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number at most 2∗

J. Bang-Jensen† S. Bessy‡ F. Havet§ A. Yeo¶

November 9, 2021

Abstract

We prove that every digraph of independence number at most 2 and arc-connectivity at least 2 has
an out-branching B

+ and an in-branching B
− which are arc-disjoint (we call such branchings a good

pair). This is best possible in terms of the arc-connectivity as there are infinitely many strong digraphs
with independence number 2 and arbitrarily high minimum in-and out-degrees that have no good pair.
The result settles a conjecture by Thomassen for digraphs of independence number 2. We prove that
every digraph on at most 6 vertices and arc-connectivity at least 2 has a good pair and give an example
of a 2-arc-strong digraph D on 10 vertices with independence number 4 that has no good pair. We also
show that there are infinitely many digraphs with independence number 7 and arc-connectivity 2 that
have no good pair. Finally we pose a number of open problems.
Keywords: Arc-disjoint branchings, out-branching, in-branching, digraphs of independence number 2,
arc-connectivity.

1 Introduction

It is a well-known result due to Nash-Williams and Tutte [12, 14] that every 2k-edge-connected graph has
a set of k edge-disjoint spanning trees. For digraphs, there are many possible analogues of a spanning tree.
The two most natural ones are out-branchings and in-branchings. An out-branching (in-branching) of a
digraph D is a spanning tree in the underlying graph of D whose edges are oriented in D such that every
vertex except one, called the root, has in-degree (out-degree) one. Edmonds [8] characterized digraphs with k
arc-disjoint out-branchings with prescribed roots. Lovász [10] gave an algorithmic proof of Edmonds’ result
which implies that one can check in polynomial time, for each fixed natural number k, whether a given
digraph has a collection of k arc-disjoint out-branchings (roots not specified).

No good characterization is known for digraphs having an out-branching and an in-branching which are
arc-disjoint and very likely none exists, due to the following result.
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Theorem 1 (Thomassen (see [1])). It is NP-complete to decide whether a given digraph D has an out-
branching and an in-branching both rooted at the same vertex such that these are arc-disjoint.

This implies that it is also NP-complete to decide if a digraph has any out-branching which is arc-disjoint
from some in-branching, see Theorem 5. The same conclusion holds already for 2-regular digraphs [6].

Thomassen also conjectured that every digraph of sufficiently high arc-connectivity should have such a
pair of branchings, where the arc connectivity is the minimum out-degree of a proper subset of the vertex
set of the considered digraph. His conjecture was for branchings with the same root, but as we show in
Proposition 4, the conjecture is equivalent to the following.

Conjecture 2 (Thomassen [13]). There is a constant C, such that every digraph with arc-connectivity at
least C has an out-branching and an in-branching which are arc-disjoint.

Conjecture 2 has been verified for semicomplete digraphs [1] and for locally semicomplete digraphs [5].
In both cases arc-connectivity 2 suffices. For general digraphs the conjecture is wide open and as far as we
know it is not known whether already C = 3 would suffice in Conjecture 2 (Figure 10 below shows that
C = 2 is not sufficient).

Our main result is the following which verifies Thomassen’s conjecture for digraphs of independence
number 2.

Theorem 3. If D is a digraph with α(D) ≤ 2 ≤ λ(D), then D has a good pair.

The paper is organized as follows. In Section 2 we provide som notation and preliminary results. In
particular, we show in Proposition 10 that there is no lower bound on the minimum in- and out-degree
that suffices to guarantee that a strongly connected digraph with independence number 2 has a good pair.
The proof of Theorem 3, which we give in Section 6, builds on several partial results which we establish
in Sections 3 to 5. In Section 3 we characterize semicomplete digraphs with good pairs. Then in Section
4 we give some sufficient conditions for a digraph on at most 6 vertices to have a good pair. In Section 5
we consider co-bipartite digraphs which are digraphs whose vertex set can be covered by two semicomplete
subdigraphs. We prove that every 2-arc-strong co-bipartite digraph has a good pair hence allowing us to
focus on digraphs which are not co-bipartite in Section 6 where we prove of Theorem 3.

In Section 7 we provide an example to show that arc-connectivity 2 is not sufficient to guarantee that
a digraph with independence number 2 has an out-branching rooted at a prescribed vertex s which is arc-
disjoint from an in-branching rooted at a prescribed vertex t for every choice of vertices s, t. We also show
that there are infinitely many digraphs with independence number 3 and arc-connectivity 2 which do not
have arc-disjoint out- and in-branchings, B+

s , B−
t , rooted at some given s and t, respectively. Using this we

construct an infinite family of digraphs with independence number 7 and arc-connectivity 2 which have no
out-branching which is arc-disjoint from some in-branching. We also show that every 2-arc-strong digraph
on at most 6 vertices has an out-branching which is arc-disjoint from some in-branching. Finally, we pose a
number of open problems. Finally in Section 8 we list some open problems and conjectures.

2 Notation and preliminaries

Notation not given below follows [3, 4]. The digraphs in this paper have no loops and no multiple arcs. Let
D = (V,A) be a digraph. Let X,Y ⊂ V be two sets of vertices. If D contains the arc xy for every choice of
x ∈ X and y ∈ Y , then we write X → Y . If moreover, there is no arc with tail in Y and head in X, then we
write X 7→ Y .

If D′ is a subdigraph of D and uv is an arc of D, then we denote by D′ + uv the digraph with vertex set
V (D′) ∪ {u, v} and arc set A(D′) ∪ {uv}.

For a non-empty subset X ⊂ V we denote by d+D(X) (resp. d−D(X)) the number of arcs with tail (resp.
head) in X and head (resp. tail) in V −X. We call d+D(X) (resp. d−D(X)) the out-degree (resp. in-degree)
of the set X. Note that X may be just a vertex. We will drop the subscript when the digraph is clear from
the context. We denote by δ0(D) the minimum over all in- and out-degrees of vertices of D. This is also
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called the minimum semidegree of a vertex in D. The arc-connectivity of D, denoted by λ(D), is the
minimum out-degree of a proper subset of V . A digraph is strongly connected (or just strong) if λ(D) ≥ 1.

In- and out-branchings were defined above. We denote by B+
s (respectively B−

t ) an out-branching rooted
at s (respectively an in-branching rooted at t). We also use B+ or O (resp. B− or I) to denote an out-
branching (resp. in-branching) with no root specified.

Proposition 4. Let R be a natural number. If there exists a digraph H with λ(H) = R which has two
(possibly equal) vertices s and t such that H has no pair of arc-disjoint branchings B+

s , B−
t , then there exists

a digraph U with λ(U) = R which has no out-branching which is arc-disjoint from some in-branching.

Proof. Let H be given as above. If s = t, then let H ′ = H and otherwise we obtain H ′ by adding a copy
X of the complete digraph on R vertices, all possible arcs from V (X) to s and all possible arcs from t to
V (X). It is easy to check that λ(H ′) = R and that H ′ has no pair of arc-disjoint branchings B+

x , B−
x where

x ∈ X. Now if s = t take x = s = t and if s 6= t fix one vertex x ∈ X. Let U be the digraph that we obtain
from three disjoint copies of H ′ by identifying the copies of x in these. Then λ(U) = λ(H ′) = R and U has
no pair of arc-disjoint branchings B+

u , B−
v for any choice of vertices u, v. This follows from the fact that U

could only have such branchings if one copy of H ′ would have arc-disjoint branchings B+
x , B−

x .

