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Ergodic theorem and algorithmic randomness

Alexander Shen*

Abstract

We prove the constructive version of Birkhoff’s ergodic theorem following Vyugin [4] but
trying to separate and state explicitly the combinatorial statement on which this proof is based.
We pose some questions related to this statement (and the effective ergodic theorem in general).

1 Birkhoff’s theorem

Let T be a measure-preserving mapping of a probability space X into itself. Let f: X — R be a
bounded integrable function. Consider the average of f along T-trajectories, i.e., the limit

lim f(x)+ f(Tz) + f(TTz) + ...+ (T D (x))

n—o0 n

(that may exist or not). Birkhoff’s theorem claims that this limit exists for almost all . In addition,
if the transformation T is ergodic (i.e., every set X' C X that almost everywhere coincides with
T~1(X’), has measure 0 or 1), then this limit is (almost everywhere) equal to the average of f(z)
over all points x.

Note that the second statement is an easy corollary of the first one. Indeed, the value of this
limit (considered as a function of x) is T-invariant. Therefore for every constant ¢ the set of all
points where the limit is smaller than c is either a set of measure zero or a set of full measure. When
the parameter c increases, we should jump from the first case to the second one, so there is some
threshold cg where this jump happens. We conclude that the limit equals ¢y almost everywhere, and
use Lebegue’s convergence theorem for bounded functions to conclude that cg is the average of f
over X.

Bishop [3] suggested a constructive version of Birkhoff’s theorem that can be proved in the
framework of his constructivism program. Using his ideas (in particular the upcrossing inequalities),
Vyugin [4] proved that the statement of Birkhoff’s theorem is valid not just for almost all x, but
for all algorithmically random x. In our note we provide an exposition of the (classical) Birkhoff’s
theorem using Bishop — Vyugin arguments that states explicitly the core (pure combinatorial) lemma
on which this proof is based. Then we explain (assuming some acquaintance with algorithmic
randomness) why this argument proves Vyugin’s result.

2 How Birkhoff’s theorem can be proven

Recall the statement of the theorem: the set of all « such that the sequence

fla) + £(Tx) f(@)+ [(T2)+ {(TT2)
O i
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has no limit, is a null set (has measure 0). This sequence is bounded since the function f is bounded.

If the sequence has no limit, then it crosses back and forth some interval («,beta) with a < 8
infinitely many times. We may consider only rational intervals, then there are countably many of
them. So it is enough to prove that for every “gap” («,3) the set of all sequences such that (x)
crosses (a, B) infinitely many times has measure 0. (By crossing we mean that some term of (k) is
smaller than «, some later term is greater than (3, then some term is again smaller than «, etc.)

Let us fix some gap («, 3). We need to show that the measure of the set of point x such that the
sequence (x) crosses this gap many times, is small. This would be done if we find an upper bound
for the average number of crossings E,C(z) < co. Here C(x) is the number of crossing for (x) (for
given z) and the average is taken over z. The function C(x) is non-negative and can have infinite
values; the finite upper bound means, in particular, that the set of  where C(z) is infinite has
measure 0 (as we stated).

To get an upper bound for E,C(z), we recall that T' is measure-preserving mapping. This allows
us to add another layer of averaging over trajectories (in addition to averaging over x € X), and then
change the order of averaging. In this way we see that an upper bound for average over trajectories
is enough, and this bound could be proven for every bounded sequence. More precisely, we count
the number of crossings for finite sequences (of arbitrarily large length) and prove an upper bound
for the average that does not depend on the length. Let us explain now how it can be done.

Let us consider an arbitrary sequence a = (a1, az, as,...); we assume that |a;| < A for some A
and all 4. (Then we apply our conclusions to the sequence of f-values along a T-orbit.) Consider the
sequence of averages

a1 +as a1+ az+ as ay+ ...+ ag
E(a) = { ay, 5 3 e 2 -

Fix an arbitrary interval (o, 8) and count how many times this sequence of averages crosses («, [3).

(kya; + ... + ag)

P
N

(0’ 0) (2, a; + az) “

It is instructive to draw a polygonal line starting from the origin; at each step we move right by
1 and up/down by a;. Then the average (a1 + ...+ a;)/i is a slope of the line that goes from the
origin to the end of the i-th segment. We are interested in the moments when this slope becomes
less than « or greater than f3, i.e., when the line crosses the rays with slopes o and 8 (show in the
picture). In our specific case (shown in the picture) we see one “downcrossing” (the second segment)
and one “upcrossing” (third plus fourth segments). We have no more crossings in the picture (since
the slope does not go below « after that).

The difference between upcrossing and downcrossing is at most 1; let us count upcrossings.
Formally, we consider increasing sequences of indices 1 < r1 < lo < ro < ... grouped into pairs
(I, ;) such that [;-th average is less than « and r;-th average is greater than g for all i. By Cy,(a) we
denote the maximal number of pairs with these properties among the first n terms of the sequence
of averages F(a). In our example we have C3(a) = 0 andCs(a) = ... = C7(a) = 1. As n grows, the
number C,(a) (for a given a) may only increase (when new upcrossing pairs appear). The limit
value of this number (as n — in finite), finite or infinite, is denoted by C'(a). We use the same letter
C' as before, because our previous C(x) is equal to C(x) for x = (f(z), f(Tx), f(TTx),...).



The following combinatorial lemme provides an upper bound for the number of upcrossing in a
sliding window on a bounded sequence a = (aj, as,...). Let

a(l) = (aia A1, Q5425 - - )a
compute the average number of upcrossing for N neighbor positions of the window, i.e.,

Cp(@aM) + C(a®) + ... 4+ Cp(a)
N .

Lemma. For N > n this average number does not exceed where ¢ is some absolute constant

A+ga\+lﬁl
—a
and A is the upper bound for all |a;|.

The condition N > n guarantees that we have enough numbers for averaging. The denominator
is § — «; indeed, when the gap is narrow, we may have more upcrossings. The numerator contains A;
when A is large, the slope can be bigger and more upcrossings are possible. Note that multiplying A,
« and B by the same factor, we do not change the upper bound — not surprising since multiplying
all a;, @ and 8 by the same constant, we do not change the number of upcrossings.

When shown in the picture, the switch from a(® to a(+*) means that the origin is moved k steps

to the right.
W

This picture shows, for example, two triangles for which we measure the number of upcrossing: the
initial one (1 upcrossing) and after a shift by 2 (no upcrossings). Our lemma then provides an upper
bound for the average number of upcrossings for N triangles drawn along our polygonal line.

Using the Lemma, we now finish the proof or the ergodic theorem in the following way. We are
interested in the average value of E,C(x) where C(z) = C(x) is the number of upcrossing for the
sequence x = (f(x), f(Tz), f(I'Tz),...). We need to show that this average is finite, and therefore
the set of points  where C'(z) is infinite has measure zero. To show this, it is enough to show that
the average value of C,,(x) (taken over x) is bounded by a constant that does not depend on n (and
then refer to the monotone convergence theorem).

Here is the key observation that we already mentioned: since T is measure-preserving, we have
the same averages for Cp(Tz) = C(x?)), for Co(TTz) = C(x®) and so on. So we add another
layer of averaging over N iterations of 1. Then we change the order of averaging and note that now
the internal average along the trajectory is bounded due to the lemma. (We may take N greater
than n, since the averaging argument is valid for every N.) So the average of C,(x) over all = does
not exceed ¢(F + |a| +|5])/(8 — ) where F' is the upper bound for the absolute value of F', and
(a, B) is the gap interval we consider.

This finishes the proof of the ergodic theorem (assuming the lemma is true; we prove it in the
next section).

3 Proof of the lemma

We need to provide an upper bound for the sum of the numbers of upcrossings for several shifts of
an arbitrary bounded sequence. We use the same idea that is often used for analysis of amortized
algorithms. Namely, we introduce some potential function and prove that it increases significantly
when the number of upcrossings is large while remaining bounded.



This potential function (Vyugin used the name cumulative sum) may look artificial, so let us
start with several simple remarks.

