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The Kucera—Gacs Theorem Revisited by Levin

George Barmpalias* Alexander Shen’

Abstract

Leonid Levin [21] published a new (and very nice) proof of the Kucera—Gécs theorem
that occupies only a few lines when presented in his style. We try to explain more details
and discuss the connection of this proof with image randomness theorems, making explicit
some result (see Proposition M) that is implicit in [21]. Then we review the previous work
about the oracle use when reducing a given sequence to another one, and its connection with
algorithmic dimension theory.

1 The Kucera—-Gacs Theorem

The Kucera—Gécs theorem[18, |16]] says that every (infinite) sequence of zeros and ones is Turing-
reducible to some Martin-Lof random sequence. In other words, for every sequence o there
exist a Martin-Lof random (with respect to the uniform Bernoulli distribution) sequence @ and a
computable mapping T of the space of binary sequences to itself such that 7w = .

Let us comment on the notions used in the statement. The notion of Martin-L6f random se-
quence was defined by Martin-Lof in 1966 [26] and since then has become a standard notion in
algorithmic randomness (see, e.g., [22, 14, 30, 31]).

To define computable mappings, consider an oracle machine that has read access to an infinite
bit sequence on the input tape and writes bits sequentially on the output tape. It computes a
mapping 7 with domain  (the space of all infinite binary sequences) and codomain X (the space
of all finite and infinite sequences). Mappings that correspond to oracle machines are called
computable.

The proofs given by Kucera and Gécs (as well as their subsequent improvements that limit the
number of input bits needed to produce n output bits, see below) all follow the same scheme:
given @, we construct some random sequence ® and some ad hoc mapping 7' that maps ® to o
but has no meaning outside this context. However, there is an alternative approach. There is an
image randomness theorem (see, e.g., [31]], or [9]] for more general version) that says that for a
computable mapping 7' that maps a uniform Bernoulli distribution P on € to some probability
distribution Q on Q (this means that 7 (w) is infinite for P-almost all ®), every sequence that
is random with respect to Q = T (P) is a T-image of some P-random sequence. The alternative
plan is to find some extension of this result to the case where the image measure 7T (P) is a
semimeasure, and then derive the Kucera—Gacs theorem from this extended version.
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Let us explain this plan and the notion of a semimeasure in more details. Consider an arbitrary
computable mapping 7: Q — X. Applying 7 to a random uniformly distributed point @ in €2,
we get some random variable & = T'(®) with values in X. For every string x we may consider the
probability of the event “& starts with x”. We get some non-negative real function My (x) defined
on all strings. Obviously, M7 (A) = 1 for the empty string A, and

MT()C> EMT(X())-FMT()CI) (*)
for every string x. The last inequality may not be an equality; the difference
MT(X) — MT(XO) — MT(Xl)

is the probability of the event “¢ is finite and equals x” (since it corresponds to the cases when x
is a prefix of & but neither x0 nor x1 are).

The non-negative functions M on strings that have value 1 on the empty string and satisfy the
inequality (x), are called semimeasures and correspond to arbitrary probability distributions on X;
we often use the same letter for the probability distribution on X and the corresponding function
on strings. One may ask which semimeasures can be obtained as Mr for a computable mapping
T, as described above. This question was answered by Levin in 1970 [32]: the function M should
be lower semicomputable. This means that the set of pairs (r,x) where x is a string and r is a
rational number smaller that M(x), is (computably) enumerable.

In the same paper Levin noted that there exists a maximal (up to O(1)-factor) function in the class
of lower semicomputable semimeasures; it is now called the continuous a priori probability.
More precisely, there are many such functions that differ by O(1)-factors; we fix one of them
and denote it by M(x). The continuous a priori probability M(x) can be used to characterize
randomness with respect to computable measures on Q. Let Q be a computable measure on £,
i.e., a lower semicomputable semimeasure such that all finite strings have probability zero:

0(x) = 0(x0) +O(x1)

for all x. Levin proved in [19] that a sequence o is Martin-Lof random with respect to Q if and
only if the ratio M(x)/Q(x) is bounded for all prefixes x of a. The intuitive meaning: « is not
random with respect to Q if some prefixes of o are much more likely according to the a priori
distribution M than according to Q (the ratio is unbounded).

Combining this characterization of randomness with the image randomness theorem mentioned
above, we come to the following result.

Proposition 1. Let P be the uniform Bernoulli distribution on Q. Let T : Q — ¥ be a computable
mapping such that T (®) is infinite for P-almost @, and let Q = T (P) be the image distribution.
Then the following properties of an infinite sequence Q are equivalent:

* M(x)/Q(x) is bounded for all prefixes x of a.;
* oo = T (@) for some Martin-Lof random (with respect to P) sequence .