The following is an easy consequence of Theorem 1 and the construction above.

Theorem 5. It is NP-complete to decide if a given digraph has an out-branching and in-branching which
are arc-disjoint.

A vertex v of a digraph D = (V,A) is an in-generator (resp. out-generator) if v can be reached from
(resp. can reach) every other vertex in V by a directed path. Thus a vertex v is an in-generator (resp.
out-generator) if and only if v is the root of some in-branching B−

v (resp. out-branching B+
v ) of D. The

set of in-generators (resp. out-generators) of a digraph is denoted by In(D) (resp. Out(D)). A strong

component of a digraph D is a set of vertices inducing a strong digraph and maximal by inclusion for this
property. A strong component X is initial (resp. terminal) if V (X) has no in-coming (resp. out-going) arcs
in D. The in-generators (resp. out-generators) of D are precisely the vertices of the intial (resp. terminal)
components of D.

If X ⊂ V we denote by D〈X〉 the subdigraph of D induced by X, that is, the digraph whose vertex set
is X and whose arc set consists of those arcs from A that have both end-vertices in X.

A digraph is semicomplete if it has no pair of non-adjacent vertices. A tournament is a semicomplete
digraph with no directed cycle of length 2. We need the following results on semicomplete digraphs. For a
survey on results for semicomplete digraphs see Chapter 2 in [3]. The following is an easy consequence of
the definition of strong connectivity.

Lemma 6. Let D be semicomplete digraph. Then the induced subdigraphs D〈In(D)〉 and D〈Out(D)〉 are
strong.

A digraph D = (V,A) is vertex-pancyclic if for every 3 ≤ l ≤ |V | and every vertex v ∈ V there exists
a directed cycle of D of length l containing v.

Theorem 7 (Moon [11]). Every strong semicomplete digraph on at least 3 vertices is vertex-pancyclic. In
particular, every strong semicomplete digraph on at least 2 vertices has a hamiltonian cycle.

An independent set in a digraph D = (V,A) is a set X ⊆ V such that D〈X〉 has no arcs. We denote
by α(D) the maximum size of an independent set in D.

Theorem 8 (Chen-Manalastras [7]). Let D be a strong digraph with α(D) = 2. Then either D has a directed
hamiltonian cycle or its vertices can be covered by two directed cycles C1, C2 such that these are either vertex
disjoint or they intersect in a subpath of both. In particular D has a directed hamiltonian path.

By a clique in a digraph we mean an induced subdigraph which is semicomplete. The following is a well
known consequence of a result in Ramsey theory.
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Theorem 9. Every digraph on at least 9 vertices contains either an independent set of size at least 3 or a
clique of size 4.

A good pair (in D), is a pair (I,O) such that I is an in-branching of D, O is an out-branching of D,
and I and O are arc-disjoint. A good r-pair (in D), is a good pair (I,O) such that r is the root of I. A
good (r, q)-pair (in D), is a good pair (I,O) such that r is the root of I and q is the root of O.

A digraph is co-bipartite if its underlying graph is the complement of a bipartite graph. In other words,
its vertex set can be partitioned in two sets V1, V2 such that D〈V1〉 and D〈V2〉 are semicomplete digraphs.

Proposition 10. For every natural number k, there are infinitely many strong co-bipartite digraphs with
minimum semidegree at least k and no good pair.

Proof. Let T1, T2 be strongly connected tournaments with δ0(Ti) ≥ k for i = 1, 2 and let T be obtained
from these by adding a new vertex v and all possible arcs from v to V (T1), all possible arcs from V (T2) to v
and all possible arcs from V (T2) to V (T1), except one arc xy with goes from V (T1) to V (T2). The resulting
digraph T is clearly strong and does not have an out-branching and an in-branching, both rooted at v, which
are arc-disjoint (the arc xy must belong to both branchings). Now let H be the digraph that we obtain
from two copies H ′, H ′′ of H by adding a 2-cycle between the two copies v′, v′′ of v. This digraph is clearly
co-bipartite. Suppose H has a good pair. Then, w.l.o.g., the root of the out-branching belongs to H ′ and
then also the root of the in-branching must belong to H ′ (as the arcs v′v′′ and v′′v′ are the only arcs between
the two copies of H). But that means that H ′′ has an in-branching rooted at v′′ which is arc-disjoint from
an out-branching rooted at v′′, a contradiction.

3 Good pairs in semicomplete digraphs

We first consider semicomplete digraphs and derive some easy results that will be used later.

Lemma 11. Let D be a non-strong semicomplete digraph of order at least 4 and let r ∈ In(D) and q ∈ Out(D)
be arbitrary. Then D has a good (r, q)-pair, (I,O), in D.

Proof. Let W1 respectively W2 denote D〈Out(D)〉 respectively D〈In(D)〉.
First consider the case when |Out(D)| ≥ 2, in which case we can let U = (u1, u2, . . . , ua, u1) be a

hamiltonian cycle in W1 (a = |Out(D)|) such that u1 = q, which exists by Theorem 7. Let I ′ be any in-
branching in D \W1 with root r, which exists as In(D) = In(D \W1). We now construct I from I ′ by adding
the arc uau1 and every arc from {u1, u2, . . . , ua−1} to r. We construct O by taking the path u1u2 . . . ua and
adding every arc from ua to V (D) \Out(D). This gives us the desired good (r, q)-pair, (I,O), in D.

We may therefore assume that |Out(D)| = 1 and analogously that | In(D)| = 1. This implies that
Out(D) = {q} and In(D) = {r}. As the order of D is at least 4, there exists an arc uv in D − {q, r}. The
following out-branching, O, and in-branching, I, form the desired good (r, q)-pair, (I,O), in D.

A(I) = {qv, vr, ur} ∪ {zr | z ∈ V (D) \ {r, q, u, v}}

A(O) = {qu, uv, qr} ∪ {qz | z ∈ V (D) \ {r, q, u, v}}

Lemma 12. Let D be a semicomplete digraph and r be a vertex in In(D). If there is a subdigraph D′ of D
of order at least 2 having a good r-pair, (I ′, O′), then D has a good r-pair, (I,O).

Proof. Let (I ′, O′) be a good r-pair of D′. Assume that V (D′) 6= V (D). Since r is an in-generator in D,
there is a vertex y ∈ V (D) \ V (D′) and and arc yx with x ∈ V (D′). If y → V (D′), then let r′ be the root of
O′ and v ∈ V (D′) \ r′. Set I = I ′ + yv and O = O′ + yr′. Then (I,O) is a good r-pair of D〈V (D′)∪{y}〉. If
y 6→ V (D′), then there exist two vertices z1, z2 ∈ V (D′) such that z2y and yz1 are arcs of D. Set I = I ′+yz1
and O = O′ + z2y. Then (I,O) is a good r-pair of D〈V (D′) ∪ {y}〉.