As Wikipedia says, “In cycling, hiking, mountaineering and running, cumulative elevation gain
refers to the sum of every gain in elevation throughout an entire trip”. For example, here

N
N
N
~_ “
/\\\/ \~~~\/ -

we have three intervals when we go up, and the cumulative elevation gain is the sum of the height
differences for these three intervals.

Looking for a rigorous mathematical definition of cumulative elevation gain , we can use different
approaches. For example, we may consider the minimal representation of our function (of bounded
variation) as a difference of two non-decreasing functions, and consider the increase in the first one.
However, for us the following definition will be useful:

~_ .
ﬂ\\\ N.\\\ S
L h I, 63 I3 3

we take all possible sequences of subintervals

(ll,T'l),(ZQ,T2>,...,(li,Tz‘) with 0§l1<r1<l2<r2<...<li<ri§n
of our interval [0, n]; for each of them we consider the sum
h(ri) — h(l1) + h(re) — h(l2) + ...+ h(r;) — h(l;),

Then we take the maximum of this expression over all subsequences of intervals for all ¢ (including
the case i = 0, when this expression equals zero). This will indeed be the cumulative elevation gain
(note that we may put all the increasing parts into disjoint intervals and avoid all decreasing parts).

We use this definition of the cumulative gain since it can be adapted for our purposes. Recall
that we have fixed some gap («, 3). For all right endpoints r; we consider the height over the upper
boundary of the gap, i.e., h(r;) — Br;, and for all left endpoints we consider h(l;) — al;. In other
words, we consider the maximal value of the expression

[h(r1) — Bri] — [h(l1) — ali] + [h(r2) — Bro] — [h(l2) — alo] + ... + [h(r;) — Bri] — [h(li) — o],

The rest of the definition is unchanged (we still consider all families of disjoint intervals, and take
the maximal value).
As we have announced, two things are of interest to us:

e the change of the cumulative sum when we shift the origin (in other words, delete the left
segment in the polygonal line and add one more segment at the right end), and its connection
to the number of upcrossings;

e the lower and upper bounds for the cumulative sum.



Let us recall the notation. We start with a sequence a = (ay, ag, ...) and construct a polygonal
line that goes from (0,0) to (1,a1), then to (2,a1 + ag),..., (n,a1 + ...+ ay). We are interested in
the number of upcrossings for the gap («, 5) and interval [0, n] (left n segments of the polygonal
line), and also in the cumulative sums for intervals [0,n| and [1,n 4 1]. More precisely, we compare
the cumulative sums for the sequence ay,...,a, and ag,...,an+1 (Where a,y; is the slope of the
added segment).

What happens when we switch from [0, n] to [1,7 + 1]? Let us look at the family of intervals
O0<lhi<ri<lo<ry<...<ls <rg <n that provides maximal value for the first cumulative sum.
Let us assume for a while that [; > 0. Then all intervals [l;, ;] can be used also for the second
cumulative sum (with new origin, i.e., with endpoints decreased by 1). The corresponding terms
become slightly bigger (since the quantity fr; that is subtracted at the right endpoint decreases by
B while al; decreases only by «); each segment provides increase (5 — «). So the total increase in
the cumulative sum is at least s(8 — ) where s is the number of intervals in the maximal family.
(The increase may be bigger if some other family of intervals will give a bigger value for [1,n + 1].)

Now consider the borderline case when Iy = 0. Then the first interval [l1, 7] should be decreased
(the new interval is [0,r; — 1]) or should be abandoned completely (if 71 = 1). But these changes
can change the value of the cumulative sum only by O(A + |a| 4 |3]) where A is the upper bound
for all |a;|; indeed, the changed zone of the graph has this size.

So we conclude that the cumulative sum increases at least by

(8 —a) = O(A+ |af +[8]),

for the case when its maximal value is achieved for the family containing s intervals.

Now let us show that a large number of upcrossings means that the cumulative sum expression
reaches its maximal value on the large family of intervals (the number that we denoted by s is large).
Namely, we claim that the number of upcrossings is O(s). Recall that in the upcrossings count the
points where the graph is below a-line and the points where the graph is above §-line interleave.
Consider, for example, three points u < v < w where v and w are points of the first type, and v is
the point of the second type:

(Here the line is shown as a curve.) Let us compare them with points I3 <7y <lo <719 < ... <ls <7y
that provide the maximal value for the cumulative sum expression. The latter 2s points split the
axis into intervals, and we claim that

three points u,v, w may not be inside the same interval.

Indeed, imagine that they all are inside (I;,7;); then this interval can be replaced by two intervals
[l;,v] and [w,r;]. This increases the expression for the cumulative sum, since we add two positive
terms (that correspond to the vertical segments shown): one measures how much v-point is above
the top line, and the other shows how much w is below the bottom line.

Similarly, if all three points u, v, w are (strictly) inside (r;,l;+1), we can add new interval [u, v]
between [l;,7;] and [l;41,7;+1], and this also increases the expression for the cumulative sum (for the
same reasons).

Essentially the same argument works for the case when u- and w-points are above the top line
and v-point is below the bottom line. Now we see (as we claimed) that the number of intervals in



the maximal set of intervals is at least the number of upcrossing (up to some constant factor that
can be easily computed, but for us any constant will work).

Now let us look at the bounds for the cumulative sum. The lower bound: as we mentioned, the
cumulative sum is always non-negative (recall that we may consider an empty family of intervals).
For the upper bound let us consider first the case o > 0. Then the cumulative sum does not exceed
the cumulative elevation gain. Indeed, for each interval (i,j) we subtract $j for the right endpoint
and a4 for the left endpoint, and 8j > «j > ai. Therefore, for a > 0 the cumulative sum is bounded
by nA. On the other hand, the cumulative sum remains unchanged if we increase «, 8 and all terms
a; by the same amount, so we may assume without loss of generality that o > 0 after increasing A
by |a|. Therefore, the cumulative sum for n terms does not exceed (A + |a| 4+ |B|)n (here [ is added
just for symmetry).

Now we may collect all the bounds together by adding the lower bounds for the increase of the

cumulative sum for N consecutive intervals of length n with ¢y, ..., cxy upcrossings:
N
Q1)) ci(B—a) = NO(A+ |a] + |B]) < O((A + |a| + |B)n)
i=1

Dividing by N and recalling the assumption n < N we conclude that the average of N upcrossing
numbers ¢y, ..., cy for N consecutive intervals of length n is O((A+|a|+|3])/(8 —«)). This finishes
the proof of the lemma.

4 Effective versions

It happens often that a classical theorem that says that something is true almost everywhere has
an effective version saying that the same condition is true for all algorithmically random sequences.
Usually some additional assumptions about effectivity of the objects appearing in the statement
of the theorem are needed, and algorithmic randomness is understood in the sense of Martin-Lof
definition. This is also the case for the ergodic theorem. We restrict ourselves to the Cantor space
of infinite binary sequences and the shift operation (discarding the first term of a sequence).

A measure P on the Cantor space is determined by the measures of intervals [z] (here [z] , for
a string z, is a set of all sequences that have prefix ), i.e., we may identify P with the function
p(x) = P([z]) defined on finite strings and taking non-negative relative values that satisfies two
following conditions:

e p(A) =1
o p(z) = p(x0) + p(x1);

The measure P is shift-invariant (stationary) if, in addition to these two conditions, the function p
satisfies one more condition:

e p(z) = p(0z) + p(lz).

Some effectivity assumptions are now needed. We assume that the measure P is computable,
i.e., there exists an algorithm that computes the values p(x) with any requested precision. We also
assume that the function f is computable in the same way (the point z is given to f in the form of
the oracle that provides approximations to x). The computability of f implies its continuity; since
the Cantor space is compact, every computable function is bounded.



Theorem (Vyugin [4]). Let P be an arbitrary computable stationary measure on the Cantor space.
Let f be a computable function on infinite sequences. Then for every Martin-Lof random sequence w
there exists the average of f along the orbit of w.

In other words, the set of sequences where the limit (average) does not exists is an effectively
null set in the sense of Martin-Lof: for every rational € > 0 we can effectively enumerate intervals
that cover this set and have total measure at most €.