If we could get rid of the restriction that 7' (w) is infinite for almost all @, thus extending this
proposition to the case when Q is a semimeasure, the Ku¢era—Gécs theorem will follow from this
generalization. Indeed, the semimeasure M (being semicomputable) can be represented as 7' (P)
where T is some computable mapping of Q to £. Then M(x)/Q(x) = 1 is bounded everywhere,
and this (hypothetical) generalization would imply that every sequence « is T'(®) for some
random .



2 Levin’s approach

However, this plan does not work: as found in [10], this generalized statement is not true.
Levin [21] found a way to overcome these difficulties by using a less general statement. Namely,
he made the following three observationd] (Propositions 2H4):

Proposition 2. There exists a maximal (up to O(1)-factor) lower semicomputable semimeasure
whose values are finite binary fractions having at most 2n+ O(1) bits for strings of length n.

Proposition 3. Every semimeasure Q whose values on n-bit strings are finite binary fractions of
length at most 2n+ O(1), is an image of the uniform distribution P by a computable mapping
T: Q — X that uses only the first 2n+ O(1) bits of input to produce n bits of output.

The claim means that the n first bits of 7'(®) depend only on 2n+ O(1) bits of @. In particular,
if T () has length less than n, then the same is true for all T (®’) if @’ and o have the same first
2n bits.

Proposition 4. Let T: Q — ¥ be a computable mapping that uses only the first 2n+ O(1) input
bits to produce n output bits. Let P be the uniform Bernoulli distribution on Q and let Q =T (P)
be the image semimeasure. If the ratio M(x)/Q(x) is bounded for all prefixes of some infinite
sequence o, then oo = T (w) for some Martin-Ldf random (with respect to P) sequence @.

Proof of Proposition[2l We may perform rounding and replace each value on some n-bit string
by the maximal (21 + ¢)-bit binary fraction that is strictly smaller than this value. Here ¢ is some
constant that will be chosen later. This procedure gives a lower semicomputable function (here
it is important that we use strict inequalities) with required granularity, but this function may not
be a semimeasure. The property

Q(x) = Q(x0) + Q(x1)

may be violated after rounding. Indeed, while the right-hand side may only decrease after round-
ing (and this is not a problem), the left-hand side also may decrease making the inequality false.
The change in the left-hand side is at most 272" ~¢ (where n = |x|), so a small safety margin is
enough: if

0(x) > Q(x0) + Q(x1) +272""¢,

then after rounding we have a semimeasure. (We should also change the value on the empty
string to 1, but this change does not violate the other requirements.)

To guarantee this safety margin, we add to the maximal semimeasure M some other semimeasure
with desired safety margin. (Then we have to divide the sum by 2 to get a semimeasure, but
this only increases ¢ by 1.) For example, the semimeasure Q(x) = 2721 has safety margin
2720 _2.2721=2 = 272~ for n-bit strings, so for ¢ > 1 this is enough.

We need also to check that our semimeasure remains maximal after rounding. Indeed, the safety
margin is bigger than the granularity, and the combined effect of the increase and rounding can
only increase the value of the semimeasure. U

Proof of Proposition[3l Here we have to recall the construction of the mapping for a given
semimeasure (see [32] or [31, Section 5.1] for details). This construction is performed in terms
of space allocation. Assume that some semimeasure Q is given. For every string x of length n,

"'We first provide them in a simplified form that is enough for the Ku¢era—Gdcs theorem; see the next section for
discussion.



we allocate to x some subset of € that is a union of cones (a cone €, is a set of all infinite se-
quences with a given finite prefix y) and has total measure Q(x). If Q(x) is a multiple of 272"—¢,
we may use cones 2, of size 2721=¢ (with |y| = 2n+ ¢) when allocating space to x. Since 2n + ¢
is a monotone function of n, for the children of x we may use smaller cones inside the cones
allocated to x. In this way we get a mapping where n output bits are determined by 2n + ¢ input
bits: the preimage of x is the union of cones allocated to x, and all these cones have size 2~ 2n—c,
so only the first 2n + ¢ bits matter] U

Proof of Propositiondl This proposition can be proven in different ways; for example, one can
adapt the argument from [31, Section 5.9.3]. Levin gives a much simpler argument, but it uses the
characterization of Martin-Lo6f randomness in terms of expectation-bounded randomness tests
that were introduced by Levin in [20] and then studied in [[15] (and probably are not as well
known as they deserve to be). We recall their definition and properties that we need (see [31,
Section 3.5] and [8]] for a detailed exposition).

We consider lower semicomputable non-negative real functions on Q (the infinite value +oo is
also allowed). The notion of lower semicomputability is an effective version of lower semicon-
tinuity: function f is lower semicomputable if the set of pairs {(r,®) : r < f(®)} (where r is a
rational number and @ € Q) is an effectively open set in Q x Q (a union of an enumerable family
of basic open sets of the form (p,q) x €, where p < g are rational numbers and u is a binary
string).

