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Abstract

This paper utilizes the extended Hamilton’s principle to develop a dynamic model of a single-link flexible mechanism with two
cables involving the cable pretensions. The effect of cable pretension is considered by introducing the von Kdrman nonline-arity into
the dynamical modelling. Before implementing the modal analysis, buckling of the flexible beam is investigated with the goal of
analyzing structural stability for the single-link flexible system with two pre-tensioned cables. Based on the proposed dynamical
model, a transcendental equation for determining the critical buckling load on the beam is derived. Several typical cable and beam
materials are included to investigate their influence on the buckling load. An alternative approach to predict the buckling load for the
flexible beam braced by cables is applied using the concept of lateral stiffness at the tip, which leads to the same stability equation as
that from the presented dynamical model. Finite element simulations are accomplished in ANSYS. The buckling loads obtained from
ANSYS are compared with the analytical values based on the proposed method, which demonstrates the effectiveness of the
modelling. In addition, an approximate procedure for estimating the critical buckling load is also per-formed in ANSYS on the
basis of a linear relationship between lateral stiffness and buckling load. Finally, an experimental testbench is built and the
buckling phenomenon is identified with increasing cable pretensions.

Keywords: Single-link flexible mechanism; Buckling load; Cable pretension; Hamilton’s principle; Lateral stiffness

Nomenclature

Jm Moment of inertia of the motor

0 Angular displacement of the motor

T Torque applied by the motor

EI Bending stiffness of the flexible link

L Length of the flexible link

o Density per unit length

mp Payload mass

Jp Moment of inertia of the payload

D Length of the rigid link

Iy Rigid displacement vector of a curvilinear point on the flexible link in the global inertia frame
s Location of a point on the flexible link

v(s,t) Transversal deflection of a point s on the flexible link

V,Ve Potential energy of the flexible Euler-Bernoulli beam and of the cable, respectively
F Axial force from cable pretensions

k Spring coefficient of the cables

Tore Cable pretension at the initial position

Tac,i Additional tension in the i-th cable




AL Change in the cable length

L fee Free length of cables

V(s,t) Total potential energy of the single-link flexible mechanism with two cables
T, Tp Kinetic energy of the flexible link and the tip mass payload

T Total kinetic energy of the single-link flexible mechanism with cables
oT, 8V Variation of kinetic energy and potential energy

Sw Variation of virtual work exerted by the rotational motor torque
Y(s) Expression only related to the location of a point s

W Natural frequency of the flexible link with pretensioned cables

C; Constant related to W(s)

A = D?/(D? + L?)

D* =D/L

E A, Axial stiffness of the cables

L. Length of the cables

X = EI/(E.AL?)

k Lateral stiffness of a flexible beam

ks Lateral stiffness of the beam and the cables

1. Introduction

Flexible beams have been widely used in the fields of civil engineering and mechanical engineering. For example, many arches and vaults
in Italy used metallic beams to release transverse forces of ancient buildings. Besides, as the main components of compliant manipulators,
flexible beams are employed in the design of sensors and positioning motion stages. Compliance analysis is performed using an
energy-based Maxwell-Mohr method under the small deformation assumption [1]. Song proposed a vibration control approach for a
high-rise build-ing as a flexible beam and its capability is proved by experiments [2]. A rigid-flexible manipulator is analyzed using
Hamilton’s principle and a model-based boundary control method is proposed to suppress vibrations [3]. Several references deal with
the determination of the value of the axial force and the unknown boundary conditions of both flexible beams and cables [4-10]. Li
proposed a highly accurate frequency-based method for determining the tension of inclined cables during the construction and service
stages of cable-stayed bridges [8]. Another vibration-based estimation of axial forces is proposed in [9], which utilizes several sensors
to evaluate the axial force and stiffness at the ends of a beam. Moreover, an identification technique is developed in [10] to assess the
tensile force of rods in ancient buildings by measuring natural frequencies. In [11], environmental temperature is involved in the cable
tension estimation based on frequency presented. Furthermore, measurement uncertainty is accounted for in the estimation of axial
force and boundary conditions with the use of interval analysis in [12]. In these studies, the external force applied to the flexible beam
is along the central axis of the beam, which is valid for the application of the beam/rod in civil buildings because of its symmetry. As a
matter of fact, in other applications such as truss structures, the external force exerted on the flexible beam may not always act along
the central axis. In our previous study [13], a single-link flexible mechanism with two cables was proposed to achieve high-speed
movement with a lightweight structure. The dynamic modelling without pretension in cables is derived from energy analysis using the
classic extended Hamilton’s principle. Besides, the mixed variational formu-lation of slender beams is widely employed to analyze the
dynamic properties of geometrically nonlinear composite beams [14,15,16].

Cables can be utilized to improve the stiffness of flexible link systems [13,17,18]. The cable modes of vibration and their interaction
with the end-effector are investigated with the dynamic stiffness matrix method in [18,20], especially when non-negligible cable mass
and elas-ticity is considered (e.g., [21]). Besides, a global mode analysis method is proposed to investigate the dynamic modelling of a
flexible-link system with a tip mass and a flexible joint [22]. For a cable-stayed beam, it is found in [23] that the cable-deck interaction
exerts no influence on the low-order out-of-plane modal frequencies, which shows the effect of the flexible stiffness of the cable-
stayed beam on the natural frequency of the cables. However, only a theoretical deduction is provided without experimental
verification. A localization factor is intro-duced to determine the local modes of a simple cable-stayed beam model in [24]. The
coupling interaction between the cables and the beam is well-established in the dynamic solutions without considering the effect of
cable pretension on the beam. Vibration of a flexible crane cable is suppressed in two-dimensional space using boundary control
strategy in [25]. In the present paper, the dynamics of the cables are neglected due to the very low mass of the cables used, while the
force at the end of the flexible link, which is due to the variation of cable lengths, will be taken into account. It is worth noting that
only one cable is active in suppressing the vibration of the link thgo'ugh cable



tension under the assumption that no pretension is added to the two cables [13]. In this situation, the external force (i.e., the force applied by
the cables on the beam) is actually not acting along the central axis of the flexible beam. Even though cable pretension is considered, the
direction of the net force applied by the two cables at the end of the flexible link will change during the motion. Therefore, the axial force
assumption made in the methods proposed in the literature cannot be directly applied to investigate the dynamic characteristics of the flexible
single-link system with cables.

