bound algorithm to be O(k - | Z]). However, the
algorithm achieves optimal best-case complexity: consider
e = 0 and W consisting of strictly positive probabilities,
for which |Z| = o*. The algorithm visits E?:o ol =
(cF*tt —1)/(0 — 1) = O(c*) = O(|Z]) nodes; including
preprocessing time, it takes ©(k + |Z|) = ©(|Z]) time in
the best case. Finally, we note that it is possible to construct
examples for which |Z| = O(k°) for a small constant c,
and branch-and-bound runs in ©(k™!) = O(k - |Z]) time,

showing that the upper bound in[Theorem T|is tight in these
cases. See Appendix [A]for one such example.

3.2 Divide-and-conquer

We present a new algorithm for the problem of phylo-k-mer
computation. It applies the divide-and-conquer technique to
compute scores of prefixes and suffixes for a given window
W of size k. It also relies on a score bounding technique
similar to the one discussed above. Consider the array
{max,ex Wo; : j = 1...k} giving maximum score values
for every column. Then, let M be a data structure answering
range product queries M(j; : j2) in constant time (see

Appendix [E):
J2
M(jy: j2) = H Tégwavl
l=51

We start with constructing M for W, which can be done
in time linear in the size of W. Trivially, if M (1 : k) < ¢,
we return an empty list as no k-mer is alive in the window.
Otherwise, we split W into two subwindows of sizes | k/2]
and [k/2]. We compute L, defined as the list of | k/2|-mers
that reach the score of &, = ¢/M(|k/2| + 1 : k) in the left
subwindow. Similarly, we compute R, the list of [k/2]-mers
that reach the score of ¢, = ¢/M(1 : |k/2]) in the right
subwindow. Note that every | k/2]-mer in L must be a prefix
of at least one alive k-mer, and every [k/2]-mer in R is a
suffix of an alive k-mer. The procedure described above is
applied recursively to every subwindow until, at the bottom
of the recursion, we process a column j and select 1-mers
reaching the score of ¢/ Hle’l# maxges Wi

We combine the results of the recursive calls as follows:
if |L| < |R|, swap them; sort R (the smaller of the two lists)
by score. Finally, for every | € L, consider the elements
r € R in descending order of scores; include the sequence
obtained by concatenating ! and r in the output, while
the concatenated sequences are alive. gives the
pseudocode of this algorithm.

Theorem 2. Divide-and-conquer runs in O(ko*/? 4 |Z|) time
for one window of k columns.

Proof. First note that both ¢l*/2) and ¢/"/21 are ©(c"/2), so
we drop all notation expressing integer rounding.

Fig. 3: Divide-and-conquer algorithm

—_

: procedure DC(j, h,&’) > Lists all the i-mers reaching
the score of ¢’ in a window starting at site j

2: Z <+ empty list; swapped < false
3: if h = 1 then
4: return {(i — 1,W; ;) : W, ; >’ fori«+1...0}
5: end if
6: e/ MG+ h/2]:j+h—1)
7 er e/ M(G:j+|h/2] -1)
8: L + DC(j, |h/2], 1)
9: R <+ DC(3j + |h/2], [h/2], &)
10:  if |L| < |R| then
11: Swap L and R; swapped < true
12: end if
13: Sort R by score
14: forall (I,s;) € L do
15: forall (r,s,) € Rdo
16: if s; - s, < &’ then break; end if
> Concatenate [ and r (in their original order):
17: if swapped then
18: x(fr.2“0g2‘ﬂ[h/2J +l
19: else
20: x<_l.2T10g20Hh/21 +r
21: end if
22: Add (z,s; - s.) to Z
23: end for

24: end for

25: return Z

26: end procedure

27:

28: Precompute M

29: return DC(1, k, €) if M (1 : k) > ¢ else empty list

We consider a generic recursion call acting on a sub-
window of size h < k and analyse its runtime complexity.
The total runtime will be obtained by summing runtimes
over all recursion calls. Lines except the calls to DC(),
take constant time. Line [13involves sorting a list of (h/2)-
mers, whose size is trivially at most ¢”*/2. This can be done
in no more than ¢-6"/?log c/? = ¢/-h/2-0"/? = O(h-o"/?)
time (for some positive constants c, c, and assuming o is
constant). We then move on to the complexity of the loops
at lines [T424Jto complete the analysis of a single recursion
call.

