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Modeling compliant bistable mechanisms: An energy method based on high-order smooth curvature model

(1) Define target trajectory points

SCME method: 

(3) Derive the kinetostatic model based on the obtained 
generalized coordinates α and Lagrange multiplier λ. The 
beam curvature is derived based on generalized coordinates 
α, while the applied force and moment are derived using λ.

(2) Determining the beam configuration with the minimum 
bending strain energy, formulated using alpha as variables, 
through the application of the Lagrange multiplier method.
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Highlights

Modeling compliant bistable mechanisms: An energy method based on the high-order smooth curvature model

Tinghao Liu, Guangbo Hao, Jiaxiang Zhu, Pongsiri Kuresangsai, Salih ABDELAZIZ, Erich Wehrle

• Accurate and comprehensive nonlinear large-deflection modeling via the SCME method.

• Efficient modeling capability without discretization.

• Application to full inclined angles from 0 to 90 degrees.

• Extensive comparisons with existing models, FEA and experiments.
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Abstract

This paper applies an energy method based on the high-order smooth curvature model to address the challenges of
kinetostatically modeling the complicated nonlinear post-buckling behavior of inclined compliant beams. The pro-
posed energy method is grounded in the principle of minimum strain energy, implying that the total strain energy is
minimized at the equilibrium configuration. In this work, the high-order smooth curvature model is adopted to accu-
rately model the bending strain energy of large deformation beams. Subsequently, the Lagrange multiplier method
is employed to ascertain the minimum of strain energy while concurrently determining the corresponding tip loads.
Additionally, the deformation shape and maximum stress are determined via the smooth curvature model. The pro-
posed method is introduced for the first time in modeling compliant bistable mechanisms, and it is proven that the
method can be used for modeling compliant beams with inclined angles ranging from 0 to 90 degrees. Following the
modeling, finite element analysis and experimental tests are conducted to verify the accuracy of the proposed energy
method. A comprehensive comparative analysis between proposed method and existing methods is conducted. The
comparison results prove that the model is more computationally efficient without compromising modeling accuracy
The proposed modeling method can not only be used for modeling compliant bistable mechanisms but also has ex-
tendable applications in modeling initially-curved compliant beams, contact-aid design problems, and distributed load
problems.

Keywords: Compliant bistable mechanisms, Smooth curvature model, Minimum strain energy method

1. Introduction

Compliant mechanisms, which rely on the deformation of compliant beams instead of traditional kinematic joints,
have emerged as a significant area of interest in engineering [1]. They find application in various fields, including
compliant grippers [2, 3], actuators [4], continuum robots [5, 6], origami mechanisms [7], morphing wings [8, 9] and
deployable structures [10, 11]. Bistable mechanisms, a subset of compliant mechanisms, have gained special atten-
tions due to their unique property of maintaining two stable states with zero power consumption. This feature makes
them highly relevant in diverse areas such as energy harvesting [12–14], micro-electromechanical systems (MEMS)
[15–17], morphing structures [18], deployable structures [19], multistable mechanisms [20, 21], and mechanical meta-
materials [22–27].

Modeling compliant bistable mechanisms requires to address inherent nonlinearity stemming from large deforma-
tions [28]. Accurately modeling these nonlinear behaviors proves challenging, particularly given the buckled beam.
Creating simplified and computationally efficient models becomes a promising task in light of these complexities. To
address this gap, this paper aims to propose an alternative energy approach for modeling large deformation beams in
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compliant bistable mechanisms. The proposed energy method can accurately model the deformation shape, applied
force and moment, strain energy and stress in compliant bistable mechanisms.

Numerical methods, such as finite element analysis (FEA), are often necessary, but can be computationally expen-
sive [29]. In prior studies, numerous modeling methods have been proposed for the analysis of compliant mechanisms.
These methods can be broadly categorized into four main categories: smooth curvature model (SCM) [30], pseudo-
rigid-body model (PRBM) [31], beam constraint model (BCM) [32, 33], and elliptic integral solution (EIS) [34].
The majority of compliant mechanisms have been subjected to modeling, analysis, and optimization using these four
fundamental methods and their respective branch methods. The application of these approaches has significantly ad-
vanced the development of compliant mechanisms. In the following content, we will conduct an in-depth review of
the strengths and weaknesses of these methods.

The pseudo-rigid-body model (PRBM) employs rigid-body components with equivalent force-deflection charac-
teristics to predict system deflection and force-deflection relationships. The 1R-PRBM consists of two rigid links
joined at a pin joint and a torsion spring along the beam [31, 35, 36]. However, the approximation error becomes sig-
nificantly large when the tip inclined angle exceeds a certain bound. The 3R-PRBM was proposed to overcome this
weakness, consisting of three revolute joints, each accompanied by a torsion spring [37–39]. To reduce the complexity
and computation time of the 3R-PRBM while increasing the accuracy of the 1R-PRBM, the 2R-PRBM emerged in
[40]. To more accurately predict the behavior of compliant beams, the 5R-PRBM and Chained PRBM (CPRBM) have
been proposed in recent years [41, 42]. Although PRBM is well-applied in designing various mechanisms [43–45],
there are still some weaknesses in this modeling method, including unable to obtain accurate deformation shapes,
simplified dynamics, and limited accuracy.

An alternative modeling approach, the Beam Constraint Model (BCM), provides closed-form solutions for fixed
guided beams. The innovation of BCM lies in its capacity to depict the relationships between comprehensive loads and
end-displacements, covering both translational and rotational movements, across a wide range, all while maintaining
simplicity and accuracy [32, 33]. The Timoshenko BCM (TBCM) expands this framework to account for shear
effects, thereby improving prediction accuracy [46, 47]. Furthermore, another modeling technique, the Bi-BCM,
involves dividing a fixed-guided beam into two distinct beam elements. The BCM is then independently employed
for each beam element and subsequently combined to yield a closed-form load-deflection solution. In this approach,
the tip loads are represented as functions of tip deflections. This method particularly excels in modeling compliant
beams with a single fixed end, making it well-suited for the analysis of compliant bistable mechanisms [48–51]. In
addition, accurately predicting the effects of significant axial forces presents a challenge for BCM. This challenge was
addressed by increasing the order of the BCM [52]. Moreover, a General Lumped-compliance Beam Model (GLBM)
was introduced to address modeling challenges posed by complex compliant mechanisms [53]. Moreover, the dynamic
beam constraint model (DBCM) addresses nonlinearity in intermediate-deformation compliant mechanisms, aiding
kinetostatic and large-amplitude vibration analyses effectively [54].

The BCM and its derivative models, as previously stated, are limited to small deflection assumption, making them
unsuitable for modeling compliant mechanisms undergoing large deformation. To tackle this challenge, researchers
developed various alternative methods. Chained BCM (CBCM) is proposed for modeling large deflections in both
straight and curved compliant beams and mechanisms [55, 56]. It aims to provide a versatile method for efficiently ad-
dressing a wide range of large deflection problems in such systems [57–61]. Besides, chained spatial BCM (CSBCM)
was proposed to address the challenge of modeling spatial deflections in compliant mechanisms [62, 63]. While the
CBCM and CSBCM methods successfully address the issue of handling large deformations, they introduce increased
complexity into the modeling process. This complexity arises from their approach of dividing the beam into multiple
sub-beams and applying the BCM to each of these segments. As the number of sub-beams increases, the computa-
tional complexity escalates, and the calculation process starts resembling finite element analysis (FEA). Moreover,
these methods are unable to provide specific deformation shapes for compliant beams.

The elliptic integral solution (EIS) is widely recognized for its accuracy in analyzing large deflections in thin
beams within compliant mechanisms [34, 64, 65]. The comprehensive elliptic integral solution (CEIS) also extends
the elliptic integral solutions to be suitable for any beam end angle [66]. Within the framework of the EIS method,
inflection points consistently constitute a central topic of discussion. These points are characterized by changes in
curvature sign on a smooth plane curve, shifting between concave and convex shapes. The number of inflection points
plays a pivotal role in the modeling process. Consequently, it becomes imperative to engage in discussions tailored
to specific circumstances during the modeling endeavor. This causes an increase in the complexity of the modeling
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process while simultaneously reducing its universality.
The advent of the smooth curvature model (SCM) has brought the modeling complexity to a lower level, which ef-

ficiently describes compliant beams by approximating beam curvature with low-order polynomials.[30]. The smooth
curvature model and its derived models aim to address the inherent limitations of the previously mentioned methods,
which include their restricted applicability to small deformations, complex modeling requirements, lack of consid-
eration for deformation shape, the necessity of inflection point analysis, and suitability only for straight beams.The
Multiple SCM (MSCM), an extension of the fundamental SCM which split compliant structure into multiple beam
elements and apply SCM to each of the beam element. This method is proficient in modeling intricate, highly compli-
ant mechanisms [67]. Pongsiri et al. integrated the SCM with Lagrange multiplier and Newton-Raphson methods and
applied Castigliano’s principle of minimum strain-energy, resulting in a novel approach to address the grasp stability
problem [68]. This energy method is based on SCM and now referred to as the 2nd-order SCME method.

In addition to the Newtonian methods discussed above, previous studies have established the groundwork for
utilizing energy-based methodologies for the kinetostatic analysis of compliant mechanisms. A previous work has
proposed an energy-based method utilizing three commonly used models (BCM, PRBM, and linear Euler-Bernoulli
beam model) towards a generalized framework for kinetostatic analysis of planar compliant mechanisms [69]. Be-
sides, another model integrates the screw theory with the energy method for accurate and efficient kinetostatic analysis
of general compliant mechanisms [70]. As mentioned earlier in [42], a method combining the energy approach and
Chained Pseudo-Rigid-Body Model (CPRBM) is proposed to address the nonlinear contact problem in contact-aided
compliant mechanisms. In [71], an energy-based framework is proposed, in which both strain energy and complemen-
tary strain energy are integrated into the nonlinear kinetostatic modeling of compliant mechanisms passively. Within
this framework, the strain energy and complementary strain energy are expressed using the BCM and integrated
through two nonlinear energy theorems, namely Castigliano’s first theorem and the Crotti–Engesser theorem.

The aforementioned 2nd-order SCME method has limitations in modeling the post-buckling behavior of compliant
beams. To address this, we have enhanced the SCME method in this study by elevating it from 2nd-order to higher
order (5th-order), enabling it to model more intricate buckling behaviors and provide an accurate kinetostatic model
for compliant mechanisms. The high-order SCME method inherits all the advantages of the conventional 2nd-order
SCME approach [68]. These advantages encompass the accurate prediction of various aspects, such as bending strain
energy, deformation shape, reaction forces, and stress. Moreover, it is versatile in its applicability, allowing for the
modeling of both straight and curved beams under large deformation while capturing complex buckling behavior. A
comparative analysis is conducted to clarify the strengths of each modeling method, which are summarized in Table
1.