We can apply this process iteratively until we obtain a good r-pair of D.
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A 4-exception is a pair (D, a) such that D has 4 vertices and contains the strong tournament of order
4 depicted in Figure 1 (with plain arcs) and possibly one or both arcs in {dc, cb} (shown as dotted arcs).

a b

cd

Figure 1: The 4-exceptions (D, a).

Proposition 13. Let D be a semicomplete digraph of order 4 and let r be a vertex of In(D). Then D has
a good r-pair unless (D, r) is a 4-exception.

Proof. One easily sees that D contains a spanning tournament T such that r ∈ In(T ). There are only four
tournaments of order 4, ST4 the unique strong tournament of order 4 and the three non-strong tournaments
depicted in Figure 2. For each of these tournaments, by symmetry, we may assume that r is the white vertex
and a good r-pair is given in Figure 2.

TT4 D+ D−

Figure 2: The non-strong tournaments of order 4 and a good r-pair when r is the white vertex. The arcs of
the in-branching are thin and the arcs of the out-branching are thick.

Henceforth, we may assume that T is ST4. If r ∈ {b, c, d}, then there is a good r-pair as shown in
Figure 3.

a b

cd

a b

cd

a b

cd

Figure 3: Good r-pairs in ST4 for r ∈ {b, c, d}. The arcs of the in-branching are thin and the arcs of the
out-branching are thick.

Henceforth we may assume that r = a. If D contains one of the arcs ba, ad, ca, bd, then there is a good
r-pair as shown in Figure 4.
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a b

cd

a b

cd

a b

cd

a b

cd

Figure 4: Good a-pairs in digraphs containing ST4 and an arc in {ba, ad, ca, bd}. The arcs of the in-branching
are thin and the arcs of the out-branching are thick.

If not, then (D, a) is a 4-exception. In such a case, there is no good a-pair. Indeed if there were one, then
the in-branching must contain the arcs da and cd, and D \ {da, cd} has no out-branching because it has two
sources (namely a and d).

An exception is a pair (D, r) where D is a semicomplete digraph, r is a vertex of D, such that N−(r) =
{y} and d−(y) = 1.

Theorem 14. Let D be a semicomplete digraph of order at least 4 and let r ∈ In(D). There is a good r-pair
if and only if (D, r) is not an exception.

Proof. If (D, r) is an exception, then let N−(r) = {y} and N−(y) = {z}. Note that any in-branching, I,
with root r, must contain the arcs yr and zy. However, in D \ {yr, zy} we note that both r and y have
in-degree zero, and therefore there is no out-branching in D \ {yr, zy}, which implies that there is no good
r-pair in D.

So now assume that (D, r) is not an exception. If D is non-strong then we are done by Lemma 11,
so we may assume that D is strongly connected. By Theorem 7, r is in a directed 3-cycle zyrz. If there
exists t ∈ V (D) \ {z, y, r} such that r ∈ In(D〈{z, y, r, t}〉) and (D〈{z, y, r, t}〉, r) is not a 4-exception, then,
by Lemma 12, D contains a good r-pair. Henceforth, we may assume that, for all t ∈ V (D) \ {z, y, r},
either r /∈ In(D〈{z, y, r, t}〉) or (D〈{z, y, r, t}〉, r) is a 4-exception. In both cases, r 7→ t and y 7→ t. Hence
r 7→ V (D) \ {y, r}, and y 7→ V (D) \ {r, y, z}. If r → y, then D′ = D \ {yr}, is a semicomplete digraph
with In(D′) = {r}, and by Lemma 11, D′ has a good r-pair, which is also a good r-pair in D. If not, then
N−(r) = {y} and N−(y) = {z}, a contradiction to (D, r) not being an exception.

Corollary 15. Every semicomplete digraph D of order at least 4 has a good pair.

Proof. If D is non-strong the corollary follows from Lemma 11, so assume that D is strongly connected. As
D has order at least 4, we note that there exists a vertex r′ ∈ V (D) such that d−(r′) ≥ 2. This implies that
(D, r′) is not an exception and therefore there exists a good r′-pair (I,O).

In particular, notice that if D is semicomplete and δ0(D) ≥ 2, then either D is of order at least 4 or D is
a complete digraph on 3 vertices and in both cases, it admits a pair of arc-disjoint in- and out-branchings.

4 Good pairs in small digraphs

Lemma 16. Let D be a digraph and X ⊂ V (D) be a set such that every vertex of X has both an in-neighbour
and an out-neighbour in V \X. If D \X has a good pair then D has a good pair.

Proof. Let (I,O) be a good pair of D\X. By assumption, every x ∈ X has an out-neighbour yx in V (D)\X
and an in-neighbour wx in V (D)\X. Then (I+{xyx | x ∈ X}, O+{wxx | x ∈ X}) is a good pair for D.

Proposition 17. Every digraph on 3 vertices with at least 4 arcs has a good pair.
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Proof. Let D be a digraph on 3 vertices a, b, c and with at least 4 arcs. By symmetry, and without loss
of generality, D has a 2-cycle (a, b, a) and bc is an arc. Then the path P = (a, b, c) is both an in- and an
out-branching. But Q = D \ A(P ) is a path of length 2, which is necessarily an out- or an in-branching.
Hence either (P,Q) or (Q,P ) is a good pair of D.

Let E4 be the digraph depicted in Figure 5.

y x

y′x′

Figure 5: The digraph E4.

Proposition 18. Let D be a digraph of order 4 with at least 6 arcs and with δ0(D) ≥ 1. Then D has a good
pair if and only if D 6= E4.

Proof. Observe that D has at least as many directed 2-cycles as it has pairs of non-adjacent vertices.
It is easy to check that E4 has no good pair. Assume that D 6= E4 and has no good pair. Then, by

Corollary 15, D is not semicomplete. Hence it has at least one pair of non-adjacent vertices and thus at
least one directed 2-cycle C. By Proposition 17 and Lemma 16, D has no subdigraph of order 3 with at
least 4 arcs. In particular, every vertex x in V (D) \ V (C) is adjacent to at most one vertex of C. Hence
D contains at least two pairs of non-adjacent vertices and thus at least two directed cycles. Furthermore,
no two directed cycles can intersect, for otherwise their union is a digraph of order 3 with four arcs. Hence
D has exactly two directed 2-cycles, C and C ′, and there are two pairs of non-adjacent vertices forming a
matching between the vertices of C and C ′. Since D 6= E4, it must be the digraph F4 depicted in Figure 6.
But, as shown in Figure 6, F4 has a good pair.

Figure 6: Digraph F4 and one of its good pairs. The arcs of the in-branching are thin and the arcs of the
out-branching thick.

Proposition 19. Every digraph D with δ0(D) ≥ 2 and order at most 5 has a good pair.