The sum of two lower semicomputable functions is lower semicomputable; the same is true for an
(effectively given) series of semicomputable functions. A average-bounded randomness test is a
lower semicomputable function whose integral (in other words, average, or expected value) over
Q (with uniform measure P) is finite. Taking a mix of all average-bounded randomness tests, we
get a maximal, or universal average-bounded randomness test. It is defined up to O(1)-factors;
we denote it by t and may assume that Ept < 1 (the expectation is less than 1). Now Martin-Lof
random sequences can be equivalently defined as sequences ® € Q such that t(®) < oo.

Every non-negative integrable function on Q (with finite integral) is a density function of some
measure on £, so we construct a measure 7 and let 7(X) = [y t(®w)dP(w). The measure 7(Q)
of the entire space Q is [ot < 1. We can transform this measure into a lower semicomputable
semimeasure by artificially declaring t(A) = 1 for the corresponding function on stringsé)

Now we are ready to prove Propositiondl In addition to Q = T'(P) we consider the image measure
M’ =T (7). Itis easy to check that this measure also can be extended to a lower semicomputable
semimeasure, and therefore it is does not exceed ¢M for some constant c.

Recall our assumption: the ratio M(x)/Q(x) is bounded for all prefixes x of ¢. Let ¢’ be this
bound, so M(x) < ¢’Q(x) for all prefixes x of o. Combining this with the previous inequality,
we conclude that M' = T(7) < ¢M < ¢/Q. Now let us look more closely at the values of M’(x)
and Q(x) for some x that is a prefix of . Since M’ = T(t) and Q = T(P), both values are
(different) measures of the set U = T~ !(Q,), the set of all sequences that are mapped by T into
some extensions of x. The firstis 7(U) = [, t(®)dP(®), the second is just P(U). The inequality

2A technical clarification: this argument assumes that the approximations to Q(x) are also multiples of 272"~
This can be achieved by rounding the approximations to the closest binary fraction with 2n + ¢ bits; one could also
note that the construction provided by PropositionP] already has this property.

3This semimeasure has a natural interpretation. Namely, the exact expression (see [15} [8]) for t says that it
corresponds (up to a O(1)-factor) to the following random process: we first generate a finite string according to
discrete a priori probability and then start adding random bits. But this is not important for the argument.



M’ < ¢c’Q implies that there exists a sequence @ € U (in other words, T () starts with x) such
that t(®) < cc’. We denote this sequence by @, indicating that this sequence depends on x (while
constants ¢ and ¢’ do not depend on x).

Taking longer and longer prefixes x of ¢, we get an infinite sequence of corresponding @,. We
know that t(®,) < cc’ for all @,, and that 7' (®,) starts with x. Let x; be the prefix « that has length
i, and let @; = w,; be the corresponding sequence. Using compactness, we take a limit point @
of the sequence @;. Let us show that @ is a sequence that we need: a random sequence such that
T(w) = a. Indeed, o is random since the set of all sequences & such that t(£) < ¢c’ is closed
(since t is lower semicomputable and therefore lower semicontinuous). And for every prefix x
the corresponding set U = T~!(,) is not only open (as it will be for any computable mapping)
but also closed due to our assumption (n output bits are determined by 2n + O(1) input bits),
and contains all @ starting from i = |x|, and therefore all limit points of the sequence @y, ®;,. . ..
Proposition 4l is proven. U

3 Remarks about Levin’s argument

Stronger versions

We formulated Propositions 2H4] in the simplest form that is enough for the Kucera—Gécs theo-
rem. Levin’s formulations are stronger.

Proposition[2l Here we may easily replace 2n by n+ d(n) where d(n) is a computable function
such that ¥279(") < 1. For that we use the safety margin 2~"~¢(") for strings of length n, and
the total additional weight is ¥’ 27¢(")_ since we have 2" strings of length n with weight 2~"—4(%)
each. Moreover, Levin notes that we may let the granularity depend not only on the length of x,
but on x itself, using K(x) + O(1) bound:

There exists a constant ¢ and a maximal (up to O(1) factor) lower semicomputable
semimeasure whose value at every string x is a finite binary fraction having at most
K(x) + c bits.

To prove this, we use m(x) = 2~ K®) (where K(x) is the prefix complexity of x) to provide a
safety margin for string x. Consider a semimeasure S(x) = Y.<, m(y), where the sum is taken
over all strings y that have x as a prefix. As usual, we let S(A) = 1 to get a semimeasure. The
semimeasure S corresponds to the following process: generate a finite string according to m, and
stop (so S is concentrated on finite sequences).

Now consider the average M’ (x) = [M(x) 4+ S(x)]/2, where M is a maximal lower semicom-
putable semimeasure. It is maximal up to an O(1) factor (since M is maximal). The safety
margin M’ (x) — M’ (x0) — M’(x1) for rounding is at least m(x) /2 (thanks to ). Let us then round
M’ (x) up to K(x) + ¢ bits, for some large enough constant c: let I\7I(x) be the maximal integer
multiple of 2~ K& =¢ that is strictly smaller than M’(x) (and I\A/I(A) =1, as usual).