The SCME method enhances the energy-based modeling approach by employing a high-order smooth curvature
model to mathematically model the large deformations in compliant bistable mechanisms. A notable advantage of
SCME lies in its capacity to model beam curvature, deformation shapes, stress and bending strain energy using
fewer variables, thus resulting in higher efficiency. Additionally, within this method, complex nonlinear behaviors are
reformulated into solvable mathematical problems through optimization techniques. The objective of this optimization
is to minimize the strain energy of the compliant beam, ensuring that its beam tip aligns with specified trajectory
points. Therefore, this optimization approach achieves the nonlinear kinetostatic modeling capability for compliant
beams. The decision to select bistable mechanisms as a case study, instead of other mechanisms, is grounded in
their inherent strong nonlinear behaviors during the deformation process, enabling an assessment of the accuracy and
efficiency of our model in addressing such strong nonlinear post-buckling behaviors. The proposed SCME method
is applicable not only to bistable mechanisms but also to various other types of compliant mechanisms. Its potential
applications extend to modeling initially-curved compliant beams, contact-aid design problems, and distributed load
problems.

The novelties of this work can be summarized as follows:

(1) Accurate and comprehensive modeling capability: This study employs the high-order SCME method for
modeling compliant bistable mechanisms, yielding direct accurate results for all performance characteristics
including deformation shapes, forces, strain energy, and stress. Furthermore, these results have been validated
through FEA simulations and experimental tests.

(2) Efficient modeling: Benefiting from the continuous smooth curvature model (without discretization), deriving
bending strain energy, along with offering an explicit expression of the gradient of Lagrange function during the
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Table 1: Comparative analysis of kinetostatic modeling methods for compliant mechanisms. Note: high-order SCME method is the
method proposed in this work and highlighted in red. ”Large deformation buckling” refers to the capability of modeling compliant
bistable mechanisms as they encounter large deformations, including the analysis of buckling beam.

Output Beam type
Modeling Method Deformation shape Strain Energy Stress Straight Curved

Generic with
rigid body

Large-deformation
buckling

PRBM [31] ✓
2R-PRBM [40] ✓ ✓
3R-PRBM [37–39] ✓ ✓ ✓
5R-PRBM [41] ✓ ✓ ✓ ✓PR

B
M

CPRBM [42] ✓ ✓ ✓ ✓ ✓
BCM [32, 33] ✓ ✓
TBCM [46, 47] ✓ ✓
3rd-order BCM [52] ✓ ✓
GLMB [53] ✓ ✓ ✓
DBCM [54] ✓ ✓
CBCM [55, 56] ✓ ✓ ✓ ✓ ✓ ✓

B
C

M

CSBCM [62, 63] ✓ ✓ ✓ ✓ ✓ ✓
EIS [34, 64, 65] ✓ ✓ ✓ ✓ ✓ ✓

E
IS

CEIS [66] ✓ ✓ ✓ ✓ ✓ ✓
SCM [30] ✓ ✓ ✓ ✓
MSCM [67] ✓ ✓ ✓ ✓
SCME [68] ✓ ✓ ✓ ✓ ✓SC

M

High-order SCME ✓ ✓ ✓ ✓ ✓ ✓

root-finding process, the SCME method enables quick/efficient modeling. This approach is comprehensively
compared with FEA simulations, CBCM, and CPRBM. The comparison results prove that the modeling speed
is much quicker without compromising modeling accuracy.

(3) Applicability in full angle range: The high-order SCME method (5th order) is capable of modeling compliant
bistable mechanisms with varying inclined angles from 0 to 90 degrees without the need for discretization. This
feature simplifies the process of modeling the compliant beams.

This paper is organized as follows: Section 2 introduces the details and principles of the SCME method. Section
3 applies the 5th-order SCME method to model compliant bistable mechanisms. The modeling results are verified by
FEA simulations and experiment tests in section 4. Section 5 delivers a comprehensive discussion of the proposed
method. Conclusions are finally drawn in Section 6.

2. SCME method

Castigliano’s principle of minimum strain energy indicates that for a structure subjected to external loads and
constraints, the equilibrium configuration is achieved when the total strain energy in the structure is minimized [72].
As a fundamental concept in static analysis, the minimum strain energy is normally used to analyze and design various
structures such as beams, trusses, frames, and shells. By minimizing the strain energy, the distribution of stress and
deformation shape within these structures under different loading conditions can be determined.

The fundamental concept underlying the SCME method pertains to the determination of the equilibrium config-
uration of a compliant beam when its end is constrained to assume specific poses. These poses indicate the specific
location and inclined angle of the beam tip. This problem is mathematically cast in the framework of the Lagrange
function, wherein the objective is to minimize the bending strain energy, denoted as Ub, while maintaining conformity
between the derived beam’s tip poses and the specified poses. The SCM method establishes a crucial link between the
strain energy and the end-point position and orientation by introducing generalized coefficients, represented as α. The
root-finding procedure is realized through the implementation of the Newton-Raphson method, a numerical iterative
technique employed to approximate the roots. The modeling processes mentioned earlier can all be conducted in
MATLAB.
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2.1. Deriving bending strain energy with SCM

The SCM is an accurate, low-dimensional model of large deformation bending which is capable of precisely
describe the configuration of compliant beams. This model is derived from the assumption that the beam in bending
is smooth and therefore can be approximated by low-dimension polynomials. The constitutive assumption in the
large-deformation Bernoulli model posits that the equilibrium rate of rotation along the beam’s midline or neutral
axis, should be equivalent to the local bending moment divided by the beam stiffness EI. The point s is positioned on
the neutral line, where s ranges within the interval [0, L]. Based on the coordinate system established in Fig. 1, the
curvature function of point s on the compliant beam is defined in Eq. (1):

ω(α, s) = ω0(κ, s) +
Mt + Fy(xtip − xs) − Fx(ytip − ys)

EI
, (1)

where, ω(α, s) and ω(κ, s) represent the curvature of point s on the deformed and initial undeformed beam, respec-
tively. Mt is the applied moment at the tip of the beam, Fx and Fy are applied forces at the tip of the beam. The xs and
ys are the coordinates of point s in coordinate system OiXiYi, xtip and ytip are the coordinates of beam tip, ϕs and ϕtip
represents the deflection angles with regard to Xi axis for point s and beam tip, respectively. E is the Young’s modulus
of material, I is the second moment of area. The generalized coordinates α and κ will be specifically explained in the
subsequent content of this section. The defined terminology can be seen in Fig. 1.

(xs, ys)

[xtip(α), ytip(α), ϕtip(α)]

Fx

Fy

Mt

[x0-tip(κ), y0-tip(κ), ϕ0-tip(κ)]

ω(α, s)

ω0(κ, s)

ϕs

Initial Shape

Point

Deflected Shape

O X

Y

s

Figure 1: Terminologies employed in the explanation of the smooth curvature model. Initial shape of the beam represented
by a gray dashed line. Deflected shape of the beam represented by a black continuous line. Beam root fixed to the ground.
Formulation of curvature function before and after deflection using ω(κ, s) and ω(α, s). Beam tip position before deflection:
[x0−tip(κ), y0−tip(κ), ϕ0−tip(κ)]. Tip position of the deflected beam after applying tip load Fx, Fy, and Mt: [xtip(α), ytip(α), ϕtip(α)] at
equilibrium configuration. Coordinates of point s: [xs, ys]. Deflection angle at point s: ϕs.

Legendre polynomials have been applied in the form of summation to approximate the curvature of compliant
beams. Legendre polynomials involve solving differential equations and representing functions as series expansions.
The standard interval for Legendre polynomials is [-1, 1]. However, given the variation in the position of point
s = [0, L] along the beam. Therefore, the shifted Legendre polynomials within the interval [0, 1] is used for the
approximation instead of using the standard Legendre polynomials within the interval [-1, 1][73]. The approximated
curvature of deflected beam is expressed in Eq. (2):

ω(α, s) ≈
1
L

n=N∑
n=0

αnψn(s), (2)

where α = (α0, α1, · · · , αN)T is a vector that contains the generalized coefficients. ψn(s) represent the shifted Legendre
polynomials. N is the order of shifted Legendre polynomials. The expression of shifted Legendre polynomials and
its integration can be obtained from Tab. A.1 and Tab. A.2 in Appendix A. The mathematical expression for the
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curvature of an initially curved beam can be formulated as in Eq. (3):

ω0(κ, s) ≈
1
L

n=N∑
n=0

κnψn(s), (3)

where, κ = (κ0, κ1, . . . , κN)T represents a vector defined at the initial stage to characterize the compliant beam’s initial
shape prior to deflection. Consequently, κ constitutes a set of constant coefficients embedded within the nonlinear
system. The beam tip coordinates at the undeformed configuration can be represented by

[
x0−tip(κ), y0−tip(κ), ϕ0−tip(κ)

]
.

In the case of the beam being initially straight, the curvature of its initial shape consistently remains zero, resulting in
all κn = 0.

The variational formulation of the Euler-Bernoulli equations provides a direct approach to derive the bending
strain energy by considering both the deflected beam curvature and the initial beam curvature. The expression for the
bending strain energy is formulated as in Eq. (4):

Ub =
1
2

∫ L

0
EI (ω(α, s) − ω0(κ, s))2 ds. (4)

The expression for the strain energy as a function of the generalized coefficients α has been derived. It is imperative
to establish a correlation between the coefficients α and the beam tip position.

