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Abstract

In this study, a new robust control approach is proposed for class I of Underactuated Mechanical

Systems (UMSs). UMSs have fewer actuators than degrees of freedom (DOFs) and are

characterized by a nonlinear coupling between actuated and non-actuated coordinates. They are

also characterized by the instability of internal dynamics, making control design a challenging

task. Moreover, due to the loss of actuators, UMSs are more sensitive to parametric variations

and external disturbances. To address these issues, we propose to design a revisited adaptive

super-twisting (ASTW) control based on an explicit global change of coordinates. The proposed

approach requires a few assumptions regarding system dynamics. Based on Lyapunov’s theory,

a stability analysis of the resulting closed-loop system was performed. Numerical simulations were

conducted on the inertia wheel inverted pendulum, showing the robustness of the proposed adaptive

control scheme toward constant uncertainties and disturbances dependent on both state and time.

An experimental comparative study between the proposed approach and existing controllers was

conducted to demonstrate the effectiveness of the proposed control strategy.

Keywords

Underactuated Mechanical systems, Robust Control, Strict-Feedback form, Lyapunov analysis,

Inertia Wheel Inverted Pendulum.
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Introduction

Sliding mode control (SMC) is a well-known robust control widely used for nonlinear systems Utkin
(1992) due to its robustness against matched uncertainties and disturbances. The first-order SMC is
characterized by an undesirable finite frequency and amplitude oscillations around a predefined switching
manifold, known as chattering phenomenon. From a practical point of view, the chattering involves high
control activity by generating the high-frequency of non-modeled dynamics Slotine and Li (1991) and
will result in unnecessary/rapid wear of the actuation components Andrzej (2000). The high-frequency
oscillation can be caused, for instance, by the presence of a parasitic dynamics in series with the control
system or by switching time delays. More details regarding the causes of this phenomenon are provided
in Yu and Kaynak (2009). To overcome the chattering problem, various solutions include, but not limited
to, continuous approximation of the discontinuous control law Slotine and Li (1991), observer-based
approaches Bondarev et al. (1985), second-order sliding mode control Gonzalez et al. (2012), and
intelligent approximation algorithms Nafa et al. (2021). The Super-Twisting Algorithm (STA) introduced
in Levant (1993) is a second-order sliding mode controller that is a powerful tool for minimizing the
effect of chattering. STA has shown promising results in terms of robustness and fast response. It has the
ability to generate a continuous control signal, and is appropriate for systems with Lipschitz continuous
matched uncertainties/disturbances with bounded gradients Ramesh-Kumar and Bandyopadhyay (2014).
Various stability analysis techniques based on the Lyapunov theory have been proposed in the literature
to ensure finite-time convergence with an estimation of the convergence time for unperturbed dynamics
Sanchez and Moreno (2012), systems with perturbations dependent only on time Levant (1993) and
systems with perturbations depending on both state and time Castillo et al. (2018). In addition, the super-
twisting (STW) approach has been widely employed for controlling various underactuated mechanical
systems (UMSs). A STW scheme, was designed in Sun et al. (2015) for a perturbed underactuated crane
system. To define an optimal sliding surface for the STW controller, an optimal controller was proposed
in Ramos-Paz et al. (2017) to control an underactuated pendubot system. A smooth STW control scheme
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was proposed in Din et al. (2018) to control a beam-and-ball system based on the transformation of
system dynamics in a canonical form. An STW -based-disturbance observer was proposed in Hfaiedh
et al. (2020a). Recently, several research efforts have been made to address modelling, stability, and
control issues of nonlinear second-order UMSs Krafes et al. (2018). In Nafa et al. (2021), an adaptive
controller using sliding mode control (SMC) and a wavelet network (WN) was proposed for a class of
second-order UMSs with two DOFs. Theoretical and numerical analyses demonstrated that the proposed
approach ensures the asymptotic stability and convergence of the closed-loop system. In Lu and Fang
(2021) a gain-adapting coupling controller was designed by incorporating several unactuated state-related
information into the control law. A real-time comparative study with a PID controller was performed
to demonstrate the efficiency of the proposed method. In Hfaiedh and Abdelkrim (2022) another real-
time implementation of an adaptive sliding mode control was proposed, where the switching gain was
dynamically estimated using adaptive laws. It is based on the approximation of the signum function using
a hyperbolic tangent function. The main drawback of this control approach lies in the chattering, which
still represents the main issue for the SMC in terms of real-time implementation. Various existing works
can also be found in the literature, based on adaptive control Roy et al. (2021), feedback robust integral
of the sign of the error (RISE) control Hfaiedh et al. (2021), third-order discontinuous integral algorithm
Gutiérrez-Oribio et al. (2021), interconnection and damping assignment-passivity-based control (IDA-
PBC) approaches Gritli et al. (2017) Hfaiedh et al. (2020b) and passivity-based approaches Zhai et al.
(2022). Other intelligent algorithms used to improve robustness and capture unknown dynamics of
underactuated systems with constraints were proposed in Yang et al. (2023) Yang et al. (2021). These
algorithms are designed to learn from training and can adapt to changing system dynamics; however,
they may require a large amount of data to train and specific hardware architectures to be implemented.

In this study, we focus on the control problem of nonlinear second-order UMSs, while dealing with
external disturbances, parametric uncertainties, and perturbations depending on both states and time. The
proposed control solution is an ASTW algorithm, based on collocated partial feedback linearization,
validated through real-time experiments on the IWIP, and compared to other existing methods from the
literature.