The pretension of cables has been taken into consideration in the literature, especially in the field of cable-stayed bridges [26-29]. The
design of cross-ties in the cable-stayed bridges have received a particular attention. Numerical simulations and in-situ measurement records
have demonstrated the validity of cross-tie configuration systems in mitigating oscillations [26]. It has also been concluded that the perfor-
mance of the cable network primarily relies on both the geometric properties of the cross-ties and their relative position on two stays of the
bridge. One of the most important steps in the process of designing the cross-ties for cable network systems is to define the amount of cable
pretension needed to avoid slacking [27]. Several models were used to simulate cable pretension in cable-stayed bridges such as the nonlinear
power-law model in [28]. It was used to represent the incipient failure of cables due to snapping or slackening which has been observed in
the literature (e.g., [29]).

In the present study, a linear elastic model is adopted for the cables, where a pretension is active only when the cable is in tension (denoted
as a unilateral feature in [27]). Generally, cable pretension is maintained to increase the stiffness of the flexible link system. However, bulking
effect of the flexible beam should be carefully considered when high cable pretension is used because of structural instability. The maximum
cable pretension is limited by the critical bearing capacity of a rod or beam with respect to buckling. The exact solutions to buckling study
of rods with various boundary conditions are investigated in [30,31]. Experimental research of simple supported thin-walled columns was
presented with the aim of evaluating critical forces in [32]. To improve the measuring accuracy, a testing procedure was proposed through
the correction of the lateral load to avoid plastic deformation [33]. In addition, a non-destructive method of predicting the critical buckling
force of thin-walled columns was investigated in [34] based on the fundamental frequency. Another study on the experimental determination
of buckling load of beams with various end connections was conducted in [35]. Furthermore, critical buckling loading for beams or columns
with initial cracks is studied in the literature [36,37]. In practice, the existence of cracks is prevalent for structural components in engineering
and causes a lower buckling load than designed critical values [38]. Nevertheless, the present paper will concentrate on the analysis of
intact beams and cables used in a flexible mechanism.

On the one hand, the issue of the buckling load determination for flexible beams with various boundary conditions has been
resolved and experimentally validated in the literature. Usually, an external load is applied on one end of a beam, which leads to the
occurrence of buckling phenomenon once the load exceeds the critical buckling load. Regarding the single-link flexible mechanism in
our previous work, the addi-tion of two cables has been verified to improve the performance of the system in terms of natural
frequency [13]. On the other hand, the cable pretension will affect the complexity of the critical buckling load determination in the
cable-stiffened flexible beam considered in the present paper. Cables play a crucial part in both forming a cable-beam structure and
exerting pretensions on the beam. To avoid the buckling effect, it is fundamental to estimate the maximum cable pretension for
achieving an admissible mechanism motion accuracy. Therefore, the main contribution of this paper is to develop a method that can
predict the buckling load for a single-link flexible mechanism with two pretensioned cables. By employing von Kérman nonlinearity
due to the cable pretension, a transcendental equation for solving the buckling load is obtained from the dynamical modelling using
the extended Hamilton’s principle. Moreover, the identical equation is obtained by identifying the structural instability occurring when
the lateral stiffness reduces to zero. To further validate the proposed method, a simulation model in ANSYS is built and the resulting
buckling loads turn out to be in good agreement with those obtained with the proposed method. More importantly, the analytical and
simulation results are both verified by practical experiments on a physical testbed consisting of one flexible beam and two cables.

This paper studies a single-link flexible mechanism with cables for designing a lightweight industrial manipulator with admissible
accu-racy [13,39]. Other potential applications of the flexible mechanisms with pretensioned cables include suppressing the vibration
of satellite solar panels [17] in aerospace, flexible wings [3,40,41] in the field of bio-inspired design and cable-driven rehabilitation
devices [42-45] as well as multilink cable-driven manipulators [46].

The following of this paper is organized as follows. The governing equations of motion are obtained as partial differential equations by
the Hamilton’s principle in Sect. 2. Critical cable pretension yielding beam buckling is investigated on the basis of this dynamic
modelling in Sect. 3. Lateral stiffness of the single flexible beam with two cables is deduced in Sect. 4. Simulation of a single-link
flexible mechanism is implemented both with and without cables, and the results are discussed in Sect. 5. The testbed is set up and
experimental verification is implemented in Sect. 6 while Sect.7 concludes the paper.

2. Dynamic modelling considering cable pre-tension

A single-link flexible mechanism includes a rotational motor, a flexible link, a lightweight rigid link and a tip payload as well as two
pretensioned cables as described in Fig.1. The detailed kinematics model of this mechanism is described in previous research [13],
which is introduced briefly here for the sake of completeness. Jm, #and 7 are three parameters of the rotational motor, which denote the
moment of inertia, the angular displacement (positive in anticlockwise direction) and the applied torque. The flexible link is assumed
to have a uniform cross-section with bending stiffness £/ as well as a length L with density per unit length p. The tip mass with
inertial properties, namely payload mass m, and moment of inertia J,, is added to study the effect of a grasped object and consequently
is attached to the distal end of the flexible link. Due to the nearly small deformation along the z-axis direction (i.e., the direction of
gravity) of the global frame, the bending 3.



deformation in the x-y plane is only considered in Fig. 1. Each cable is connected to the tip mass and to the distal end of the rigid link
with a length equal to 2D. The global inertial frame of the single-link flexible mechanism is referred to as o — xy frame, and the
relative frame o — x'y’ is defined with the x'axis along the neutral axis of the undeformed link. The magnitudes of the two cable
pretensions are denoted as ¢ and 2.

s Rigid Link Cable Pretension
Flexible Link

—AAAA— Cable
Tip Payload

Fig. 1. Kinematic description of a single-link flexible mechanism with two pretensioned cables.