Proof. Since δ0(D) ≥ 2, the order n of D is at least 3.
If n = 3, then D is the complete digraph on three vertices (i.e. with all possible arcs), which contains a

good pair.
If n = 4, then D has at least 8 arcs, and so at least two directed 2-cycles. A directed 2-cycle has a good

pair, so by Lemma 16, D has a good pair.
If n = 5, then D has at least 10 arcs. Hence D has at least as many directed 2-cycles as it has pairs

of non-adjacent vertices. If D contains a semicomplete digraph D′ on 4 vertices, then, by Corollary 15, D′

has a good pair, and so by Lemma 16, D has a good pair. Henceforth, we may assume that D contains no
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semicomplete digraph of order 4. Thus D has at least two pairs of non-adjacent vertices and thus at least
two directed 2-cycles.

If D contains a subdigraph on 3 vertices with 4 arcs, then this digraph has a good pair by Proposition 17,
and so D has a good pair by Lemma 16. Henceforth we may assume that D contains no subdigraph on 3
vertices with 4 arcs. But this is impossible, indeed if this was the case, then all directed 2-cycles are vertex
disjoint, so there are at most two of them, and each directed 2-cycle is incident to at least three non-edges.
This contradicts the fact that the number of pairs of non-adjacent vertices is no greater than the number of
directed 2-cycles.

Lemma 20. If D = (V,A) is a digraph on n vertices with λ(D) = 2 that contains a subdigraph on n − 3
vertices with a good pair, then D has a good pair. In particular, if D has 6 vertices and contains a subdigraph
on 3 vertices which has at least 4 arcs then D has a good pair.

Proof. First, notice that the second part of the statement follows from Proposition 17. Now, let X ⊂ V be
a subset of size n− 3 such that D〈X〉 has a good pair and let V \X = {a, b, c}. If some vertex v ∈ {a, b, c}
has both an in-neighbour and an out-neighbour in X, then D〈X + v〉 has a good pair and then the claim
follows from Lemma 16, so we can assume there is no such vertex v. Then there cannot exist two vertices of
V \X with an in-neighbour in X and two vertices of V \X with an out-neighbour in X. As λ(D) ≥ 2, we
may assume w.l.o.g. that a has two in-neighbours in x1, x2 ∈ X and also that c has an out-neighbour x′

1 in
X. This implies that ab, ac are arcs of D and also bc as c has no in-neighbour in X. Suppose first that b has
no in-neighbour in X, then cb is also an arc and now we can extend the good pair of D〈X〉 by adding the
arcs x1a, ac, cb to the out-branching of D〈X〉 and adding the arcs ab, bc, cx′

1 to the in-branching of D〈X〉.
In the case when b has an in-neighbour x in X, we can extend the good pair of D〈X〉 by adding the arcs
x1a, xb, ac to the out-branching of D〈X〉 and adding the arcs ab, bc, cx′

1 to the in-branching of D〈X〉

5 Good pairs in co-bipartite digraphs

Theorem 21. Let D be a co-bipartite digraph with λ(D) ≥ 2. Then D has a good pair.

Proof. Let D be a co-bipartite digraph with vertex partition (V1, V2), that is Di = D〈Vi〉 is a semicomplete
digraph for i = 1, 2. Without loss of generality, we may assume |V1| ≤ |V2|. If |V (D)| ≤ 5, then we have the
result by Proposition 19. Therefore we may assume |V (D)| ≥ 6. We distinguish several cases.

Case 1: |V1| ≥ 4. Let a1a2 be an arc from In(D1) to V2 in D, which exists as D is strongly connected
and there is no arc from In(D1) to V1 \ In(D1).

First assume that (D1, a1) is an exception and denote by y1 the unique in-neighbour of a1 in D1 and by
z1 the unique in-neighbour of y1 in D. By Corollary 15, as D2 contains at least four vertices, it admits a
good pair (I2, O2). Moreover, let I1 be an in-branching of D1 rooted at a1, and O1 be the out-branching of
D1 \ y1 containing all the arcs leaving a1. Now, as a1 and y1 have in-degree at least 2 in D they respectively
have an in-neighbour a′1 and y′1 in V2. Then (I2 + a1a2 + I1, O2 + a′1a1 + y′1y1 +O1) is a good pair of D.

Assume now that (D1, a1) is not an exception. By Theorem 14, D1 admits a good a1-pair (I1, O1). We
shall find a similar pair for D2. As λ(D) ≥ 2, D \ a1a2 is strong and so, there exists an arc b1b2 of D \ a1a2
from V1 to Out(D2). Consider the digraph D̃ obtained from D by reversing all its arcs, and set D̃2 = D̃〈V2〉.
As In(D̃2) = Out(D2), b2 is a vertex of In(D̃2). If (D̃2, b2) is an exception, then we conclude as previously
that D̃ has a good pair. Thus, D has also a good pair. Otherwise, if (D̃2, b2) is not an exception, by
Theorem 14, D̃2 admits a good b2-pair (Õ2, Ĩ2). It means that D2 admits a good pair (I2, O2) such that b2
is the root of out-branching O2. In this case, (I2 + a1a2 + I1, O1 + b1b2 +O2) is a good pair of D.

Case 2: |V1| ≤ 2. Then |V2| ≥ 4 since |V (D)| ≥ 6. Hence, by Corollary 15, D2 has a good pair. Thus,
by Lemma 16, D has also a good pair.

Case 3: |V1| = 3. If D2 admits a good pair, then we conclude by Lemma 20. So we can assume that
D2 has no good pair. By Corollary 15 we have |V2| = 3. If D1 has a good pair, then we apply Lemma 20.
Therefore we may assume that D1 has also no good pair. By Proposition 17, D1 and D2 are tournaments.
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This implies that each vertex of Vi is incident to at least two arcs whose other end-vertex is in V3−i for all
i ∈ [2].

If D contains a semicomplete subdigraph D′ of order 4, then by Corollary 15, D′ has a good pair, and so
by Lemma 16, D has a good pair. Thus we may assume that D has no such subdigraph. In particular each
vertex of Vi is non-adjacent to at least one vertex in V3−i for all i ∈ [2]. Suppose that some vertex v1 ∈ V1

forms a 2-cycle with a vertex v2 ∈ V2. Then we can assume, by Lemma 20, that vi is non-adjacent to the
two other vertices of V3−i for i = 1, 2. By the remark above D \ {v1, v2} is not semicomplete so it contains
two non-adjacent vertices which are respectively in V1 and V2. As these vertices have in- and out-degree at
least 2, we conclude that each vertex of Vi forms a 2-cycle with one vertex of V3−i for i = 1, 2. Furthermore,
we can assume that none of these 2-cycles have a vertex in common, otherwise we conclude with Lemma 20.
Now we see that D is one of the two digraphs in Figure 7 in which we show a good pair for D.

a1

b1

c1

a2

b2

c2

a1

b1

c1

a2

b2

c2

Figure 7: The two possible digraphs and good pairs in these when there are three 2-cycles.

Therefore we can assume that D has no directed 2-cycle and hence one can label the vertices of V1 by
a1, b1, c1 and the vertices of V2 by a2, b2, c2 so that a1(resp. b1, c1) is not adjacent to a2 (resp. b2, c2) and
adjacent to the two other vertices and for every i, j, k ∈ [2], D〈{ai, bj , ck}〉 is a tournament.