2.2. Deriving beam tip position and orientation

Curvature serves as a measure of the variation in the deflection angle along the longitudinal extent of the compliant
beam. The deflection angle at a specific position s along the beam can be determined through the integration of beam
curvature in Eq. (2). The expression of deflection angle can be obtained in Eq. (5):

ϕ(α, s) =
∫ s

0
ω(α, s)ds. (5)

Determining the precise position and orientation of point s in the deflected compliant beam can precisely describe
the deformation shape of compliant beam. The deflection angle at the tip of the beam can be derived when s = L.
Except for α0, other generalized coefficients are eliminated during integration. Hence, the tip angle ϕtip is mathemati-
cally equal to α0. Tip position [xtip, ytip] can be derived using trigonometrical relationship and integration from s = 0
to s = L. The expression of tip position and orientation can be obtained from Eq.(6), Eq.(7) and Eq.(8) :

ϕtip(α) = ϕ(α, L) = α0, (6)

xtip(α) =

∫ L

0
cos (ϕ(α, s))ds, (7)

ytip(α) =

∫ L

0
sin (ϕ(α, s))ds. (8)

Equations (7) and (8) are transcendental functions which cannot be expressed as solutions to polynomial equations
with a finite number of terms. Alternatively, the integration process is carried out using a numerical method known
as Gauss-Legendre quadrature. Gauss-Legendre quadrature is a method for approximating the definite integral of a
function over a specified interval by computing a weighted sum of function values at a set of pre-determined sample
points within that interval. To integrate deflection angles along the compliant beam, the Gauss-Legendre method
involves using a set of five sample points to approximate the integral with high accuracy. The detail of Gauss-
Legendre quadrature is explained in Appendix B. The derived expression of tip positions are list in Eq. (9) and Eq.
(10):
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xtip(α) ≈
L
2

i=10∑
i=1

Wi cos
[
ϕ
(
α,

(L
2

xi +
L
2

))]
, (9)

ytip(α) ≈
L
2

i=10∑
i=1

Wi sin
[
ϕ
(
α,

(L
2

xi +
L
2

))]
, (10)

where xi represents the quadrature point, and Wi represents the weight. All xi and Wi values are constant.
In this section, we have reached the stage of establishing the connection between the tip position, orientation of a

compliant beam and the generalized coefficient vector α. As outlined in Eq. (4), we have also derived the expression
for bending strain energy with regard to α. With this groundwork in place, we can now proceed to construct a
Lagrangian function to address the optimization problem at hand. This problem entails determining the minimum
magnitude of bending strain energy while ensuring that the beam tip position and orientation align with a specific
target configuration.

2.3. Constructing Lagrangian function and nonlinear equation system

The Lagrange multipliers approach is a technique employed to identify the local maximum and minimum points
of a function while taking into account equation constraints [74]. The solution of Lagrangian function must satisfy
these equation constraints. The expression of Lagrange function can be obtained from Eq. (11):

L(x, λ) = f (x) + λ · g(x), (11)

where the f (x) is the objective function while the g(x) is the constraint function. The variables need to be solved are
x and λ. This function can be explained from an alternative expression: find the maximum or minimum of objective
function f (x) when g(x) = 0. In the bending strain energy minimization process, we construct the Lagrangian function
as in Eq. (12):

L(α, λ) = Ub(α) +
[
λ1 λ2 λ3

] xg − xtip(α)
yg − ytip(α)
ϕg − ϕtip(α)

 . (12)

The constraint equation specifies that the tip position and orientation of the compliant beam should be equal to
the given tip position and orientation [xg, yg, ϕg]T. The formed Lagrangian can be understood as follows: finding
the minimum strain energy of the compliant beam when the tip position and orientation is predetermined. When
the objective function reaches its stationary point, indicating a local extreme value, the partial derivatives of each
individual parameter are zero. Consequently, we can derive the nonlinear equation system as in Eq.(13):

∂L

∂α
=
∂L

∂λ
= 0. (13)

This complex nonlinear equation system is challenging to solve. Therefore, it requires the application of a numer-
ical method. In this work, Newton-Raphson method is selected to approximate the roots of the constructed nonlinear
equation system.

2.4. Deriving the deflected shape of compliant beams

After obtaining the solution α∗ for the Lagrangian function, the next step is to derive the deformation shape of
compliant beams. To visualize the deformation shape, one simple method is to determine the positions of each point
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s along the beam, which is formulated in Eq. (14) and Eq. (15):

x(s) ≈
s
2

i=10∑
i=1

Wi cos
[
ϕ
(
α∗,

( s
2

xi +
s
2

))]
, (14)

y(s) ≈
s
2

i=10∑
i=1

Wi sin
[
ϕ
(
α∗,

( s
2

xi +
s
2

))]
. (15)

By selecting a finite number of discrete points along the beam, it becomes feasible to determine the coordinates of
each individual point, thereby deriving the deformation shape of the beam. Furthermore, the ability to predict beam
deformation shape plays a crucial role in modeling contact-aided compliant mechanisms.

3. Modeling compliant bistable mechanism

Modeling of compliant bistable mechanisms under large deformation is particularly challenging due to its sig-
nificant geometric nonlinearity after the buckling occurs. To avoid snap-through behavior in bistable mechanisms,
modeling and simulation are always controlled by providing a specific trajectory, thereby deriving the correspond-
ing applied force, i.e., displacement-driven modeling. This section would demonstrate the details of modeling the
compliant bistable mechanisms using 5th-order SCME method.

In preparation for the modeling process, a series of fundamental considerations must be addressed. Firstly, it
is essential to establish a well-defined coordinate system that will serve as the foundational reference frame for the
following analysis. Subsequently, determining the trajectory of the beam tip is necessary to simulate the movement of
the center shuttle. Following these preparations, the modeling of the compliant bistable mechanism is conducted. The
following Fig. 2 illustrates the definition of local and global coordinate system and also the definition of trajectory
points and geometric parameters.
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(a)

XL

θ

Δy

YL

OL

fy ( λ2 )

mt ( λ3 )

fx ( λ1 )

(b)

fy ( λ2 )
fx ( λ1 )

mt ( λ3 )

Fx

Fy

Mt

(c)

Δy

(d)

T

Figure 2: Explanation of local and global coordinate systems, trajectory points, and geometric parameters of compliant beams.(a)
Definition of local coordinate system: XL axis aligned with the beam’s initial shape, while YL axis perpendicular to XL axis.
Origin, OL, fixed at root of compliant beam. Initial inclined angle of compliant beam in global coordinate system denoted as θ,
constant during modeling procedure. Forces fx, fy, and moment mt, determined using the Lagrange multiplier method, defined
in the local coordinate framework with positive direction marked as blue arrows. (b) Definition of global coordinate system: The
global coordinate system, with origin O at the beam root, features horizontal X and vertical Y axes. Forces Fx, Fy, and moment Mt

in global coordinate system composed from forces fx, fy, and moment mt in local coordinate system. Positive directions of force
and moment in the global system marked as black arrows. (c) Definition of discrete trajectory points: Overall displacement, ∆y,
with Ni points evenly distributed on the trajectory. The coordinates of i-th trajectory point is [xg,i, yg,i] with deflected angle ϕg,i. (d)
Definition of geometric parameters: The beam length denoted as L; the in-plane thickness denoted as T ; the out-of-plane thickness
denoted as W.

Following the establishment of both material and geometric properties, the subsequent step involves determining
the trajectory of the beam tip. The tip trajectory is defined to move along the negative direction of the Y-axis in the
global coordinate system, as shown in Fig. 2 (c). The straight trajectory is discretized into finite trajectory points, and
the amount of these points is denoted as Ni. The index of these discrete points is denoted as i. The coordinates of each
trajectory point in local coordinate system OLXLYL can be calculated using Eq. (16), Eq. (17) and Eq. (18).

xg,i = L − i
∆y sin θ

Ni
, (16)

yg,i = −i
∆y cos θ

Ni
, (17)

ϕg,i = θ, (18)

where, [xg,i, yg,i, ϕg,i] represents the coordinates of i-th given tip poses in the trajectory. ∆y is the hypothetical length
of trajectory. The inclined angle θ of the compliant beam is initially defined and remains constant in this formulation.
In Fig. 2 (d), W, T and L represent the out-of-plane thickness, in-plane thickness, and length of the compliant beam,
respectively.

Typically, a 2nd-order polynomial, which was previously utilized in modeling compliant grippers, can effectively
simulate a beam with two inflection points [68]. However, when dealing with the modeling of compliant bistable
mechanisms, employing a lower-order polynomial is no longer suitable due to the intricate deformation exhibited by
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buckled compliant beams. These deformation shapes typically involve more inflection points.
As the compliant beam to be modeled possesses an initial straight configuration, the curvature of the initial state

remains consistently zero, denoted as ω0 (κ, s) = 0. Consequently, this condition implies that all the terms in general-
ized coordinate vector κ are equal to zero. The expression for the fitted curvature function can be formulated as in Eq.
(19):

ω(α, s) =
α0

L
+
α1

L

(
2s
L
− 1

)
+
α2

L

(
6s2

L2 −
6s
L
+ 1

)
+

α3

L

(
20s3

L3 −
30s2

L2 +
12s
L
− 1

)
+
α4

L

(
70s4

L4 −
140s3

L3 +
90s2

L2 −
20s
L
+ 1

)
+

α5

L

(
252s5

L5 −
630s4

L4 +
560s3

L3 −
210s2

L2 +
30s
L
− 1

)
. (19)

Thereby we can obtain the orientation of point s by integrating beam curvature ω(α, s) as in Eq. (20):

ϕ(α, s) = α0
s
L
+ α1

(
s2

L2 −
s
L

)
+ α2

(
2s3

L3 −
3s2

L2 +
s
L

)
+ α3

(
5s4

L4 −
10s3

L3 +
6s2

L2 −
s
L

)
+ α4

(
14s5

L5 −
35s4

L4 +
30s3

L3 −
10s2

L2 +
s
L

)
+ α5

(
42s6

L6 −
126s5

L5 +
140s4

L4 −
70s3

L3 +
15s2

L2 −
s
L

)
. (20)

Subsequently, the beam’s tip position and orientation can be determined through substitute Eq. (20) into Eq. (7)
and (8). The derived expression of tip position and orientation, values of weights, denoted as Wi, and the quadrature
points, represented as xi, can be found in Appendix B. Given that both the weights and quadrature points maintain
a constant magnitude, it is noteworthy that the tip position and orientation are inherently corresponds solely with the
generalized coordinates α. Thereby, integrate the beam curvature and we can obtain the expression of bending strain
energy as in Eq. (21):

Ub(α) =
EI
2L

α2
0 +

α2
1

3
+
α2

2

5
+
α2

3

7
+
α2

4

9
+
α2

5

11

 . (21)

At this stage, having formulated all the basic equations, we need to conduct the second partial derivative test [75].
This technique in multivariable calculus helps determine whether a critical point of a function is a local minimum,
maximum, or a saddle point. If the Hessian matrix (the matrix of second-order partial derivatives) is positive definite
at the stationary point, it signifies a minimum. This is confirmed when all eigenvalues of the Hessian matrix are
positive, indicating that the function curves upwards in all directions around that critical point. The Hessian matrix of
the Lagrangian function with regard to α can be obtained in Eq. (22):

∂2Ub

∂(αi)2 =



∂2Ub
∂(α0)2

∂2Ub
∂α0∂α1

· · ·
∂2Ub
∂α0∂α5

∂2Ub
∂α1∂α0

∂2Ub

∂α2
1
· · ·

∂2Ub
∂α1∂α5

...
...