Let ¢, denote the number of alive h-mers for a recursive
call acting on a window of size h, ;, < o™. Note that every
(h/2)-mer in L gives rise to at least one alive h-mer, and
leads to considering at most one dead h-mer. Thus, at most
one dead h-mer is considered per alive h-mer. Then, the
total number of h-mers considered (dead and alive) by the
loops is O(p). In other words, lines are executed
O(pp) times, each of which takes constant time under
the assumptions of the word-RAM model. In conclusion,
overall, a single recursion call takes O(en+h- ah/ 2) time.

The top-level recursion call takes O(|Z| + k - o¥/2)
time, which is the claimed asymptotic complexity. We now
show that the total time spent in deeper recursion calls is
dominated by this complexity. Trivially, the runtime for a
single recursion call of depth d > 1 is bounded above by



IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS 5

0 (2] + k- o*/?)

/\

k/2 = k/2

c-0o

/\ /\ +

2 ok/4  +

/\ /\ /\ /\ E

ok/4 =

+ [6XN0 = k~c~a’

O(k - a*/?)

Fig. 4: llustration of the work required by each recursion call of the algorithm i 1n Figure 3| If we exclude the root, the sum

for the remaining nodes is O(k - c¥/2).

d ..
c-ol = ¢ o*?° for some positive constant ¢ (because

on < o"and h-o"? < ¢ - o", for ¢ > 2). Now note
that there are at most 2¢ calls of depth d, which gives
us a total of O(Y¥8F295%/2) for all depths (excluding
the top-level call; see the rightmost column in [Figure 4).
Because 2¢ < k, we can write this as O(k - S), where
S = oF/2 4 gkt 4 oF/8 ... 4 0% 4 5. To conclude the
proof, note that

k/2 k/241 _
S < ZUZ = % = O(Uk/2)
i=0

O

gives an upper bound for running time of
the algorithm as a function of the output size. Intuitively,
the algorithm achieves linear complexity in output size for
|Z| sufficiently large. This can be illustrated by the same
example as for branch-and-bound: if ¢ = 0 for W of positive
values, then all " h-mers are alive for every recursive call.
It is then easy to see that the top call runs in ©(c*) time,
while all other calls take ©(ko*/?) in aggregate, giving a
total runtime of complexity O(|Z|) = O(c*).

3.3 Divide-and-conquer with Chained Windows

While the problem of computing phylo-k-mers
is defined for a o x m matrix containing many o x k

windows, the algorithms described above only consider
one window at a time. Thus, they ignore an important
property of the sequence of windows of P: two adjacent
windows share (k—1) identical columns, meaning that some
computation is redundant. Based on this observation, we
suggest an improvement to the divide-and-conquer algo-
rithm, illustrated in [Figure 5]

We explain the idea for specific input and later will show
how to generalize it to any input. Let k& be an even value,

and let the matrix P be such that max, P, ; is constant,
Vj € {1,...,m}. Then, local thresholds ¢; and &, for a fixed
recursion level are equal and constant for all windows. Con-
sider a window W at position j, for which we recursively
process its right subwindow W[k/2 + 1 : k|, obtaining the
list R of alive (k/2)-mers and their scores > ¢,.. Then, the list
R is identical to the list L™ of alive (k/2)-mers for the left
subwindow W1 : k/2] of another window W™ starting
at position (j + k/2): it corresponds to the same range of
columns (see Figure and is computed for the same
threshold. Naturally, we can reuse I to compute the phylo-
k-mers of W. This allows us to make only one top-level
recursive call for W instead of two (Figure . We iterate
over windows with a step of k/2, always keeping the list
R of the preceding window for the next one. A sequence
of windows at a distance of k/2 from each other is called
a chain of windows. We need to process k/2 such chains
starting at positions 1,2,...,k/2 to cover all windows of
P. Figure illustrates this idea. Note that we still have
to make both recursive calls for the first window of every
chain.