ASTW control has already been used in the literature to control fully actuated systems Shtessel et al.
(2012) Rajappa et al. (2016). However, it is not straightforwardly applicable to UMSs because of(i)
underactuation, which represents a source of dynamic constraints; (ii) the complexity and diversity
of the nonlinear coupling between coordinates, which differs from one system to another; (iii) their
nonlinear dynamics; (iv) their unstable internal dynamics; (v) external disturbances; and (vi) parametric
uncertainties.

For fully actuated systems, the system can be directly controlled and the control problem is often
well-defined; however, for UMSs, the control problem involves designing a controller that can exploit
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the inherent dynamics of the system to achieve the desired output behavior. Nevertheless, it is possible to
indirectly control the coordinates of the internal dynamics using appropriate techniques. Control design
is intended to allow such systems to perform complex tasks with fewer actuators. If the aforementioned
aspects are not considered in the control design, the system will fail to provide the intended response,
which may result in instability or degraded performance of the control system. In summary, to address
the aforementioned aspects, the main contributions of this study are summarized below:

1. Nonlinear coupling between coordinates: We propose to transform the system into a strict-
feedback form in order to decouple the system into (inner nonlinear and linear subsystems).

2. Instability of internal dynamics: We propose two new desired trajectories, required for the design
of the sliding surface. The choice behind the desired trajectory is based on the asymptotic stability
of the internal dynamics represented by the nonlinear subsystem.

3. Uncertainties and external disturbances inherent to real applications: We propose to benefit
from the advantages of the STW with the important feature of the adaptation law to guarantee the
establishment of a real second-sliding mode, despite the presence of parametric uncertainties and
state and time dependent disturbances. Furthermore, it is worth noting that the proposed controller
is appropriate for the case in which the bounds of the uncertainties and perturbations are unknown
and cannot be estimated for real applications. It does not require any information regarding the
bounds of disturbances and their gradients, except for their existence.

4. Theoretical closed-loop stability analysis: The stability analysis of the whole resulting closed-
loop system is provided based on Lyapunov theory.

5. Validation: To validate the proposed developments, simulation and experimental comparative
studies between SMC, STW, RISE, and the proposed ASTW controllers were conducted on the
testbed of the IWIP, where several scenarios were considered to demonstrate the effectiveness
and robustness of the proposed controller, as well as its superiority with respect to state-of-the-art
methods.

The rest of the paper is organized as follows: Section II presents a brief background on class I UMSs.
Section III presents a brief review of the super-twisting and adaptive super-twisting controllers. Section
IV describes the application of the proposed approach to the testbed of the IWIP. Section V discusses the
simulation results, and section VI presents the real-time experimental results. The conclusion and future
directions are summarized in Section VII.
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Class I of underactuated mechanical systems

Using an invertible change of control, underactuated mechanical systems with two degrees of freedom
and one control input can be partially linearized by collocated partial-feedback linearization.

Collocated Partial Feedback Linearization

The Euler-Lagrange equations of motion of a UMS, with n configuration variables and m control inputs,
can be written in the form: d

dt (
∂L
∂ q̇ )−

∂L
∂q = F(q)τ , where L is the Lagrangian, q denotes the generalized

coordinates, F(q)∈Rn×m is a full-column rank non-square matrix of the distribution of control inputs on
the DOFs with m < n, τ ∈ Rm denotes the control input vector. The general matrix form of the equation
of motion for a UMS can be expressed as follows:

M(q)q̈+C(q, q̇)q̇+G(q) = F(q)τ (1)

where M(q) is the inertia matrix, C(q, q̇) denotes the Coriolis and centrifugal force matrix, and G(q)

represents the gravity vector, τ is the control input vector. Variables q, q̇ and q̈ denote the position,
velocity, and acceleration vectors, respectively. Consider F(q) = [0, Im]

T , and the first configuration
variable q1 ∈Rn−m is the unactuated coordinate and the second configuration variable q2 ∈Rm represents
the actuated coordinate. The dynamics of a second-order UMS (m = 1,n = 2) is expressed in the
following form:  m11 m12

m21 m22

 q̈1

q̈2

+

 h1(q, q̇)

h2(q, q̇)

=

 0

τ

 (2)

where mi j i, for j = 1,2 represent the inertial terms. hi(q, q̇) for i = 1,2 include the Coriolis, centrifugal,
and gravity terms.
In this study, we adopted the method of partial feedback linearization proposed in Spong (1994), where
the system (2) is partially linearized.
Lemma 1: Consider a global invertible change of control of the form τ = Θ(q)u+ϒ(q, q̇), for which the
dynamics (2) is partially linearized as follows:

q̇1 = p1

ṗ1 = f0(q, p)+g0(q)u

q̇2 = p2

ṗ2 = u (3)
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where x = [q1, p1,q2, p2]
T is the new state vector after partial linearization, f0(q, p) and g0(q) are

expressed by f0(q, p) = −m−1
11 (h1(q, q̇)) and g0(q) = −m−1

11 (q)m12(q). The expressions for Θ(q) and
ϒ(q, q̇) of the invertible change of control are described by Θ(q) = m22(q)−m21(q)m−1

11 (q)m12(q) and
ϒ(q, q̇) = h2(q, q̇)−m21m−1

11 (q)h1(q, q̇).

After the partial feedback linearization, the system is represented in the form of two subsystems. The
control input u appears in both the nonlinear (q1, p1)- and the linear (q2, p2)-subsystems. These two
subsystems can be decoupled through a global change of coordinates. This transformation is described
in detail in the next section.