. . .
...

∂2Ub
∂α5∂α0

∂2Ub
∂α5∂α1

· · ·
∂2Ub

∂α2
5


=



EI
L 0 0 0 0 0

0 EI
3L 0 0 0 0

0 0 EI
5L 0 0 0

0 0 0 EI
7L 0 0

0 0 0 0 EI
9L 0

0 0 0 0 0 EI
11L


. (22)

In the resulting diagonal matrix, all eigenvalues are positive constantly. Consequently, it is straightforward to
proves that the stationary point obtained from Lagrange multiplier method is corresponding to the minimum strain
energy. Accordingly, the Lagrangian function in Eq. (12) can be reformulated as in Eq. (23):

10



L(α, λ) =
EI
2L

α2
0 +

α2
1

3
+
α2

2

5
+
α2

3

7
+
α2

4

9
+
α2

5

11

 + [
λ1 λ2 λ3

] xg,i − xtip(α)
yg,i − ytip(α)
ϕg,i − ϕtip(α)

 . (23)

The strain energy reach its local minimum when the Lagrangian function reaches its stationary point. At that
point, all the partial derivative of Lagrangian function is equal to zero which result in a nonlinear system with eight
equations. The derived nonlinear equation system is expressed in Eq. (24):

∂L

∂α0
=

EI
L
α0 − λ1

∂xtip (α)
∂α0

− λ2
∂ytip (α)
∂α0

− λ3
∂ϕtip (α)
∂α0

= 0,

∂L

∂α1
=

EI
3L
α1 − λ1

∂xtip (α)
∂α1

− λ2
∂ytip (α)
∂α1

− λ3
∂ϕtip (α)
∂α1

= 0,

∂L

∂α2
=

EI
5L
α2 − λ1

∂xtip (α)
∂α2

− λ2
∂ytip (α)
∂α2

− λ3
∂ϕtip (α)
∂α2

= 0,

∂L

∂α3
=

EI
7L
α3 − λ1

∂xtip (α)
∂α3

− λ2
∂ytip (α)
∂α3

− λ3
∂ϕtip (α)
∂α3

= 0,

∂L

∂α4
=

EI
9L
α4 − λ1

∂xtip (α)
∂α4

− λ2
∂ytip (α)
∂α4

− λ3
∂ϕtip (α)
∂α4

= 0,

∂L

∂α5
=

EI
11L

α5 − λ1
∂xtip (α)
∂α5

− λ2
∂ytip (α)
∂α5

− λ3
∂ϕtip (α)
∂α5

= 0,

∂L

∂λ1
= xg,i − xtip(α) = 0,

∂L

∂λ2
= yg,i − ytip(α) = 0,

∂L

∂λ3
= ϕg,i − ϕtip(α) = 0.

(24)

Utilizing numerical iteration, specifically the Newton-Raphson method, enables the determination of the station-
ary point of the Lagrangian function. Typically, Lagrangian multipliers assume distinct meanings when addressing
optimization problems. In the context of modeling compliant beams, we assume that the Lagrange multipliers λ
represent the applied force and moment at the tip. To verify this assumption, the proof procedure is demonstrated as:

a) Based on Eq. (24), the solution (α∗and λ∗) to the Lagrangian function can be treated as a function of xg,i,
yg,i, and ϕg,i, denoted as α∗(xg,i, yg,i, ϕg,i) and λ∗(xg,i, yg,i, ϕg,i). The obtained minimum bending strain energy
which denoted as Ub(α∗) can be further reformulated as Ub

[
α∗(xg,i, yg,i, ϕg,i)

]
. The expression of the Lagrange

function at the stationary point is reformulated as in Eq. (25):

L[α∗(xg,i, yg,i, ϕg,i), λ∗(xg,i, yg,i, ϕg,i), xg,i, yg,i, ϕg,i] = Ub

[
α∗(xg,i, yg,i, ϕg,i)

]
= Ub(xg,i, yg,i, ϕg,i), (25)

where, the constraint components are eliminated due to g(x) = 0 at stationary point.

b) Derive the partial derivative of Ub(xg,i, yg,i, ϕg,i) with regard to xg,i, yg,i, ϕg,i at the stationary point and based on
the multivariable chain rule, we can obtain Eq. (26), (27) and (28):

∂Ub(xg,i, yg,i, ϕg,i)
∂xg,i

=
∂L[α∗(xg,i, yg,i, ϕg,i), λ∗(xg,i, yg,i, ϕg,i), xg,i, yg,i, ϕg,i]

∂xg,i

=
�
��∂L

∂α

∂α∗

∂xg,i
+
�
��∂L

∂λ

∂λ∗

∂xg,i
+

∂L

∂xg,i

dxg,i

dxg,i
+
∂L

∂yg,i �
�
�dyg,i

dxg,i
+

∂L

∂ϕg,i �
�
�dϕg,i

dxg,i
, (26)
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∂Ub(xg,i, yg,i, ϕg,i)
∂yg,i

=
∂L[α∗(xg,i, yg,i, ϕg,i), λ∗(xg,i, yg,i, ϕg,i), xg,i, yg,i, ϕg,i]

∂yg,i

=
�
��∂L

∂α

∂α∗

∂yg,i
+
�
��∂L

∂λ

∂λ∗

∂yg,i
+

∂L

∂xg,i �
�
�dxg,i

dyg,i
+
∂L

∂yg,i

dyg,i

dyg,i
+

∂L

∂ϕg,i �
�
�dϕg,i

dyg,i
, (27)

∂Ub(xg,i, yg,i, ϕg,i)
∂ϕg,i

=
∂L[α∗(xg,i, yg,i, ϕg,i), λ∗(xg,i, yg,i, ϕg,i), xg,i, yg,i, ϕg,i]

∂ϕg,i

=
�
��∂L

∂α

∂α∗

∂ϕg,i
+
�
��∂L

∂λ

∂λ∗

∂ϕg,i
+

∂L

∂xg,i �
�
�dxg,i

dϕg,i
+
∂L

∂yg,i �
�
�dyg,i

dϕg,i
+

∂L

∂ϕg,i

dϕg,i

dϕg,i
. (28)

c) At the stationary point, both ∂L/∂α and ∂L/∂λ equal zero. Furthermore, the coordinates xg,i, yg,i, ϕg,i are
mutually independent. Hence Eq. (26-28) can be simplified to:

∂Ub(xg,i, yg,i, ϕg,i)
∂xg,i

=
∂L

∂xg,i

dxg,i

dxg,i
= λ1, (29)

∂Ub(xg,i, yg,i, ϕg,i)
∂yg,i

=
∂L

∂yg,i

dyg,i

dyg,i
= λ2, (30)

∂Ub(xg,i, yg,i, ϕg,i)
∂ϕϕ,i

=
∂L

∂ϕg,i

dϕg,i

dϕg,i
= λ3. (31)

d) Castigliano’s first theorem indicates that, the first partial derivative of the total internal energy (strain energy)
in a structure with respect to any particular deflection component at a point is equal to the force applied at that
point and in the direction corresponding to that deflection component. In our derivation process, the Lagrangian
multipliers indeed represent the first partial derivative of the internal energy. Consequently, we can prove that
the obtained Lagrange multipliers λ correspond to the applied forces and moment on the beam tip. Specifically,
λ1, λ2 and λ3 denote the applied forces fx, fy and moment mt on the beam tip in the local coordinate system.

The aforementioned procedure is commonly referred to as the interpretation of Lagrange multipliers [76]. Eq.
(32), Eq. (33) and Eq. (34) can be employed to transform the reaction force and moment from the local coordinate
system to the global coordinate system as:

Fx = − fx cos θ + fy sin θ = −λ∗1 cos θ + λ∗2 sin θ, (32)
Fy = − fx sin θ − fy cos θ = −λ∗1 sin θ − λ∗2 cos θ, (33)
Mt = mt = λ

∗
3. (34)

Determining the applied force on the beam tip is crucial for assessing stress in the modeling of compliant bistable
mechanisms. This evaluation is essential to ensure the structural integrity, performance, and safety of these mecha-
nisms. After determining the stationary point, the generalized coordinates are thereby determined, and the curvature
of the beam can be easily obtained by substituting the α∗ into Eq. (19). In addition, the maximum bending stress,
occurs at the extreme fiber of the beam, at point s can be calculated using SCME method by invoking Eq.(35):

σb(s) =
M
I
·

T
2
=

EIω(s)
I
·

T
2
=

ETω(s)
2

, (35)

where, σb(s) represent the bending stress at the extreme fiber of compliant beam at point s.
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The Newton-Raphson method is an iterative numerical technique used to find the roots of a nonlinear equation
[77, 78]. The Newton-Raphson method starts with an initial guess for the root of the equation and then iteratively
refines this guess to approach the actual root. It is based on the idea of using the tangent line approximation to the
function at the current guess to find a better approximation for the root. During the process of seeking the minimum
bending strain energy, the primary objective is to determine the stationary point of the nonlinear equation system in
Eq. (24). The root-finding algorithm can be seen from the flow chart in Fig. 3.
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Start

Given a vector of initial guess for solution
S0 = [α, λ] =

[
±ξ, 0, 0, 0, 0, 0, 0, 0, 0

]
Substitute α and λ into J and H

Iteratively refines the root:
Sk+1 = Sk − γJ−1H

Relaxation factor γ ∈ [0, 1] aims to achieve stable
convergence.

∥J∥ < ϵ?

Save the converged root of nonlinear
equation system when i = 1, denoted as S∗1

(i refers to the i-th trajectory point)

i > Ni?

Transferring the
value of S∗i to S0:

S0 = S∗i

Derive the explicit expression of
Jacobian matrix J and Hessian

matrix H with respect to α and λ

Stop

Yes

No
k = k + 1

Yes

No
i = i + 1

Figure 3: The flowchart of the root-finding algorithm. Before conducting the iteration, the explicit expressions of the Jacobian
matrix J and Hessian matrices H need to be derived and used as part of the formulation during the iteration process. Then, the
root-finding algorithm begins with a given initial guess S0. The Newton-Raphson method is then applied to determine the root of
the Lagrange function as demonstrated in the flowchart. The iteration stops when the norms of the gradients have converged to the
threshold ϵ. Subsequently, the iteration process is applied to each trajectory point sequentially, until the last trajectory point.