The described example relies on the assumption that the
threshold ¢, computed for W is equal to the threshold ¢;
computed for W, which from here onwards we call 5l+,
to distinguish it from the threshold for the left subwindow
of W. This allowed us to assume R = LT, where L* is
the list of alive (k/2)-mers for the left subwindow of W ™.
Of course, €, and ¢ are generally not equal, meaning that
R # L. However, it is easy to see that one of these lists
is always contained in the other: if Ef < g, then R is a
subset of LT, and vice versa otherwise. To be sure not to
lose any alive (k/2)-mer for the subwindow shared by W
and W, we then compute the list of (k/2)-mers that reach
min(e,, ;7). This list equals R U L*, the largest of R and
Lt.

The problem now becomes how to retrieve R from
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W W+

We T W, W, PR S
W
W, W NN N T
Wi Wa |
W \/W
(@) (b)

Fig. 5: Illustrations for the divide-and-conquer algorithm
with Chained Windows for even k. (a) For kK = 4 and
o = 4, two windows W and W at a distance of (k/2) = 2
from each other share (k/2) = 2 columns (gray area). Thus,
the (k/2)-mers alive in Wgr or W, can be computed with
a single recursive call. (b) An example of three chains of
windows for £ = 6 and ¢ = 2. The arrows indicate the
starting positions of the different windows within the same
chain. The curly braces indicate the first two windows of
the first chain. In this example, all possible windows are
covered with three chains.

RU LT, when computing alive k-mers for W, and how to
retrieve LT from RU LT, when computing alive k-mers for
W . This can be achieved as follows: rearrange R U L™ to
separate all its elements that have a score greater than the
pivot value of max(e,, €;) (corresponding to the (k/2)-mers
that are in the smaller of R and L™) from those that have
a score less or equal to max(e,,&;") (corresponding to the
(k/2)-mers that are only in the larger of R and L™). Once
the rearrangement around the pivot is performed, retrieving
R and L" from their union is trivial.

presents the pseudocode of this algorithm for
even values of k, where the PARTITION algorithm of quick-
sort [19] is used to rearrange R U L, using max(e,, sfr) as
pivot. Note that the algorithm substitutes the top level of
the recursion, and uses the divide-and-conquer from
for deeper recursive calls. The CHAIN function
iterates over windows of the chain starting at position j. We
assume that the data structure for range product queries is
precomputed beforehand. (k/2)-mers for the two subwin-
dows are combined in a way similar to the one described in
[subsection 3.2

Finally note that the Chained Windows technique above
can also be adapted to the case of odd k, by splitting every
window into three subwindows of sizes |k/2], 1, and |k/2|
respectively, meaning that chains will now contain windows
that are [k/2] sites apart from each other. We also note that
the technique could in theory be adapted at every recursion
level, so that only a single call to DC(j, h,€’) is performed
for each valid pair (4, h), with €’ set to the minimum value
across all possible sub-windows from which the call to
DC(j, h,e’) could be executed. We leave a more thorough
investigation of this idea for future work.

4 EXPERIMENTS

We implemented the described algorithms (https://github.
com/nromashchenko/pk-algs) as part of the new software
IPK (https://github.com/phylo42/IPK) and ran them on
simulated and real-world data, using an Intel(R) Xeon(R)

Fig. 6: Divide-and-conquer with Chained Windows for even
k. This pseudocode is executed on the entire probability
matrix P, and not on a window-by-window basis. See

for the meaning of global parameters P and
€.