We can take the characteristic function of an interval [z] as f; then we conclude that for every
random (with respect to P) sequence the limit frequency of factors = exists. So zeros and ones
appear in a P-random sequence with some limit frequencies, the same is true for two-bit blocks, etc.

How can we prove this effective version of the ergodic theorem? We may note that for every
rational gap interval («, 3) the set of sequences that have more than m upcrossings for the values of
f on their shifts, is effectively open. (Recall that f can be computed with arbitrary precision, and
we use strict inequalities “less than o” and “greater than § in the definition of upcrossings. The
measure of this effectively open set is bounded by O(1/m) where the hidden constant depends only
on the bound for |f(w)| and the gap.

In fact, this argument proves a stronger statement about sequences that are random with respect
to the effectively closed class of stationary measures (the definition and basic properties can be
found in [1)):

Theorem (Vyugin, class randomness version). Let f be a computable function on the Cantor space.
Then, for every sequence w that is random with respect to the class of stationary measures, there
exist an average of f for the shifts of w.

This statement says that for every rational € > 0 we can enumerate a family of intervals that
covers all bad sequence (=sequences for which the limit does not exist) that has total measure at
most ¢ for every stationary measure P. Note that this family of intervals does not depend on P
(and the measure P may not be computable). This is exactly what is achieved by our construction
(counting upcrossing we do not use any measure).

5 Questions

1. Is there a more direct proof of the lemma that does not use the cumulative sums (whose definition
is quite artificial)?

One could start with the following special case. Let X be some binary string. Consider the
frequency of ones in its prefixes and its oscillations. For example, we may fix some thresholds, say
40% and 60% and count the number of oscillations of the frequency (how many times it goes below
40% and then above 60%). Let us call this number “oscillation number of X”. Then consider the
following statement: for every n, if we take all factors of length n in a sufficiently long string, the
average oscillation number for these factors does not exceed 1000 (the constant is chosen arbitrarily,
but seems to be large enough). Can one prove this statement without cumulative sums? Note that
the number of oscillations in one factor can be arbitrarily large (if n is large), this large number
should be compensated by the other factors.

2. The statement of the ergodic theorem is valid for functions with values in R? (and is a direct
consequence of the statements for each coordinate). However, for two-dimensional sequences it is
hard to define the upcrossing number in a natural way. Can we prove the two-dimensional results
without considering two coordinates separately, in a more invariant way?

3. In fact, for the ergodic case (the shift is an ergodic transformation for the measure) the
ergodic theorem can be extended to lower semicomputable functions f (or for frequency of points



in an effectively open set), see [2]. Can we combine these two results and prove convergence for
non-ergodic case and lower semicomputable functions?

4. The ergodic theorem for amenable groups (in the special case of Z?) says that for a shift
invariant measure P on the set of all two-dimensional configurations of zeros and ones the set of all
configurations that do not have the limit frequency of ones (over the increasing centered squares)
has P-measure zero. Can we extend the effective version to this case and construct an (effectively?)
open set that contains all those (limitless) sequences and has small measure with respect to any
shift-invariant measure P? It seems that it is hard to adapt the upcrossing argument to this case.
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Oprojuyieckas TeopeMa 1 aJrOpUTMUYECKast CJIyUailHOCTD

A.Illennp*

Annoranus

Mpb1 uzraraeM KOHCTPYKTHUBHOE JTOKa3aTEIbCTBO IPTOANIEcKoil TeopeMbl bupkroda, mpe-
JIOXKEHHOe B [4], BbLIEINB JIeXKAIyI0 B €ro OCHOBE KOMOMHATOPHYIO JieMMy. Popmysupyrorcest
HEKOTOPBIE BOIIPOCHI, CBSI3AHHBIE C 9TUM JIOKA3aTEJIbCTBOM U 9TOM JIEMMOIA.

1 Teopema Bupkroda

[Tycts X — BeposiTHOCTHOE TIpOCcTpaHcTBO, 1 X — X — m3Mepumoe 0TOOParkeHue, COXPAHSIONIee
Mepy, a f: X — R — orpanmyennas unrerpupyeMas pyHkims. Torna MOXKHO pacCMOTPETh CpejiHee
dyurnun [ o T-TpaeKTopuu, TO eCTh Ipees

lim f(@)+ f(Tz) + f(TTx) + ...+ fF(T"D(z))

n—o0 n

Teopema Bupkroda yTeep:KIaer, 4To amom npedes Cywecmeayem npu noumu eécex . Kpome toro,
ecau npeobpasosarue T 2p200uqHo, TO €CTh He CYIIeCTBYeT HETPUBHAJILHOIO (He HyJIeBOii U He MOJIHOl
Mepbl) MHOXKECTBA, KOTOpoe (€ TOYHOCTBIO 70 Mepbl () siBJIsieTCsi COOCTBEHHBIM TPOOOPA30M MpU
upeobpazosaruu T', mo amom npedea (noumu ecrody) pasen cpednemy dynrkyuu f no X.

Bropoe sterko cieyer u3 mepBoro, Tak Kak 3HAYEHUE ITOTO Mpesieia — WHBApUaHTHAsT (OyHKITAST
OTHOCHUTEJIBHO TIpeobpasoBanust 1, 1 MOTOMY MHOXKECTBO Te€X TOYEK, IJie TPeJesl MEHBIIE ¢, MOXKeT
umerh Juib Mepy 0 wim 1 (B CHLy SproJivHOCTH), ¥ MPU TI€PECeYEHUN TapaMeTPOM ¢ KAKOH-TO
IPAHUIBI Mepa MHOXKECTBA JOJIXKHA PE3KO MEHSTHCSI C HyJIsT Ha eJUHUILy. DTO IPAHUIHOE 3HAUCHUE
PaBHO CPEJIHEMY [0 TeOpeMe O MayKOPHPYEMOI CXOIMMOCTH (3/1€Ch MCIOJIB3YeTCs OTPAHNIEHHOCTD f ).

Buion [3] mpe/yiozkuir HEKOTOPEBI BapuaHT TeopeMbl Bupkroda, KOTopblil MOXKHO J[0Ka3aTh B
paMKaX ero KOHCTPYKTHBHOTO MOJIX0/a K MaTeMaTuke. Vcmob3yst ero uzen (upcrossing inequalities),
Berorun [4] nokaszas, aro yrBepx/ieHue TeopeMbl Bupkroda (pu ecTecTBEHHBIX HPEJIIIOIOKEHUSIX )
BEPHO HE MPOCTO JIJIST TIOUTH BCEX TOUEK, HO OAA GCET GAZOPUMMUMECKY CAYHATHDT moyek. B sToit
3aMeTKe Mbl IIPUBOJIUM JIOKA3ATETLCTBO (KIaccueckoii) Teopembl Bupkroda meromom Buriomna —
Bororuna, BbIIe/IsIs JIEXKAIYIO B €r0 OCHOBE YHCTO KOMOMHATOPHYIO JIEMMy, a 3aTeM (Ipe/mnosa-
rasi 3HAaKOMCTBO C TIOHSATHEM aJITOPUTMUYECKON CIyUallHOCTH) YKa3bIBAEM, KAK 9TO PACCY¥KJICHUE
JIOKa3bIBaeT pe3yibTaT BoiornHa.

2 C(Cxema gokasaTesibCcTBa TeopeMbl bupkroda

TeopeMa yTBEPKIa€T, YTO MHO2KECTBO TE€X I, [JId KOTOPBIX IIOCJI€J0BaATEJIbHOCTD

f(@), (2) +2f(T:c)7 f(z) +f(T§) +f(TTﬂf)7”_ (%)

*LIRMM, University of Montpellier, CNRS, Montpellier, France, alexander .shen@lirmm. fr,
sasha.shen@gmail.com. Supported by FLITTLA ANR-21-CE48-0023 grant. ABrop 6/1arofjapes y4acTHUKAM
KOJIMOIOPOBCKOTO CeMUHapa, a 0cobenHo Biianumupy Brioruny 3a oObsiCHEHHE €r0 I0KA3aTeIbCTBA.