For large enough ¢ the safety margin m(x) /2 exceeds the rounding errors, so M is a semimeasure.
However, some care is needed to show that M is lower semicomputable. The problem is that we
cannot compute the value of K(x), we have only the approximations from above for K(x) that
can decrease at any time. To construct the approximations from below to |\7|, we consider the
current approximation k for K(x) and take the maximal multiple of 27%=¢ that is strictly less
than the current approximation from below to M’(x). At some point k reaches the final value,
i.e., K(x), so the sequence converges to the maximal multiple of 2K(@)=¢ that is strictly smaller



than M’(x). However, we need the sequence of approximations to be increasing, and now this
is not obvious, since k can decrease, and bigger granularity may lead to smaller approximations.
To achieve the monotonicity, we synchronize the increases in the approximations for m(x) and
the corresponding increases in the approximations for M’(x) with decreases in k. If ¢ is large
enough, the increase in M’ compensates the effects of increased granularity, and this finishes the
argument.

For Proposition[3l we may replace 2n+ O(1) by arbitrary total computable non-decreasing func-
tion. The computability is needed to make the construction effective, and the function should
be non-decreasing since we need to allocate intervals for x0 and x1 inside the intervals already
allocated for x. (It seems that this requirement is not mentioned in [21) last paragraph of Sec-
tion 7.1], but it is not clear how we can proceed without it.) We may also use a total computable
function #(x), depending on the string x, not only on its length, if t(x) < #(x0) and 7(x) < 7(x1)
for all strings x. Moreover, we may consider also partial computable functions ¢.

Let t be a computable partial function on strings, with natural values. Assume that
the domain of t is a subtree (if t(x) is defined, then t(y) is defined for all prefixes
y 2 x), and inequalities t(x) < t(x0) and t(x) < t(x1) hold when both sides are de-
fined. Let Q be a lower semicomputable semimeasure. Assume that Q(x) is an
integer multiple of 27" () for all strings x in the domain of t. Then there exist a com-
putable mapping T : Q — X such that for every x where t(x) is defined, the following
properties hold:

* the probability of the event “T (®) starts with x” equals Q(x);

* the set of all ® such that T(®) starts with x, is a union of intervals of size
2-1),

Proving this stronger version of Proposition 3] we may again assume that the growing approxi-
mations for Q(x) are multiples of 2~/®) for strings x where #(x) is defined (the other values of Q
are not used). Then we inductively construct the 7T-preimage of €, as a union of intervals of size
27", choosing those intervals inside the intervals for the parent of x. Note that 7(x0) and 7(x1)
may be different, and we may have to allocate space for x0 (intervals of size 2~/*0)) knowing
only the values of #(x) and 7(x0) but not #(x1), or vice versa. For that we start filling an interval
of size 271 by intervals of size 2~ *0) from left to right, and by intervals of size 27/ 1) from
right to left; when there is not enough space for the next interval in some direction, we continue
in the same direction in the other interval of size 2~*() (and use the remaining space in the first
interval, if there is some, for the other direction).

Proposition 4] can be generalized in the following way (and the proof remains essentially un-
changed):

Let t be a computable partial function on strings whose domain is a subtree. Let T
be a computable mapping Q — ¥, and for every x in the domain of t the event “T (o)
starts with x” is a union of intervals of size 27" %), Let P be the uniform distribution
on Q and let Q = T (P) be the image semimeasure. If all prefixes of some infinite
sequence o, are in the domain of t and the ratio M(x)/Q(x) is bounded for them,
then oo = T (w) for some Martin-Ldf random (with respect to P) sequence .

Combining these observations, we get an improved version of the Kucera—Gacs theorem:

If t(x) is a partial computable function that is an upper bound for K(x) (where
defined) such that the domain of t is a subtree and t(x) < t(x0) and t(x) < t(x1) if



both sides are defined, then for every infinite sequence o whose prefixes belong to
the domain of t there exists a Martin-Lof random sequence @ and a machine M that
computes o given oracle ® and uses at most t(x) + O(1) bits of ® when producing
a prefix x of .

The last statement means that machine M produces the same prefix x when applied to every
infinite sequence that has the same #(x) first bits as the sequence .

Levin states this results for total 7, but we give its natural generalization to compare Levin’s argu-
ment with some other line of research discussed in the next sections: the monotonic compression.