Strict-feedback form

The explicit change of coordinates were determined, which, from the partial feedback linearization of
Spong and Praly (1997), transforms the system (3) into a strict-feedback representation, where the control
input appears only in the linear subsystem Olfati-Saber (2001). This change in coordinates is expressed
as follows:

z1 = q1 + γ(q2)

z2 = m11(q2)p1 +m12(q2)p2

ξ1 = q2

ξ2 = p2 (4)

where γ(q2) =
∫ q2

0 m(−1)
11 (θ)m12(θ)dθ and xz = [z1,z2,ξ1,ξ2]

T denotes the state vector of the new
representation. Using these new states, a new representation of the system composed of a linear (double
integrator) subsystem and a nonlinear core subsystem was obtained Olfati-Saber (2001). The new system
representation is described as follows:

ż1 = m−1
11 (ξ1)z2

ż2 = g1(z1 − γ(ξ1),ξ1)

ξ̇1 = ξ2

ξ̇2 = u (5)

where g1(q1,q2) =− ∂Vp(q)
∂q1

, Vp(q) denotes the potential energy of the system, and u denotes the control
input obtained based on the collocated partial feedback linearization Spong (1994).

To sum up, the dynamics of (2) belongs to the Class I of UMSs based on the classification of Olfati-
Saber (2001). By changing the control, the dynamics (2) were partially linearized to obtain the normal
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form (3). Through a global change in coordinates, (3) is decoupled and transformed into a strict-feedback
representation (5).

Remark 1. Without loss of generality, the proposed approach can easily be generalized to other systems

of class I, such as the translational oscillator with rotational actuator (TORA) and Acrobot. Furthermore,

it can be extended to higher-order systems that can be transformed into a strict feedback form, such as

the vertical take-off and landing aircraft Olfati-Saber (2001).

Remark 2. A system may be controllable but still not stabilizable for various reasons such, as

unmeasurable states. To address these issues in underactuated systems, we propose to use the partial-

feedback linearization to transform the system into a controllable and stabilizable form and design a

control law to achieve the desired performance.

In the following section, an ASTW scheme is proposed for a second-order UMS, and the stability
analysis is addressed using Lyapunov’s theory.

Control design

After the transformation of the equation of motion (1) into a strict feedback form, a sliding mode
controller was designed in the presence of bounded disturbances for the single-input cascade nonlinear
system (5).

A brief background on Super-Twisting SMC

Consider that the dynamics (5) has the general form ẋ = f (x) + g(x)u, where f and g are nonlinear
functions and u is the control input. The STW control law Moreno and Osorio (2008) can be described
as follows:

u = − k1|σ |
1
2 sign(σ)+w (6)

ẇ = − k2sign(σ) (7)

where σ is the sliding variable, and k1 and k2 are positive constant design gains. Now, considering an
uncertain nonlinear scalar system Rivera et al. (2011):

σ̇ = f (t,σ)+u (8)

where u is the control input (6) and the function f (t,σ) is a perturbation term globally bounded as
follows: f (t,σ) ≤ δ |σ | 1

2 , for some positive constant δ > 0. The closed-loop system resulting from
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replacing (6)-(7) in (8) is expressed as:

σ̇ = − k1|σ |
1
2 sign(σ)+w+ f (t,σ) (9)

ẇ = − k2sign(σ) (10)

For stability analysis, let us consider the vector ζ
T = [ζ1,ζ2]

T = [|σ | 1
2 sign(σ),w]T and propose the

following quadratic Lyapunov candidate:

V = 2k2|σ |+ 1
2

w2 +
1
2
(k1|σ |

1
2 sign(σ)−w)2 (11)

= ζ
T Pζ (12)

where P is a positive, symmetric matrix given by P = 1
2

(
4k2 + k2

1 −k1

−k1 2

)
.

Remark 3. It is worth noting that V (x) appears to be discontinuous because it contains the term

sign(σ); however, it can be considered a continuous function everywhere, except at x1 = 0, where it

is not differentiable Moreno and Osorio (2008).

The time derivative of the Lyapunov function (11) along the solutions of the system (9) leads to the
following:

V̇ =−k1ζ
T Qζ

2
√

|σ |
(13)

where Q =

(
2k2 + k2

1 − ( 4k2
k1

+ k1)δ −k1 +2δ

−k1 +2δ 1

)
.

It is worth noting that V̇ is negative definite for any Q > 0 and k1 and k2 chosen such that: k1 > 2δ and
k2 > k1

5δk1+4δ 2

2(k1−2δ ) .

Proposed adaptive super-twisting controller

The system (5) may be reformulated in the general form ẋ = F(x, t)+G(x)u, where u ∈ R is the control
input and x ∈ Rn is the state vector.
Assumption 1: The sliding dynamics of the system (5) described in the form ẋ = F(x, t) + G(x)u,
represents an uncertain nonlinear system that can be expressed as follows:

σ̇ = Ψ(x, t)+Φ(x, t)u (14)
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where Ψ(x, t) = ∂σ

∂ t +
∂σ

∂x F(x, t) and Φ(x, t) = ∂σ

∂x G(x)u. Furthermore, assume that the function Φ∈R can
be expressed as a sum of a known function Φ0 and a bounded perturbation ∆Φ with unknown boundaries:

Φ(x, t) = Φ0(x, t)+∆Φ(x, t) (15)

where |∆Φ|
Φ0

≤ ϕ1 < 1.
Assumption 2: The function Ψ can be expressed as a sum of two bounded terms:

Ψ(x, t) = Ψ1(x, t)+Ψ2(x, t) (16)

Suppose that δ1,δ2 > 0 exist but are not known, therefore |Ψ1(x, t)| and Ψ2(x, t) can be bounded as
follows:

|Ψ1(x, t)| ≤ δ1|σ |
1
2

Ψ̇2(x, t)≤ δ2 (17)

Assumption 3: The system (14) can be rewritten in the following form:

σ̇ = Ψ+(1+
∆Φ

Φ0
)Φ0u (18)

The function Φ1 = (1+ ∆Φ

Φ0
) is bounded, that is:

1−ϕ1 ≤ (1+
∆Φ

Φ0
)≤ 1+ϕ1 (19)

Remark 4. The main goal of the control law is to drive σ and σ̇ to zero in the presence of the bounded

perturbations considered in (15) and (17).