He uMeeT IpeJiesia, UMeeT Mepy HyJlb. DTa MOC/Ie0BATeIbHOCTh OrpaHnieHa (IIOCKOJIbKY f orpa-
Hudena). Torpa orcyrcTBre mpejesia 03HAYAET, YTO YIEHBI 9TOH [I0CJIeI0BATEILHOCTH [IEPECEKAIOT
Kakoii-to uarepsal (a, f) ¢ a < [ Tyza u 06paTHO GeCKOHEUHO MHOTO pa3. MoxKHO 6paTh HHTEPBAJIBI C
PAIMOHATEHBIMI KOHITAMH, WX CIETHOE THUCJIO, TIO3TOMY JOCTATOYHO JOKA3ATh, UTO JJIs1 JTIOOOH «Ietms
(ar, B) mmoorcecmeo mex x, 0as KOMOPLT NOCACI08aMENLHOCTNY (%) nepecexaem weab bECKOHEUHO
MH020 pa3 (TO ecTh ObIBAET MEHBINE (¢, MOTOM OOJIbIe (3, TOTOM CHOBA MEHBIIE (v U TaK JaJjee),
umeem mepy Hysd.

Badukcupyem 1meis (o, 5). Kak goka3zarh, 910 Mepa MHOXKECTBa TeX T, /I KOTOPBIX MOCJIEI0Ba~
TEJBHOCTH (%) Iepecekaer Iieb MHOIO pa3, Masa? JlocTaTouHO OlEHUTh CpejlHee 3HAYeHne YHCIa
nepecetdennii n nokaszarb, uro E,C(x) < co. 3mecy C(x) — wumciio mepecedenuii memn (ec/n HadaTh
¢ ), & MATeMaTHIecKoe OXKujanue coorpercreyer ycpegnenuto mo X. (Pyukius C' MoxkeT ObITh
JIJIsT HEKOTOPBIX & OeCKOHeYHa, W HAIle YTBEPKICHNE O KOHETHOCTH MATEMATHIECKOTO 0K TAHIS
O3HAYAET, B YaCTHOCTH, YTO MHOXKECTBO TAKUX T UMEET Mepy HyJib — KaK HaM U XOTEeJIOCh. )

OTtkyzna BozpMméTcs onenka st E,C(x)? Hamo Bocmonb3oBaThest TeM, 1To npeobpasosanue T
COXPaHSET MEPY: 3TO MO3BOJIUT JIOMOJHATEL cpeHee 1o X yCPeIHEHUEM N0 Mpaekmopuim, a TIOTOM
MEPECTABATD TIOPSITIOK YCPETHEHUS U JOKA3ATh AHAJOTHIHYTO OIEHKY IS CPEOHUT NO MPAEKMOPUAM.
A sra orenka yxke Oyjer BepHa s JTIOO0N OrpaHnYeHHON mocaeoBaTeIbHOCTH. I TOOBI ¢Ie1aTh 9TO0
AKKypaTHO, HAJIO CHAYAJIA CIUTATH [IEPECEUEHUs] HA KOHEYHOM (HO CKOJIb YTOJHO BOJIBIIOM) yIacTKe
U OLIEHUBATDH UX CpeJHee (BeJIMIMHON, He 3aBUCHINIEH OT JIJIMHBI yYacTKa). BoT Kak 9To jeiaercs.

VY1106HO OTIEBHO PAaCCMOTPETh KOJEOAHMS CPEIHUX JJIS IIPOU3BOJIBHON ITOC/IEI0BATEIHEHOCTHI
(3a6bIB 006 €6 MPOMCXOXKIEHUN KaK MOCJIeI0BaTeIbHOCTH 3HaYeHnil dhyHKuu f Ha opbure mpeodpazo-
sauus T). [Iycrs a = (ay, az,as, ...) — IPOU3BOJIbHASI [IOCIIEI0BATEIILHOCTD JIEHCTBUTEIBHBIX TUCEIL,
HE MTPEBOCXOJISIINX TI0 MOJIYJII0 HeKOToporo A. PaccMoTpuM moc/ieoBaTeIbHOCTh CPETHIX

a1 +ay a1 +as+as ar+...+ag
E(a) = ( a1, 5 3 e : e

DukcupyeM Ipou3BOJIbHBII HHTEPBA (v, 3) U OACUUTAEM, CKOJIBLKO Pa3 MOCIE0BATEILHOCTD CPEJHUX
repecekaeT 3TOT UHTePBaJL.

(k,a; + ... + ag)

(1’ al)

" x
(O, 0) (2, a, + az)

MOozKHO HPOMJLIIOCTPUPOBATH [epecevdeHns: KapTUHKOI. ITocTponm JIoMaHyIo 13 Hadaaa KOOP/MHAT,
KazK/Iblil pa3 ¢/[BUrasch Ha 1 BIpaso u JJ00aBIss 110 BEPTHKAJIN O9epeiHoe a;. Toraa cpejHee 3HAYCHIE
(a1+...4+a;)/i coorBeTCTBYET HAKJIOHY JIyda, BEJIyIIEro U3 Hadajia KOOPJIUHAT K i-ii BepIIUHe JIOMAHOIA.
Hac unTepecyeT BBIXOJ] 9TOIO HAKJIOHA 3a HPEJIE/Ibl OTPE3Ka [av, (], TO eCTh BBIXOJ] BEPIIHH JIOMAHOIT
U3 OTMEYEHHOI'0 Ha PUCYHKE yTIyia (CTOPOHBI yIvIa MMEIOT HAKJIOHBI o U 3). B HallleM KOHKpeTHOM
[pHMepe MBI BUJIMM OJJHO IIEPECEYECHHE e/ «CBEPXY BHU3» (BTOPO OTPE30K) M OJHO HIEpPECEueHIe
«cHU3Y BBepX» (1Ba ciemyronux 3seHa). Jasbiie nepecedeHuii HeT (HAKJIOH HE OIyCTUJICS HUXKE ().

KonmvecTBo mepecevenuii B 06e CTOPOHBI OTJIMYAETCS He Gojiee WeM Ha 1, Tak 9TO He Tak
BaXKHO, YTO BbIOpaTh. MbI Oy/IeM CYUTATDH [IepeceueHtsl CHU3Y BBEPX, TO €CTh MCKATH BO3PACTAIOIINE
nocsieioBaresibHocT 11 < 11 < log < 79 < ... MHJEKCOB, crpynupoBaHHble B napbl (l;,7;): B [;
cpesiHee MeHbIne «, B 1; Gosbiie 5. Kaxiyo napy (mepexos or «MeHbIe» K «BoJblles ) cauTaeM
3a ozHO nepeceuenne. O6ozuaunm depes Cp(a) MAKCIMATBLHOE YUCIIO TAKUX TIAP CPEJIU MEPBBIX N
“WIEHOB OCJIEI0BATEILHOCTH cpeannx F(a) — Ha Hameil KapTunke, ckazkem C3(a) = 0, a Cy(a) =
...=C7(a) = 1. C pocrom n sesnmuauna Cyp(a) (/s JAHHON [OCTIEIO0BATEILHOCTH &) MOMKET TOJIBKO



YBEJIMUUTBCSL 33 CUET MOsIBJIeHHsI HOBBIX nap. Eé npejes npu n — oo (KOHeYHBIH niim GeCKOHEeYHBbIil)
Mbl 0bo3Haunm C'(a). 31ech Mbl UCIoab3yeM Ty ke O6ykBy C, 9TO M paHbIle, MOCKOJIbKY DaHee
onpenenénnoe C(z) pasao C(x) mist x = (f(x), f(Tz), f(TTx),...).

Crenyromast leMMa, OIEHUBAET CpeiHee KOJUIECTBO TePeceueHnit, TOJCINTAHHOE 044 CO8U206
nPou36oavHoli ozparuuennoli nociedosamesvhocmu a = (aj,az, . ..). JApyruMu cjaoBamu, MOJIOKUM

a(l) = (CLi, Aj41, Aj42, - - )

1 HaliéM cpegHee UNC/I0 mepecedeHnil 11st N TaKUX CIBUTOB, TO €CTh

Co(aM) + Cp(a?) + ... + Cp(a)
N .