:forall j«< 1...k/2do
L < empty list
> for the previous, current, and next window of the
chain
for all (W~—, W, W) € CHAIN(P, j) do

> “look behind” and “look ahead” score thresholds

e —e/My-(1:k/2)if W~ #nil else e
e «e/My+(k/24+1:k)if WF #£nil else e
Zw,L + DCCW(L, e, /")
end for
end for

: return all lists Zy,

10:

11:
12:
13:
14:

procedure DCCW(L, ¢, , ;)

15:

16:
17:
18:
19:
20:

21:

Z <+ empty list; swapped < false

er=¢/Mk/2+1:k) > Local thresholds

er=¢/M(1:k/2)

if L is empty then > If W is the first window
L+ DC(1, k/2,¢;)

end if

R+ DC(k/2 + 1, k/2, min(e,, £;"))

ny < PARTITION(L, ;) if e, < ¢ else |L| > Find the
number of alive prefixes by partitioning L if needed

n, < PARTITION(R, ¢,) if €l+ < g, else |R|

22:

23:
24:
25:
26:

if n; > n, then

Swap L and R; Swap n; and n,; swapped = true
end if
Sort R[1 : n,] by score

27:

28:
29:
30:
31:
32:
33:

34:
35:
36:
37:

38

for all (I, s;) € L[1 : ny] do
for all (r,s,) € R[1: n,| do
if s; - 5, < € then
break
end if
: x 7 - 2M0s2 lR/2] ] if swapped else [ -
ollogy o[k/2] 4
Add (z,s; - s.) to Z
end for
end for
return Z, (L if swapped else R)
: end procedure


https://github.com/nromashchenko/pk-algs
https://github.com/nromashchenko/pk-algs
https://github.com/phylo42/IPK
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W-2133 CPU @ 3.60GHz (8Mb cache size) machine with
62 Gb RAM (running under Linux 5.4.0-109-generic) and
GCC 9.4.0. We measured the wall-clock time spent by every
algorithm to process every window of the input matrices,
and the peak memory consumption while processing all
matrices.

In the first experiment, we generated a thousand ran-
dom matrices of one thousand positions each, as follows.
Every a € {A,C,G,T} for every position gets a random
score from the uniform distribution over [0, 1]. Then, every
column is normalized so that its values sum up to one. Note
that this means that the algorithms are tested over about one
million windows of size k.

In the real-world experiments, we take benchmark
datasets previously used in other studies related to phyloge-
netic placement. Each dataset specifies a reference alignment
and a reference tree. We infer two P* matrices per edge of
the reference tree, as it is typically done for phylogenetic
placement applications [2] (see also [Figure T).

The first real-world dataset, neotrop [20], consists of 512
eukaryotic 185 rRNA sequences of 2.8 Kbp length, resulting
in 2042 matrices of size 4 x 2817 (= 5.7TM k-wide sub-
matrices in total). The second real-world dataset, D155 [2],
consists of 155 complete Hepatitis C Virus (HCV) genome
sequences, of 9.5 Kbp length, resulting in 614 matrices of
size 4 X 9552 (= 5.9M k-wide sub-matrices in total). We
calculate the P" matrices using RAXML-NG [21]].

We focus on threshold values of ¢ = (1.5/4)* as this is
the default in RAPPAS as well as in IPK. Thus, the threshold
value does not depend on the input matrix, contrary to
commonly used dynamic thresholds for PSSM based on p-
values. However, it depends on the length of the k-mers
computed. We run algorithms for k£ equal to 6,8, 10, and 12,
which are common values for processing DNA datasets for
RAPPAS (whose default value of &k for DNA is 8).

4.1 Running time per window as a function of the num-
ber of alive k-mers

shows the mean running time per window of
the three algorithms we have presented here: branch-and-
bound (BB), divide-and-conquer (DC), and divide-and-
conquer with Chained Windows (DCCW), plotted against
the number of alive phylo-k-mers in the window, for k = 10
and ¢ = (1.5/4)% (see Appendix [F| for other threshold
values). Note that many different windows may correspond
to a single value of the x-axis. Each point in [Figure 7|shows
the average time over all windows that happened to have
the same number of alive k-mers. Both axes are in log-scale.
From left to right, [Figure 7|shows the plot for simulated data
(Random dataset), for neotrop and for D155 datasets.