In particular, every vertex of D has in- and out-degree exactly 2.
If D1 and D2 are both directed 3-cycles, then D \ (A(D1) ∪A(D2)) is a directed 6-cycle C. Let a be an

arc of C from V1 to V2, let also P1 be a hamiltonian directed path of D1 ending in the tail of a and P2 a
hamiltonian directed path of D2 starting at the head of a. Then (C \ a, P1 + a+ P2) is a good pair of D.

If one of the Di, say D1, is not a directed cycle, then D must be one of the three digraphs depicted in
Figure 8, and so D has a good pair.

Figure 8: Good pairs of three co-bipartite digraphs of order 6.

6 Proof of Theorem 3

Now we are ready to prove our main result which we recall for easy reference.
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Theorem 3 If D is a digraph with α(D) ≤ 2 ≤ λ(D), then D has a good pair.

Proof. For the sake of contradiction, assume that D has no good pair. By Proposition 19, |V (D)| ≥ 6.

Claim 21.1. There is no Q ⊆ V (D) such that D〈Q〉 has a good pair and every vertex in V (D)\Q is adjacent
to at least one vertex in Q.

Proof. Suppose to the contrary that there exists Q ⊆ V (D) such that D〈Q〉 has a good pair (I ′, O′), and
every vertex in V (D) \Q is adjacent to at least one vertex in Q. Furthermore assume that |Q| is maximum
with this property. Let X = N+

D (Q) and let Y = N−
D (Q). By the maximality of Q and Lemma 16, X∩Y = ∅.

Let Xi, i ∈ [a], be the terminal strong components in D〈X〉 and let Yj , j ∈ [b], be the initial strong
components in D〈Y 〉. As α(D) ≤ 2 we note that 1 ≤ a, b ≤ 2.

As λ(D) ≥ 2 there are at least two arcs from Xi (for each i ∈ [a]) to Y and at least two arcs from X to
Yj (for each j ∈ [b]). Let x1y be an arbitrary arc out of X1 (y ∈ Y ). If y ∈ Y1 ∪ Yb, then without loss of
generality assume that y ∈ Y1. Let P1 = {x1y}. Therefore exists an arc, xy1 from X to Y1 which is different
from x1y (as Y1 has at least two arcs into it) and we take P2 = {xy1}. If a = 2, then we let x2y

′ be any arc
out of X2, which is different from xy1 and we add x2y

′ to P1. If b = 2, then we let x′y2 be any arc into Y2

which is different from x2y
′ (and which by the definition of x1y is also different from x1y) and we add x′y2

to P2.
Let DX be the digraph obtained from D〈X〉 by adding one new vertex y∗ and arcs from xi to y∗ for

i ∈ [a]. Note that In(DX) = {y∗} and thus there exists an in-branching IX in DX with root y∗. Set
TX = IX \ y∗. Analogously let DY be equal to D〈Y 〉 after adding one new vertex x∗ and arcs from x∗ to yi
for i ∈ [b]. Note that Out(DY ) = {x∗} and thus there exists an out-branching OY in DY with root x∗. Set
TY = OY \ x∗.

Now let I be the in-branching of D obtained from I ′ as follows. For each u ∈ Y we add u and an arc
from u to Q to I. We then add to I the digraph TX and the arcs in P1.

Let O be the out-branching of D obtained from O′ as follows: For each u ∈ X we add u and an arc from
Q to u to O; we then add to O the digraph TY and the arcs in P2. By construction, I and O are arc-disjoint
so (I,O) is a good pair in D, a contradiction. ♦

Claim 21.2. There is no Q ⊆ V (D), such that D〈Q〉 is not semicomplete but does have a good pair.

Proof. Suppose to the contrary that there exists a Q ⊆ V (D), such that D〈Q〉 is not semicomplete but does
have a good pair (I ′, O′). Let u and v be non-adjacent vertices in Q. Let w ∈ V (D) \Q be arbitrary. Note
that w is adjacent to u or to v (or both) as α(D) ≤ 2. Therefore every vertex in V (D) \Q is adjacent to at
least one vertex in Q. This contradicts Claim 21.1. ♦

Let R be a largest clique in D.

Claim 21.3. |R| = 3.

Proof. Using Ramsey theory, it is well-known that every digraph of order at least 6 either has an independent
set of size 3 or a clique of order 3. As α(D) ≤ 2, we have |R| ≥ 3. Suppose to the contrary that |R| ≥ 4.

Let X = N+

D (R) and let Y = N−
D (R) and let Z = V (D) \ (R ∪ X ∪ Y ). For the sake of contradiction,

assume that there exists w ∈ X∩Y . By Corollary 15 and Lemma 16, there exists a good pair in D〈R∪{w}〉.
Furthermore D〈R ∪ {w}〉 is not semicomplete, as R is a largest clique. This contradicts Claim 21.2. So
X ∩ Y = ∅.

We distinguish two cases depending on whether or not D〈R〉 is strongly connected.

Case A. D〈R〉 is strongly connected.

Assume that some vertex x ∈ X has two arcs, say r1x and r2x, into it from R. We will first show that
there is either a good r1-pair or a good r2-pair in D〈R〉. Without loss of generality r1 is an in-neighbour
of r2. Assume for a contradiction that there is no good r1-pair and no good r2-pair in D〈R〉. As D〈R〉 is
strongly connected, we have In(D〈R〉) = R and, by Theorem 14, both (R, r1) and (R, r2) are exceptions.
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Therefore N−
D〈R〉(r1) = {r′} for some r′ ∈ V (R) and d−R(r

′) = 1 and N−
R (r2) = {r1} and d−

D〈R〉(r1) = 1.

This implies that |R| = 3, contradiction. This contradiction implies that there is a good r1-pair or a good
r2-pair in D〈R〉. Without loss of generality assume that there is a good r1-pair, (IR, OR), in D〈R〉. Then
(IR + r1x,OR + r2x) is a x-good pair in D〈R ∪ {x}〉. Furthermore D〈R ∪ {x}〉 is not semicomplete, as R
is a largest clique. This contradicts Claim 21.2. Therefore every x ∈ X has exactly one arc into it from R.
Analogously every y ∈ Y has exactly one arc out of it to R.

Consequently, every vertex in V (D)\R is adjacent to at most one vertex in R. Therefore, if u, v ∈ V (D)\R
are non-adjacent inD then there exists r ∈ R such that {u, v, r} is an independent set, a contradiction. Hence
V (D) \R is semicomplete and D is co-bipartite. Thus, by Theorem 21, D has a good pair, a contradiction.
This completes the proof of Case A.

Case B. D〈R〉 is not strongly connected.

Let R1, R2, . . . , Rl denote the strong components of D〈R〉, where l ≥ 2, such that Ri 7→ Rj for all
1 ≤ i < j ≤ l. As λ(D) ≥ 2, there are at least two arcs out of Rl in D. Let rlx and r′lx

′ be two such arcs
and note that x, x′ ∈ X. Analogously let yr1 and y′r′1 denote two arcs from Y to R1. By Lemma 11, R has
a good pair so it follows from the the maximality of R and Claim 21.2 x, x′ have no out-neighbour in V (R)
and y, y′ have no in-neighbour in V (R).