Atlal 8l (5 ¢
(6%

Jlemma. Ilpu N = n ama eesununa ne npesocrodum c HEKOMOPAA abCOMOMHAA

Koncmanwma, a A — 6eprHAf 2panuya 0 ecex |a;|).

Yemosue N > n o3HAYAET, UTO YCPEIHAETCS TOCTATOYHO MHOTO Yuces. B 3HameHarese J1poou
CTOUT [3— (v, 9TO He YIUBUTEIBHO: YeM y2Ke IeJIb, TeM OOJIbIe MOKeT OBITh Iepecedennil. B wucinreste
crour A (BepxHsisi rpaHuIa JJjis Beex |a;|); yem A Gosibliie, TeM Kpyde MOXKET WJITH KPUBasi U TeM
0O0JIbIIIE MOXKET OBITH Iepecedennii. MoOXKHO eIné 3aMeTuTh, 9TO eCJIM yMHOKUTh A, o 1 5 Ha OJHO U
TO K€ YKCJI0, TO OIEHKA He MU3MEHUTCs (UTO TOXKE He YJIMBUTE/BHO: YMHOXKEHUE BCEX G, & TAKXKE o U
[ Ha OJIHO M TO YK€ YHUCJIO HE MEHSIeT KOJMYECTBO IepecevueHuii).

Ha xaprunke mepexoj oT al) k alith) COOTBETCTBYET CIABHUIY HadasIa OTCUETa Ha k €IUHUIL BIPABO.

SA—

B1ech, CKazKeM, HAPUCOBAHBI JIBa TPEYTOJIbHUKA, IIePECeUeHHsI KOTOPBIX HAC HHTEPECYIOT: HAYAJIbHBIIL
(o/1HO TepeceveHne CHU3Y BBEPX) M CABUHYTHIA Ha JBa Imara (HU OJHOIO II€PeceveHus ).

B 510if T€PMUHOJIOIHH JIeMMa TOBOPHT O TOM, YTO €CJIHM MbI [IOCUMTAEM YUCJIO [EPECeYeHnil CHI3Y
BBEPX JIJIs1 OJIMHAKOBBIX TPEYTOJBHUKOB, TIOMENEHHBIX B PA3HBIE MECTA JIOMAHOIT, TO B CPEJIHEM MHOTO
HE HOJLYYUTCSL.

Ucnonb3yst a1y j1leMMy, JIErKO 3aKOHYUTH JJ0KA3aTeJbLCTBO 9ProJudeckoii reopembl. Hac uaTepeco-
Basio cpeanee 3uadenue E,C(z), rne C(x) = C(x) — 1mcsio mepecedeHnii Jyisi MOC/Ie[0BaTeIbHOCTI
x = (f(x), f(Tx), f(TTx),...), n Hy?KHO OBLIO OKA3ATh, YTO 9TO CPEHEe 3HAUCHUE KOHEYHO (M
[IOTOMY MHOXKeCTBO Touek, rje C'(x) GeCKOHeIHO, MeeT Mepy Hyiib). ljist 9TOro JoCTaToqHO 0Ka3aTh,
9TO COOTBETCTBYIOMIEe cpejree (1o z) 3Haderne Cp,(X) OrpaHUYeHO KOHCTAHTOMH, He 3aBUCHINE 0T
n (1 HOTOM COCIATBCST HA TEOPeMy O MOHOTOHHOMN CXOJMMOCTH I10J] 3HAKOM MHTerpaJa). Kiouesoe
HAOJIIOACHNUE: 6 CUAY UHBAPUAHIMHOCTU MePbl npu npeobpasosanuu T mo sce camoe cpednee bydem
uy Cp(Tz) = C(xP), vy C,(TTz) = C(xO),... TIo3TOMY MOMKHO HONOTHHTEILHO YCPEIHUTD
1o epebiM N urepanusiv npeobpasosanus 1. A Ternepb, nepecTaBuB MOPSIOK YCPETHEHUs, MOKHO
3aMETUTH, YTO MBI YCPEIHSEM CPEJIHUE BJIOIb TPACKTOPUH U3 JeMMBbI (B3siB N He MeHbIIe N — Ipu
JIOIIOJIHUTEJIbHOM yepeaHeHnn N MOKHO B3sTh J106biM). [Tosromy cpennee snauenne C,(x) He mpe-
socxout ¢(F + |a| + |B])/(8 — «), rne F —BepxHsisi rpanuna jiist MojyJist dbyskiun f (oHa ke —
IPaHUIA Jisi BCEX YJIEHOB TIOC/IEI0BATEILHOCTH X ), a (v, ) — UHTEPeCyoIasi HacC MIeJb.

Yro 1 3aBepiIaeT JIOKa3aTeIbCTBO IPrOJUIECKOil TeOpeMbl (TOUHee, BBIBOJL €€ U3 JIEMMbI, KOTOPYIO
MBI JIOKQ’KeM B CJIEJLYIOIIEM pasjerie).



3 Jloka3aTeJabCTBO JIEMMBI

Hawm Ha/o omeHNTH CBEPXY CpejiHee YNC/IO MepecedeHnil 1T HECKOAbKUX TOAPSI UIYIINX CABUTOB
MIPOU3BOJIBHOM TToc/IeoBaTeabHOCTH. Kak 1 mpu aHa/m3e aMOPTH3UPOBAHHON CJI0YKHOCTH aJITOPUTMOB,
TYT IOJIE3HO BBECTU HEKOTOPBIN 0MEHUUAA U TTOKA3aTh, ITO DOJIBIIOE TUC/IO TIepecedeHnil IPUBEIET K
OOJILITOMY YBEJIUUICHUIO TOTEHITNAJIA, & B IIEJIOM IIPU IIOCTEI0BATEIbHBIX CIBUTAX ITOTEHITUAJ OCTACTCS
Or'PAHIMIEHHDBIM.

Dyuxrus norennuasa (Bprorns Ha3bBas €€ KYMYAAMUSHOU CYMMOT) MOXKET TIOKA3ATHCS HECKOJIb-
KO MCKYCCTBEHHOM, TI0O9TOMY MBI HAYHEM C HEKOTOPBIX IMPOCTHIX 3aMedaHn.

[TyTeBoguTE M 110 TOPHBIM MIPOTYJIKAM YACTO YKA3BIBAIOT HE TOJIBKO HepernaJ] BhICOT (PasHUILY
BBICOT M€Ky KOHIIOM M HAYAJIOM IIyTH), HO U OOIILYIO BBICOTY HMOABEMOB HA IYTH, TO €CTh CYMMY
MePeraoB BHICOT JIJISI BCEX yUIACTKOB MoabEéma. Hampumep, Ha KapTHUHKE

N
<
~ \\
~o a
/\\\/ \*\\\/ -

OTMEYEHBbI TPU yYIACTKA MOIHEMA, U OOIIHH MOAbEM PaBEH CyMME IIePeraioB BLICOT JJjIs KAXKI0r0 U3
TPEX YYIACTKOB.