When using the Newton-Raphson method, providing an initial guess of the root is vital, which influences the
deformation shape as it determines the starting point for the iteration process. The iterative root-finding process
relies on updating this initial guess. Notably, choosing an initial guess of zero can entirely lead to matrix singularity,
making iteration difficult or impossible and obstructing convergence toward the root of the nonlinear equation system.
The distinct deformation shapes, as shown in Fig. 4 (a) and (b), do not affect the mechanical characteristics of the
mechanism. This problem can also be seen as a multi-solution problem, where a deformation shape corresponds to a
valid solution.

In the proposed SCME method, the specified initial guess set as S0 = [α, λ] =
[
±ξ, 0, 0, 0, 0, 0, 0, 0, 0

]
effectively

meets the requirement of providing an initial guess used to be updated while ensuring that compliant beams deform
as intended. The magnitude of ξ would not influence the modeling result.
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Moreover, in real-world scenarios, both aforementioned buckling directions are plausible and challenging to pre-
dict due to various influencing factors such as manufacturing inaccuracies, load deviation, minor plastic deformations,
and surface defect. However, only one buckling direction will be seen usually in a real-word application. Integrat-
ing these factors into mathematical models poses a significant challenge. In mechanisms design, achieving a desired
deformation shape may involve inducing deformation based on designing an initially-curved small shape or applying
small deviation load to the mechanisms.

(a) (b)

Figure 4: Two possible deformation shapes exist in modeling results. The distinct deformation shapes are induced by setting the
initial guess of the root in the root-finding procedure. The sign of ξ affects the deformation shape (buckling direction). (a) Possible
deformation shape A: when a positive ξ is given in initial guess S0. (b) Possible deformation shape B: when a negative ξ is given
in initial guess S0.

4. FEA and experimental validation

This section focuses on validating the accuracy of the 5th-order SCME method through FEA simulations and
experimental tests. The FEA simulations and experimental tests serves to further ensure the reliability of the pro-
posed 5th-order SCME method. Details on setting up the FEA simulations and experiments are demonstrated in the
following content.

4.1. FEA validation

The modeling is exemplified through the analysis of an inclined compliant beam with a length of 100 mm and an
inclined angle of 20 degrees. This subsection focuses on examining the model by comparing it with FEA simulation
results. The FEA simulation is conducted in Strand7 R2.4.4, a powerful commerical FEA simulation software that
focuses on addressing complex issues in structural engineering and civil engineering. Its modeling and simulation
capabilities enable the accurate simulation and analysis of the behavior of various structures and materials. The
procedure of conducting FEA simulation is listed as:

a) Define and subdivide the compliant beam

This part involves designing the compliant beam with an initially straight shape. The beam length is set at 100
mm, and the inclined angle is designed to be 20 degrees, consistent with the modeling in the SCME method.
Initially, the coordinates of the beam ends are defined as [0, 0, 0] and [100 cos 20◦, 100 sin 20◦, 0]. The beam is
then created by connecting these two nodes. When applying finite element method, the beams are normally
subdivided into finite amount of beam elements (denoted as nFEA). This amount (nFEA) is a key factor influence
the convergence and efficiency. To determine the optimal amount of beam elements, a convergence analysis is
preliminary conducted as can be seen in Appendix D. Based on the convergence analysis results, the optimal
number of beam elements is determined to be 200. Thus, the number of nodes in the simulation is 201. The
element used for simulation in Strand7 refers to the conventional beam element with six degrees of freedom at
each node: three translations and three rotations. The undeformed element is a straight line between the two
nodes to which it is connected. The beam carries axial force, torque, shear forces, and bending moments in its
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principal planes. For modeling slender beams, the FEA simulation conducted in Strand7 is based on the planar
stress assumption.

b) Define the constraint

The constraint is the same as the constraint set in the SCME method. The beam root is fixed, restraining all
degrees of freedom, while the other end is set to have movement only along the y-direction. All other degrees
of freedom, including rotation along X,Y ,Z axes and translational movement along X and Z axes, are fully
constrained.

c) Define the mechanical properties of material

To maintain consistency with the SCME method, Young’s modulus is defined as 2800 MPa. Since we don’t
consider the effect caused by plate stress, we do not need to define the Poisson ratio for further calculation. The
beam cross-section is set to be the same as that used in the SCME method, indicating that the width W=10mm
and beam thickness T=0.6mm. All sub-beams are defined with the same material properties.

d) Conduct nonlinear static simulation

The nonlinear static simulation only considers geometric nonlinearity while ignoring material nonlinearity. In
the SCME method, 201 trajectory points are defined to obtain the applied force-displacement relationship. To
maintain consistency, the nonlinear FEA is defined with 201 steps, and each step solves for the same equilibrium
configuration of the compliant beam as in the SCME method. The solver for nonlinear static simulation is also
based on the Newton-Raphson method. The convergence of displacement and force is set to be the same as in
the SCME method, which is 10−14. To avoid singularity, the function of the sub-step is applied to obtain a more
accurate result when the model is hard to converge.

The procedure for conducting the simulation is outlined above, and the results obtained from the FEA simulation
are compared with those from the 5th-order SCME method in Fig. 5. Noting that linear deformation compensation
has been considered, based on the compensation method outlined in Appendix C.
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Figure 5: The modeling result comparisons between 5th-order SCME method and FEA simulation result. The parameters used in
modeling and simulation are: L=100mm, θ=20◦, E=2800 MPa, W=10mm, T=0.6mm. (a) Comparison of deformation shape. (b)
Comparison of bending strain energy Ub. (c) Comparison of Fx (d) Comparison of Fy. (e) Comparison of Mt. (f) Comparison of
maximum stress σmax.

When comparing the deformation shape of the beam, as depicted in the Fig.5 , it is evident that they exhibit
similar characteristics. Regarding other aspects, such as bending strain energy, applied forces, and moments, these
also appear to align closely.

4.2. Experimental validation

In this subsection, the primary objective is to conduct an experiment test aimed at validating the accuracy of
the SCME method. Through this empirical investigation, the emphasis is on providing robust confirmation of the
method’s accuracy in modeling the applied force and deformation shape.

4.2.1. Model design
The designed bistable mechanism for experimental validation is composed of four inclined compliant beams,

exhibiting symmetry along the central shuttle with two beams positioned on each side. The inclusion of four beams
in the design serves the purpose of mitigating the prevalent issue of rotational imbalance that often encountered in
bistable mechanisms that employ only two beams. This mitigation is achieved by constraining the degrees of freedom
of the mechanism, thereby ensuring its operation as a single-degree-of-freedom (DOF) mechanism. The shape and
dimensions of the 3D model are illustrated in Fig. 6.
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L = 58mm
Rfillet1=2mm

Rfillet2=4mm

160 mm

210 mm

8

Compliant bistable mechanism
(3D printing, PLA)

W  = 5mm

Bottom plate
(3D printing, PLA)

W  = 5mm

Top plate
(Laser cutting, Acrylic)

W  = 5mm

Assumed rigid region

Bolt
connection

Figure 6: A prototype with three layers used for experimental validation. The bottom plate and top plate are designed to ensure
sufficient stiffness of the rigid components while maintaining the entire mechanism in a relatively compact size. The middle layer
is compliant bistable mechanism. Laser cutting is applied to manufacture the top plate, and transparent acrylic material is used to
guarantee the visibility of deformation. The geometric parameters of the compliant bistable mechanism can be observed on the
right side. Fillets are applied to the roots of beams to avoid stress concentration problems. The beam in-plane thickness T is
designed to be 0.8mm.

In the SCME method, it is assumed that the root of the compliant beam is fully fixed. However, during experi-
ments, the root is not fully constrained due to slight deformations within the assumed rigid region and further cause
experimental errors. To address this, a three-layer layout is implemented to improve the stiffness of the assumed
rigid region. To guarantee visibility of the deformation in the compliant bistable mechanism, the top plate is made
from transparent material Acrylic, manufactured using laser cutting machine, while the bottom plate is 3D printed
using black material to enhance contrast and further improve visibility. These three layers are connected via bolt
connections. The center shuttle of the compliant bistable mechanism is designed to be sufficiently long to prevent
interference between the mechanism and the testing machine fixture.

4.2.2. 3D printing parameters
The 3D printing process is accomplished using the UltiMaker S3 which is a fused deposition manufacturing

device. This budget-friendly desktop 3D printer provides reliable performance and high-quality prints, making it
ideal for prototyping. The 3D model is sliced to be further printed in UltiMaker Cura. The printing settings, including
the compliant bistable mechanism and bottom plate, can be found in Tab. 2.

Table 2: Configuration for 3D printing

Print core Material Infill density Infill pattern Temperature Speed Layer height Adhesion
Compliant bistable

mechanism AA 0.25 Tough PLA 80% Grid 210◦ 60mm/s 0.1mm Skirt

Bottom plate AA 0.4 Tough PLA 40% Grid 210◦ 60mm/s 0.2mm Skirt

Table 3: Mechanical properties of tough PLA.

Young’s modulus (MPa) Yield stress (MPa) Density (g/cm3) Hardness (Shore D)

Tough PLA 2800 (2797±151) 45.3±2 1.22 Shore D 80

Tough PLA was chosen as the preferred 3D printing material for compliant bistable mechanism due to its advan-
tageous combination of strength, rigidity, and moderate elasticity. UltiMaker Tough PLA for S series is a technical
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PLA material with a toughness similar to ABS. The mechanical properties of Tough PLA can be obtained from Table
3. It is ideal for printing functional prototypes and tooling at larger sizes, without fear of delamination or warping
[79].

The top plate is chosen to be made of transparent acrylic material for visualization purposes. It is cut from an
acrylic plate using a laser cutting machine (Laserscript LS1290 Pro) equipped with an 80W CO2 laser. The bed size
of the laser cutting machine is 1200 x 900mm. In the cutting process, the speed is set to 5mm/s, and the laser is
adjusted to 60% of its maximum power. The resulting top plate exhibits high accuracy compared to the designed
model.

4.2.3. Experiment test
The experiment was conducted using the TA HD plus texture analyzer. Texture analysis involves studying how

materials change mechanically, such as deforming, breaking, or undergoing other alterations when forces are applied.
In this study, the texture analyzer assesses the force-displacement of a compliant bistable mechanism.

The TA HD plus can execute a single DOF movement while maintaining high accuracy in measuring force
or displacement. Due to the inherent snap-through behavior in bistable mechanisms, the experiment focuses on a
displacement-driven test. The prototype is positioned at the center of the texture analyzer, and displacement occurs
from top to bottom. As the displacement increases, the bistable mechanism begins to deform.