Assume that there exists an arc rx from R to x which is distinct from rlx. By Lemma 11, there exists
a good rl-pair (IR, OR) of D〈R〉, and so (IR + rlx,OR + rx) is a good pair in D〈R ∪ {x}〉. This contradicts
Claim 21.2.

Therefore x is adjacent to exactly one vertex in R (namely rl). Analogously x′, y and y′ are each adjacent
with exactly one vertex in R. As α(D) ≤ 2 and |V (R)| ≥ 4, this implies that D′ = D〈{x, x′, y, y′}〉 is a
digraph of order 4 which must be semicomplete. So by Corollary 15, there exists a good pair (I ′, O′) in D′.
Moreover by Lemma 11, D〈R〉 has a good (rl, r1)-pair (IR, OR). Now (I ′∪ IR+ rlx,O

′∪OR+ yr1) is a good
pair for D〈R ∪ V (D′)〉. This contradicts Claim 21.2.

♦

Claim 21.4. No subdigraph of D of order at least 4 has a good pair.

Proof. Suppose to the contrary that a subdigraph D′ of D of order at least 4 has a good pair. If D′ is
semicomplete, then it contradicts Claim 21.3, and if D′ is not semicomplete, then it contradicts Claim 21.2.
♦

Claim 21.5. All directed 2-cycles are vertex disjoint.

Proof. Suppose to the contrary that two directed 2-cycles intersect, say (x, y, x) and (x, z, x) are both
directed 2-cycles in D. Let X = {x, y, z}. Let I = (y, x, z) and O = (z, x, y). Note that (I,O) is a good pair
for D〈X〉.

Let w ∈ V (D) \ X be arbitrary. The vertex w is not adjacent to both x and y for otherwise by
Proposition 17, D〈{x, y, w}〉 has a good pair and so by Lemma 16, D〈{x, y, z, w}〉 has a good pair, a
contradiction to Claim 21.4. Similarly, w is not adjacent to both x and z.

Assume now for a contradiction that w is adjacent to y and z. We will again show that D〈{x, y, z, w}〉
has a good pair, a contradiction to Claim 21.4. If wy, zw ∈ A(D) or yw,wz ∈ A(D), then D〈X ∪ {w}〉 has
a good pair by Lemma 16, because D〈X〉 has a good pair. If wy,wz ∈ A(D), then ((w, y, x, z); (w, z, x, y))}
is a good pair of D〈X ∪{w}〉. If yw, zw ∈ A(D), then ((y, x, z, w); (z, x, y, w)) is a good pair of D〈X ∪{w}〉.
Therefore w is adjacent to at most one vertex in X.

If w,w′ ∈ V (D) \ X, then w and w′ must be adjacent, since otherwise there is a vertex in X which
together with {w,w′} forms an independent set of size 3, a contradiction. Therefore D \X is a semicomplete
digraph.

Now D〈X〉 is not semicomplete for otherwise D is co-bipartite, a contradiction to Theorem 21. But
(I,O) is a good pair of D〈X〉, a contradiction to Claim 21.2. ♦
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Claim 21.6. D〈R〉 is a tournament.

Proof. Suppose for a contradiction that D〈R〉 contains a 2-cycle (x, y, x). Let R = {x, y, z}.
We distinguish several cases depending on the arcs between z and {x, y}.

Case A. zx, zy ∈ A(D).

As λ(D) ≥ 2 there are at least two arcs leaving the set {x, y} in D. Let u1v1 and u2v2 be two such arcs.
By Claim 21.5 we have z 6∈ {v1, v2}.

If v1 = v2, then, without loss of generality, we may assume that u1v1 = xv and u2v2 = yv (where
v = v1 = v2). Now let I ′ = (z, x, y, v) and O′ = (z, y, x, v) and note that (I ′, O′) is a good pair for
D〈R ∪ {v}〉. But D〈R ∪ {v}〉 is not semicomplete by our choice of R. This contradicts Claim 21.2. So
v1 6= v2.

As λ(D) ≥ 2 there are at least two arcs entering z in D. Let r1z and r2z be two such arcs. Note that
r1 6= r2 and that by Claim 21.5 we have r1, r2 /∈ {x, y}.

Let I = (z, x, y) and O = (z, y, x) and note that (I,O) is a good pair in R. By Lemma 16 and Claim 21.4
we note that there are no arcs from R to {r1, r2} and there are no arcs from {v1, v2} to R. Therefore
Y = {r1, r2, v1, v2} is a set of four distinct vertices.

We will now show that Y is a clique, a contradiction to the maximality of R. We will do this by showing
that every vertex in Y has at most one neighbour in R. This will imply the claim as α(D) = 2.

• If a vertex in {r1, r2} is adjacent to a vertex in {x, y} then assume without loss of generality that r1
is adjacent to x, which implies that r1x ∈ A(D), by the above observation. Let I ′ = {r1x, xy, zx} and
O′ = {r1z, zy, yx} and note that (I ′, O′) is a good pair for D〈X ∪ {r1}〉, contradicting Claim 21.4.
Therefore no vertex from {r1, r2} is adjacent to a vertex in {x, y} and so the vertices r1 and r2 are
adjacent to exactly one vertex in R.

• Now assume for the sake of contradiction that a vertex of {v1, v2}, say v1, is adjacent to at least two
vertices in R. The vertex v1 is not adjacent to x and y, for otherwise, we could have let v1 = v2,
contradicting the arguments above. So we may assume that v1 is adjacent to x and z, so xv1, zv1 ∈
A(D). Let I ′ = (z, y, x, v1) and O′ = (z, x, y)+zv1 and note that (I ′, O′) is a good pair for D〈X∪{v1}〉,
contradicting Claim 21.4. Therefore every vertex in {v1, v2} is adjacent to at most one vertex in R.

This completes the Case A.

The case when xz, yz ∈ A(D) is proved analogously to Case A by reversing all arcs.

Case B. zx, yz ∈ A(D).

Let I = (z, x) + yx and O = (x, y, z) and note that (I,O) is a good pair for R. Let w ∈ V (D) \ R be
arbitrary. Note that w cannot have an arc to R and an arc from R by Lemma 16 and Claim 21.4. For the
sake of contradiction assume that w is adjacent to at least two of the vertices in R. If w is adjacent to x
and y, then we would be in the above case (as wx,wy ∈ A(D) or xw, yw ∈ A(D)). We may, without loss of
generality, assume that wz,wx ∈ A(D). Let I ′ = (w, z, x)+ yx and O′ = (w, x, y, z) and note that (I ′, O′) is
a good pair for D〈R ∪ {w}〉 contradicting Claim 21.4. Therefore w has at most one neighbour in R and so
V (D) \R is a clique. Hence D is co-bipartite, a contradiction to Theorem 21. This completes the Case B.

The case when xz, zy ∈ A(D) is proved analogously to Case B by reversing all arcs. This completes the
proof of Claim 21.6. ♦

Claim 21.7. Either D has no directed 2-cycles or D has exactly one directed 2-cycle and |V (D)| = 7.