CyMMapHBIil TOBEM MOXKHO OIIPEJIEJINTD [10-PA3HOMY (CKazKeM, MOXKHO B3$ITh MHUHUMAJIbHOE
IpejicTaBjeHne Hairelr GYHKIINA OrPAHUYEHHONW BapUallii B BUJE€ PA3HOCTH JIByX MOHOTOHHBIX, U
B3sITh U3MEHEHUE OJ[HOM M3 HUX), HO HaM OyjeT yJ00HO MCIIOJIB30BATh TaKOe OIIPE/IeJICHIE:

~_ .
ﬂ\\\ N.\\\ S
L h L, h I 3

MbI 6epéM BCEBO3MO2KHBIE€ ITIOCJIEIOBATEC/IbHOCTU ITIOJUHTEPBaJIOB

(ll,T‘l),(lg,?“g),...,(li,’l"i) C 0<l1<r1<lg<r2<...<li<r¢<n
IIpH JIFOOBIX ©, JJIs KarKI0N M3 HUX BBIYUCIISIEM CYMMY
h(Tl) — h(h) + h(?"g) — h(lz) + ...+ h(n) — h(lz),

1 6epéM MaKCUMyM 3THX CYMM II0 BCEM IIOCJIE0BATEILHOCTSIM HHTEPBAJIOB U 10 BCEM i (BKJIIOUast
caaydaii ¢ = 0, KorJa cyMMa CUUTAETCsT HYJIeBOit). DTo OyeT Ta yKe BeJndrnHa (II0TOMY 9TO MOYKHO
B3$ITh BO3PACTAOIINE YIACTKH, & HEBO3PACTAIOIINE MOYKHO BbIPE3aTh, U CTAHET TOJILKO JIy9IIe).

Taxoli BapuaHT OIpee/ieHus MOIbEMA Jierde MPUCIocoOuTh Jijisd Hamux 1esieil. [Ipucmrocobiienue
COCTOHUT B TOM, YTO MbI BCHOMHHaeM O mmienn (o, ). st npaBbix KOHIIOB r; BMECTO abCOJIOTHOM
BBICOTBI h(7;) MBI GepEM MpEBBIIIeHNE HAJ| BepXHeil rpanutieil mesu, To ectb h(r;) — fr;, a JJist JIeBbIX
KOHI[OB — IIPEBBIIIEHNe HaJl HIXKHeN rpaHuneil meuau, To ectb h(l;) — al;. Jpyrumu cioBamu, Mbl
UIIEM MAKCUMYM BbIPAXKEHUS

[h(m) — /BTl] — [h(ll) — all] + [h(T’Q) — ﬁ?“g] — [h(lg) — alg] + ...+ [h(rl) — 57’1] — [h(ll) — Ozlz‘],

B ocrazbHOM ompejiesienne He MeHsieTcsi (Mbl IO TIpeXKHeMY GepéM Bce ceMeficTBa HelepeceKatonuxest
HOJIMHTEPBAJIOB PACCMATPUBAEMOTO MHTEPBAJIa WHIEKCOB, U GEPEM MAKCUMYM ).
Temnepp HAM HAJIO, COIVIACHO OOBABIEHHOMY ILJIAHY, H3YUUTDH JIBA BOIIPOCA:



® KaK MEHSeTCsl 9Ta BeJIMIMHA (KYMYAAMUBHAA CYMMA), KOTJIa Mbl CABUIAEM HAYAI0 OTCYETA
(mpyrumu cjoBamu, youpaeMm mepBoe 3BeHO B HadaJse JIOMaHOi u J06aBjsieM HOBOE 3BEHO K
KOHILY) ¥ CBSI3aTh 9TO M3MEHEHUE ¢ YUCJIOM TI€pecedeHuil mem;

e [[0YeMy KyMYJISTUBHAs CyMMa OCTaETCs OI'DaHUYEHHOI.

Hanomunm 0603HaYeHHsI: Y HAC €CTh 1I0CJIe/[0BATENbHOCT & = (a1, ag, . ..); JOMaHas HAYMHAETCS
B Touke (0,0), 3arem unér B rouky (1, a;), norom B (2, a1 4 az), u Tax gasuee 1o (n,a; +ag+...+ay).
Hac unrepecyer uncisio nepecevennit mesn (o, 3) va orpeske [0,n] (1epBbie n 3BeHbEB JIOMAHOI),
a TakyKe KyMyJsiTUBHBbIe cyMMbl Ha orpe3kax [0,n] u [1,n + 1]. (Ilog xkymynasruHoil cymmoil Ha
[1,n + 1] MBI IOHUMaeM KyMYJISITUBHYIO CYMMY JJIsI LIOCJIEJIOBATEJILHOCTH (G2, as, . ..) HA OTPE3Ke
[0.n]: ApyruMu cjoBaMu, MbI [IEpEMEIIAeM HAYAI0 OTCIETa B KOHEI[ IIEPBOr0 OTPe3Ka JIOMAHO, 1
JI06aBIIsieM CIpPaBa eIlg OJIH OTPE30K ¢ HEKOTOPBIM HAKJIOHOM d,)

Yro npoucxoaut npu nepexoge ot [0, n| k [1,n+ 1]? ITocmorpum Ha HabOp orpeskos 0 < 1] < 11 <
la <rg <...<ls <rs<mn, HA KOTOPOM JIOCTUTAETCsI MAKCUMYM (DABHBIN II€PBOil KyMYyJIsITUBHOI
cymme). Ilpennosoxkum noka, aro I > 0. Torma Bce 9Tu orpesku rogstest (B HOBOI cucTeMe 0TCUETa,
TO €CTh C YMEHbBIIEHHbIMU Ha 1 KOHIIAMU) 1 JJIsi BTOPO#i KYyMYJISITUBHO CyMMBI, HO COOTBETCTBYIOIIHE
cJlaraeMple HEMHOTO U3MEHSITCS, TOTOMY YTO BBIYMTAEMBIE B KBaJIPATHBIX CKOOKAaX yMEHbIIATCSA Ha [
JUIst TIPABBIX KOHIIOB M Ha (v JIUIsI JIEBBIX KOHIOB. Kaxk/iplii 0Tpe3ok pact yseiandenue ([ — ar), Tak 410
KyMyJIITUBHAs cyMMa yBeaumdauTcst Ha (8 — ), a Moxker, u 6oJbIne (ec/iu MosiBJIeHUe TIOCTIeTHErO
3BEHA MO3BOJIUT BbIOPATH JIYUIIYI0 TOYKY MAKCAMYyMa).

Ocobbrit coay4gait Bozuukaer npu [; = 0. Torma npugércs mmbo yMeHBIUTE EPBBI 0TPe30K (OH
6yzer [0,71 — 1]), mbo Boobe ero yuamuthb (ecau 11 = 1, ymMeHbIaTh Hekyna). Ho stu m3ameHeHust
MOKHO Ipy6o onennts Kak O(A + |a| + |[|), rae A — Bepxmsist rpannna 171 BCex a;. B camoM Jeite,
BCsA 00J1aCTD, TJIe 3TH MU3MEHEHUs IIPOUCXOJIAT, UMeeT Takoil pazmep. Takum oOpazoM, rapaHTUPOBAHO
YBEJIMYEHNEe KyMy/IATUBHON CyMMBI Ha

(8 —a) = O(A+ |af +[5]),

€CJIU MAKCUMYM KYMYJISTUBHON CYMMBbI JJOCTUTAETCS HA HAOOpE U3 § OTPE3KOB.

Teneppb moKaykeM, 9TO ecyin nepecedennii memn (o, f) MHOTO, TO YHCJI0 OTPE3KOB, IIPU KOTOPOM
KYMYJISTUBHAsI CYMMa JJOCTUTAeT MAKCUMyMa (0G03HAYEHHOE HAME Yepe3 §) TOXKe JO0JIZKHO ObITh 60JIb-
muM. Mbl oKazkeM, 9ro quciio nepecedenuii mesu we npesocxoxur O(s). Ilpu nojcuére nepeceuenuit
MBI YepeyeM TOYKHU, IJe HAKJIOH MEHbIIEe (v, U TOUKH, TJie HaKJIOoH Oosibite . [lycts u < v < w —
TPU COCEJIHUE TOYKH, ¥ B TIEPBOil M TPETbeil HAKJIOH MEHBbIIE (v, & BO BTOPOil HAKJIOH OoJbIie [ (Ha
PHCYHKe JIoMaHast 1300paskeHa B BHUJIE KPHUBOIi).

CpaBuuM ux ¢ Toukamu [ < r; < ly <719 < ... <lg < rg, JAIONUMU MAKCUMYM B OIIPE/IE€JICHIN
KyMYJISITUBHON CYMMBI. DTH MOCJeIHAE Pa3OUBAOT MPSMYI0 HA HHTEPBAJIbl, U Mbl YTBEPKIAeM, ITO

mo1Yyru U, v, W HE MO2Yym Nonacimsv 6HYMPb 001020 U MO20 JHCe UHMEPBANQ.