The test machine records forces from sensors and to achieve a higher-resolution experimental result, a 50N load
cell is chosen for the texture analyzer, with a force sensor resolution of 0.001N. The input displacement resolution
is 0.001mm. To minimize dynamic effects, the movement speed is set at 0.1 mm/s. The experimental procedure is
repeated five times to obtain an average value. The experimental set up can be found in Fig. 7.

TA HD plus texure analyser

3D printed prototype

Fixture

Fixture

Top plate

Bottom plate

Compliant bistable mechanism

Figure 7: The experiment setup and 3D printed prototype. The experiment is conducted on the TA HD plus texture analyzer. The
3D printed prototype consists of three layers, including top and bottom plates, which are used to enhance the lateral stiffness. The
middle layer is the 3D printed compliant bistable mechanism.

4.2.4. Experimental results
In the experiment, we acquired data on the force-displacement relationship and simultaneously recorded the defor-

mation process of the compliant bistable mechanism. We compared the deformation shape at displacements of 5mm,
10mm, and 15mm, respectively. The deformation exhibited by the prototype was compared with the deformation
shape predicted by the SCME method, revealing a high level of agreement. Moreover, the force-displacement data
captured for the compliant bistable mechanism aligns well with both FEA simulation and SCME method predictions.
These findings underscore the consistency between our experimental observations and the predicted behavior of the
mechanism. The result comparison is shown in Fig. 8. The initial linear deformation is accounted for in the modeling
results of the 5th-order SCME method, following the approach outlined in Appendix C.
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Figure 8: Experiment result comparison. The red continuous line represents the predicted deformation shape obtained from the
SCME method. (a) Deformation shape comparison when ∆y = 5mm. (b) Deformation shape comparison when ∆y = 15mm. (c)
Deformation shape comparison when ∆y = 25mm. (d) Force-displacement relationship comparison among the SCME method,
experiment, and FEA simulation. Note that the total force obtained through the 5th-order SCME method is four times the force
calculated for a single compliant beam. This is because the designed prototype incorporates four beams.

The primary source of error stems from the insufficient rigidity of the support structure in the experiment, where
deformation within the rigid region contributes to a flatter experimental force-displacement curve.

5. Discussions

A comprehensive procedure for modeling deformation shape, energy, stress, and force-displacement relationships
has been established. There is a necessity to delve into the capability of the proposed high-order SCME method from
the following aspects is necessary. Firstly, the order effect of the smooth curvature model is explored, as it significantly
influences modeling accuracy. Secondly, the SCME method is compared with other representative modeling methods,
and the results prove that the SCME method is an accurate and quick modeling method. Furthermore, the comparison
also indicates that the SCME method is capable of modeling compliant beams with inclined angles varying from 0
degrees to 90 degrees. Additionally, we conduct a discussion about several limitations of the proposed SCME method,
including only considering plane modeling, neglecting out-of-plane buckling, neglecting axial, shear, and twist strain
energy, and assuming planar stress. The details of the discussion are available in the following content.

5.1. Effect of SCME order on modeling accuracy
Order of a smooth curvature model denotes the highest order of Legendre polynomials employed in the curvature

representation process (Eq.2). A low-order model can usually advance the computational efficiency but can not meet
the accuracy requirement. Generally, when dealing with intricate curvature profiles necessitating fitting, opting for
a higher-order model is often the preferable choice. This preference stems from the fact that higher-order Legendre
polynomials are more adaptable to closely approximate the actual curvature, particularly in cases where curvature
exhibits complexity. Although the higher-order model leads to more accurate results, it would cause complex mathe-
matical expression as well.

The compliant bistable mechanisms, with inclined angles varying from 0 to 90 degrees, are modeled using the
2th-order, 3th-order, 4th-order and 5th-order SCME methods. The modeling plotting results can be seen in Appendix
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E. The modeling outcome demonstrates that when the 2nd or 3rd order is selected, the accuracy of the modeling is
quite low, indicating that these two models cannot be used for modeling compliant bistable mechanisms. For the
4th-order SCME method, the overall accuracy is high and stable in the interval of angles varying from 0 to 40 degrees.
However, when the beam inclined angle exceeds 40 degrees, the accuracy starts to decrease, although it can still
accurately predict the force-displacement relationship in the initial region of displacements. When the order of the
SCME method is increased to the 5th order, its accuracy would be much higher than the 4th-order SCME method over
the full range of incined angles, and would be sufficient.

The modeling error is further assessed using normalized mean absolute error (NMAE) which is a metric used
to evaluate the accuracy of models [80]. NMAE is calculated by dividing the MAE by the range of the observation
values. NMAE values can range from 0 to 1, with a lower value indicating a better fit. The NMAE can be formulated
using Eq. 36:

NMAE =

1
Ni

i=Ni∑
i=1
|Fi − F̂i|

max(Fi) −min(Fi)
, (36)

where, F̂i represents the modeling results from the various modeling methods; Fi represents the observed value, which
is the FEA simulation result. Ni denotes the amount of data points, corresponding to the amount of trajectory points.
The NMAE has been measured for each SCME method, and the resulting data are demonstrated in Fig. 9.
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Figure 9: Modeling error comparison among 2nd-, 3rd-, 4th-, and 5th-order SCME methods. The error is measured using normal-
ized mean absolute error. The comparison result indicates that the 5th-order SCME method is the most accurate. (a) The range of
NMAE varies from 0% to 40%. (b) The range of NMAE varies from 0% to 1%.

The 5th-order SCME method has a decreasing accuracy after 40 degree but a stably high accuracy over 0 to 40
degrees. The bar chart in Fig. 9. further confirms that the 5th-order SCME method is much better than the 4th-order
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in terms of accuracy over the full range of angles. Overall, as the inclination angle increases, the accuracy decreases
across all SCME methods accordingly, including 2nd, 3rd, 4th, and 5th order.

Table 4: Computational efficiency comparison when the trajectory has 200 sampling points (Ni = 200).

Inclined angle (θ) 10◦ 20◦ 30◦ 40◦ 50◦ 60◦ 70◦ 80◦ 90◦ Variable Count
2th-order SCME method 0.054 0.052 0.056 0.058 0.064 0.066 0.068 0.075 0.065 6
3th-order SCME method 0.209 0.052 0.049 0.053 0.051 0.048 0.046 0.022 0.034 7
4th-order SCME method 0.115 0.021 0.018 0.022 0.024 0.022 0.023 0.022 0.018 8
5th-order SCME method 0.075 0.074 0.079 0.081 0.085 0.096 0.105 0.111 0.097 9

The computational efficiency is measured by seconds. The computation is implemented by MATLAB R2022b.

Higher-order SCME methods generally require more computation time compared to lower-order methods. Table.
4 compares the computational efficiency of SCME methods at various inclined angles, using a trajectory with 200
sampling points. Table. 4 suggests that the 5th-order SCME method can offer the best accuracy without compromising
the computational efficiency too much.

5.2. Comparative analysis of modeling methods

Performing comparative analysis is crucial when proposing a novel method against existing modeling methods.
In this subsection, we compare the SCME method with CBCM[55] and CPRBM[42], focusing mainly on modeling
accuracy and computational efficiency.

In the SCME method, bending strain energy is modeled using a constructed continuous function of curvature,
where the equilibrium configuration is obtained by minimizing the strain energy. The number of variables depends on
the order of SCM, requiring i+3 variables for an i-th order SCM. Additionally, the SCME method provides explicit
gradients, significantly speeding up the computation process.

For CBCM, the beam is divided into n elements, and BCM is applied to each element. CBCM can account for
axial deformation and bending strain energy, making it better suited for modeling large deflection compliant mecha-
nisms in which the beam undergoing axial deformation. Typically, CBCM accounts for 6n variables, encompassing
load variables (Fx, Fy,Mt) and displacement variables (X,Y, θ). However, when applying CBCM to model compliant
bistable mechanisms, the number of variables to be calculated reduces to 3n: Fx, Fy and Mt). This is because the
displacements are constrained, meaning that X, Y , θ serve as inputs to the model.

CPRBM, used for modeling large-deformation beams, treats each element as a rigid rod with a torsional spring
attached to its end. The total strain energy is calculated by summing the strain energy stored in each torsional spring.
CPRBM simplifies the modeling process compared to SCME and CBCM because all strain energy formulations are
linear. The determination of minimum strain energy is based on an optimization strategy, with the number of variables
being the deflection angle of each element. If the beam is divided into n elements, n variables need to be solved.

The compliant beams, with inclined angle ranging from 0 to 90 degrees, are modeled using the these three methods
mentioned above. Then, the obtained modeling results are compared to provide a clear visualization of modeling
accuracy for each method. When modeling the beams with the CBCM and CPRBM, 10 and 20 elements are employed
for each model plotting to assess the computational effort and accuracy of these models. The comparison of modeling
results is illustrated in Appendix F. The bar errors can be observed in Fig. 10.
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Figure 10: Modeling error comparison among the 5th-order SCME method, CBCM, and CPRBM. Ten and twenty beam elements
are used in CBCM and CPRBM. The inclined angles gradually increase from 10 to 90 degrees.

The computational efficiency is measured by the computation speed of the model codes running on the same
computer. The computer utilized for this research comprises a desktop equipped with an Intel Core i7-9700 3.0GHz
processor, 32GB of DDR4 RAM, and an AMD Radeon RX 550 graphics card. The MATLAB version is R2022b,
operating on Windows 10 enterprise edition. The computer The running time can be seen in Table. 5.

Table 5: Computational efficiency comparison when the trajectory has 200 sampling points (Ni = 200).

Inclined angle (θ) 10◦ 20◦ 30◦ 40◦ 50◦ 60◦ 70◦ 80◦ 90◦ Variable Count
5th-order SCME method 0.075 0.074 0.079 0.081 0.085 0.096 0.105 0.111 0.097 9

FEA simulation 64 66 86 74 68 74 77 69 94 -
CBCM (n=10) 23.166 23.712 24.768 23.614 24.291 25.889 24.267 22.996 21.794 30
CBCM (n=20) 56.013 58.814 59.699 59.712 56.023 59.015 59.462 62.535 56.043 60

CPRBM (n=10) 11.946 11.892 11.794 11.193 11.463 11.497 11.062 10.953 10.934 10
CPRBM (n=20) 20.107 21.451 21.328 20.842 20.646 20.872 21.133 20.773 18.922 20

The computational efficiency is measured by seconds. The computation is implemented by MATLAB R2022b.