The actual location of a point on the flexible link is introduced by a rigid location from the undeformed link and a transversal deflection
due to the bending flexibility. The rigid position vector of a point on the link is denoted as 1. The transversal deflection vector with respect
to the relative reference frame is defined as R r, = [0, v(s, t)]", which is related to the rigid displacement of the point s and time #. Conse-
quently, the location of the point on the link with respect to the global frame is given as follows

cosf —sinf]([S 0
= [sinB cosf <[0] * [U(S, t)])' M
The potential energy of the system includes the potential energy of the flexible Euler-Bernoulli beam V;, due to bending and the axial
compression force exerted by an identical pre-tension Tp, in the two cables, and the potential energy of the cables. It is worth noting that
the presence of a compression force F' is produced by the two cable pretensions, which was not considered in the previous work [13] and
exerts substantial influence on the beam potential energy. The axial strain of a flexible beam is expressed by the von Karman nonlinearity
through the nonlinear equation &, = —yv' + (v')?/2 [47], where v' = dv/ ds. Under the assumption that the transversal deformation v

of the Euler-Bernoulli beam is small, the potential energy of the link from the cable pretension is given by taking into account the von
Karman nonlinearity as

V_Elfl AW +1J1F<av>2d )
Las ), \ag2 ¢ 2L ), \o¢ ¢ @
where s = {L, { € [0,1], and F denotes the axial compression force on the flexible beam (i.e., F < 0) during the vibration of the beam. In

accordance with the geometry of the layout shown in Fig. 1, the force F' can be written as F = 2T,,..L/VD? + L?. According to [23], the
tension variation 7,.; of the i-th cable due to the traversal displacement v is given as

Taci = kv(L,t)D//D? + L2, i=12. 3)

Moreover, each cable is modelled as a massless spring with an elastic coefficient k and a uniform cross-section. Under the assumption
that both cables work at a given instant of time under the identical pretension Ty, = kAL(t) | 0’ the potential energy of the two cables is

TZ
Vele=o = k (AL(D)]¢=0)® === AL(O)le=o = VD? + 17 = L e, (4.2)




k 2k 2 .
Veleso = 5 (AL(t)|t:0 - AL(t)|t>0,s) + 5 (AL(t)|t:0 + AL(t)|t>0,e) ,if AL(D)|¢=o > AL()|¢s0,s > 0. (4.b)

where AL(t) |~ denotes the approximate additional change of the extended cable length and is equal to \/ (lvls=L Il + D)? + L? —

VD2 + I? while AL(t)|;>qs is the retracted length of the other cable which is equal to VD? + L? — \/ (D — |lv|s=L1D? + L2. Addition-
ally, L . is the free length. It is assumed to be identical for the two cables. Since the transversal deformation v|s-; is small, the follow-
ing expression is approximately obtained by neglecting the higher order terms of the transversal deformation expression.

AL(O|e0,e = AL ]e50s = lv(L, OIl. )

D
V(D% +1?%)
Substituting Eq. (4.2) and Eq. (5) into Eq. (4.b) yields

T? kD? T D
pre - if Pre S
VC|t>0 (DZ + LZ) v |S L lf k > (DZ n LZ) ”v|S=L”! (6)

where the inequahty in Eq. (6) is a constraint between the lateral displacement and the pretension. When it is not valid, the cable

tension will vanish because of the unidirectional nature of the cable force. Hence, the entire potential energy of the single-link flexible
mechanism system with cables is expressed as

V(s,t) =V + Vcleso. (7

In the following, the extended Hamilton’s principle is applied to the single-link flexible mechanism as follows

t2
(8T — 8V + 8W)dt = 0, (3)

t1

where 6T andSW are the variation of the kinetic energy and the virtual work from the rotational motor torque (Appendix A).

Subsequently, the variation of the potential energy in Eq. (7) is expressed as
oV = SVL+6VC|t>O' (9)

The two terms in the right hand side of Eq. (9) are written as

s = _EL (% 5(‘3”) (e v 0 el ~E1% s % 10

= \ee) &), " \a o+ | gdvdd| = |ag iz — | G dvac|ds (10)
2k D?

8Veleso = _mU|S=L8v|S:L' (11)

After several mathematical manipulations (detailed in Appendix A), the dynamic model is developed by combining Egs. (8) - (11)

tz
de + f A,60]_,dt
s=L

ty tz a

f A 69dt+f fA 5vd{dt+f A 5(6 )
t1 =

t2 0%v ov

—EI —
+ft1 <652)6<65) _
s=0

The terms A; in Eq. (12) are given by

A = dz‘9++ d29+63v + my (L% + v?| )d29+1LZazvd+ Lazu
1=z ) P (G Y asae| )T =G fopc oz ) XM\ )|

1 ov 1 d’e v

+ [ ot (5 ") e (5 ) | ot + 142 (G )+ movlons (57)
s=L

4 _Eratv [ (d%6) <d9)2+ 0?v\] Fo%v
2= o TP a ) TV & otz )| " Lac?
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A = EI 0%v N d29+ a3v
3 ds2 J dt? ' 9sat?

d29 0%*v

A4 = m dtz + m W
s=L
The last term in Eq. (12) is always equal to zero as a result of the boundary conditions mentioned below at s = 0. Since the four
variations 66, 6v, 8 (2—:) and 8v|,—, areindependent, the expressions of A;,A,, A3;,and A, in Eq. (13) are all equal to zero.
s=L

Hence, the dynamical model of a single-link flexible mechanism with two pretensioned cables is given by

d26 20 0% N AN S L 9%v
Jm el +t+]), dt2+—656t25L + my (L% + v?]5=p) el +f pCL Frel d¢ + myL FTe

s=L
2

1 v do 6 v de
" fo oo (57) a2 () + | pL[(<L)2+v]dz(dtz)mpvlm(a) _(&)=o (14)
50t d?6 de\?  (0%v 2, s
ateslam) (@) +(5e)| a0 (13)
£l 0%v d?6  0%v “o 16
ds? S=L+]p _+—S:L o 1o

dt? = dsot?
L 46 + El v
VT . 953 )|

%v
mp ot2
Since the proximal end of the flexible link is fixed to the rotational axis, the beam is clamped at s = 0 and the resulting boundary
conditions are expressed as follows

ov
ds

s=L>
El 0’v +F6v
-7 \as? as
s=L

ds

2kD?
+D2—+Lzl7|S=L. (13)

S=L

ov 2kD?