B camowm Jieste, ecsin oHM nonasau B uHTepBaJt (l;,7;), TO €ro MOXKHO 3aMEHHUTh Ha J[Ba MHTEpBaJja
[l;,v] m [w,r;]. OT sTOrO KyMy/JISTHBHAS CyMMa YBEJUIUTCsI, IOTOMY 4YTO K Hell j100aBsTCs JiBa
HOJIOKUTE/ILHBIX YUC/Ia (COOTBETCTBYIOIINE BEPTUKAIBHBIM OTPE3KAM Ha PUCYHKE — MOKA3BIBAIOIINM,



HACKOJIBKO ¥ 6OJIbIlle BepXHell I'PAHUIbI 1 HACKOJILKO W HUZKe HUYKHEH IpaHuIbl). AHAIOTMIHBIM
06pa30M, ec BCe TPH TOUYKU PA30M MOIAIH B MHTEPBAI (75,li11), TO MOXKHO J0OABUTH HOBBII
unrepsast [u,v] Mexay [, 73] 1 [lit1,7i+1], ¥ IO TeM Ke IPUYHHAM CyMMa yBeIHIHTCA. MOXKHO
[IPOBECTH AHAJIOIUYHOE PACCYKIEHIE I B TOM CJIydae, KOIJa IepBast U TPeThsl TOUKH BBIIIE BepxHeil
IDAHUIBL, & BTOpAsi HUZKe HUXKHEH.

Orciona ciefiyer, Kak Mbl I 00€Ia, 9To Il MaKCHMAILHOro Habopa OTPE3KOB (B KyMyJIATUBHON
CyMMe€) X 9HCJIO § HE MEHDIIE YHC/IA II€PECEYCHHNl ¢ TOYHOCTBIO J0 HEKOTOPOrO IIOCTOSHHOIO
ko3 dunumenta (KOTOPBIil JIErKO yKa3aTh sIBHO, HO 9TO HaM He BAXKHO).

Bropoe obermanHoe yTBEPK/CHHE: OLEHKA KyMy/IATHUBHOM cyMMbl. HUpKHsIsL OlleHKA: Kak Mbl
y7Ke TOBODHJIN, OHA BCErJla HeOTpHIaTeIbHa. s BepxHeil oeHKH 3aMeTnM, 4To ecan « > 0, To
KyMyJISITHBHAsI CyMMa He 0OJIbllle MAaKCUMAJIbHON JIJINHBL yYACTKOB MObEMA (LIOTOMY UTO B IIPABBIX
KOHIIAX OTPE3KOB MBI BBIIHTaeM GOJIbIINE, WeM B JIEBBIX: ) > o > i), U IIOTOMY He IPEBOCXOHT
nA. C 1pyroit CTOpOHbI, KyMyJISITUBHAsI CyMMa He U3MEHHUTCs, €CJIH YBEJIUIUTD (v, 5 U BCE “IEHBI
II0CJIEIOBATELHOCTH & HA OJHO M TO K€ {HCIIO, II09TOMY MOXKHO CYUTATH (v HEOTPHIATEIHHBIM,
samenus A na A + |a|. ITosromy KyMmy/isiTUBHAsi CyMMa Ha ydYacTKe JUIMHBL 1 HE HPEBOCXOIUT
(A + |a| + |B])n — mbl nobaBun B CKOOKY [ J1/Is1 CHMMETPHH.

Tenepb MOXKHO coOpaTh BCE BMECTE, CJI0XKUB OLEHKU JIJIsi I3MEHEHUs KyMyJISITHBHON CyMMBI J1JIst
N 10ci1eJoBaTEIBHBIX OTPE3KOB (17151 KOTOPBIX UMEETCS C1, . . ., CN II€PECEeTeHHIt:

N
Q1) ) (B —a) = NO(A+|al +|8]) < O((A +|a| +|5)n)

=1

Henst va N u BciomuHasi, 9To n < N MO IPEIIIOIOKEHUIO, 3aKJII0U9aeM, 9To cpejHee N duces
nepecedenuii ¢y, . .., cy s N [0CIe0BaTesIbHBIX yUacTKOB JoMaHoit He npesocxoaut O((A + |af +
1B/ (8 — «)). Jlemma nokazana.

4 KOHCTPYKTHUBHBIII BAPUAHT

Kax 00bIHO, KJIACCUYECKHEe TEOPEMbI, BEPHBIE [IOUTHU BCIO/LY, UMEIOT aJlOPUTMUIECKIE BAPUAHTHI,
IJie «II0YTH BCIOJy» 3aMEHsIeTCsl HA <«JIs BCEX AJITOPUTMUYECKH CJIydaiiHbIX TOYEeK», U OOBIMHO
AJIPOPUTMUYECKAs! CIy4aiiHOCTh IOHUMAETCsl B CMbIcJie onpeieenust Maprun-JIéda. Mbl orpanmanmcst
IIPOCTPAHCTBOM GECKOHEUHBIX [OCJIEI0BATEBHOCTEH, I/1e JeficTByeT oneparop casura (oTépachlBaHus
nepBoro wierna). Mepa P Ha TaKOM IPOCTPAHCTBE 3aJ1aETCsi MEPOil MHTEPBAJIOB (MHTEpBaJ [x] — 3T0
GeCKOHEUHBIE [0CJIe/0BATEIbHOCTH, HAYMHAIOINIMECs Ha CJIOBO Z), TO ecTh dyukuumeii p(z) = P([z]),
OIpEJIEJIEHHOI HA JIBOMYHBIX CJIOBAX U IPHHUMAIOIIEH HEOTPUIATe/IbHbIe 3HAYEHNUS, JJis KOTOPOIi

e p(A) =1;
e p(z) = p(x0) + p(x1);

MHBapUaHTHOCTH MEPbI OTHOCUTEJBHO CABUIOB (CTAIIMOHAPHOCTH) O3HAYAET, YTO B JOIOJHEHHE K
9TOMY IS JIFOOOTO & BBIIIOJHEHO PABEHCTBO

e p(z) = p(0x) + p(1z).

Temepp HAIO HAJOKUTH AJTOPUTMUYECKHAE OTPAHUIEHUs Ha Mepbl U pyHKImu. Mepy Mol Oymem
CYATATH BBIYUCIUMON (€CTh aJIOPUTM, BBIYUCIISIONINIA Mepy JIF0OOr0 MHTEPBaJa ¢ JIF0OONH TOYHOCTHIO).
QyuKIWo f Mbl TOXKe Oy/IeM CUNTATh BBIYUCJIUMOI B aHAJIOTMYIHOM CMBICJIE (I[P 9TOM apryMeHT
Jnaéres eif B KadecTBe opakysia). M3 BeMHUCIMMOCTH CJie/iyeT HEeMPEPbIBHOCTh U OTPAHUIEHHOCTH
(mpocTpancTBO X KOMIIAKTHO).



Teopema (Botorun [4]). [Tycmv P — npouseosvnas evuuciumasn cmayuonapras mepa. Iyemo f—
BHIMUCAUMAA PYHKUUS HA beCKOHeUHbIT nocaedosamenvhocmar. Toeda das 110601 nocredosamenvHo-
cmu w, cayuatinot no Mapmun-JIédy omnocumervrno P, cyuecmeyem cpednee gynruuu f edoaw
MPAEKMOPUL, HAYUHAIOULETCA C W.

Jpyrumu cjioBamMu, MHOXKECTBO ITOCJIEIOBATE/ILHOCTEH, )T KOTOPBIX BIOJbL TPAEKTOPUU HET
cpejiaero, 3(b@EeKTUBHO HYJIEBOE: 110 JIIOOOMY PAIMOHAIBHOMY € > () MOYKHO 3(DPEKTUBHO IIEPEIUCIUTH
CeMelCTBO MHTEPBAJIOB, COJEPIKAIIEE BCE TAKUE MOCIEIOBATEILHOCTH U UMeIOIee P-Mepy MEHbIIE €.