Assumptions about the unknown and unmodeled parts in the system’s dynamics have already been
reported in the literature Shtessel et al. (2012). Bounded uncertainties can arise from a variety of sources,
such as modeling errors, measurement noise, and external disturbances. If the system is subject to
bounded perturbations with unknown boundaries, as stated in those assumptions, its inputs or parameters
can vary within an unknown range of values. In this case, it is important to develop adaptive-based control
strategies using online estimation techniques to handle the uncertainty and ensure stable and satisfactory
performance. In addition, the perturbations can depend on both state and time. They are often the most
challenging to handle in control systems because they can lead to highly complex and unpredictable
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system behavior. The effect of the perturbation on the system can also vary depending on the current
state of the system as well as how the perturbation changes over time.

Remark 5. The ASTW controller was designed for fully actuated systems, as in Shtessel et al. (2012)

for an electro-pneumatic actuator and in Rajappa et al. (2016) for a quadrotor UAV. This control scheme

was also applied to a floating wind turbine in Zhang and Plestan (2021). It produces a continuous control

signal, enabling the maintenance of control accuracy in the presence of perturbations and uncertainties,

even if the system model knowledge is limited. However, to the best of our knowledge, this controller has

never been generalized to the challenging case of control of UMSs.

In this study, we considered the extension of this controller to the challenging case of class I UMSs
described by the form (5), while considering unknown bounds of uncertainties and perturbations. In the
next section, the design of the proposed controller is illustrated on a second-order UMS, and the stability
analysis is addressed using the Lyapunov theory.

Remark 6. When the bounds of uncertainties and perturbations are known, the control problem can be

resolved with a super-twisting controller Moreno and Osorio (2008) Castillo et al. (2018). However, in

our case, the bounds of uncertainties and perturbations δ1,δ2,ϕ1 are unknown and accordingly cannot

be estimated, particularly for real-time systems.

Considering that the bounds on the uncertainties and perturbations are unknown, and the functions
Φ1,Ψ1(x, t),Ψ2(x, t) satisfy Assumptions 1,2 and 3, the adaptive super-twisting control guarantees a non-
overestimation of the control gains k1 and k2, and ensures in a finite time tF ≤ 2V (t0)1/2

η0
the establishment

of a real second-sliding mode, with |σ | ≤η1, η1 > µ , |σ̇ | ≤η2 and η2 > 0 ∀t > tF . Then, we consider that
the gains are time-varying and described by k1 = k1(σ , σ̇ , t) and k2 = k2(σ , σ̇ , t). These can be estimated
online according to the adaptation law proposed in Shtessel et al. (2012). The first gain k1 is adapted as
follows:

k̇1 =

ω1

√
γ1
2 sign(|σ |−µ) if k1 > km

η if k1 ≤ km

(20)

and the second gain k2 varies proportionally to k1, according to the following expression:

k2 = 2εk1 (21)

where

• ω1, γ1, ε and η are arbitrary positive constants and k1(0)> km.
• km is a small positive parameter introduced in the control law to maintain the positive gains.
• µ is a positive constant that defines the boundary layer for the real sliding mode.
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Figure 1. Schematic diagram of the proposed approach.

As mentioned in Rajappa et al. (2016), a wrong choice of the parameter µ could lead to either instability
or overestimation of the control gains.

An illustrative application example

Underactuated mechanical systems are typically studied on a case-by-case basis. The proposed adaptive
super-twisting control scheme for the general case of a Class I UMS is presented in this section. The
entire bloc diagram of the designed approach is shown in Figure 1.

The inertia wheel inverted pendulum (IWIP)

In this study, an example of a system from Class I UMSs, namely the IWIP, was considered. This plant
is an interesting typical benchmark, because with a reduced-order model, it inherits the same features of
much more complex systems (e.g., human balance support devices Wojtara et al. (2012), gyrostabilizers,
and stabilizers for self-balancing electric motorcycles Ho and Pham (2018)). It is characterized by
two degrees of freedom and one control input. This system has attracted considerable interest from
researchers. It was considered a benchmark for various recent studies, as in Gritli et al. (2017). The
system includes an unactuated joint between the frame and pendulum body and an actuated joint between
the body and inertia wheel, as illustrated in Figure 2.
The use of a simplified low-order system with the same features and basic functionality to address the
common problems in high-order complex systems can be very useful. Low-order systems require fewer
computational resources for simulations and a low cost for real-time experiments. They are often easier
to use and understand the major control problems and challenges of high-order systems while enabling
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experimental validation of the control design at an affordable cost in a laboratory (e.g., case of the IWIP),
instead of an excessively high cost in real conditions (e.g., case of underwater vehicles).