+F—| +=—"—v|, =0. 17
L dslg-y, D2+L2v|S‘L an

Vlgeo = 0, = 0. (18)

s=0

Moreover, another boundary condition at s = L is obtained in Egs. (16) and (17), which represent the moment and force constraints of
the cable-stiffened flexible beam respectively.

3. Critical cable pretension for buckling phenomenon

For the small amplitude free oscillation of the cable-stiffened beam, the lateral deformation v (s, t) is assumed to be separable in space
and time as follow,

v(s,t) = W(s) sin(wt) (19)

where W(s) is a function of the location s of the curvilinear points and w is a pulsation that has to be determined. By substituting of Eq.
(19) into Eq. (15), the following equation is obtained

d‘y d?y
El— 1ot sin(wt) — p¥(s)w? sin(wt) — Fd sin(wt) = 0, (20)

de d2e . —_ . . .
where P and — Sz are set to zero since the free oscillation begins when the motor stops rotating. Compared to [13], the last term is added

due to the applied axial beam compression force induced by the cable pretensions. Considering the generalized case, Eq. (20) leads to

4 2
d ;‘;S” —w?pw(s) — FIYS) on

El
ds?

The buckling of the flexible beam occurs when the cable tensions attain the critical values, which causes the beam instability with a time-
independent equilibrium of Eq. (21) as detailed in [48]. Moreover, the first natural frequency of the cable-stiffened beam is equal to zero
when the critical cable pretension is applied [49]. In order to avoid structural instability, it is thus of significant importance to determine the
critical cable pretension before discussing the effect of pretension on the dynamic characteristics of a cable-stiffened flexible beam.
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Referring to [48], when the structural buckling occurs, the first natural frequency of the system is equal to zero. Accordingly, the time-
independent equilibrium of the system is written as
d*¥(s) d?W(s)

El—— —= =0. (22)

Subsequently, recalling that the axial compression load satisfies ' < 0, the characteristic eigenvalue equation of Eq. (22) is deduced as

Elr* —Fr? =0, (23)
and the solutionsare r; =1, =0, 13 =i \/%, T, =—i \[% , where i denotes the imaginary unit. Thus, the general solution of Eq. (23) is
obtained as

Y(s) = C, + C;s + C5sin(Bs) + C, cos(Bs), (24)

where f = \/i—f Substituting Eq. (24) into the boundary constraints Eqgs. (16) and (18), the following equation system is obtained

0 0 Fsin(BL) F cos(BL) gl
[1 0 0 1 IC = 035;. (25)
0 1 B 0 ci

After mathematical manipulations, the unknown vector is obtained as [C; C, C3 C,]T = C3[tan(BL) —B 1 —tan(BL)].
Moreover, it can be deduced from Egs. (17) and (24) that

2

2D%k
FCZ + DZ—-I-LZ(Cl + CZL) = 0. (26)

which, by means of the above vector, can be written as

2D%k
{—ﬂF + D2—+LZ [tan(BL) — ﬁL]} C; =0. 27

From the non-trivial solution of Eq. (27), the eigenvalue equation is obtained when the unknown C5 is supposed to be nonzero. In fact, the
following transcendental equation on the critical axial compression load is obtained by setting the first expression in Eq. (27) to zero

21k

(AL + F)B’ (28)

cot(BL) =

where A = D?/(D? + L?). It is worth noting that the critical force for the flexible beam with cables is related to both the geometric pa-
rameters (e.g., D and L) and the material properties of both the flexible beam and the cables (e.g., £/ and k). Obviously, the coupling effect
of the cable-beam interaction is also exhibited in Eq. (28). Moreover, it should be noted that the mass of the tip mass is not included in Eq.
(28), which indicates that the tip mass does not affect the value of the buckling force in the framework of this study and is validated in the
simulation experiments in Sect.5. In comparison to the classical formula of the critical axial compression force from Euler formulation,
namely F = w?EI/(uL)? with the factor u = 2 in the fixed-free end connection scenario, it leads to cos(BL) = 0 in agreement with
Eq. (28) when D is set to zero (i.e., 4 = 0).

The critical force for the single flexible beam with cables is determined by the first intersection point of the expressions on both sides of
Eq. (28). For example, the geometric and physical parameters of a specific flexible beam with cables are summarized in Tab. 1. As shown
in Fig. 2, the critical buckling force can be determined with an arror. Consequently, the fsolve function in Matlab is utilized to solve the
nonlinear equation of Eq. (28) and the critical force is identified as —9.87 N. As a result, the pretension of the cables can be calculated by

F= 2TpreL/\/ D?+ L? asTyre =5 N based on the initial system configuration.

Table 1. Geometric and physical parameters of a flexible-link mechanism with Nylon cables and the flexible link made of steel.

Item Parameter Value
Link bending stiffness (N - m?) EI 0.1775
Link length (m) L 0.6
Rigid link length (m) D 0.1
Spring coefficient of cables (N/m) k 3700

-7-
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Fig. 2. Critical force determination of a single-link flexible mechanism with two cables.