B wactHOCTH, ecii B KadecTBe f B3SITH XapaKTEPUCTUIECKYIO (DYHKITHIO KAKOTO-TO WHTEPBAJIA, TO
BUJIHO, 9YTO BCdAKasd CﬂyqaﬁHaH Imoc/ie1I0BaTeJIbHOCTL UMeeT IIpeaesr 1acToT Hyﬂeﬁ n eJuHuI, IIpeaesibl
YACTOT JBYXOUTOBBIX TMOJICTIOB M TaK JIAJee.

st roKazaTebeTBa JI0CTATOYHO 3aMETHTD, YTO JIJIsl BCIKON pannoHaabHOl mem (o, 3) u qucia
M MHOYKECTBO TeX MOCJIEI0BATENILHOCTEH, T/ Ha CIBUTAX CPEIHUE UMEIOT 11 WK HOJIbIIE TePecedeHni,
siBJIsieTcst 3 MEKTUBHO OTKPBITHIM (HAIIOMHUM, 4TO f BBIYHCIMMA C JIOOOH 3a/IaHHOIl TOYHOCTBIO, &
B YCJIOBHUH IIEPECEUCHUsT MOYKHO B3dTh CTPOTHE HEPABEHCTBA «MEHBINE a» 1 «OosbIe [5» ), U Mepa
YIIOMSIHYTOro MHOXKecTBa He 6osibiie O(1/m) (¢ KOHCTAHTOl, 3aBUCHIIEH OT MaKCUMyMa MOJLYJIst
dyukun f u memm).

DTO paccykJeHIe TOKa3bBaeT H60JIee CUIIbHBIN Pe3yJIbTAT, UCIOJIB3YIOIIUI TOHITHE CJIYIaiHOCTH
OTHOCUTEJILHO 3(PDEKTUBHO 3aMKHYTOrO Kjacca Mep (onpejesienne u obcyzxjeHne cBoiicTs cM. B [1]):

Teopema (Bororun, Bapuant ¢ kiaaccom mep). [Tyemov f — evuuciuman Gynkyus na 6ECKOHEUHHLT
nocaedosamenvrocmaz. Toeda dan A0601 nocaedosamesvrocmu w, cayuatinot no Mapmun-JIépy om-
HOCUMENLHO KAACCA CMALUOHAPHLLL MED, CYUWECTEYEM Cpednee 60045 MPAEKMOPUL, HAMUHAIOUETCH
cw.

B TtepMuHax mokpbITHil 5TO 03HAYAET, UTO IO JTFOOOMY pAIMOHATIHLHOMY € > () MO2KHO 3D hEKTUBHO
IIEPEYNCIUTD CEMEUCTBO MHTEPBAJIOB, COJEPXKAIllee BCE IJIOXHUE TOCTIEI0BATEIbHOCTA U UMEIOIEee
Mepy MEHBIIE € OMHOCUMEALHO 410601 cmayuonaprolt mepv, P. Pasauna B ToMm, 9410 MBI cTpouM (1
HOCTPOMJIN) CEMEICTBO MHTEPBAJIOB, KOTOPOE IOJUTCS JIJIsl BCEX Mep.

5 Bonpocsl

1. Moxno i m0Ka3aTh JieMMy 60jiee HEIOCPEJICTBEHHO, He BBOS JTOBOJILHO CTPAHHON KYMYJISITHBHOMN
CyMMBbI?

Ectp maxke coBcem mpoctast popMySIMpOBKa B 9acTHOM ciaydae. Ilycts X — mgBomdHOE CJIOBO.
Bynem ciienuTh 3a 94acTOTON €MUHUI] B HAYaJbHBIX OTPE3KaX, ¥ CMOTPETH, KaK OHA KOJIebJIeTCs U
CKOJILKO pa3 craHoBuTCs TO MeHbire 0.4, To Gosbuie 0.6 (rpaHuiibl BBIOPaHbI JJIsl IPUMEpA). DTO
YHCI0 HA30BEM <«YHUCJIOM KOJIEOaHHU». YTBEpXKIACHUE: KaK060 ObL HU ObLAO M, €CAU MbL BOZbMEM
6 doCmamovwHo OAUHHOM CA0BE GCE NOJCAOBG OAUHDBL T, MO CPEOHEE YUCAO KoAebaHull 6 HUL He
npesocrodum 1000 (KoHCTaHTa BBIOpaHa HAYTa/l, HO, HABEPHO, JIOJ?KHO XBATHTD). 3aMETHUM, YTO IIPH
GOJIBIIX 1 IUCIIO KOJIEOAHMIA B OHOM MOJICJIOBE JIINHBI 7 MOXKET OBITH OYeHDb OOJIBIIMM (HO TOT/Ia B
CJIBUTAX JIOJIZKHO OBITH MEHbIIIE).

2. Y1Bepxkaenne TeopeMbl Bbupkroda BepHO 11 (PYHKINN ¢ BEKTOPHBIME 3HAYEHUSIMHI, CKaYKeM,
B R2, 1 hopMaIbHO CIIeLyeT U3 CKaJspHOro apuanta. OIHAKO B ABYMEPHOM CIIydae HIEs HOACIETA
IepecedeHnii BBINIAIAT O0Jiee CTPAHHO, TAK KAK TaM HET eCTECTBEHHBIX TI'DAHMUII, IIEPEexXojl depes
KOTOPBIE MOKHO OBLIIO OBbI IOJACYUTHIBATE. MoXKeT ObITh, MOXKHO KaK-TO 00Jiee HHBAPUAHTHO U3JI0KUTH
JIOKA3aTeIbCTBO B 3TOM Ciiydae?

3. DddekTuBHAs SprogudecKas TeopeMa, I CIydainbix mo Maprun-JIédy mociemoBareabnocTeit
BEpHA U JIsl IePeYUCIUMBIX cHu3y [ (uam nonajanuii B 9¢dbdeKTUBHO OTKpbITOe MHOXKECTBO A), ecau



npeobpasosanue asasemes apeoduneckum, cM. [2]. A MoxkHO s 060fTHCH 6€3 FTOrO IIPE/IIOI0KEHNUST
IIp¥ TAKOM 0000IIeHIN?

4. Dprojuaeckasi TeopeMa Jjis aMeHaOeIbHBIX I'PYIIT B YACTHOM CJIydae ILIOCKOCTH MapaHTHPYeT,
4TO €CJId JaHa Mepa P Ha IpOoCTpaHCTBE IUIOCKUX KOHMUIYpPALUil U3 HyJel U eIUMHUIl, KOTOpas
NHBapuaHTHa OTHOCUTEJIBHO I'OPU3OHTAJIbBHBIX WU BEPTHUKAJIbHBIX CABHUI'OB, TO MHOXKECTBO T€X KOH-
duryparmii, B KOTOPBIX IpeJIe/ibHAs YaCTOTa €IUHUIL (II0 BO3PACTAIONIMM IOCJIEI0BATEIBHOCTIIM
KBAJIPATOB ¢ (DUKCUPOBAHHBIM IIEHTPOM) HE CYIIEeCTBYeT, umeer P-mepy Hysb. ChpammBaercsi, MOXK-
HO JIX 3JIeCh CHEJIATh aHAJOTMYHYIO IITYKY U IIOCTPOUTH OTKPBLITOE MHOXKECTBO, COJEpIKAlllee BCE
Takue (He UMEIOIIHe [IPeJIeIa YaCTOT) MOCIe0BATEIbHOCTH, 1 UMEIOIIee MAIylo P-Mepy das 410601
unsapuarmHot mepvr P. Kaxkercs:, 9410 paccyzKkeHue ¢ KOJeOaHUSIMU TYT HUKAK He IPUMEHHMO.
CesizanHbIil Bonpoc: BepeH jin 3bdeKTUBHBIN BapuaHT TeopeMbl Bupkroda (kak y Beroruna) st
JBYMEDPHBIX CIyYallHbIX ITOC/IeI0BaTeIbHOCTEH?
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