Proof. Assume for a contradiction that D has a directed 2-cycle (x, y, x). Let X (resp. Y ) be the set of
vertices in V (D) \ {x, y} adjacent to x (resp. y). Since δ0(D) ≥ 2, x (resp. y) has an in-neighbour and an
out-neighbour in X (resp. Y ) and they cannot be the same by Claim 21.5. So |X|, |Y | ≥ 2. By Claim 21.6,
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X ∩ Y = ∅. As no vertex in X is adjacent to y (resp. x), X (resp. Y ) is a clique and so X ∪ {x} (resp.
Y ∪ {y}) is a clique, implying that |X| = |Y | = 2 by Claim 21.3.

Let Z = V (D) \ ({x, y} ∪ X ∪ Y ). Then Z is non-empty for otherwise D would be co-bipartite and
hence have a good pair by Theorem 21. Now X ∪ Z and Y ∪ Z are cliques since α(D) ≤ 2, so |Z| = 1 by
Claim 21.3. Hence D has 7 vertices. Moreover we check that every pair of vertices of D except {x, y} is in
the neighbourhood of a third vertex, and then cannot induce a directed 2-cycle in D by Claim 21.6. ♦

Now we are ready to finish the proof of Theorem 3. Note that n ≥ 7 since every digraph D on at most 6
vertices with α(D) = 2, δ0(D) ≥ 2 and no 2-cycle is co-bipartite. It also follows from Theorem 9 and Claim
21.3 that n ≤ 8.

By Theorem 8, D has a directed hamiltonian path P . Let x and y be its initial and terminal vertex,
respectively. Let D′ be the digraph that we obtain by deleting all the arcs of P . If D′ has precisely one
initial strong component, then it has an out-branching B+ so (P,B+) is a good pair. Similarly, if D′ has
only one terminal strong component, then it has an in-branching B− and (B−, P ) is a good pair. Hence we
may assume that D′ is not strongly connected and that it has at least two initial components D′

1, D
′
2 and at

least two terminal components D′
3, D

′
4. As δ

0(D) ≥ 2 we have δ0(D′) ≥ 1, implying that |D′
i| ≥ 3 for i ∈ [4]

if D has no directed 2-cycle. Now Claim 21.7 and the fact that n ≤ 8 implies that D′ has exactly two strong
components D′

1, D
′
2 and there are no arcs between these in D′. This means that every arc of D that goes

between V (D′
1) and V (D′

2) belongs to P .

Since n ≥ 7 we may assume w.l.o.g. that |D′
1| ≥ 4. By Claim 21.4 and Corollary 15, D〈V (D′

1)〉 is not
semicomplete. The digraph D′

2 has also order at least 2 and if it has order at least 4 then D〈V (D′
2)〉 is not

semicomplete.

Suppose first that |D′
1| = |D′

2| = 4 (in which case D has no directed 2-cycle by Claim 21.7). W.l.o.g.
x ∈ V (D′

1) so x has in-degree at least 2 in D′
1, implying that D′

1 has precisely 5 arcs (it cannot have more
since then it would be semicomplete, contradicting Claim 21.3) and hence P uses no arc in D〈V (D′

1)〉 (if it
did use an arc inside V (D′

1), then that arc would be in a 2-cycle in D, contradicting Claim 21.7 since n = 8
when |D′

1| = |D′
2| = 4). Let x+ be the successor of x on P and note that x+ ∈ V (D′

2).
Let us first observe that D′

1 has an out-branching B+

1 that does not use all arcs out of x. This is
clear if D′

1 is hamiltonian so assume it is not. Then D′
1 is the digraph with vertex set z1, z2, z3, z4 and

arcs z1z3, z1z4, z2z1, z3z2, z4z2. Now let B+

x+ be an out-branching of D′
2 rooted at x+ and let xz be an arc

out of x in D′
1 which is not in B+

1 . Then we obtain a good pair (I,O) by letting I = P \ xx+ + xz and
O = B+

1 ∪B+

x+ + xx+, a contradiction.

Assume now that |D′
2| = 3. Then V (D′

2) is a clique, and so D〈V (D′
2)〉 has no directed 2-cycles by

Claim 21.6. Thus D′
2 = D〈V (D′

2)〉, D
′
2 is a directed 3-cycle and P does not use any arc inside D〈V (D′

2)〉.
Label the vertices of V (D′

2) by a, b, c so that P visits these vertices in that order. Let a+ (resp. b+) be the
successor of a (resp. b) on P . If D′

2 is the directed 3-cycle (a, c, b, a), then we obtain a good pair (I,O) (and
a contradiction) by letting I = P \ aa+ + ac (so the root will be y) and O = (c, b, a, a+) ∪ B+

a+ , where B+

a+

is any out-branching rooted at a+ in D′
1. If D2 is the 3-cycle (a, b, c, a) then we obtain a good pair (I,O)

(and a contradiction) by letting I = P \ bb++ bc and O = (c, a, b, b+)∪B+

b+
, where B+

b+
is any out-branching

rooted at b+ in D′
1.

Assume finally that |D′
2| = 2. Then D′

2 is a directed 2-cycle (a, b, a). Without loss of generality, we
may assume that P visits a before b. Let a+ be successor of a on P . Letting I = P \ aa+ + ab and
O = (b, a, a+) ∪B+

a+ , where B+

a+ is any out-branching rooted at a+ in D′
1. Then (I,O) is a good pair of D,

a contradiction. This completes the proof of Theorem 3.

7 Digraphs with bounded independence number and no good pair

The following example shows that α(D) = 2 = λ(D) is not sufficient to guarantee a pair of arc-disjoint
branchings B+

s , B−
t for every choice of vertices s, t ∈ V (D). Let H1 be the strong semicomplete digraph
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on four vertices a1, b1, c1, d1 that we obtain from the directed 4-cycle (a1, b1, c1, d1, a1) by adding the arcs
of the directed 2-cycle (a1, c1, a1) and the arc d1b1. Let H2 be the strong semicomplete digraph on four
vertices a2, b2, c2, d2 that we obtain from the directed 4-cycle (a2, d2, c2, b2, a2) by adding the arcs of the
directed 2-cycle (a2, c2, a2) and the arc b2d2. The digraph W is obtained from the disjoint union of H1 and
H2 by adding the arcs of the directed 4-cycle (d1, d2, b1, b2, d1). See Figure 9. It is easy to verify that D is
2-arc-strong.

c2

a2

b2

d2

d1

b1

a1

c1

Figure 9: The 2-arc-strong digraph W

Proposition 22. The digraph W has no pair of arc-disjoint branchings B+
c2
, B−

c1
.

Proof. Suppose that such branchings do exist. We first consider the case when the arc c2b2 is in B+
c2
. Then

the arc c2a2 is in B−
c1

and the arc b2a2 is in B+
c2
. The set {c2, a2} shows that the arc a2d2 is in B−

c1
and the

set {c2, a2, d2} shows that d2b1 is in B−
c1
. Now the set {c2, a2, b2, d2} shows that the arc b2d1 is in B+

c2
. This

implies that the arc b2d2 is in B−
c1

. Next the set {a2, b2, c2, d2, b1} shows that the arc b1c1 must belong to
B−

c1
and the set {a2, b2, c2, d2, d1, b1} shows that the arc d1a1 must be in B+

c2
. Then arc a1c1 must belong

to B+
c2
, the arc a1b1 must belong to B−

c1
and the arc d1b1 must belong to B+

c2
. Now all out-going arcs of d1

were added to B+
c2
, contradiction.