The comparison results demonstrate that the SCME method offers the advantage of the fastest modeling speed
while maintaining a high level of accuracy. The SCME method stands as the second most accurate approach in the
proposed list of methods. However, while the most accurate method is CBCM with 20 elements, the 5th-order SCME
method exhibits a speed advantage of approximately 750 times faster than CBCM (n=20). The modeling speed of
5th-SCME method is fast due to two main reasons: Firstly, there are fewer variables to solve compared to CBCM,
CPRBM, and FEA simulations. Secondly, the explicit gradient is provided when applying the Newton-Raphson
method to solve for the approximate root. Thus, utilizing the SCME method can significantly reduce the time cost in
the design and optimization of compliant mechanisms.

5.3. Limitations of high-order SCME method

The limitations of the proposed high-order SCME method is discussed in this subsection.

5.3.1. Plane kinetostatic modeling
For kinetostatic modeling, we have reviewed previous methods outlined in the literature, which primarily focus

on plane kinetostatics for modeling mechanisms deformed in a 2D plane. Additionally, for specific applications such
as MEMS, there is focus on in-plane fabrication and kinetostatics. If investigating out-of-plane deformation becomes
necessary, spatial modeling technology should be considered instead of relying solely on plane modeling technology.
It is essential to recognize that the current high-order SCME method lacks the capability to model spatial deformation,
including spatial twist and bending, thus rendering it inadequate for spatial kinetostatic modeling.

23



5.3.2. Neglection of out-of-plane buckling
Out-of-plane buckling refers to the buckling behavior that occurs outside the principal deformation plane of

a structure. It can result from various factors such as non-axial loads, surface defects in the beam, and material
anisotropy caused by uneven material distribution. This type of buckling typically exhibits complex nonlinear charac-
teristics, making accurate prediction challenging using mathematical methods. Many existing modeling approaches
simplify analysis and design by disregarding out-of-plane buckling [42, 55, 66]. The assumption of neglecting out-
of-plane buckling also applies to the SCME method.

5.3.3. Neglection of axial, shear and twist strain energy
In the process of minimizing strain energy, the optimization process is confined to bending strain energy. When

modeling the post-buckling behavior of slender compliant bistable mechanisms, axial strain energy is neglected due to
its small magnitude compared to bending strain energy. In the linear deformation stage, axial deformation dominates,
and we compensate using Hooke’s Law and the Pythagorean theorem. Shear strain energy is accounted for in modeling
thick beams but ignored in slender beams. The Timoshenko-Ehrenfest beam theory, commonly used for thick beams,
incorporates shear deformation and bending effects. However, in modeling compliant bistable mechanisms, the shear
effect is negligible due to the use of the slender beams. Twist strain energy is not considered in modeling compliant
bistable mechanisms, as all deformations are assumed to occur within a single plane, neglecting out-of-plane effects.

5.3.4. Planar stress assumption
In this work, the modeling process relies on the planar stress assumption where the Young’s modulus E of the

material is adopted, as reported in most papers in literature [81–83]. In the planar stress assumption, stress occurs
only in the bending plane (XY-plane), and the beam’s out-of-plane thickness W is qualitatively assumed to be small
enough. Both the proposed high-order SCME method and FEA simulations utilize Young’s modulus when modeling
compliant bistable mechanisms.

When the out-of-plane thickness W is qualitatively large enough, the planar strain assumption should be consid-
ered, where the plate modulus E′ = E/(1 − ν2) is adopted to [84, 85]. In the planar strain assumption, the strain
perpendicular to the bending plane is negligible.

6. Conclusion

This study offers significant practical implications and contributes to the broader field of compliant mechanism
design. Our proposed method, which focus on accurate planar kinetostatic modeling with wide applicability to large-
deformation, straight, and curved beams, offers new opportunities for innovative designs. Additionally, the high
efficiency of our model, facilitated by utilizing a low-dimensional model (without discretization) and providing ex-
plicit expressions of gradients during the root-finding algorithm, can save substantial time in optimization processes,
potentially reducing costs and increasing productivity.

By extending the design space (i.e. inclined angle range in the bistable mechanism), our method inspires the
creation of designs that were previously unattainable or challenging to achieve using traditional models, thus fostering
innovation in mechanism design. The proposed high-order SCME method accurately delivers kinetostatic model,
providing engineers with precise insights into the nonlinear behavior of compliant mechanisms, which is essential for
optimizing performance and ensuring reliability in precision engineering applications. Besides, the proposed method
holds promise for modeling the nonlinear energy behavior of lattices in mechanical metamaterials such as transition
wave. By accurately capturing the intricate interactions within these materials, our model contributes to advancements
in the development of artificial mechanical metamaterials with programmable properties and functionalities.

For future research, we have identified two key directions for advancing our work:
Firstly, we plan to enhance the accuracy and universality of the proposed SCME method. The enhancement

would including exploring the potential coupling effect among various types of strain energy and try to decouple
them. Through decoupling strain energy, the enhanced SCME method would be capable of modeling spatial Euler-
Bernoulli beam with axial, bending, shear and twist deformation. Modeling the complex strong nonlinear spatial
deformation is challenge due to increased dimensions, intricate geometry, complex loading, and higher computational
complexity compared to planar modeling. Additionally, the efficiency of the SCME method could be further improved
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by employing advanced numerical methods such as the Newton-Raphson method with adaptive step size, which
enhances the stability and convergence speed of the algorithm through dynamic adjustment of the iteration step size.

Secondly, we aim to broaden the application scenarios of the high-order SCME model which are not limited to the
tip loading analysis. The proposed SCME method holds promise for modeling uniform distributed loads on cantilever
beams since it is capable of considering multiple loads simultaneously. This allows us to equivalently replace the
uniform distributed load by a set of closely spaced equivalent forces acting on the beam. By minimizing the strain
energy under these collective load constraints, the problem of uniform distributed loads can be addressed effectively.
Furthermore, the SCME method’s capability to determine the deformation shape of compliant beams holds significant
promise for applications in modeling contact-aided designs. This functionality would be achieved through adaptive
adjustment of the constraint conditions during the deformation process.
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Appendix A. Shifted Legendre polynomials

In the formulation of the SCME method, the point s is defined on the compliant beam, and thus s/L = [0, 1]. To
simplify the formulation, we use x = s/L to introduce the Legendre polynomials.

Table A.1: The shifted Legendre polynomials

N Shifted Legendre polynomials

0 1
1 2x − 1
2 6x2 − 6x + 1
3 20x3 − 30x2 + 12x − 1
4 70x4 − 140x3 + 90x2 − 20x + 1
5 252x5 − 630x4 + 560x3 − 210x2 + 30x − 1

Table A.2: The integration of shifted Legendre polynomials

N Integration of shifted Legendre polynomials

0 x
1 x2 − x
2 2x3 − 3x2 + 1
3 5x4 − 10x3 + 6x2 − x
4 14x5 − 35x4 + 30x3 − 10x2 + x
5 42x6 − 126x5 + 140x4 − 70x3 + 15x2 − x
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Appendix B. Gauss–Legendre quadrature

Gauss-Legendre quadrature is a numerical integration method widely employed to approximate definite integrals.
It relies on the principle of estimating the integral through a weighted sum of function values at specific points within
the integration interval. Renowned for its accuracy and efficiency in numerical integration, Gauss-Legendre quadrature
finds particular utility in integrating smooth functions over finite intervals. Its applications span diverse disciplines,
encompassing physics, engineering, and numerical analysis, where precise numerical integration holds paramount
importance. The expression for Gauss-Legendre quadrature is as follows:∫ 1

−1
f (x)dx ≈

i=n∑
i=1

Wi f (xi), (B.1)

where, f (x) is the function being integrated. dx denotes the differential element.
∑i=n

i=1 represents the sum over the
quadrature points. xi represents the quadrature points within the interval [-1, 1]. To avoid confusion, the quadrature
point in this paper is represented by sk. Wi represents the corresponding weights assigned to each quadrature point.
To avoid confusion, the weight in this paper is represented by ∆k.

The Legendre polynomials, originally defined on the interval [-1, 1], serve as the foundation for Gauss-Legendre
quadrature. However, to apply this quadrature method to a general interval [a, b], a transformation process is required.
This transformation involves mapping the original interval [-1, 1] to the desired interval [a, b]. The expression for
Gauss-Legendre quadrature on the interval [a, b] can be formulated as:∫ b

a
f (x)dx ≈

b − a
2

i=n∑
i=1

Wi f
(

b − a
2

xi +
a + b

2

)
. (B.2)

In the context of the smooth curvature model, the variable is denoted as s/L, where s represents the distance along
the curve and L is a length of compliant beam. In this model, s/L is constrained within the interval [0, 1]. Therefore,
for the specific case of integrating over the interval [0, 1], the Gauss-Legendre quadrature can be expressed as follows,
where a = 0 and b = L: ∫ L

0
f (x)dx ≈

L
2

i=n∑
i=1

Wi f
(L

2
xi +

L
2

)
. (B.3)

In the smooth curvature model, when using the Gauss-Legendre quadrature with 5 points to calculate integration
over the interval [0, 1], the corresponding weights and quadrature points are listed as follows:

Table B.1: The weights and quadrature points

n quadrature point (xi) weight (Wi)

1 -0.9739065285171717 0.0666713443086881
2 -0.8650633666889845 0.1494513491505806
3 -0.6794095682990244 0.2190863625159820
4 -0.4333953941292472 0.2692667193099963
5 -0.1488743389816312 0.2955242247147529
6 0.1488743389816312 0.2955242247147529
7 0.4333953941292472 0.2692667193099963
8 0.6794095682990244 0.2190863625159820
9 0.8650633666889845 0.1494513491505806
10 0.9739065285171717 0.0666713443086881

Hence, when we aim to integrate the equation and subsequently obtain the tip position and orientation, we can
employ the Gauss-Legendre quadrature method by substituting the function f (x) with the target function. By utilizing
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the appropriate weights and quadrature points, we can approximate the integral and derive the desired tip position and
orientation which is formulated in Eq. (B.4) (B.5) and (B.6):

ϕtip(α) = ϕ(α, L) = ϕ0 + α0, (B.4)

xtip(α) ≈ L
5∑

i=1

Wi cos
[
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1
2
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ytip(α) ≈ L
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Appendix C. Initial linear deformation compensation

Prior to buckling, the beam experiences linear axial deformation while maintaining its equilibrium configuration.
However, once the critical buckling load is reached, the structure loses its stability and the internal stresses are no
longer sufficient to balance the applied load. As a result, the structure begins to buckle laterally and its axial stiffness
decreases, causing the load to be redistributed throughout the structure. To compensate the initial linear deformation
occurs before the buckling happened, we have set up a nonlinear equation system to solve for the initial buckling
position ∆yb. The geometric relationship can be seen from the Fig.C.1.
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Figure C.1: The variables and geometrical parameters defined to derive the critical buckling position and force. The initial con-
figuration of the beam is represented using the red dashed line. The critical buckling configuration is represented using the red
continuous line. The buckled configuration of the beam line is represented using a half-transparent red continuous line.

