Counting overlapping pairs of strings
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Periods, borders, and period set

Word u = abracadabra of length n = 11

pos. 0 1 2 3 4 5 6 7 8 9 10
u a b r a ¢ a d a b r a borderlg
a b r a - - - a b a 4
a - - - - - - - - - a 1

» abracadabra has two non trivial borders: abra and a
> lts set of periods is P(u) = {0,7,10}
» The autocorrelation of u: ¢(u,u) = 10000001001

it encodes periods in binary vector of length n

> Computing the period set or the autocorrelation of u takes ©(n) time.
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Suffix-prefix overlaps in a pair of words

A pair of words (u, v) of length 6 with u = aabbab and v = babbba

pos. 0 1 2 3 4 5 6 7 8 9 10
u a a b b a b - - - - - t
v b a b b b a - - - - 0
- b a b b b a - - - - 0
- - b a b b b a - - - 0
- - - Db a b b b a - 1
- - - b a a b b b - 0
- - - - - Db a b b b a 1

» (u,v) has two borders bab and b
> Note: b is a border of bab

» Correlation ¢(u,v) = 000101
encodes starting positions in u of suffix-prefix overlaps
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Many pairs of words share the same correlation (1)

Consider previous correlation ¢(u,v) = 000101
then the following pairs also share the same correlation:

1. case due to a permutation of letters c(bbaaba, abaaab) = 000101

1. cases with a different word structure:
» ¢(u,babbaa) = 000101

> c(aaabab,v) = ¢(aaabab,babbba) = 000101
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Combinatorial question

Mapping from pair of words to correlation

Mapping ¢ from " x X" to {0,1}"

to an ordered pair (u, v) it associates its (unique) correlation
» cis surjective

Question: population size of a correlation
How many pairs of words of length n share the same correlation?

Note:
> It depends on both the alphabet size and string length.
» Population size of autocorrelation / period sets are known [3, 10]
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Population sizes for A4 and alphabet size 6 = 2,3, 4.

Eric Rivals, Pengfei Wang

Correlation

Population sizes for alphabet size ¢

c=3
0000 3678
0001 1866
0010 480
0011 216
0100 162
0101 54
0111 24
1000 48
1001 24
1010 6
1111 3
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Related works: Vocabulary statistics

1. Question: how many k-mers are missing in random texts?

> the average depends on autocorrelation of k-mers

> the variance depends on correlations of pairs of k-mers

2. Applications in bioinformatics:

comparing sequences through their k-mer spectrum [1, 9]

3. orin test of Pseudo-Random Number Generators [6, 5]
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Related works: code design

1. Counting and generating the set bifix-free words of length n

> Algorithm by Nielsen 1972 [7] and

> analysis of the expected search time for a fixed pattern in random data [8]

2. Counting bordered and unbordered pairs of words [2]

> Gabric extends the work of Nielsen to pairs of words

» two open questions [2]

Remarks:
» Nielsen studies words with autocorrelation 10...0

» Gabric studies pairs with correlation 00. . .0 and pairs whose
correlation is not 00...0
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Two open questions from Gabric 2022

Question 1 How many pairs of length-n words
have a largest border of fixed length i?

Question 2 What is the expected length of
the longest border of a pair of words?
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Gamma and Delta: alphabet independence

Definition

Mh:={te{0,1}":ue X" c(uu)=t}
Ap:={te{0,1}":I(u,v) eX"x X" c(u,v) =t}

Lemma

Both T, and A, are independent of the alphabet

provided the alphabet ¥ has at least 2 symbols

(exclude the case of an alphabet with a single symbol -6 = 1)
» Original proof for I, by Guibas and Odlyzko in 1981 [3]
» Simplified proof by Halava et al. 2000 [4]
» Proof for A, in [11]
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Characterization of Delta — link with Gamma

Lemma
The set of correlations of length n is of the form

A= {0(”*/')3, withs €T and j e [O,...,n]}.
Partition of Delta according to longest overlap:

A= 0{0n7j8|8 € Fj} = 0 (Onij.rj) .

J=0 J=0
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Correlation of (u, v) and autocorrelation of vu

Idea
Connections between overlaps of pair (u, v) and
self-overlaps of the word made from the concatenation of v and u.

Relation between c(u, v) and c(vu, vu).

Theorem
Let u and v be two words of length n, and t = c(u, v).
Then c(u, v) is suffix of the length n of the autocorrelation of vu.
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Population size of a correlation

Two recursive formulas for computing the population size of an
autocorrelation, i.e., pop(s) for s € ', [3, 10]

Theorem

LetA,n € N satisfying 0 < A < n. Lett € A,. By the characterization of /A,
there exists an integerjands € I'j s.t. t := 0"/s and j be the length of s.
Then, the population size of t satisfies the recurrence

n—1
pop(t) = Z pop(Szn—»y) - lj + 2\ — 2n] + pop(s2n)-
A=T2

where sy denotes the binary vector 10K/ s.

Eric Rivals, Pengfei Wang 14/18


http://www.lirmm.fr/~rivals/
http://www.lirmm.fr/~rivals/authors/pengfei-wang

Counting pairs of words with a fixed longest border

Theorem

Let Ly; k) be the number of pairs of strings of length n that have a longest
border within the fixed length range [i..k] where i < k € {0,...,n—1}.
Then:

Lim= Y,  pop(l)
te(UI;(0m.Ty)

Recurrence for open question #1 of [2]
Direct application of this theorem for the case where i = k.

L= Y pop(t)

te(0n=i.r;)
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Expectation of the longest border of a pair of length-n words

Define the random variable X:
the length of the longest border of a pair of strings of length n.
Then, the expectation of X is

o o e r,)POP(t)

E(X) =} J-Pr(X Z/ GZnZZ o2n

j=0 j=1 =1

Theorem
E(X) diverges when n tends to infinity.
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Conclusion and perspectives

Take home messages

Characterization of correlations of length n
Formula to count the population of any correlation
Solution for two open questions from Gabric’s paper in 2022

N

In our approach, we account for the combination of all overlaps between
two strings.

5. Not shown: Bounds on the population ratio pop(t)/c2"

Open questions and future works

» Conjecture: the population ratio converges towards the limiting value of
pop(sn)/c*"

» Investigate the distribution of the length of the longest border of a pair of
words
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