For the purpose of investigation of the effect of geometric and material parameters on the critical cable pretension, a non-dimensional
parameter is defined as D* = D /L. As a result, different values of D* reveal the effects of various cable layouts/inclinations. Following
[50-52], the cable spring coefficient is k = E.A./L., where E. is the elastic modulus and A. the cross-sectional area along with the cable

stretched length L. = L\/ D*? + 1. The relationship between the critical force F and D*is depicted in Fig. 3, where the considered cable
materials are Nylon, Steel and Polyethylene whose elastic modulus are given in Tab. 2. It is clearly observed that the critical force F'is equal
to 1.22 N with D* = 0 for all three types of cables. As mentioned before, the magnitude of the critical force F|p+—, merely depends on
the length and the bending stiffness of the flexible beam. Moreover, the critical force soars as D* increases and then decreases as shown in

Fig. 3. Recalling Eq. (28), the latter is simplified as cot(BL) = (ZMZMD*%L'I'*'D*:E“IF)B = 0 with Alpinr = 1and k|peoye = 0. As a con-
D*-inf®ID*>inf

sequence, it is readily observed that the critical force under the extreme condition D* — inf isequalto F|p«;,r = m?EI/(2L)% However,
it is difficult to derive the analytical solution formulation of D*to the maximum critical force because of the transcendental relationship
between SL and Ak in Eq. (28). Overall, it can be noted that a large cable elastic modulus corresponds to a large critical force for the same
value of D* but the maximum critical force is obtained with a relatively small D*for the three presented cable materials. It is also worth
noting that the cables cannot be modelled as massless springs when D* becomes very large. Indeed, sagging effect due to the cable own
mass and torsional stiffness should be carefully tackled in the case of long cables [53,54].

9.96
9.96
9.94 -
2 ;
i
~9.92 f i .
I / ! e
99 1 i 2 9.92 H|! ~\~\~
0 0.5 1| < T
D 8 \\\
99 ¢ \’\,
~,
- = Steel = = Steel
—Nylon | 9 88 —Nylon |
=-=-Polyethylene ) =-=-Polyethylene
0.4 0.6 0.8 1 2 4 6 8 10
D* D*

(a) Range of D*=[0,1] (b) Range of D* =[0,10]

Fig. 3. Change of the critical force F with respect to D* using cables made of nylon, steel and polyethylene (the beam length is L = 0.6 m).
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Table 2 Elastic modulus of nylon, steel and polyethylene for cables (Unit: GPa).

Material Nylon Steel Polyethylene
Elastic Modulus 2.83 207 1.1
Moreover, another non-dimensional parameter is defined as y = %, It is the ratio of the beam flexural stiffness over the cable axial
cac

stiffness. The resultant critical forces with respect to y varying within a technical relevant range of [0.5, 2.5] X 10™* are presented in Fig.
4. Similarto D*, the beam material plays a significant role in the buckling phenomenon of this flexible beam with cables. It can be observed
that the force monotonically increases as y becomes larger for various D*. Indeed, a large y corresponds to a beam made of a material
with high elastic modulus and a larger buckling load is thus required to make the system unstable.

12 T T T
S
10F |- - D*=0.17 \5_,’ i
8 B ,/’ ]
o ”
Z. -
<~ 61| Aluminum e AFs=863N 1
= Beam //"
T' AFc=457N
21 AFa=291N ]
0 S : :
0.5 1 1.5 2 2.5
X

%107

Fig. 4. Change of the critical force F" with respectto y (beam length L = 0.6 m and cables made of Nylon).

For example, three types of common metallic materials for the beam as listed in Tab. 3 are discussed with the cables made of Nylon. The
three vertical lines shown in Fig. 4 stand for the three materials of the beams, namely a steel beam in green, a copper beam in black and an
aluminum beam in violet. The intersection points of the vertical lines and each curve are referred to as the critical forces with corresponding
material and D* given in Table 4. The obtained magnitudes of the critical forces with D* = 0 are consistent with those from the classical
beam equation F = mw?EI/(2L)?%. More importantly, the results reveal that the influence of D*decreases for a more compliant beam since
the relative values of critical forces for two D* shrink as y reduces. In other words, the critical force of the cable-stiffened beam asymp-
totically approaches that of the cantilever beam for vanishing y (i.e., the beam flexural stiffness is much lower than the axial cable stiffness).

Table 3 Elastic modulus of copper, steel and aluminum for the beam (Unit: GPa).

Material Steel Copper Aluminum
Elastic Modulus 207 110 69

Table 4 Critical force for beams made of steel, copper and aluminum (Unit: N).

D* Critical force
Steel Copper Aluminum
0 1.21 0.64 0.40
0.17 9.84 5.21 3.31

As depicted in Fig. 4, the effect of the parameter D* on the critical force of the flexible system is important as well. Taking the flexible
beam made of steel as an example, a group of different values of parameter D* are selected and the corresponding critical forces together
with the cable tensions are shown in Fig. 5. Both the critical force and the cable tension increase quickly in the beginning. The effect of D*
on the critical buckling load is negligible when D* becomes larger than 0.2. However, the cable tension related to the critical force will
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increase gradually since the angle between the cable and the beam has a considerable influence on the determination of the cable tension.

10
8 L 4
2 PR |
\Q-)/ - -—-— -
g ’
= 4! J
|
1
1
2 d! J
|
[} = (ritical force
Yy = = Cable tension
O 1 1 1 1
0 0.2 04 0.6 0.8 1

D*

Fig. 5. Critical force and cable tension with respect to D* (beam length L = 0.6 m and cables made of Nylon).

4. Lateral stiffness

The lateral instability of a flexible column or beam depends on its axial loading. The critical buckling force is defined as the exact value
of the axial loading that makes the column laterally unstable. Referring to [32,55,56], the lateral stability capacity of an unbraced column
and beams can be assessed using lateral stiffness with the definition of lateral resistance subjected to variable lateral forces. Moreover, the
critical buckling load can be identified when the lateral stiffness of the column is equal to zero. The post-buckling of a clamped rod is
investigated with the Ramberg-Osgood constitutive law in [57], which is applied to design column structures under large deformation. Dif-
ferent from the unbraced columns, this paper focuses on a more complex structure by considering the influence of the cables on a flexible
beam. Hence, the lateral stiffness for the flexible single column with two cables is deduced in this section.