The aim of the control problem was to design an ASTW algorithm to solve the stabilization problem
of the system in the presence of unknown model uncertainties and external disturbances.
The dynamic model of the system can be computed following the Lagrange method. To this end, the
Lagrangian of this system can be expressed by L = 1

2 (Iθ̇ 2
1 + i2(θ̇1 + θ̇2)

2)−m0gcos(θ1) The application
of the Lagrange equation leads to the following dynamic model: I + i2 i2

i2 i2

 θ̈1

θ̈2

−

 m0gsin(θ1)

0

=

 0

τ

 (22)

where θ = [θ1,θ2]
T is the vector of the generalized coordinates and τ is the torque generated by the

actuator of the inertia wheel. The dynamic parameters of the system can be found in Hfaiedh et al.
(2021) and Hfaiedh and Abdelkrim (2022). The parameters I and m0 of the model are expressed by

θ2

θ1

G

P

o

x
y

z

F+

F−

Figure 2. Schematic view of the system: the first joint θ1 is unactuated, the second joint θ2 is actuated.

I = ml2 +ML2
1 + i1 and m0 = ml +ML1 respectively.

Control strategy

Using the method described in (5), the global change of coordinates is defined by: z1 =
∂L
∂ θ̇1

= (I+ i2)θ̇1+

i2θ̇2, z2 = θ1, z3 = θ̇2, where z = [z1,z2,z3]
T denotes the state vector of the strict-feedback model. Using

the Lagrangian formulation, the system is transformed into a cascade form as follows:

ż1 =
∂L
∂θ1

= m0gsin(z2) (23)
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ż2 =
z1

I + i2
− i2z3

I + i2
(24)

ż3 = u (25)

The resulting system is presented as a cascade connection between the linear and nonlinear subsystems
Olfati-Saber (2001), where z2 is considered as a virtual control input of the z1 nonlinear subsystem. It is
worth noting that because it does not play a significant role in the dynamic model and does not appear in
the Lagrangian equation, the angular position of the inertial wheel is not considered as a state in the new
model. Using a sigmoidal function −arctan(z1) for z2 in the z1-subsystem can globally asymptotically
stabilize (23), by choosing the Lyapunov function V (z1) =

1
2 z2

1. Let us now consider the desired trajectory
and its time derivative, as follows:

θ1d = z2d =−arctan(z1) (26)

θ̇1d =−m0gsin(z2)

(1+(z2
1))

(27)

The time derivative of the Lyapunov function leads to the following:

V̇ (z1) = z1ż1

V̇ (z1) = z1m0gsin(z2)

V̇ (z1) = z1m0gsin(−arctan(z1))

V̇ (z1) = − z1m0g
z1√

1+ z2
1

(28)

It can be seen that (28) is negative definite by the choice of the desired trajectory (26) that globally
asymptotically stabilizes z1 = 0. The stability analysis of the entire closed-loop system will be
demonstrated in the sequel.
Let us now reconsider the control law (6)-(7) for the system (23-25) with adaptive feedback gains as
follow:

u = − k1(t)|σ |
1
2 sign(σ)+w (29)

ẇ = − k2(t)sign(σ) (30)

where the control feedback gains k1(t) and k2(t) are adapted from (20) and (21), respectively. Then
consider the proposed sliding surface σ described as follows:

σ = (θ1d −θ1)+α1(θ̇1d − θ̇1) (31)
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Where θ1d and θ̇1d are the desired pendulum angular position (26) and its first time-derivative (27),
respectively, and α1 is a positive constant gain.

By applying the time-derivative of the sliding surface (31), we obtain the expression of the sliding
variable dynamics:

σ̇ = (θ̇1d − θ̇1)+α1(θ̈1d − θ̈1) (32)

If we derive the expression of θ̈1 from (24) and (25), we obtain:

θ̈1 =− i2
I + i2

u+
m0gsinz2

I + i2
(33)

Computing the time derivative of θ̇1d , leads to:

θ̈1d =
2m2

0g2z1 sin(z2)
2

(1+ z2
1)

2 − m0gż2 cos(z2)

1+ z2
1

(34)

Replacing (33) and (34) in (32) leads to the following system:

σ̇ =
[
− m0gsin(z2)

(1+(z2
1))

− ż2

]
+α1

[2m2
0g2z1 sin(z2)

2

(1+ z2
1)

2 − m0gż2 cos(z2)

1+ z2
1

+
i2

I + i2
u− m0gsin(z2)

I + i2

]
(35)

By rearranging the terms, we obtain the following form:

σ̇ = Ψ(z)+Φu (36)

Based on assumptions 1, 2, and 3, the control system (36) with (29) can be rewritten as follows:

σ̇ = − k1Φ1|σ |
1
2 sign(σ)+ω0 +Ψ1

ω̇0 = − k2Φ1sign(σ)+ Ψ̇2 + Φ̇1w

ω0(0) = 0 (37)

where Φ1 = (1+ ∆Φ

Φ0
) and ω0 = Ψ2 +Φ1w. A new state vector Z = [Z1,Z2]

T can be defined as:

Z = [Z1,Z2]
T =

[
|σ | 1

2 sign(σ), ω0

]T
(38)
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and accordingly, the system (37) can be rewritten as follows: Ż1

Ż2

=
1

2|Z1|

 −αΦ1 1

−βΦ1 0

 Z1

Z2

+

1
2|Z1|

 1 0

0 2|Z1|

 Ψ1

˙̄h

 (39)

where ˙̄h = Ψ̇2 + Φ̇1w and α = k1, β = 2k2. Then, assume that Ψ1 = ρ1Z1 and ˙̄h = ρ2
2 sign(σ) = ρ2

2
Z1
|Z1|

,
where 0 < ρ1 < δ1 and 0 < ρ2 < δ5, leads to: Ż1

Ż2

=
1

2|Z1|

 −(αΦ1 −ρ1) 1

−(βΦ1 −ρ2) 0

 Z1

Z2

 (40)