Partially continuous transformations

This notion (used by Levin in [21]) is a generalization of the notion of an oracle machine, and
a notion of a (monotone) computable operation defined by him in [19]. Informally speaking,
an oracle machine uses the bits from the oracle tape to produce output bits: the more it knows
about the input, the more output bits are produced. If we want to consider finite and infinite
inputs, we arrive to the notion of a (monotone) computable operation. Now Levin makes the
next generalization step: a partially continuous transformation provides more information about
the output if given more information about the input. Such a transformation is an effectively
closed set in Q x Q and can be defined by a computable sequence of statements of the following
form: “if the input sequence belongs to this cone, then the output sequence cannot belong to that
cone”. In this way we can do more than just specify output bits sequentially: transformation may
say, for example, that 7th bit is zero or that Sth and 16th bits are equal without claiming anything
about other bits.

The notion of partially continuous transformation is natural in itself, but is not strictly necessary
for the argument: we may consider only oracle machines (as usual) and semimeasures defined
on finite strings (and not on arbitrary clopen subsets of €2).

4 Oracle use and compression

One may ask what could be the finite version of the Kucera—Gécs theorem. The natural candidate
says that every (finite) string x can be computed by a simple program f from a random string y.
This is true for obvious reasons: let y be the shortest description of x (so the length of y equals
the Kolmogorov complexity of x), and let the simple program f be the decompressor used in
the definition of Kolmogorov complexity. One can check easily that the shortest description is
incompressible, so we get the desired result.

Can this approach be used for the Kucera—Gécs theorem? Here we have some infinite sequence
o. We may find the shortest descriptions for all the prefixes of ¢, but these shortest descriptions
may be unrelated to each other and are not necessarily prefixes of one sequence. We need some
other type of compression where the compressed version is a sequence ® and its prefixes are used
by the decompressor to produce prefixes of a. The natural definition of this type was suggested
by Kobayashi [[17]. Consider a sequence « that is computed by an oracle machine that has access
to oracle . For every n, we consider the prefix of ® that is used while computing the first » bits
of ov. (We may assume that « is printed bit by bit on the write-only one-directional output tape
while @ is provided on a read-only one-directional input tape, so you cannot read some bit of ®
without reading all the previous bits.) The length of the prefix of the input tape (as a function



of the length of the prefix of the output tape) is called the oracle usé] when computing o with
oracle @. For example, for an oracle machine that copies input @ to output @ = ® bit by bit,
the oracle use is the identity function n — n. For a machine that remembers c first bits of & in
its program and copies the rest from ®, the oracle use is n — max(0,n —¢). A similar type of
compression was considered by Ryabko in [28] and [29]].

It would be nice to prove the Kucera—Gacs theorem in the following way: for a given (arbitrary) o
we find some @ that decompresses into ¢ with minimal oracle use, and then derive from this
minimality that @ is random. However, no argument of this type is currently known. What can
be done is different: (1) knowing the upper bounds for the complexity of the prefixes of a, we can
construct a sequence @ that computes o with bounded oracle use, and then (2) reduce @ to some
random @’ not increasing the oracle use too much. The composition of these two reductions is
an oracle machine that computes o from a random @’ with bounded oracle use (thus coming to
the same result in a different way).

Let us describe what was done in these two directions, starting with the second one. (Then we
will discuss arguments that directly construct a reduction to a random sequence, thus avoiding
this two-step procedure.)

Original proofs of Gacs and Kucera and their optimal implementations

Gaécs (1986) in [16] and Kucera (1985) in [18] showed that every binary sequence can be com-
puted using a random sequence as an oracle, with computable oracle use. The method in [16]
is more sophisticated, and gives the bound n + O(y/nlogn) which is explicitly stated, even in
the abstractﬁ What is important here, as soon will be clear, is that the overhead /nlogn is
o(n) (small compared to n). The argument in [16] can be described as block-coding, where the
source « is broken into blocks (the ith block has length i) and each block is coded by the corre-
sponding block of a random @. In contrast to that, [[18] did not break o into blocks, and coded
each bit separately (by a block of arandom sequence). As a consequence, [18] gives significantly
larger oracle use. Kucera was not interested in precise or optimal oracle-bounds and, although
n? is often quoted as the oracle use in this method, Barmpalias and Lewis-Pye [5] demonstrated
that nlogn is the actual oracle use in an optimal implementation of Kucera’s construction. It was
also demonstrated in [S]], using the analysis of Merkle and Mihailovi¢ (2004) from [27], that the
bound n + /nlogn in [16] cannot be improved using the same method, by changing the block
lengths or other parameters of the construction.

Note that the oracle use in the coding discussed above is oblivious: it does not depend on the
source being coded (a sequence that we reduce to a random one). Note also that the we have

“Technically speaking, this notion of oracle use is a bit more restrictive than before, when we required that n
output bits depend only on some number of oracle bits: it may happen that machine reads more bits than it is actually
necessary to determine the output bits. For example, the machine can copy its input to its output and read 2n input
bits before producing n output bits. Moreover, one can construct a machine whose oracle use in the previous sense
is smaller than the oracle use (in the new sense) for every machine computing the same mapping Q — ¥. Indeed, let
Xo,X1,X2,... be a computable prefix-free sequence (say, x, = 0"1), and let P and Q be two inseparable enumerable
sets of natural numbers. Consider the mapping 7': Q — X that maps all sequences with prefix x;0 to x;0 for every i;
if i € P, all sequences with prefix x;1 are also mapped to x;0; if i € Q, all sequences with prefix x;1 are mapped to
x;1. If i € P, the prefix x; is enough to guarantee the output x;0; if i € O, one needs to read the bit after x; to produce
the correct output. Assume that some machine M computes T'; then, if it does not read the bit after x; for i € P, we
can separate P and Q by looking whether M reads more bits after x; or not.