The beam-column connection rigidity plays a significant role in estimating the critical buckling loads of columns. The concept of the end-
fixity factor is introduced to define the relative stiffness at a connection end [55,56]. For a clamped end, the value of the end-fixity factor is
equal to zero while it is unity for a free end or an ideally pinned connection end. Regarding the system in the current study, the lateral stiffness
expression of a flexible single beam with the axial loads from the cable pretension is given as

_ —FBcos(SL)
"~ —(BL)cos(BL) + sin(BL)’

where k& denotes the lateral stiffness of the flexible beam and the axial compression load F together with the variable § defined in Eq. (24).
For the sake of brevity, the detailed derivation of this equation is omitted here. Next, the contribution of the cables to the lateral stiffness of
the system is taken into account and integrated with an improved formulation.

As illustrated in Fig. 6, a lateral deflection v is caused by the different cable tensions at the tip end of the flexible beam. In fact, the lateral
deformation is very small and can be considered as elastic bending (it is exaggerated for illustration purposes in Fig. 6). At the initial instant,
two cable pretensions are equal to an identical force Tpr.. After adding the cable tensions, a lateral deflection occurs such that the tensions
begin to vary correspondingly. Under the assumption of the massless spring with a constant elastic coefficient, the tension variations of the
upper and lower cables can be obtained as

ki

(29)

8Tcl = T1 - Tprei 6Tc2 = TZ - Tpre- (30)
According to Eq. (3), the two cable tension variations are given as
8T, = —kVA|v|, 8T, = kNVA|v|, (31)

where 2 = D?/(D? + L?) and v denotes a small lateral displacement shown in Fig. 6. Consequently, the lateral components of the cable
tensions along the y-axis direction (i.e., lateral direction) can be deduced using trigonometric relationship as
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8Ty = —kA|v|, 8Ty, = kA|v]. (32)
Based on Egs. (30) to (32), the corresponding components of lateral stiffnesses provided by the two cables are

ST, 8T,
by = o = K kg = o = KA. (33)

Therefore, the complete lateral stiffness expression for the flexible single link with two cables can be rewritten as

O b LLC KN 19 -
fs = AT Hel T2 ™ _(BL)cos(BL) + sin(BL) '

Fig. 6. Illustration of lateral deflection under different cable tensions.

In accordance with the Storey-buckling method for determining the critical buckling load, once the lateral stiffness of the beam with
cables reduces to zero, the buckling phenomenon is about to occur. After several mathematical manipulations (Appendix B), the
formulation to predict the critical buckling load is the same as Eq. (28), which further demonstrates the effectiveness of the method
proposed in Section 4. More importantly, the dynamic modelling using the extended Hamilton’s principle can be applied to further
investigate a dynamic charac-terization through modal analysis for the single-link flexible system with two cables besides the
determination of buckling loads.

5. Simulation

In this section, a series of simulations are implemented in ANSYS with the aim of validating the method proposed in the previous sections.
A finite element model of the single-link flexible system with two cables is created in ANSY'S as illustrated in Fig. 7. In accordance with the
previous assumption, the cables are represented by two massless springs with an identical elastic coefficient k. It is worth noting that, in
ANSYS, the springs are set to tension only to mimic the unilateral nature of cable forces. A tip mass is attached to the free end of the flexible
beam. However, the rigid link of Fig. 1 is neglected and replaced by a frame to mount both the beam and the cables. Considering that
the mechanism moves in the horizontal plane and the fact that it has negligible deflection against gravity due to the high stiffness
along the vertical plane, the effect of gravity is neglected as well.

Tip mass

k.

0.000 0.250 0.500 (m)
—
0.125 0.375
Fig. 7. Layout of the simulation model in ANSY'S software.
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As expected, the tip mass does not exert any influence on the determination of the critical buckling force in the simulation, which is
consistent with the conclusions on the basis of Eq. (28). More importantly, the critical bucking force of the flexible link system with cables
is obtained based on the eigenvalue buckling module of ANSYS. The resulting D* obtained from the simulations are compared with those
obtained using Eq. (28) of the proposed method. The relative error of the critical buckling forces is defined as (Fgjmulation — Fealculation)/
Fimulation- AS shown in Fig. 8, it can be clearly observed that the forces match very well in the given range of values of the non-dimensional
parameter D* defined in Section 2, whereas the relative errors grow and stay around 2% with D* larger than 0.1. The simplicity of von
Karman nonlinearity in Eq. (2) without considering the width of the beam may account for the discrepancy between the results from the
proposed method and the simulations. Furthermore, the reduction of the critical force as D* reaches a higher value has been validated, which
is in good agreement with the calculated results depicted in Fig. 8(b). In addition, the value of the tip mass is changed to testify its effect on
the evaluation of critical buckling loads. It turns out that the buckling load is not affected by the tip payload, which is consistent with the
analytical results. Therefore, the simulation results demonstrate the validity of the proposed method for predicting the critical buckling force
in this system, which also gives a more conservative cable pretension values compared to the simulation results in order to avoid the occur-
rence of buckling phenomenon of a flexible beam with cables.

T T T T 2
10|
. 1.8
Z
§ 8r S 1.6
< 5
%0 6t E 1.4
= o
S £ 12
= :
3 i
5 o
= Simulation 0.8
—— Proposed method
0 : : : 0.6 : : : :
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
D* D*
(a) Critical buckling forces versus D* (b) Relative error versus D*

Fig. 8. Critical buckling forces and relative error with the proposed method and obtained from simulation.

In addition, a procedure, similar to the buckling force identification method presented in [32], is accomplished with the simulation model
in ANSYS. The basic principle is to determine the critical forces using a linear extrapolation when the lateral stiffness of the tip end of the
beam reaches zero. The main procedure can be summarized as follows:

(1) Select several different sets (5 sets here) of cable pretensions, which are lower but close to the theoretical maximum cable tension
corresponding to buckling;

(2) Impose a constant force in the x-axis direction of the global frame (shown in Fig. 7) at the tip end of the beam. This force is selected
according to the pretension value;

(3) Measure the correspondent lateral displacement and calculate the lateral stiffness of the system at the tip end;

(4) Predict the critical buckling force using a linear extrapolation as the lateral stiffness is equal to zero.