 Ż1

Ż2

= A(Z1)

 Z1

Z2

 (41)

Now, let us consider the following Lyapunov function candidate Shtessel et al. (2012) for the system
(41):

V (Z,α,β ) = ZT PZ +
1

2ϕ1
(α −α∗)

2 +
1

2ϕ2
(β −β∗)

2 (42)

where α∗ and β∗ are positive constants, and P is given by P =

[
λ +4ε2 −2ε

−2ε 1

]
. The positive

definiteness of P is guaranteed for λ > 0. The first time-derivative of V leads to the following Shtessel
et al. (2012):

V̇ (Z,α,β ) = ZT [AT P+PA]Z +
1

ϕ1
(α −α∗)α̇ +

1
ϕ2

(β −β∗)β̇ (43)

where the first term is bounded as follows:

ZT [AT P+PA]Z ≤− 1
2|Z1|

ZT QZ (44)

where Q =

 Q1 Q3

Q3 Q4

=

 2λαΦ1 +4εΦ1(2εα −β )−2(λ +4ε2)ρ1 +4ερ2 Q3

(βΦ1 −2εαΦ1 −λ −4ε2)+2ερ1 −ρ2 4ε

.

If we assume that β = 2εα and α > δ1(λ+4ε2)−ε(2δ5+1)
λ (1−Φ1

+ (2εδ1−δ5−λ−4ε2)2

12ε(1−Φ1)
, we guarantee that the matrix

Q is positive definite.
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Following the reasoning in Shtessel et al. (2012), it can be shown that the time derivative of V along the
solutions of the system leads to the following:

V̇ (Z,α,β ) = ZT [AT P+PA]Z +
1

ϕ1
(α −α∗)α̇ +

1
ϕ2

(β −β∗)β̇

= ŻT PZ +ZT PŻ +
1

ϕ1
(α −α∗)α̇ +

1
ϕ2

(β −β∗)β̇

(45)

V̇ (Z,α,β )≤ − 1
|Z1|

ZT QZ +
1

ϕ1
(ηα )α̇ +

1
ϕ2

(ηβ )β̇ (46)

V̇ (Z,α,β )≤ − r(ZT PZ)
1
2 +

1
ϕ1

(ηα )α̇ +
1

ϕ2
(ηβ )β̇ (47)

V̇ (Z,α,β )≤ −η0[V (Z,α,β )]
1
2 +ℵ (48)

with ℵ = −|ηα |(
1

ϕ1
α̇ −Ω1)−|ηβ |(

1
ϕ2

β̇ −Ω2) (49)

where ηα = α − α∗ < 0 and ηβ = β − β∗ < 0. r =
ελ

1
2

min(P)
λmax(P)

, Ω1 = ω1√
2ϕ1

and Ω2 = ω2√
2ϕ2

, η0 =

Min(r,ω1,ω2).
The first time-derivative of β = 2εα , leads to β̇ = 2εα̇ . Altogether with ε = ω2

2ω1

√
ϕ2
ϕ1

replaced in ℵ,

leads to ℵ = 0; accordingly, V̇ can be reduced and upper bounded as follows:

V̇ (Z,α,β )≤−η0
√
[V (Z,α,β )] (50)

Numerical simulation results

In this study, the control objective was to stabilize the IWIP around its unstable equilibrium point. Both
the STW and ASTW approaches were implemented using MATLAB/SIMULINK software (MathWorks)
. The following three main simulation scenarios are considered:
Scenario 1: Nominal case.

Scenario 2: Robustness towards parametric uncertainties.

Scenario 3: State and time dependent disturbance-rejection.

In addition, the following initial conditions for the ASTW approach were considered: xASTW (0) =
[θ1, θ̇1, θ̇2,w(0),K1(0)] = [π/2,0,0,0,50] and xSTW (0) = [θ1, θ̇1, θ̇2,w(0)] = [π/2,0,0,0] for the super-
twisting controller.
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Scenario 1: nominal case

In the first scenario, we considered two case studies.
In the first case showed the performance of the proposed ASTW controller for different values of the key
parameters γ1 and ω1. The results obtained for this case are shown in Figure 3, including the evolution
versus time of the states, control input, sliding variable and estimated gains. From the results, the best
response was obtained for the case of (ω1 = 105, γ1 = 57), compared to the other selected values of ω1

and γ1. These curves show the stabilization of the system states around the unstable equilibrium point
[θ1, θ̇1, θ̇2] = [0,0,0] within a short time interval. The generated control input torque remained within the
admissible limits of the actuator and converged to a zero steady-state value once the equilibrium point
was reached.

Remark 7. The control input applied to the system is expressed as τ = Θ(q)u+ϒ(q, q̇) (cf. Lemma

1), where u is the expression of the ASTW controller. In our case, the obtained value of Θ was a small

constant equal to 0.0092. For this reason, gains ω1 and γ1 have been selected to obtain robust results.

In the second case study, we have fixed the gains ω1 = 105 and γ1 = 57 and simulate the behavior of the
system for different values of µ and ε . The simulation results are presented in Figure 4. The best results
were observed for the cases of (µ = 10−3,ε = 10−2) and (µ = 10−3,ε = 10−1). It is worth noting that
the system becomes unstable for larger parameter values. Indeed, the wrong choice of these parameters
can lead to instability of the system, as shown for the case of µ = 5,ε = 1 and µ = 0.5,ε = 10−2.