First, let us observe the relative performance of the three
algorithms. In experiments both on simulated and real-
world data, BB (red points) showed a better running time
for phylo-k-mer-poor windows (|Z| < 25) than DC (green
points). However, BB showed the worst running time for
most values of | Z|. Let us now compare DC (green points)
against DCCW (blue points). For nearly all values of |Z|,
DCCW showed better or similar mean running time com-
pared to DC. For real-world datasets, the gain in running
time for DCCW is higher for phylo-k-mer-poor windows
than for phylo-k-mer-rich windows.

As for the dependence of mean processing times on | Z|,
note that if we keep k constant (as done in [Figure 7), the
time complexity of BB is O(|Z]) (because o
and because every element of Z is part of the output). The
linear dependence of BB (red points) on |Z| is somewhat
more visible in the random dataset than in the real-world
datasets. As for the two divide-and-conquer algorithms, for
low values of |Z|, the runtime seems to be dominated by
a term that is constant in | Z|, which is consistent with the
analysis provided in[Theorem 2|

Interestingly, we remark a strong spread of the points
for very high values of |Z| (extreme right of each panel
in [Figure 7), which mostly affects BB. This is due to the
fact that for very large values of | Z|, only a few windows
contribute to the computation of the mean processing time.
For this reason, the computed means have an increasingly
large variance. If we exclude large values of |Z|, a large
number of windows contribute to the computation of the
mean processing time for most other parts of the plot. To
check this, in Appendix [C] plots the number of
windows contributing to each value of | Z|. The fact that this
phenomenon appears to affect BB more than the other two
algorithms suggests a higher variance of its running time.

also allows us to appreciate the difference be-
tween the simulated and the real-world datasets. Compared
to the simulated dataset, the real-world datasets (especially
D155) contain an over-representation of windows contribut-
ing with a large number of alive k-mers. Despite these
differences, the three panels in are fairly similar.
Unsurprisingly, the plot for the random dataset offers a
somewhat less noisy version of the other two plots.

4.2 Running time over all windows

From we can see that the relative performance of
the algorithms is dependent on the number of alive k-mers
in it. In we look at the overall performance of the
algorithms per dataset, averaging processing times over all
windows in a single dataset. This has the effect of naturally
weighting the contribution of phylo-k-mer-rich and -poor
windows according to their frequency. shows the
mean running times for different values of k, which also
allows us to examine their dependence on &.

With the possible exception of DC for k = 6, we note that
the divide-and-conquer algorithms are faster than BB across
most experiments. The speed-up of DCCW over BB varies
from about 1.4x (for k = 6) to between 4.4x and 5.2x for k =
12. In all three datasets, the advantage of the two versions
of divide-and-conquer for phylo-k-mer-rich regions appears
to outweigh by far any potential disadvantage for phylo-k-
mer-poor regions. As for the dependence on k, the roughly
linear plot confirms the exponential dependence of running
times on k (as | Z| is typically an exponential function of k).

4.3 Memory consumption

Memory consumption of the three algorithms is very close
in practice. We provide measurements and discuss them in

Appendix (see [section D} [Table ).
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Fig. 7: Average time in microseconds to process a window of the alignment plotted against the number of phylo-k-mers

alive for k = 10 and ¢ = (1.5/4),

for the three algorithms considered here: branch-and-bound (BB), divide-and-conquer

(DC), and divide-and-conquer with Chained Windows (DCCW). Both axes are in log-scale.
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Fig. 8: Time (in microseconds, log-scale) to process a window for different values of k, averaged across all windows

encountered in a single dataset.

5 CONCLUSION AND FUTURE WORK

We have described the problem of phylo-k-mer computation
and algorithms for solving it. In particular, we designed two
algorithms based on the divide-and-conquer approach, one
of which exploits the redundancy of adjacent probability
matrix windows of the input alignment. To the best of
our knowledge, these two algorithms are novel, even when
considering a problem similar to phylo-k-mer computation
arising in the literature about motif searches. Experiments
on simulated and real-world data suggest that the new al-
gorithms perform better than the previously known branch-
and-bound algorithm in terms of running time, especially
when a large number of phylo-k-mers must be output.