Before implementing the simulation testing, it should be acknowledged that the aforementioned procedure obtains an approximate force
due to the simplicity of the linear fitting between the lateral stiffness and the axial loading at the beam. However, the accuracy of the procedure
can be improved by the adjustment of the lateral forces for different loadings. As for the configuration with the pulley located at D =0.1 m,
the specification of the procedure and the results are summarized in Table. 5. Based on the least-squares fitting theory, a linear fitting line as
shown in Fig. 9 is determined as F,=10.39 — 0.006542xk; with the root mean square error equal to 0.02882. Finally, the critical buckling
force for the present configuration is estimated to be 10.39 N. The relative error between the identified force and the calculated force is
obtained as 5.6%. Additionally, the relative error between the identified force and the obtained force from the eigenvalue buckling module
of ANSYS is 2.8%, which suggests that the above-mentioned procedure is a feasible method to predict the approximate critical buckling
load. However, it also needs to be noticed that this approach highly depends on the measurement accuracy of both the lateral external force
and the lateral deflection, which hinder the experimental demonstration in practice due to the cable compliance and hybrid compliance
associated with the flexible beam. More importantly, the detailed expression of the obtained linear fitting line varies in accordance with the
predefined lateral external forces and the cable pretensions. As a result, this procedure has been applied as a supplementary method to validate
the critical buckling force of the flexible link with two cables only in the simulation environment.
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Table 5 Feasible pairs of tensions for the determination of the critical force.

Simulation No. 1 2 3 4 5
Pretension (N) 4.92 4.94 4.96 4.98 5.0
Axial load (N) 9.702 9.742 9.781 9.821 9.860
Lateral external force (N) 0.005 0.004 0.002 0.0015 0.001
Lateral deflection (m) 4.96x10°  4.06x10° 2.1x10° 1.63x10° 1.27x107
Lateral stiffness (N/m) 100.7 98.6 95.2 92.2 78.5
104
e Simulation results
—— Linear fitting line
- 10.2
£ ‘F ~10.39 - 0.006542 x k
a0 al 1
£ J
kS
g
— 10
S
>
<
9.8+
| L L L [ ]

0 20 40 60 80 100 120
Lateral stiffness (N-m'l)

Fig. 9. Linear extrapolation for identification of the critical buckling force.

6. Experimental verification

The experimental testbed is shown in Fig. 10. One end of each cable is attached at the tip end of a flexible link made of steel, whereas the
other cable end is connected to a force sensor (HBM U9C) through a pulley. There is a mobile frame supported by a wheel jack to adjust the
cable tensions. The beam and the two pulleys are mounted on the mobile frame, while the force sensors are located at the base. In the
experimental setup, the variations of the tensions in the two cables are measured by means of the force sensors and recorded with the use of
a data acquisition equipment (Beckhoff CX5100). The height of the mobile frame can be adjusted with the actuation of the wheel jack and
therefore the cable tensions will change accordingly due to the constant length of the cables.

To verify the effect of the location of the pulleys on the critical buckling force of the flexible link system, a set of five distinct points
denoted as {1#,2#,3#,4#,5#} are selected with specific distances depicted in Fig. 11. It can be noted that the pair of pulleys are always fixed
symmetrically to the vertical middle plane of the beam. The tip mass is split in two identical masses attached on both sides of the free end of

the beam.

Fig. 10. Testbed for verification of the effects of the cable pretensions.
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Fig. 11. Layout of five pulley locations for the flexible beam with two cables (dimensions in meters).

Under the assumption that the tip mass is a rigid body with length of 0.01 m, the value of the actual beam length in the experiment is taken
as L =0.59 m. Subsequently, the cable spring coefficient can be calculated by k = EA/L; where L denotes the length of the cable from
the cable attachment at the tip mass to the anchor point at the force sensor. The value of the free length of the i-th cableis setto L¢; = L¢ip +
L¢ip in which Lg;; is the cable length in the horizontal plane shown in Fig. 11 and L¢;, is the cable length between the pulley and the
force sensor. In this paper, L¢;, isequal to 0.21 m in the experiments and the cable free length L¢; is equalto Lci;+ 0.21. For example, in
the case of pulleys at position 1#, the free lengths of both cables are L = 0.9 m. As aresult, the corresponding spring coefficient is obtained
as k = 2470 N/m. According to Eq.(28) in Sect. 3, the theoretical buckling load of the system at position 1# is 9.82 N and therefore the
maximum pretension is constrained to be lower than 5 N. Based on the simulation model in Fig. 7, the critical buckling load is estimated as
being equal to 9.98 N, which is slightly larger than the value obtained with the proposed analytical method.

5t 1 4t
— ~
247 1 £
3l ! g
2]
g 52} -
2 2
e 2t Pulley 2#| 1 o
S o Pulley 3# S
o Pulley 1# 1 4
1 Pulley 4#| 1 e Pulley 1#
o Pulley 5# \@ —-—-45° straight line
1 2 3 4 5 6 7 1 2 3 4 5 6
Cable tension 1# (N) Cable tension 1# (N)

Fig. 12. Changes in the cable tensions associated with five pulley locations during loading. ~ Fig. 13. Changes in the cable tensions associated with the pulley location 1#.

As depicted in Fig. 12, the variations of the cable tensions are recorded for five locations of the pulleys. A similar trend is followed in all
five scenarios. At first, the two cable tensions increase with almost the same value under the actuation of the wheel jack. During this stage,
it can be clearly observed that a small oscillation of the cable tensions happens due to the compliance of the beam. In particular, these
vibrations take place more obviously when the location of the pulley is closer to the middle plane of the beam, namely for a small D. It can
be explained by the fact that a large angle between the beam and the cables makes the system stiffer. As the cable tensions increase, the
difference between the two cable tensions increases correspondingly, which means that the beam bending becomes more significant. When
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cable tensions become very high, a nonlinear relationship between the two cable tensions can be seen. Taking the pulley location 1# as an
example, four typical instants {a, b, ¢, d} during the loading are presented in Fig. 13. The corresponding snapshots of the non-buckling or
buckling beam together with the specified tensions are shown in Fig. 14.