The critical axial buckling force Pcr is dependent on the geometrical shape, material properties, and boundary
conditions applied to the compliant beam. When modeling the compliant bistable mechanism, the critical axial buck-
ling force Pcr has a component force Fycr along the moving direction. The component force Fycr can be determined
through the first point on the force-displacement relationship obtained from the SCME method. By applying the
Pythagorean theorem and Hooke’s law, a system of two nonlinear equations can be established to solve for the critical
buckling position ∆yb and the axial deformation ∆L. The axial deformation ∆L can be calculated by dividing the
critical buckling force Fycr by the axial stiffness k, which can be formulated as EA/L; where E represents the Young
modulus and A denotes the cross-sectional area of the beam:

∆L =
Pcr

k
=

PL
EA sin θ′0

=
PL (L − ∆L)

EA (L sin θ0 − ∆yb)
,

(L − ∆L)2 = (L cos θ0)2 + (L sin θ0 − ∆yb)2 .

(C.1)

To verify the accuracy of this model under small deformation conditions, we conducted a case study involving
a beam with a length of 100 mm and a thickness of 2 mm. The inclined angle is θ0 = 20◦. The Young’s modulus
used in this case study is 2800 MPa. The response of the compliant beam is modeled within the range of ∆y = [0,
1]. The comparison between linear deformation compensation and FEA simulation results can be seen from Fig. C.2.
The comparison indicates agreement between the FEA simulation result and linear compensation, demonstrating the
feasibility of the approach for determining the critical buckling position and force.
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displacement curve is displayed on the left, while the displacement range [0,1] is zoomed in to provide a clearer visualization of
the linear deformation compensation result, as demonstrated on the right.
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Appendix D. Convergence Analysis of FEA simulation

As a benchmark for comparison, the accuracy of FEA simulation plays a vital role since it directly affects the
evaluation of other methods. This appendix introduces the procedure for determining the optimal number of beam
elements when conducting FEA simulation. This is because the number of beam elements is a key factor impacting
the accuracy of FEA simulation.

The details of the setup in FEA simulation can be found in Section 4.1. To investigate the effects caused by
using various numbers of beam elements, several FEA simulations are conducted and their results are compared.
Convergence is measured by observing the variation of the local minimum value in Fy since it is the critical point
with the highest modeling challenge for the accuracy. When the force stabilizes to a certain specified value, the
simulation is considered to have efficiently converged. Then, the optimal amount of beam elements can be determined
by consulting with computational efficiency. The comparison results can be seen in Fig. D.1.
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Figure D.1: Convergence analysis of FEA simulation via modeling compliant beams with varying numbers of beam elements. The
amount of beam elements varies from 5 to 800. (a) The local minima of the force-displacement curve (Fmin) obtained from FEA
simulations against distinct beam elements. The convergence of the simulation is evaluated by examining whether the magnitude
of Fmin converges. (b) Computational efficiency comparison, which is measured in seconds.

Table D.1: The values of Fmin obtained from FEA simulations when the beam are subdivided into distinct amounts of beam
elements.

nFEA 5 10 20 40 60 100 150 200 300 400 600 800
|Fmin| (N) 0.308527 0.254951 0.241803 0.239930 0.239110 0.238652 0.238559 0.238478 0.238479 0.238433 0.238456 0.238423

In table D.1, we can observe that as the number of beam elements exceeds two hundred, the force begins to
converge to the fourth decimal place (converging to 0.0001N). This level of precision is sufficient for finite element
simulation and can be trusted as a baseline. It is also noted from Fig. D.1 (b) that, the computational efficiency at
n=200 is relatively high, however, when n = 600 or n = 800, the computational efficiency decreases significantly.
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Appendix E. Force-displacement relationship comparison between distinct order SCME methods

The force-displacement relationship comparison results are presented in Fig. E.1. These results are obtained
separately using the 2nd-order, 3rd-order, 4th-order and 5th-order SCME methods.
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Figure E.1: Force-displacement relationship comparison between 2nd-order, 3rd-order, 4th-order and 5th-order SCME method.
The parameters used in modeling and simulation are: L=100mm, E=2800 MPa, W=10mm, T=0.6mm. (a) θ = 10◦. (b) θ = 20◦.(c)
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Appendix F. Force-displacement relationship comparison between distinct modeling methods

The force-displacement relationship comparison results are presented in Fig. F.1. These results are obtained
separately using the 5th-order SCME method, CBCM, and CPRBM.
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Figure F.1: Force-displacement relationship comparison between 5th-order SCME method, CBCM, CPRBM, and FEA simulation.
Ten and twenty beam elements are used in CBCM and CPRBM. The parameters used in modeling and simulation are: L=100mm,
E=2800 MPa, W=10mm, T=0.6mm. (a) θ = 10◦. (b) θ = 20◦.(c) θ = 30◦. (d) θ = 40◦. (e) θ = 50◦. (f) θ = 60◦. (g) θ = 70◦. (h)
θ = 80◦. (i) θ = 90◦.

33



Appendix G. Solving for displacements under given loads using 5th-order SCM

This appendix outlines the procedure of solving for beam displacements under given loads using a 5th-smooth
curvature model. Unlike displacement-driven modeling in section 3, which often presents multiple solutions, force-
driven modeling typically results in a single solution. To illustrate, we consider the case of applying a tip constraint
and that of applying to tip load. When aligning the beam tip with a specified position, there may exist multiple
solutions to achieve this alignment. Each solution corresponds to a distinct magnitude of strain energy stored within
the deformed beam. The configuration with minimum strain energy can lead to the solution to the displacement-driven
problem. Conversely, in force-driven modeling, adhering to the principles of Euler-Bernoulli beam theory, once the
load is determined, the distribution of moments along the beam can be established. With the moment distribution
known, the beam’s deformation can be subsequently determined. This explains why force-driven modeling typically
yields a single solution.

δϕ
δx

δy

Fx

Fy

Mt

(xt, yt, ϕt)

(x0, y0, ϕ0)X
O

Y

Figure G.1: Definition of parameters employed in the force-driven modeling. The initial undeflected beam is represented by a gray
continuous line, while the deflected beam is represented by a gray dashed line. The beam root is fixed to the ground, loads (Fx, Fy,
Mt) are applied at the beam tip, resulting in beam deflection. The beam’s tip displacement is represented by δx and δy, while the
deflection angle is δϕ. Initial coordinates of the beam tip are denoted as (x0, y0, ϕ0), and deflected tip coordinates are denoted as
(xt, yt, ϕt).

As can be seen in Fig. G.1, the coordinate of beam tip before deformation can be formulated in Eq. (G.1), Eq.
(G.2) and Eq. (G.3):

x0 = L, (G.1)
y0 = 0, (G.2)
ϕ0 = 0. (G.3)

The tip coordinates of deflected beam can be calculated by using Eq. (G.4), Eq. (G.5) and Eq. (G.6):

xt ≈
L
2

i=10∑
i=1

Wi cos
[
ϕ
(
α,

(L
2

xi +
L
2

))]
, (G.4)

yt ≈
L
2

i=10∑
i=1

Wi sin
[
ϕ
(
α,

(L
2

xi +
L
2

))]
, (G.5)

ϕt = α0. (G.6)

The beam deflects under a given load (Fx, Fy,Mt). The work done by external force is converted to bending
strain energy (neglected other type of strain energy) stored in the deflected beam, based on the principle of energy
conservation. The formulation can be obtained in Eq. (G.7):
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Ub(α) = Fxδx + Fyδy + Mtδϕ

= Fx (xt − x0) + Fy (yt − y0) + Mt (ϕt − ϕ0)

≈ Fx

L
2

i=10∑
i=1

Wi cos
[
ϕ
(
α,

(L
2

xi +
L
2

))]
− L

 + Fy

L
2

i=10∑
i=1

Wi sin
[
ϕ
(
α,

(L
2

xi +
L
2

))] + Mtα0. (G.7)

When project the energy to generalized coordinates, we can obtain the following nonlinear equation system in
Eq.(G.8):

∂Ub(α)
∂α0

≈
∂
[
Fx

(
L
2
∑i=10

i=1 Wi cos
[
ϕ
(
α,

(
L
2 xi +

L
2

))]
− L

)
+ Fy

(
L
2
∑i=10

i=1 Wi sin
[
ϕ
(
α,

(
L
2 xi +

L
2

))])
+ Mtα0

]
∂α0

,

∂Ub(α)
∂α1

≈
∂
[
Fx

(
L
2
∑i=10

i=1 Wi cos
[
ϕ
(
α,

(
L
2 xi +

L
2

))]
− L

)
+ Fy

(
L
2
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i=1 Wi sin
[
ϕ
(
α,

(
L
2 xi +

L
2

))])
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]
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(G.8)

where,

Ub(α) =
EI
2L

α2
0 +

α2
1

3
+
α2

2

5
+
α2

3

7
+
α2

4

9
+
α2

5

11

 . (G.9)

By solving the nonlinear equation system in Eq. (G.8), the value of each α is obtained, which is used to derive
further characteristics such as the beam tip position and deformation shape. To validate this method, a case study is
conducted. A straight beam is subjected to a load of Fy = 15 N at the beam tip, to trigger a geometrically nonlinear
deformation , while the magnitudes of Fx and Mt are both zero. The beam has a length of 100 mm, a thickness T
of 0.6 mm, and a width W of 10 mm. After obtaining the results from the aforementioned modeling process, a FEA
simulation is performed to verify the results. The comparison between the obtained results can be seen in Fig. G.2.
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Figure G.2: Force-driven modeling result compared with FEA simulation. (a) The deformation shape comparison, with focus on
the beam tip position. (b) The error between the modeling result and FEA simulation result. The error is measured using absolute
positional error, which is measured by calculating the distance between the tip points obtained from modeling and FEA simulation.
Step indicates the deformation process.

The comparison shown in Fig. G.2 proves that the proposed force-driven modeling method is valid for solving for
displacements under given loads using the 5th-order smooth curvature model.
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