Scenario 2: robustness towards parametric uncertainties

The second scenario aimed to study the robustness of the proposed control scheme. Indeed, it allows us
to check whether the applied control can adapt to uncertainties in the system parameters, which may be
due to modeling errors, sensor inaccuracies, frictional forces, or other external factors. We introduced
an uncertainty ∆I on the parameter I and an uncertainty ∆m0 on the parameter m0. The parameters are
selected because they represent a combination of several dynamic parameters. The simulation results are
presented in Figure 5. The proposed approach can compensate for these additive uncertainties even for
a large percentages of ∆I = 200% and ∆m0 = 200%, where the estimated parameters remain bounded.
Further, if the considered uncertainty increases, the reaching time also increases.
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Figure 3. Obtained simulation results for scenario 1 (case 1: ε = 10−2,µ = 10−4,η = 0.1,km = 0.1). (a):
Pendulum angular position , (b): pendulum angular velocity , (c): velocity of the inertia wheel , (d): the control
input (torque), (e): the sliding variable, (f): the sliding diagram, (g): the estimated gain k1, (h): the estimated
gain k2.

Scenario 3: external disturbances rejection

The main motivation behind the third scenario is to demonstrate the effectiveness of the proposed control
scheme when the controlled system is subjected to state- and time-dependent disturbances. The applied
disturbing signal for this case is expressed by D = 1

1+(1500z2)2 +
1

1+(20cos(t))2 , and was applied during the
interval [0,60] seconds. The standard STW and the proposed ASTW controllers were compared. The
selected design parameters used for the STW controller are set to k1 = 195 and k2 = 2.43. The simulation
results for this scenario are presented in Figure 6. For clarity, the plots are zoomed, where we can clearly
see the effect of the applied external disturbance on the evolution of the states in Figure 6(a-b-c) and the
sliding variable σ in Figure 6(e) for the case of the STW controller.
However, based on the obtained results, we can notice that the proposed ASTW controller manages to
compensate the applied external disturbance and brings back the states around the desired equilibrium
point. The introduced external disturbance was compensated by the control action. A noticeable
difference can be observed in the zoomed plots of the behavior of the STW and proposed ASTW
controllers.
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Figure 4. Obtained simulation results for scenario 1 (case 2: ω1 = 105, γ1 = 57). (a): Pendulum angular
position , (b): pendulum angular velocity , (c): velocity of the inertia wheel , (d): the control input (torque),(e):
the sliding variable, (f): the sliding diagram, (g): the estimated gain k1, (h): the estimated gain k2.

To sum up, the proposed ASTW controller provides better results than the standard STW controller and
ensure a better compensation of time- and state-dependent disturbances.

Real-time experimental results

The experimental setup and some implementation issues are discussed in this section. Two experimental
scenarios were conducted to validate the proposed control scheme. In the first scenario, no external
disturbance is considered; however, the objective of the second scenario is to test the robustness of the
proposed control scheme towards external disturbances. These scenarios tested the proposed controller
under different dynamic operating conditions and compared its performance with that of other existing
controllers from the literature. The results of each test are presented and discussed in this section.

Experimental setup and implementation issues

Real-time experiments were performed using an experimental testbed of the IWIP, as shown in
Figure 7(a), and designed at LIRMM Laboratory Andary et al. (2009) Hfaiedh et al. (2018) Haddad et al.
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Figure 5. Obtained simulation results for scenario 2: (a): Pendulum angular position, (b): pendulum angular
velocity, (c): velocity of the inertia wheel, (d): the control input (torque), (e): the sliding variable, (f): the sliding
diagram, (g): the estimated gain k1, (h): the estimated gain k2.

(2018). The system is equipped with two sensors to measure the angular positions of the pendulum and
the inertial wheel in real time. The angle of the inertial wheel was measured by an encoder mounted on
its motor’s shaft, and the pendulum body was equipped with an inclinometer to measure the pendulum’s
angle with respect to the vertical. Their corresponding velocities were calculated in real time by numerical
derivatives. The entire system was supplied with a voltage equal to 12V . Real-time communication and
control were established by Ardence RTX OS with a sampling time of 6ms. Two experiments were
conducted to fairly compare the performance of the proposed ASTW scheme with existing controllers
from the literature, including the (i) standard STW, (ii) first-order sliding mode (SMC) Hfaiedh and
Abdelkrim (2022), and (iii) robust integral of the sign of the error (RISE) Hfaiedh et al. (2021) controllers.
In the first scenario (nominal case), no external disturbances were considered. However, in the second
case, we considered punctual external disturbances applied to the controlled systems. These disturbances
were generated by a pendular system suspended from a fixed support, as illustrated in Figure 7. The
same initial releasing position of the disturbing mass of the pendular system in Figure 7(b) were set for
fair comparison. Accordingly, once the disturbing mass was launched, the same disturbing force Fext at
the impact position was approximately obtained.
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(a) (b)

(c) (d)

(e)

Figure 6. Obtained simulation results for scenario 3: External disturbances rejection. (a): Pendulum angular
position versus time, (b): pendulum angular velocity versus time, (c): velocity of the inertia wheel versus time,
(d): the control input τ versus time ,(e): Sliding variable versus time.

Performance evaluation criteria

To quantify the relevance of the control algorithms, we proposed computing the following criteria for all
the implemented controllers.
The Integral Square Error (ISE):

ISE =
∫

e2
θ1

dt (51)

Integral Absolute Error (IAE):

IAE =
∫

|eθ1 |dt (52)

where eθ1 denotes the tracking error of the pendulum joint θ1 with respect to its desired value (i.e., the
equilibrium point).
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(a)

(b)

Figure 7. (a) View of the experimental setup of the IWIP and its main components, (b) Illustration of the
punctual disturbances generator.