However, Levin’s arguments (and the results mentioned below) can be adapted to this stronger notion in the same
way as in [31, Theorem 50, p.86].
3Gécs [16] gives n+ 3+/nlogn, which can be refined to n+ y/nlogn, as shown in [3].



n+ o(n) oracle use; this will be important for the next results. (This bound can be improved,
see below; Levin’s argument discussed above can also be used to get n+2logn + O(1) bound or
even better ones.)

How much can we compress a given sequence?

Now we concentrate on the other side of the question: given a sequence o, we want to find some
other sequence  (random or not) and an oracle machine that computes o with oracle @, with
minimal oracle use. What can we achieve, and what are the obstacles for the high compression?

If the n-bit prefix of a (denoted by « [n) is computed by a machine with oracle @, and the oracle
use is u,, then the Kolmogorov complexity of this prefix exceeds the complexity of ® [u, at most
by O(logn), since & [n can be computed from n and ® [u,:

K(o[n) < K(@u,)+ O(logn) < u, +O(logn+logu,).
Therefore, the oracle use has asymptotic lower bounds:

K(ax
liminf 2 > liminf ( [n)) lim sup tn > limsup
n n n

K(a[n)

The quantities in the right hand sides of these inequalities are known in algorithmic dimension
theory (see [23, 25,24, [1]]) as effective Hausdor{f dimension dim(¢) (the first, one, with liminf)
and effective packing dimension Dim(a) (the second one, with limsup) of the sequence . Here
we used prefix complexity in the definitions, but one can also use plain complexity C (¢ [n), since
plain and prefix complexities differ at most by O(logn) for n-bit strings.

These bounds are tight. For the first bound it was essentially shown by Ryabko in [28, 29]; his
reasoning goes as follows. Assume that liminf @ < d for some d. Then the sequence « has
prefixes of lengths n; < np < ns... such that K(o [n;) < dn; for all i. We may assume without
loss of generality that n; grow fast, so ny +ny +...+n; = o(n;y1). Then we can concatenate
the optimal prefix free descriptions of ¢ [ny, & [ny, ... into an infinite sequence ®. Using @ as
oracle, we compute all u [n; using at most d(ny + ...+ n;) = dn; + o(n;) bits. This implies that
liminf 2% < d for the oracle usage u, in this oracle computation.

It is important that we are use Hausdorff dimension and liminf; this argument does not give
any bound for packing dimensions since we have no way to compute prefixes of ¢ that have
intermediate lengths (between n; and n;; 1) with bounded oracle use. The bound for packing
dimension requires a bit more complicated argument that was suggested by Doty [[11, 12} [13].
This argument goes as follows.

Instead of using fast increasing lengths, let us split o into blocks & = ajasas ... in such a way
that a; has length i. These blocks are “not too small and not too large” in the following sense:
(1) every prefix of o of length n can be extended to some bigger prefix aja;...a; of length at
most n+ O(y/n) (“blocks are not too large”), and, at the same time, k = O(y/n) (“blocks are not
too small”). Using the Kolmogorov—Levin formula for complexity of pairs, we note that

K(ajay...ar) =K(a)) +K(az|ar)+...K(ag|ay...ax_1) + O(klogla; . ..ax|).

Here K(u|v) stands for (prefix) conditional complexity of u given v; the logarithmic errors in k
applications of the Kolmogorov—Levin formula are accumulated in the O(klog|a; ...ax|) term.



Coding method Oracle use

Kucera (1985) [18]] nlogn

Gdcs (1986) [16]] n—++/nlogn

Ryabko (1986) [29] and Doty (2008) [13] in (n-dim(c), - Dim(cr))

Barmpalias and Lewis-Pye (2016) [3]] n+g(n) for any fast-growing g <7 0
Barmpalias, Lewis-Pye, Fang (2016) [6] any fast-growing g <7 0, if a is c.e.
Barmpalias and Downey (2017) [2] min;>, K(a[i) if ais left-c.e.
Barmpalias and Lewis-Pye (2019) [4} 1.4] any computable upper bound of K(a [n)

Barmpalias and Lewis-Pye (2019) [4, .5]  min;>,[K(a[i) +logi]

Table 1: Oracle use for different coding methods. (Here g <r 0 means that g is computable; o
is considered as a set of integers when we assume that o is computably enumerable (c.e.), and
as a real when we assume that « is left computably enumerable.) In all the constructions, except
for Ryabko’s and Doty’s ones, a reduction to random oracle is directly provided; in these two
constructions an additional layer is needed.