The algorithmic results presented here, paired with an
effective C++ implementation, made it possible to improve
the running times of RAPPAS (written in Java) by two orders
of magnitude [14]. It makes it practical for the successor of
RAPPAS (manuscript in preparation) to use parameter values
that were hardly feasible before, e.g., values of k > 10. Note
that all the required preprocessing steps (construction of
the references and the computation of the P* matrices) are

independent of k, so phylo-k-mer computation from P is
indeed the bottleneck here.

One direction for future research is to exploit the re-
lationships between nodes encoded in the phylogeny. Let
u, v be tree nodes that are closely located in the reference
tree (e.g., in terms of the length of the path separating
them). Then, the corresponding probability matrices P*, P¥
can also be expected to be close to each other in terms of
probability values, potentially giving rise to similar sets of
phylo-k-mers. The question is thus to find an algorithm
that, instead of computing from scratch the phylo-k-mers
for node v, updates the list of phylo-k-mers computed for
node u by taking advantage of the proximity of P" and P".
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APPENDIX A
WORST-CASE PERFORMANCE OF DEPTH-FIRST
BRANCH-AND-BOUND

Here, we show a case where |Z| = O(k°) for a small
constant ¢, and depth-first branch-and-bound runs in
O(k“t1) = ©(k-|Z]). Consider the instances of the phylo-k-
mer computation problem with the following form: suppose
the alphabet is binary and that all the columns of P are
identical, with Py ; = p > 1/2,and P; ; = 1—p < 1/2.Since
we are only interested in the behavior of the algorithm on
a single window, we can assume P has exactly k£ columns.
The score of any binary sequence w € {0, 1}* is given by:

S(w) = pF=r) (1 — p)htw),

where h(w) is the number of 1s in w (or equivalently the
Hamming distance between w and 0*). Note that S(w) is
strictly decreasing in h(w).

Now suppose that we set ¢ = S(1¢Fl0F—c1) =
pE=c=1(1 — p)et!, for some constant c. (Note that since ¢
is constant and k is not, we can assume ¢ < k.) Then a k-
mer w is alive if and only if h(w) < ¢, ie., it has at most ¢
1s. Because of this,

e () ()

=0(1) +O(k) +...+O(k°) = O(k°).

Let us now consider the set of k-mers with h(w) = c¢+1,
i.e., whose number of 1s is exactly ¢ + 1. There are exactly
(c_’il) = O(k°*!) such k-mers. We now prove that each of
these k-mers has a different dead prefix that is visited by
the algorithm: Let w be such that h(w) = ¢+ 1 and let p,,
be the maximal alive prefix of w, ending with the character
preceding the last 1 in w. Because p,, is an alive prefix, it
is visited by the algorithm, as well as its dead extension
pwl (also a prefix of w), which however is immediately
recognized as dead, as it cannot be extended in any alive k-
mer. Thus each of the ©(k°*!) k-mers with h(w) = c¢+1 has
a dead prefix p,, 1 visited by the algorithm, and moreover all
the prefixes p,,1 obtained in this way are clearly different,
as Py, uniquely determines w.

Because the total number of visited dead prefixes for
this example is bound below by a function in ©(k“*1), the
running time of depth-first branch-and-bound is Q(k“*1) =
Q(k - | Z[). Combining this result with the statement of [The]
we obtain that on this example depth-first branch-
and-bound runs in ©(kT!) = O(k - | Z|) time.

M

APPENDIX B
BRANCH-AND-BOUND WITH SORTED COLUMNS

We compared the performance of the branch-and-bound
algorithm as described in the main text against its modified
version. Namely, we sorted columns of the matrix by their
entropy before the phylo-k-mer computation. Thus, branch-
and-bound visits the columns not in their original order but
in descending order of their informativeness. To reduce the
computational overhead, we did not rearrange the columns
in memory but kept their original order while giving the
algorithm the appropriate order to visit them. The latter is

Random

¥
l / 10t
10

Neotrop
Algorithm

— BB

—— BB sorted

Mean processing time, microsec

Fig. 9: Mean time (in microseconds, log-scale) to process a
window for different values of k by branch-and-bound on
original data (BB) and on windows with sorted columns (BB
sorted).