Parameters tuning

To select the adjustable gains in real tuning process, we started with small values to avoid any high and
abrupt changes in the control input that may lead to a dangerous behavior or damage in the system’s
actuators. Subsequently, to obtain better performances, the parameters were progressively increased and
the behavior of the closed-loop system was observed until the expected stabilization is reached. To sum
up, the following 8-step algorithm is proposed:

Parameters’ Tuning Algorithm

Step 1: Compute the expressions of Θ and ϒ , taking into account the invertible change of control.

Step 2: Set the values of k1 and km such that k1(0)> 1 and km = 1.

Step 3: Initialization of ω1, γ1, ε and η with small values.

Step 4: Increase the value of Θ(q) until the pendulum is able to move from the initial condition.

Step 5: For fixed values of γ1, ε and η , increase ω1.

Step 6: For fixed values of ω1 ,ε and η , increase γ1.
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Step 7: Set the values of ω1 and γ1 and increase the value of ε and η .

Step 8: Increase the value of km until obtaining a satisfactory behavior.

Experiment 1: Nominal case

In the first experiment, no external disturbance was considered. The following design parameters were
used for the STW control scheme: α1 = 0.057, K2 = 0.00103, K1 = 1.6, Θ = 0.795, ϒ = 1.48∗ sin(θ1).
The following design parameters were used for the ASTW control scheme: α1 = 0.4, γ1 = 5, ω1 = 20,
η = 0.0010, µ = 0.3382, Km = 17.5 and ε = 0.1506. For the RISE and SMC controllers, the design
parameters were set as in Hfaiedh et al. (2021) and Hfaiedh and Abdelkrim (2022) respectively.
The obtained experimental results for all controllers are depicted in Figure 8. The convergence of state
variables was established for all controllers. The state variables (Figure 8-(a,c,e)) in the case of the
ASTW controller as well the control input (Figure 8-(b)) present less oscillations and ensure a faster
convergence towards the equilibrium point than the standard STW, sliding mode and RISE controllers.
The effectiveness of the proposed control scheme can also be observed in the phase profile shown in
Figure 8-(d). More chattering in the voltage signal was observed for SMC than for the STW and proposed
ASTW approaches (see the zoom plot in Figure 8-(f)).

(a) (b)

(c) (d)

(e) (f)

Figure 8. Obtained experimental results for scenario 1: Nominal case. (a): Pendulum angular position versus
time, (b): Control Input versus time, (c): Pendulum angular velocity versus time ,(d): Phase diagram, (e):
Velocity of the inertia wheel versus time, (f): Voltage control signal.
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Experiment 2: External disturbances rejection

In this scenario, external disturbances were applied by the above-mentioned disturbances generator. An
external disturbance was introduced at approximately t1 = 20s. Throughout the experiments, we ensured
that all controllers were subjected to identical disturbances. The experimental results are presented in
Figure. 9. For a better view, the plots are magnified within the interval [19,23] s.

Both the proposed ASTW and the STW controllers reacted better to the applied disturbances than the
RISE and SMC approaches and maintain the system around the desired equilibrium point as we can see
in the evolution of the states and control signal. The exerted disturbance induces a high deviation from
the desired equilibrium point of the pendulum angle position and velocity in the case of the first-order
sliding mode controller, which results in poor behavior. However, the disturbance is better compensated
by the proposed ASTW controller. More oscillations were observed in the standard STW control scheme.
An improvement of the robustness of the proposed ASTW controller was observed when the controller
compensated for the external punctual disturbance. These results were also confirmed by the proposed
performance indices summarized in Table 1, where the improvement in the IAE and ISE criteria is
recorded with respect to the SMC scheme. Similar improvements were obtained using the RISE and STW
approaches. Better results were observed for the proposed ASTW controller. This result was obtained
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Figure 9. Obtained experimental results for scenario 2: Rejection of punctual external disturbances. (a):
Pendulum angular position versus time, (b): Velocity of the inertia wheel versus time, (c): Pendulum angular
velocity versus time,(d): Control Input versus time.
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Table 1. Quantification of the performance through different evaluation criteria.

Criteria SM RISE STW ASTW
ISE 0.0043 2.09e−4 1.73e−4 4.47e−6

Improvements 95.1395% 95.97% 99.8%
IAE 0.2127 0.0460 0.0422 0.0066

Improvements 78.37% 80.15% 96.8%

with respect to the standard sliding mode controller by computing the ISE of each controller. It is a
performance metric used in control theory to evaluate the performance of a control system. It measures
the square of the difference between the desired value and the actual output of the system and is integrated
over a period of time. In our case we have only manipulated the unactuated coordinate as we are dealing
with a stabilization problem around an unstable equilibrium point.

Conclusion and Future work

In this paper a revisited Adaptive Super-twisting Algorithm is proposed for class I UMSs. To define
the sliding surface, two required desired trajectories were defined based on the transformation of the
system into a strict-feedback form. The stability analysis of the resulting closed-loop system was proved
using Lyapunov theory. Numerical simulations for different operating conditions (nominal and robustness
towards uncertainties and state-/time- dependent disturbances) were conducted showing clearly the
superiority of the proposed adaptive control approach with respect to STW algorithm. In addition, the
obtained real-time experimental results, complied with some performance-evaluation criteria, clearly
show that the proposed controller has significantly improved the performance of the system in terms
of disturbance rejection compared with various existing controllers from the literature.
Future works may include the extension of the proposed control scheme with a prediction-based
optimal gain selection of the super-twisting controller, as well as its generalization to other classes of
underactuated mechanical systems with constraints.
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