Consider now the shortest prefix-free description w; for a; given a; ...a;_1, and a sequence @ =
wiwaws . ... It can be decoded from left to right, and we need

|W1| —|—...+|Wk| :K(al)—l—...+K(ak|a1...ak_1) = K(Cll ...ak)+0(|a1...ak|)

bits to decode aj ...ay. This inequality works only on the block boundaries; for arbitrary prefix
of o we need to restore the partially used block completely, but (recall that blocks are not too
large) this is again o(n) overhead.

Combining these observations with the Ku¢era—Gacs theorem (with n+ o(n) bound for the oracle
use), we get the following result from [11]: for every sequence « there exists a Martin-Lof
random sequence @ and an oracle machine M that transforms @ to o with oracle use u,, such that

..o u .. K(an . u . K(a[n

liminf = = 11m1nf&, limsup— = lim sup(ir).

n n n

Note that the machine M can be fixed in advance (before « is given): consider the universal
oracle machine that first reads some self-delimited description of the other machine and then
simulates this machine on the rest of the oracle tape.

Lower bounds on the oracle use

After analyzing the optimal oracle use via the original methods of Kucera and Gécs , one may
wonder about lower bounds: the amount of the oracle use that is necessary in computations from
random sequences. Downey and Hirschfeldt (2010) showed [[14, Theorem 9.13.2] that constant
overhead is not sufficient: there exist sequences that are not computable from any random se-
quence with oracle use n+ O(1). Barmpalias, Lewis-Pye, Teutsch (2016) obtained better lower
bounds in [7] (and these bounds turned out to be tight, see below).
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To formulate their results, let us introduce the following definition: A non-decreasing g is fast-
growing if ¥ ;278 () < oo, and slow-growing otherwise. Typical examples of slow-growing and
fast-growing functions are n — logn and n — 2logn, respectively.

It was shown in [7] that for each slow-growing computable g, there exists a sequence « that is
not computable (from any random oracle) with oracle use n+ g(n).

This result seemed quite weak at that time; for example, it does not prevent reductions to a
random sequence with overhead as low as 2logn, in sharp contrast to \/nlogn which was known
to be the best possible upper bound for the methods used in [16} [18]. Surprisingly, this lower
bound turned out to be tight.

Optimal oblivious oracle use

Barmpalias and Lewis-Pye (2016) [3] matched the lower-bounds of [7]] by showing that, for each
computable fast-growing g, every sequence « is reducible to some random one with oracle use
n+g(n). So in the oblivious case, a complete characterization of the possible oracle uses in
computations from randoms was given in [3]]. Note that the same result can now be obtained in
a different way using Levin’s argument, as we have discussed.

It is interesting to note that the same characterization applies to the case of computation of left-
c.e. reals by random left c.e. reals: this was already established in [6] and motivated reaching the
optimal overheads of [3]], although they were significantly smaller than known ones at the time §

As an algorithm, the coding in [3] is greedy and, in a sense, straightforward. The correctness
proof, however, is more sophisticated than in the previous arguments due to its global character.
Without getting into specifics, we can demonstrate the difference between [3]] and the original
argument from [16} 18] by exposing a key injectivity property of the code-map that exists in the
older methods (making their verification easier) and is missing in [3].

Differences in oblivious coding methods

The proofs of the Kucera—Gacs theorem (both in [16} 18] and [3]) construct some oracle machine
& such that for every « there exists some random ® such that () = a. Moreover, this random
@ has bounded randomness deficiency: we fix an effectively open set V of small measure that
contains all non-random sequences (e.g., some level of the Martin-Lo6f’s randomness test) and
ensure that for every « there is some @ ¢ V such that ®(w) = a.

All these proofs (in [[16} [18] as well as in [3]) have the following injectivity property: for each
o there exists a unique @ ¢ V such that ®(w) = o. If u, is the oracle use in this proof, the
machine ® uses only the first u, bits of @ when computing the first n bits of &. So we get some
mapping of u,-bit strings to n-bit strings. For the construction from [[18] this mapping on finite
strings is also injective (local injectivity): if @' has the same first n bit as &, and @ and @’ are
oracle sequences that let ® compute o and o, then @ and @’ share the same first u,, bits. The
construction in [18] can be vaguely described as follows: we embed sparsely the full binary tree
(where « is one of the branches) into a full binary tree, mapping nodes of height »n to nodes of
height u,, from which they could be decoded. When the effectively open set V shadows some part
of the embedded tree, we restore this part inside the space that is still available; this is possible
since the embedding is sparse. The sequence @ is then the image of o under the limit embedding.

%We will come back to this while discussing the optimal adaptive coding into random sequences.

