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pos. 0 1 2 3 4 5 6 7
u a b a a b a b a border lg

a b a - - a b a 3
a - - - - - - a 1
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Periods, borders, and period set

Ex Word u = abbabbbabba and n = 11

pos. 0 1 2 3 4 5 6 7 8 9 10
u a b b a b b b a b b a border lg

a b b a - - - a b b a 4
a - - - - - - - - - a 1

▶ abbabbbabba of length 11 has two non trivial suffix-prefix overlaps
i.e., borders: abba and a

▶ Its set of periods is P = {0,7,10}

Algorithm:
Computing the period set P(u) of a word u of length n takes Θ(n) time
[2, 7, 3].
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Gamma Γn

▶ For each word u of Σn there is a unique period set (PS):
P(u) is a subset of [0,1, . . . ,n−1]

▶ But not all such subsets are period sets (e.g. {0,3,8} for n = 9)

Definition (Gamma)
Γn := {Q ⊂ [0,1, . . . ,n−1] : there exists u ∈ Σn such that P(u) = Q}
κn : the cardinality of Γn

Several words share the same period set: ex. length n = 4
Period set # words
Γ4 σ = 2
{0,1,2,3} 2
{0,2} 2
{0,3} 6
{0} 6

Σ= {a,b} Period set
aaba bbab
abaa babb → {0,3}
abba baab
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Computation of Γn

P : Σn −→ Γn

u 7−→ P(u)

Mapping P is surjective, but not injective.

Question: How to enumerate Γn?

1. Naive algorithm: take each word of Σn, compute its period set
complexity O(n ∗2n) – but with which Σ?

2. Dynamic programming algorithm [4, 5]
mimics predicate Ξ and stores Γ1 until Γn/2 to compute Γn

where predicate Ξ checks if a set is a period set in O(n) time [1]
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Incremental enumeration

Consequences of GO characterization property of period sets

Lemma
▶ If P is a period set of Γn, then P \{n−1} belongs to Γn−1.
▶ Let Q be a period set of Γn. Then, there exists P in Γn−1 such that Q

equals either P or P ∪{n−1}.

Algorithm 1: IncrementalGamma( length n > 1; set Γn−1 )

Output: Γn: the set of period sets for length n;

1 G := /0; // G: variable to store Γn

2 for all P ∈ Γn−1 do
3 if certify( P, n ) then insert P in G ;
4 Q := P ∪{n−1} // build extension P with period n−1;
5 if certify( Q, n ) then insert Q in G ;

6 return G;
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Conclusion

Theorem
The two following statements are true.

1. Algorithm 1 using any certification correctly computes Γn from Γn−1.

2. Using the predicate Ξ as certification function, it runs in O(n×κn) time
and O(n) space.

Other results
▶ Algorithm 1 is embarrassingly parallelizable.
▶ Constructive certification algorithm: it yields a witness for any period set.
▶ When length n increases, the dynamics of period sets is a binary tree.
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Distribution of the nb of PS in Γ60

Figure: Left: distribution by basic period. Right: distribution by weight (# of periods)
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Preprint on ArXiv

Thank you for your attention!

Questions?
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Conclusion and open questions

Take home message
1. Algorithms for

▶ incremental enumeration of Γn in O(n) space
▶ binary realization of a subset of [0,1, . . . ,n−1]

2. Notion of dynamics of period sets

Open questions and future work
▶ Optimal algorithms for computing the lattice structure
▶ Explain distribution of PS according to basic period
▶ Explore dynamics of PS with increasing n
▶ Generalizations to 2D-words
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