Neotrop D155

Fig. 10: Number of windows (y-axis) that have | Z| alive k-
mers (x-axis) for the three datasets used in experiments.

to avoid rearranging the same (k — 1) columns in memory
when switching from one k-sized window to the next one.

presents the mean time spent by the branch-
and-bound (BB) and its modified version (BB sorted) to
perform phylo-k-mer computation for different values of k
on the random and the neotrop datasets. We could not obtain
any significant gain in speed by sorting columns, unlike that
in [5]. This is likely due to the fact that, for phylo-k-mer
computation, we typically deal with a larger proportion of
alive k-mers in a window than in PSSM applications.

APPENDIX C
PHYLO-k-MER RICHNESS

plots the numbers of windows having different
numbers of alive k-mers for &k = 10 and ¢ = (1.5/4)%. In
other words, it shows the distribution of window “phylo-
k-mer richness” for different datasets. Note that for real-
world datasets (neotrop, D155), distributions have multiple
peaks in the mid-range, unlike the one of the random dataset.
This is due to the biological nature of these datasets: for
this data, the probability distributions of the columns of the
corresponding matrices P* are indeed almost guaranteed
to be not uniform. This figure highlights that the impact of
more phylo-k-mer-rich windows on the overall computation
time is higher for real-world datasets than for simulated
data.

APPENDIX D
MEMORY CONSUMPTION

To evaluate and compare the memory requirements of
the presented algorithms, we measured the peak RAM
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BB DC DCCW

Random 84.26 84.34 84.68
neotrop  1350.82  1351.19  1350.98
D155 1353.85 1353.80 1353.86

TABLE 1: Peak memory consumption (maximum resident
set size in Megabytes) of the process performing the com-
putation of phylo-k-mers for all input matrices of a given
dataset using each of the presented algorithms. Every value
is the average of measurements for three independent runs.

consumption as follows. For every algorithm, we ran an
individual process that performed reading input data for
a given dataset (or simulating input data) and phylo-k-mer
computation (for £ = 10 and the default threshold value)
for all windows of all input matrices. We measured the
maximal resident size reached in the process’s lifetime using
GNU time. We ran every process three times to average the
measurements.

The resulting values (shown in are virtually
identical for different algorithms. While BB showed the best
numbers in all experiments, the degradation of DC’s and
DCCW'’s memory consumption is under 0.03% compared
to BB. This can be explained by the fact that, for all algo-
rithms, memory consumption is dominated by the size of
the input and output. For the input, we keep all matrices
P* in memory to optimize the overall computation for
speed regardless of which algorithm is used. The output
is accumulated across multiple windows of P", as required

by [Definition 1

APPENDIX E
RANGE PRODUCT QUERIES

Range product queries over column-maximum values can
be solved using a classic technique for range sum queries
over an array. First, we store maximum values of every
column in an array Wp,,, of length k. Then, we compute
the array

-, ifi =0
M= {H§_1 Wnaslil, 1<i<k. @

The answer to M (j; : jo) is then M|[js]/M[j1 — 1].

APPENDIX F
ALTERNATIVE THRESHOLDS

We include measurements of the running times of the pre-
sented algorithms for the values of thresholds different from
e = (1.5/4)* for the fixed value of k = 10. Figurepresents
these measurements.

With the exception of [Figure 11|(a) for the random dataset,
these plots confirm the observations made in the main text.
In particular, BB only outperforms DC for phylo-k-mer-poor
windows, and DCCW generally has the lowest running
time. The plot for the random dataset and ¢ = (1/4)" is
special: here the distribution of | Z| for different windows is
very concentrated around its mean.
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Fig. 11: Average time in microseconds to process a window of the alignment plotted against the number of phylo-k-mers
alive for k = 10 and different values thresholds: (a) ¢ = (1/4)¥. (b) ¢ = (2/4)*. Both axes are in log-scale.
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