Suppose next that the arc c2a2 belongs to B+
c2
. Then analogously to the argument above we conclude

that the arcs c2b2, b2d1 all belong to B−
c1

and the arcs a2d2, d2b1, b1c1 all belong to B+
c2
. This implies that

the arc b1b2 belongs to B+
c2

but then both arcs leaving the vertex b1 are in in B+
c2
, contradiction.

Proposition 23. There are infinitely many digraphs with arc-connectivity 2 and independence number 3
which do not have arc-disjoint branchings B+

s , B−
t for some choice of vertices s, t ∈ V .

Proof. For n ≥ 9 let W ′
n be the class of digraphs that we obtain from a strong semicomplete digraph S

on n − 8 vertices and a copy of the digraph W above by adding all possible arcs from V (S) to c2 and
all possible arcs from c1 to V (S). It is easy to check that every digraph in W ′

n is 2-arc-strong and has
independence number 3. We claim that no digraph in W ′

n has pair of arc-disjoint branchings B+
s , B−

t where
s, t ∈ V (S). Suppose that such a digraph W ′

n had arc-disjoint branchings B+
s , B−

t . Then the restriction of
these branchings to V (W ) would be an out-branching rooted at c2 and an in-branching rooted at c1 which
are arc-disjoint, contradicting Proposition 22.

The following result shows that there is no function f(k) with the property that every 2-arc-strong
digraph D = (V,A) with α(D) = k and |V | ≥ f(k) has a good pair.

Theorem 24. There exist infinitely many digraphs with arc-connectivity 2 and independence number at
most 7 which have no good pair.

Proof. Let S be an arbitrary strong semicomplete digraph on n ≥ 1 vertices and let WS be the digraph on
n+ 24 vertices that we obtain from S and three copies of the digraph W from Proposition 22 by adding all
possible arcs from V (S) to the three copies of the vertex c2 and all possible arcs from the three copies of
the vertex c1 to V (S). Then Ws is 2-arc-strong and has independence number 7. We claim that Ws has no
out-branching which is arc-disjoint from some in-branching. Suppose such a pair B+

s , B−
t did exist. Then at

least one copy of W would contain none of s, t and hence the restriction of B+
s , B−

t to that copy would be
pair of arc-disjoint branchings B+

c2
, B−

c1
, contradicting that W has no such pair.
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a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

H4

Figure 10: The digraph H4 with α(H4) = 4, λ(H4) = 2 and no good pair.

Proposition 25. The digraph H4 in Figure 10 has α(H4) = 4, λ(H4) = 2 and no good pair.

Proof. First observe that for each i ∈ [5] the subdigraph H4〈{ai, ai+1, bi, bi+1}〉, where a6 = a1, b6 = b1
induces a copy of the digraph E4. By Proposition 18, E4 has no good pair. Now suppose that H4 has a
good pair (I,O). Then these branchings must avoid at least one arc inside each of the five copies of E4

(otherwise the restriction of (I,O) to such a copy would be a good pair in E4). But H4 has 20 arcs, 18 of
which must belong to either I or O and there is pair of arcs with at least one in each of the five copies of
E4, contradiction.

Proposition 26. Every digraph on 6 vertices and arc-connectivity at least 2 has a good pair.

Proof. Let D have 6 vertices and λ(D) ≥ 2 and suppose that D has no good pair. By Theorem 3 we may
assume that α(D) ≥ 3. If α(D) = 4 then D contains, as a spanning subdigraph, the digraph that we obtain
from the complete bipartite graph K2,4 by replacing each edge by a directed 2-cycle and it is easy to check
that this has a good pair. So we can assume that α(D) = 3. Let X = {x1, x2, x3} be an independent set
of size 3. Then each xi is incident to a directed 2-cycle (xi, yi, xi). By Lemma 20, we can assume that
D does not contain a subdigraph on 3 vertices with a good pair, so by Proposition 17 we conclude that
|{y1, y2, y3}| = 3 and that d+(xi) = d−(xi) = 2 for i ∈ [3]. Let A′ contain all arcs between X and V (D) \X
except the arcs xiyi and yixi for i = 1, 2, 3. Note that |A′| = 6. If the arcs of A′ form a directed 6-cycle, then
without loss of generality this is the 6-cycle x1y2x3y1x2y3x1 and now D contains the spanning subdigraph
D′ in Figure 11 where we only show the arcs of a good pair. So we may assume that V (D) \X has a vertex
with in-degree 2 and another with out-degree 2 wrt the arcs A′. W.l.o.g. y1 has in-degree 2 and y3 has
out-degree 2 wrt A′. Now D contains the spanning subdigraph D′′ shown in the right part of Figure 11
together with a good pair.
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y1

x2 x3

y3

x1

y2

D′

y1

x2 x3

y3

x1

y2

D′′

Figure 11: The two possible digraphs D′ and D′′ with good pairs.

8 Remarks and open problems

Problem 27. What is the smallest number n of vertices in a 2-arc-strong digraph which has no good pair?

By Proposition 26 and the example H4 in Figure 10 we know that 7 ≤ n ≤ 10.

The infinite family W ′
n in the proof of Proposition 23 shows that there are infinitely many 2-arc-strong

digraphs with independence number 3 which have only a linear number of pairs s, t for which arc-disjoint
branchings B+

s , B−
t exists (for each W ′

n with n ≥ 10 we can take t ∈ V (S) arbitrary and let s = b1). This
leads to the following question.

Problem 28. Does there exist a digraph with independence number 3 and arc-connectivity 2 without a
good pair?

Conjecture 29. Every 2-arc-strong digraph D = (V,A) with α(D) = 2 has a pair of arc-disjoint branchings
B+

s , B−
s for every choice of s ∈ V .

Figure 12 shows that Conjecture 29 does not hold for directed multigraphs (the example is Figure 4 in
[2]).

s

a

b

c

d

e

Figure 12: A 2-arc-strong multigraph D with α(D) = 2 and no pair of arc-disjoint branchings B+
s , B−

s .
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Conjecture 30. Every 3-arc-strong digraph D = (V,A) with α(D) = 2 has a pair of arc-disjoint branchings
B+

s , B−
t for every choice of s, t ∈ V .

Problem 31. What is the complexity of deciding whether a digraph D = (V,A) with α(D) = 2 has an
out-branching and an in-branching that are arc-disjoint?

Problem 32. What is the complexity of deciding whether a digraph D = (V,A) with α(D) = 2 has an
out-branching B+

s and in-branching B−
t that are arc-disjoint when s, t ∈ V are prescribed?

It was shown in [9] that one can decide in polynomial time whether a digraph of independence number 2
has arc-disjoint paths P1, P2, where Pi is an (si, ti)-path for i = 1, 2, where s1, s2, t1, t2 are part of the input.
This suggests that Problems 31 and 32 could be polynomial-time solvable.

Acknowledgment: The authors thank Carsten Thomassen for interesting discussions on arc-disjoint in-
and out-branchings in digraphs of bounded independence number.
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