11



The construction in [16]] improves the oracle use by grouping bits of & in blocks (nth block has
length n). This replaces the binary tree for ¢ by a tree when nodes of height n have 2" children;
this tree is then sparsely embedded in the full binary tree. This construction uses space more
efficiently; the local injectivity holds for n that are the block boundaries.

The construction in [3] is quite different and very far from being locally injective: a single
source-string & [n may have unpredictably many random code-strings, all of which are necessary
for making the induced map on the infinite sequences surjective: different @ [u, may be needed
for different o with the same o [n. One could conjecture that this is necessary to get oracle use
up =n+ O(logn). In the words of Kugerd], this type of coding is global in contrast to [16]], [18]]
which is local.

Let us note that Levin’s construction is not even globally injective.

Toward the optimal adaptive oracle use.

A natural conjecture is that for each o there exists a random ® which computes o with oracle
use at most K(o [n). Note that K(o [n) does not have the form of an oracle use function as it is
not monotone, but we could consider instead the monotone function min;>, K(a [i). (We may
also try to compare the oracle use with monotone or a priori complexity; both are monotone.)

As we have seen, this question also makes sense without the requirement for @ to be random.
(Then we add a second layer that uses the oblivious encoding considered above, as we have
discussed.) Note that this bound is much stronger than the results of [29, [13], where all the
bounds are up to o(n).

So why one would make such a strong guess? Here we bring up the analogy with the case of
computing left-c.e. reals from random one, as we did in the case of the oblivious oracle usefs
Barmpalias and Downey (2017) [2] showed that every left-c.e. real & is computable by Chaitin’s
Q (and any other random left-c.e. real) with oracle use min;>, K(a [i).

This conjecture remains unproven; two partial results in this direction were obtained by Barm-
palias and Lewis-Pye (2019) in [4]. The first says that if K* is a partial computable function that
is an upper bound for K (at the points where K* is defined), then every sequence « such that
K* is defined on all prefixes of a, is computable from some random sequence with oracle use
min;>, K*(o[i). The argument used in [4] is based on some version of Kraft-Chaitin lemma that
extends it to hierarchical space allocation requests. It directly constructs a random sequence ®
that computes o with bounded oracle use (avoiding the two-step procedure described earlier and
the corresponding overhead).

Note that K* has to be computable, while K is only upper semicomputable (and also non-
monotonic). This presented certain issues in the argument of [4], if we want to get an upper
bound for oracle use in terms of K. They were only resolved by adding a logarithmic overhead:
it is shown in [4]] that every sequence o is computable from some random sequence with oracle
use min;>,[K(x[i) +logi].

Both results come quite close to the conjecture formulated above, but the question whether the
conjecture is true, remains open.

7Said during the workshop Algorithmic Randomness Interacts with Analysis and Ergodic Theory at the Banff
International Research Station for Mathematical Innovation and Discovery (BIRS), of Casa Matemadtica Oaxaca,
December 2016.

8This is only a heuristic argument; there is no deeper reason why the bounds for the left-c.e. reals would match
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Coding Type Optimality

Kucera (1985) [18]] oblivious No

Gacs (1986) [116] oblivious optimal rate
Doty (2008) [13] adaptive optimal rate
Barmpalias and Lewis-Pye (2016) [3] oblivious optimal
Barmpalias, Lewis-Pye, Fang (2016) [6] oblivious optimal for c.e.
Barmpalias and Downey (2017) [2] adaptive optimal for left c.e.
Barmpalias and Lewis-Pye (2019) [4] adaptive “almost optimal”

Table 2: Oracle use for coding by random sequences. The words “almost optimal” mean that
there are two results that show that the bound is almost tight, with O(logn) overhead or with
computable upper bounds, but the conjecture mentioned above is not proven.

Comparison

We gather the results mentioned above in Tables [Iland 2l We see that (for the case of oblivious
coding) the optimal oblivious overhead can be obtained by replacing a local injective coding
used in [18, [16]] by some non-local scheme. It seems that non-locality may be necessary even for
getting O(logn) overhead.

For the case of adaptive coding, the arguments from [29] [13] also give a large overhead (o(n),
but not O(logn), in the case of Doty’s argument), that is then combined with additional layer of
oblivious coding. This is enough to get the optimal rate. Still the arguments from [4] give much
smaller overhead. The difference between the methods in [4] and [13] is striking in the case
of logarithmic complexity of prefixes when the overhead O(y/nlogn) is large compared to the
complexity of prefixes. If, for example, K(a [n) < 3logn for all n, the new construction gives
3logn oracle use, while the previous ones gave more than /nlogn.

Let us note also the Levin’s construction also gives the result from [4] for the special case when
K* is a monotone computable upper bound for K. (We may always assume without loss of
generality that the domain of K* is a tree.) It would be interesting to bridge the remaining gap by
any of these techniques, or to modify Levin’s argument to get the best currently known bounds.
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