(T3, T,)=(0.9,09) N|

T T T,

= (T,,T,)=(3.5,3.3)N

SR

Fig. 14. Buckling phenomenon of the flexible beam with cables during loading.

From Fig. 13 and Fig. 14, the following observations can be made on the buckling of the flexible single beam with two cables. Tension
oscillation exists before the instant (a), which is mainly due to both the assembly errors and instability of the initial cable elongation. During
the period from instant (a) to the instant before (b), the two cable tensions change with almost identical values and the flexible beam remains
straight like at the instant (a). Then, the tension curve starts to deviate from the 45%traight line and the tension difference rises as the loading
continues (e.g., 0.2 N at the instant (b) and 0.7 N at the instant (c)). However, the flexible beam still remains straight at instant (b), while it
begins to buckle from instant (c) on. It is worth noting that the beam deflection is larger at the points near the middle section of the beam at
instants (c) and (d). In comparison, the maximum lateral deflection of the middle point at instant (c) is smaller than that at instant (d). It
indicates that a higher tension deviation results in a large lateral deflection of the beam. Although the lateral deviations can be readily meas-
ured by means of a laser displacement sensor, it remains difficult to determine the exact value of the critical buckling force associated with
the pulley location 1#. Nevertheless, it has been discovered that using a small lateral force, the flexible beam can change easily to the mirror
shape with reference to its initial middle plane at the instant (c). Moreover, the beam deformation at the instant (d) is larger than that at instant
(c), where the axial force (i.e., 10.45 N) from the two cable tensions is higher than the critical buckling force determined by the simulation
and the proposed method.

To summarize, the three buckling loads obtained respectively from the analytical method, the simulation and the experiments are
com-pared in Tab. 6. It should be noted that the maximum cable pretension from the experiment results is approximated as the average
of two cables tensions at the instant (c). Accordingly, the buckling load of the cable-beam system in the pulley configuration 1# is
calculated as 8.94 N. The relative errors with respect to the experimental value of buckling loads are 9.8% for the analytical value and
11.6% for the simulation. The discrepancy may result from the inaccuracy of the experimental assembly where the flexible beam is
connected to two cables.

Table 6 Comparison of buckling loads and the maximum cable pretension at position 1# (Unit: N).

Method Buckling load Max. cable pretension
Analytical 9.82 5
Simulation 9.98 5.08
Experiment 8.94 4.55

7. Conclusions

In this paper, the extended Hamilton’s principle is adopted to develop the dynamical model of a single-link flexible system with
two pretensioned cables. A transcendental equation involving bending stiffness and length of the beam as well as spring coefficient
and locations of the cables is obtained for the determination of the buckling load. Analytical results show that the buckling load for
several specific cable configurations is consistent with that from classic formula of a flexible beam with the fixed-free end
connections. The transcendental equation is also derived from the concept of lateral stiffness. Buckling phenomenon occurs once the
value of lateral stiffness reduces to zero. The complete lateral stiffness is composed by the flexible link stiffness and the one induced
by the pretensioned cables. The variation of the buckling load with respect to the location of the two cable pulleys based on the
dynamical model is demonstrated by the ANSYS simulations.



Finally, experiments are conducted on a physical testbed. Buckling of the flexible beam is documented and presented with several
snapshots. Further research will focus on the effect of cable pretensions on the dynamic characteristics of the single-link flexible

system with two cables within the critical buckling loads.
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Appendix A

According to Eq. (1), the position vector of a point s on the link with respect to the inertial frame is given by

_ [scose — v(s,t)sinf
17 [ssing + v(s, t)cos]

Then, the kinetic energy of the single flexible link is obtained as

-t ) (e

L o) \ac )%
and the partial derivative of the position vector ry with respect to time ¢ is calculated from Eq. (A.1) as follows
06 ov 00
org —ssind (6t> (6t> sinf — vcosf (E)
ot 0 (69) (61:) 0 0 (69)
scosd { o ) €08 vsin 5t

Consequently, Eq. (A.2) can be further expanded using Eq. (A.3)

n=G [ () e (@)@ (3) )

with s = CL,T € [0, 1]. Therefore, the variation of T}, is calculated as

(A1)

(A.2)

(A3)

(A4)

8T, = pL fo 1{[((2L2 +v2) (‘3%1) +v (g) (g’;) + <Z;>] 56 + [ZL (32) +v (%) (g;)] 517} dz, (A5)

Similarly, the kinetic energy of the tip mass is expressed as follows

my (0Tq T org J,(d8  9%v 2
e ) ) () .
P ot lo) ot 1) T2 \ae T asar] (A.6)
where the subscript P denotes the tip mass. Thus, the variation of Tp is calculated as
ST az + v d?e ol (6v> (dQ) 560+ [<6v) L<d9>]6(6v) L d?6 5l
P Vils=t)\ gz ) T VIs=L Gy de T |5 de ac)l,_, TR qgz ) OVls=t

i, (L0 0 [59 +5(a ) ] AT
Jp dt? 656t2 s (A7)

By combination, Eq. (A.7) can be simplified to
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In addition, the variation of the kinetic energy from the rotational motor is 6Ty, = J (%) 66 and the variation of the motor torque

virtual work is W = t86. Using Egs. (A.5) and (A.8) together with Egs. (10) and (11), the dynamical model described in the expression

of Eq. (12) is deduced with Eq. (8) for four variations {6 6,6v,6v|s=1, 0 (Z—Z) }
s=L

Appendix B

When the axial compression force is selected as the critical buckling load, the value of the lateral stiffness expression Eq. (34) is equal to
Zero, 1.e.,

—FBcos(BL) _
—(BL)cos(BL) + sin(BL) +2k2 =0, (B.1)
which is equivalent to
—FBcos(BL) + 2kA[sin(BL) — (BL)cos(BL)] = 0. (B.2)

By moving the term 2kAsin(SL) to the right hand side of the equation, one obtains
FBcos(BL) + 2kA(BL)cos(BL) = 2kAsin(BL). (B.3)
If sin(BL) # 0, then Eq. (B.3) leads to Eq. (28).
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